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Preface

You quickly stride down the corridor, eager to reach the door at the end. The
polished sign placed neatly above the handle comes into sharp focus, ‘Interview
Room - Google, Inc.” You take a deep breath and enter.

The interviewer begins, "We will start with a little physics question
if that’s OK?" Fresh from taking a course on physics you confi-
dently nod. Then comes the bombshell, "Imagine you were shrunk
to the size of a matchstick and put in a blender, how would you get
out?"

A long pause. Yet more silence... OK, now you’ve been quiet for
too long. Say something... Anything! "Ermmm..." You frantically
try to recall any relevant physics. You remember how things change
with time, with speed, with acceleration. But shrinking!? Changing
with scale...? A crack of panic swells within. "Ermmm..., did you
say a blender?", desperately trying to stall for time.

The interviewer nods coldly from across the room.

"Well.. ummm..." you stutter, followed by another painfully long
silence. The crack of panic opens to a chasm; you drop to the floor,
assume the fetal position and gently sob.

But what is the answer to this reportedly common Google interview ques-
tion? Well, shrinking yourself by a factor of say r will decrease your mass by
a factor of 73, because your body is 3-dimensional. However, muscular power
depends on the cross-sectional area of muscle fibers, which will only decrease
by a factor of 72, because area is 2-dimensional. So proportionately you actually
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get stronger as you shrink — allowing you to simply jump out of the blender.
Voila, a job at Google awaits you!

The effect of stretching or shrinking distances, that is performing a scale
transformation, is not commonly emphasised at an introductory level. The sci-
entific literature available on the subject of scale transformations is typically
either too technical for non-professional physicists or too lacking in mathemat-
ical and conceptual detail. A major aim of this book is to fill this gap, providing
an accessible but sufficiently detailed account of this fascinating subject. Pri-
marily aimed at the undergraduate and graduate level, this text may also serve
as a helpful resource for professional physicists. That being said, the scientifi-
cally literate layman should still find this work accessible due to the emphasis
on conceptual understanding over gratuitous mathematical detail.

This book is particularly well-timed due to a recent surge of striking results,
all pointing towards the crucial role of scale in quantum gravity. There are only
a few things we know about quantum gravity with any confidence. One ro-
bust feature of quantum gravity is the thermodynamic behaviour of black holes,
which shows up so consistently in such a diverse number of approaches it is
highly likely that it will appear in some form in the final theory of quantum
gravity. A second, much lesser-known, feature that is common to all leading
approaches is that of dynamical dimensional reduction. This book is in part
motivated by the desire to raise the profile of this exciting, and until now largely
overlooked, phenomena. This will be achieved by reporting recent results from
the cutting edge of modern research, in addition to highlighting a number of
proposed explanations for this puzzling and unexpected observation.

In physics, experiment is the arbiter of truth. Ultimately these exciting new
results must face the acid-test of experiment. Fortunately, recent experiments
have begun to reach a sensitivity comparable to the scale at which quantum grav-
ity is expected to become significant. These experiments have already helped
constrain, and in some cases even exclude, models of quantum gravity. The deli-
cate dance between experiment and theory, that has driven scientific progress for
centuries, is now once again taking centre stage. However, before experiment
spills its secrets in the next few years, we have a small window of opportunity in
which to understand this phenomenon so that we can meet these results head-on
with phenomenological models and experimental predictions. The hope is that
this book will provide a timely and detailed account of this phenomena, perhaps
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even inspiring the next great breakthrough in our understanding of quantum
gravity.

I have personally been involved in the search for a theory of quantum gravity
for the last decade or so, and in particular, I have thought about many of the con-
ceptual difficulties involved. I have authored numerous publications on quantum
gravity in internationally leading research journals, most of which closely relate
to the role of scale in fundamental physics. Therefore, I feel that I am able
to divulge these new and exciting research findings, coming from myself and
colleagues. It is my personal view that scale transformations and the associated
symmetries will prove to be the key that will help unlock the enigma of quantum
gravity, a view I hope to share with you over the coming pages.

The layout of this book is as follows. The Introduction will provide the
reader with a basic understanding of general relativity and quantum mechanics,
followed by a discussion of attempts to unify these two theories into a single
theory of quantum gravity, and why this has so far proved such a difficult task.
Chapters 1 and 2 build the necessary physical concepts and mathematical tools
that will be used in the rest of the book, introducing such areas as global and
local scale transformations as well as the fascinating subject of fractals. A com-
prehensive discussion on the evidence and implications of a minimum length
scale is given in Chapter 3 and the renormalisation group is outlined in Chapter
4. Two modern approaches to quantum gravity, the asymptotic safety scenario
and lattice quantum gravity, are discussed in detail in Chapters 5 and 6. The evi-
dence for dynamical dimensional reduction is presented in Chapter 7, along with
a discussion of possible implications and experimental tests. Finally, Chapter 8
will specify Weyl’s attempt to modify Einstein’s general theory of relativity via
a local scale transformation of the metric tensor and explore some related ideas
and implications for quantum gravity.

Ultimately, you should read this book for one reason, and only one reason;
because you want to. Nature is beautiful, filled with diverse and interesting phe-
nomena. But the source of all phenomena, the laws of physics themselves, are
even more beautiful. This book will hopefully give you a flavour of the sub-
lime symmetry underlying the laws of physics which operate over an enormous
range of scales; from the size of the observable universe (~ 10%%m) down to the
unimaginably small Planck scale (~ 1073%m), and possibly beyond. Curiosity
and intuition have their own reasons for existing — follow them — always.
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Units, Conventions and Common Abbreviations

Max Planck, at the close of the 19th Century, proposed a natural set of units for
length, time and mass, now aptly called Planck units. Planck units, by definition,
normalise certain universal constants to unity, namely h=Gy=c=kp =k, =1,
where £ is the reduced Planck’s constant, Gy is Newton’s gravitational con-
stant, c is the speed of light in a vacuum, kg is Boltzmann’s constant and k, is
Coulomb’s constant. The Planck length /p can be derived from purely dimen-
sional arguments, being a natural length scale associated with the gravitational
constant, the speed of light and Planck’s constant, and is given by

hG
Ip = C—3N ~ 1.6 x 10m. )

The Planck time is simply the time it takes to traverse the Planck length at the
speed c, hence

Ip hGy
tp=—=

— — ~5.4x107%s. )
C C

The Planck mass is given by

mp = he 2.2 x 10 %g, (3)
Gy
which unlike the other Planck units is much closer to an everyday scale, with
mp roughly corresponding to the mass of a flea’s egg. Finally, the Planck tem-
perature corresponds to the temperature at which an object emits radiation of
wavelength /p, hence

2 5
mpc he
= T\ G @
NRp

Ip, tp, mp and Tp define the most important base Planck units used in this work,
from which a number of other derived units can be obtained. The derived Planck
units most relevant to this book are the Planck area Ap = l,%, the Planck energy
Ep = mpc? and the Planck momentum pp=h/lp.



Preface Xix

In this book we shall work with a metric signature (—, +, 4, +), unless oth-
erwise stated, so that the Minkowski metric, for example, is written as
-1

0-|
0 0
{0 00 1J

We adopt the repeated index summation convention put forward by Einstein as
a notational shorthand. This convention states that repeated indices within a
single term imply a summation of that term over each value of the index. So
for example, when the invariant spacetime interval is written in the shorthand

S = O
- o O

convention as

ds* = guydxdx", (6)
this actually means
ds* =YY gwdx'dx’, (7
u v

where the summation is taken over indices u and v because they are the ones
repeated in Eq. (6).

Below we list some common abbreviations used throughout and the section
in which they are first discussed or defined.

Table 1. A table of common abbreviations, their meanings, and the section in
which they are first discussed

| Abbreviation | Meaning | Section |
CDT Causal dynamical triangulations 6.4.
DSR Doubly special relativity 3.3.
EDT Euclidean dynamical triangulations 6.3.
ERGE Exact renormalisation group equation 5.1.
LI Lorentz invariance 3.3.
LQCD Lattice quantum chromodynamics 6.1.
NTFP Non-trivial fixed point 5.1.
QCD Quantum chromodynamics 4.3.
QED Quantum electrodynamics Intro
RG Renormalisation group 3
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Introduction

An almighty clash of iron and steel sent sparks high into the evening air.
“Ping...ping...ping,” an alarm sounded somewhere to his left. After grind-
ing to an abrupt halt, he released the seat belt and opened the door. Looking
up through a thin veil of smoke the driver saw his truck wedged under an Iron
bridge.

Within minutes there were traffic jams, blasting horns, and screeching
sirens. The police arrived first, followed by a myriad of ambulances and fire
engines. After treating the driver for minor injuries, thoughts quickly turned to
the problem of freeing the truck. They tried pulling it out using a winch; it didn’t
move. They debated cutting the truck into pieces, but the fuel tank would ignite.
They considered removing a segment of the bridge, but an electrified power line
lay overhead. After an hour of scrutinising blue-prints and debating they had no
idea how to remove the truck. An abundance of structural engineers, architects,
policemen, and firemen gawked at the problem, utterly dumbfounded. No one
knew how to solve it.

“Mum, what’s going on over there?” said a little girl hanging her
head out of the car window.

“Looks like that silly man got his truck stuck under the bridge,” she
replied over the clash of horns.

The girl got out of the car to stretch her legs. The very instant
her feet touched the floor an idea struck. A pulse of electricity
sparked her prefrontal cortex, shocking to life dead memories like
Frankenstein’s monster. Sepia photos of bicycle tyres and birthday
balloons danced in her head.
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She hurried to the first Policeman and blurted, “why don’t you let
some air out of the tyres and drive the truck out—?"

Just like the truck, our understanding of the universe gets stuck sometimes,
it’s then that we need a new idea to free us again. As I shall explain, our current
understanding of the universe is more deeply stuck than ever before. In 1915,
Einstein beautifully and simply explained gravity as the curvature of spacetime,
which defines our best description of the universe on large distance scales. A
second, slightly later, revolution which came to be known as quantum mechan-
ics, defines our best description of the universe on small distance scales. For
about a century now physicists have been trying in vain to put these two puzzle
pieces together to form a single unified picture of the universe, but with no suc-
cess. The consensus is that we are missing something big, a new idea or way of
looking at things before we become unstuck. Physics desperately needs another
Einstein, another child-like thinker to look up and say “—Ilet the air out of the
tyres”.

Quantum mechanics describes three of the four fundamental interactions of
nature, with general relativity describing the fourth, gravity. At short distances,
quantum mechanical effects typically dominate, whereas general relativistic ef-
fects dominate over large distances and for strong gravitational fields. The vast
majority of physical phenomena can be described independently by either gen-
eral relativity or quantum mechanics, without the need for both. However, when
strong gravitational fields interact over short distances, such as in the vicinity
of the big-bang singularity or near black holes, the description of such phenom-
ena demand a unification of quantum mechanics and general relativity. Such a
unification would be a theory of quantum gravity.

Newtonian gravity attempted to explain the gravitational force via the in-
verse square law of gravitation, claiming that gravity was a universal property
that acted instantaneously and on all massive bodies. This was an important
mathematical step, but it did not fully explain the mechanism behind gravity.
After publishing his special theory of relativity in 1905, Einstein wanted to gen-
eralise his theory such that all motion is relative. Einstein’s realisation of the
equivalence of inertial and gravitational mass is called the equivalence principle
and ultimately led to our current understanding of gravity known as the gen-
eral theory of relativity. General relativity was not only able to reproduce the
results of Newtonian gravity in appropriate limits but it also gave an intuitive
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explanation for the mechanism behind gravitation.

In general relativity [12] spacetime is represented by a four-dimensional
manifold M on which there exists a metric g,y [13]. The metric g,y is a set of
numbers describing the distance to neighbouring points on the manifold. The
field equations of general relativity constrain the possible values that the cur-
vature of spacetime can take. Introducing no additional geometrical structure
into spacetime apart from the metric itself and requiring that the field equations
contain no derivatives higher than second-order [13], one is uniquely led to the
equations,

Gy = 8GN Ty )

T,y is the stress-energy-momentum tensor describing the amount and distribu-
tion of energy in spacetime, and G,y is the Einstein tensor describing how space-
time is curved by the presence of matter and is a function of the metric gy,

1
G,LlV = R,LlV - Eg/,lVR' (9)

R,y is the Ricci tensor acting on the metric g,,y, and R is the Ricci scalar.! The
Ricci scalar quantifies the curvature at each point on a Riemannian manifold and
represents the difference in the volume of a ball embedded in curved spacetime
with that in flat Euclidean spacetime. Mathematically, the Ricci scalar is defined
by the product of the metric with the Ricci tensor,

R=R,yg". 10)

In order to obtain exact solutions of the Einstein equations, one must impose
certain symmetry constraints. For example, imposing spherical symmetry on a
non-rotating massive body leads to the Schwarzschild solution. In this way, the
number of coupled partial non-linear differential equations one obtains when
writing Eq. (9) in full are reduced, and exact analytical solutions can be found.

The explanation of the gravitational force as a result of matter following the
path of shortest distance in curved spacetimes is an elegant theoretical explana-
tion that has been experimentally verified to high precision. The perihelion of

1Eq. (9) is for pure gravity (vanishing cosmological constant), however for a non-zero cosmological
constant one would obtain G,y = R,y — %g,uvR +Aguwy.
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Mercury’s orbit, gravitational lensing, and high-precision measurements of the
decay of the orbital period of binary pulsars all agree well with general relativis-
tic predictions [14].

Just as general relativity must replace Newtonian gravity in the large mass
limit, quantum mechanics must also replace Newtonian mechanics in the small-
distance limit. For example, until the development of quantum mechanics,
physicists did not even have a satisfactory explanation for the stability of the
atom. In classical mechanics, atoms are composed of electrons orbiting along
well-defined paths about a central nucleus. Classical electromagnetism says
that a charged particle with acceleration a and charge e will radiate energy with
a power P given by Larmor’s equation,

ea?

N 67'58()63 '

(1)

According to classical physics an electron, therefore, must radiate away all its
energy and spiral in towards the nucleus. However, this is not observed in na-
ture.

Max Planck’s earlier radical solution to the so-called ultraviolet catastrophe
of blackbody radiation — in which he posited that electromagnetic energy is not a
continuous variable, but can only take discrete values, or quanta — also helped to
resolve the problem of the apparent instability of the atom. Niels Bohr realised
that if an electron’s energy was also quantised then the atom could not collapse
because electrons must have a non-zero minimum energy.

Our understanding of the atom was further developed by de Broglie who
proposed that particles also have a wave-like nature. In this picture only inte-
ger wavelengths will be admitted by the electron’s orbit, thereby explaining the
particular values of the allowed energy levels of the electron within the atom.
Heisenberg and Schrodinger developed these concepts further to give a com-
plete description of a particle’s quantum state at any instant of time in terms
of the wavefunction W. The evolution of the non-relativistic wavefunction is
governed by the Schrodinger equation,

2

., 0 G
ih= P (r,0) = | =572 4V (r,0) | W(r,0), 12)

where |W (r,¢)|? is interpreted as the probability density of finding the particle
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of mass m at a given location r at a time ¢. A wave-like description automatically
introduces an uncertainty relation, for example between the position x and the
momentum p,, known as Heisenberg’s uncertainty principle,

Ax A p, > g (13)

A reformulation of quantum mechanics based on a path integral approach
was developed by Wiener, Dirac and Feynman [15, 16, 17]. In this interpreta-
tion, the probability amplitude A for a particle initially located at x; at time #;, to
be found at some later time ¢ at position xy is calculated by taking a weighted
sum over all possible ways in which this can happen,

ispat h

A |xg). (14)

A(xi,t; — xp,15) = / eBSm = (xyle”
path

The path integral approach to quantum mechanics has a number of advan-
tages over the traditional Hamiltonian approach. Firstly, the path integral ap-
proach is intrinsically symmetric with regard to space and time and so provides
a manifestly covariant version of quantum mechanics, therefore admitting the
possibility of coordinate change in a straightforward manner [17]. Secondly, the
path integral approach can be used to study nonperturbative quantum amplitudes
using stochastic importance sampling which is important in the development of
many physical theories (e.g., Ref. [18]).

Quantum mechanics has been subjected to high precision measurements for
several decades, and no significant discrepancy between theory and experiment
has ever been found. For example, the anomalous magnetic moment of the
electron a given in terms of the g—factor is experimentally determined to be [19]

g—2
a=-—"—= 0.00115965218073(28), (15)
which is in agreement with the value calculated using quantum electrodynamics
(QED) [20] to 10 significant figures.

General relativity and quantum mechanics, in their respective domains of
applicability, are extremely accurate theories. However, even at a quick glance
there exist points of tension that resist a straightforward unification of the two
theories. Firstly, the energy-time uncertainty relation coupled with mass-energy
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equivalence implies that the smaller the region of spacetime under considera-
tion the greater the allowed mass of particle-antiparticle pairs in the quantum
vacuum. Hence, a prediction of general relativity in combination with the un-
certainty principle is that as one probes spacetime on ever decreasing distance
scales the geometry becomes increasingly turbulent; eventually creating infinite
energy fluctuations as the distance scale is taken to zero. Secondly, the notion
of time has fundamentally different meanings in general relativity and ordinary
quantum mechanics. In ordinary quantum mechanics, time is an absolute quan-
tity, the passage of which is completely independent of the state of the physical
system. In general relativity, however, time is a purely relational concept whose
passage is dependent on the particular configuration of the system.

Nature does not appear to encounter any such problems; after all, atoms
do fall down in a gravitational field. Physicists tend to think, therefore, that
the seeming incompatibility of general relativity and quantum mechanics ne-
cessitates the alteration of one or both theories, rather than that nature does not
conform to a singular description.

Attempts at unifying general relativity and quantum mechanics have a long
history (see Ref. [21] for an excellent overview). As early as 1916, Einstein
recognised that his theory of general relativity must be modified to accommo-
date quantum effects [22] after realising that general relativity predicts that an
electron in an atom will radiate away all of its energy in the form of gravitational
waves, and eventually collapse on to the nucleus. In 1927, Oscar Klein realised
a theory of quantum gravity must lead to a modification of space and time [23].
Technical publications on quantum gravity began appearing in the 1930s, most
notably by Fierz and Pauli [24, 25], and by Blokhinstev and Gal’perin [26],
whose work first recognised the spin-2 quantum of the gravitational field. In
1938, Heisenberg had the insight that the dimensionality of the gravitational
coupling constant is likely to cause problems with a quantum theory of gravity
[27].

The 1950s and ’60s saw the application of tools recently developed in quan-
tum field theory to the problem of quantum gravity, mainly because of the suc-
cess in applying these techniques to the quantisation of the other fundamental
interactions. Charles Misner introduced the concepts developed in Feynman’s
path integral approach to quantum mechanics to develop a weighted sum over
geometries [28], which was further developed by Feynman [17]. The Wheeler-
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DeWitt equation, first published in 1967 [29], describes the wavefunction of the
universe by expressing the quantum mechanical Hamiltonian constraint using
variables that are dependent on the metric. By the end of the *60s a complete
set of Feynman rules for general relativity were known, thus paving the way for
’t Hooft and Veltman to apply perturbative quantisation techniques to the gravi-
tational field, eventually showing that the theory is perturbatively nonrenormal-
isable.

Although gravity was conclusively shown to be perturbatively nonrenormal-
isable by power counting in the early 70’s, several advances were still made by
using an approximation to the full theory of quantum gravity, known as semi-
classical gravity. Semiclassical gravity is the quantum mechanical treatment of
matter content on curved, but still classical, background geometries. In semi-
classical gravity the stress-energy-momentum tensor takes on a quantum me-
chanical expectation value (7)) giving field equations for semiclassical general
relativity,

8GN (Tiv) = Ruv — %g#VR. (16)
Hawking used semiclassical gravity to study the effect of particle-
antiparticle pair production near a black hole horizon. Because particles can be
viewed as positive energy solutions to Dirac’s equation, and antiparticles as neg-
ative energy solutions, Hawking was able to calculate the effect of antiparticles
quantum mechanically tunnelling inwards through the horizon, or conversely
particles tunnelling outwards through the horizon and escaping to infinity [30].
The result is that a black hole of mass M emits a thermal shower of particles
with Hawking temperature 735, given by

B hc3

- 8mkgMGy'
This equation implies that the entropy of a black hole Spy is proportional to its
surface area A and not its volume,

Ton a7)

A
T
This so-called Hawking-Bekenstein entropy formula will prove to be important
in later discussions.

SgH (18)
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A similar phenomenon that can be derived using semiclassical gravity is the
Unruh effect, first described in its full mathematical form by Bill Unruh in 1976
[31, 32, 33], whereby an observer with non-zero acceleration a in a Minkowski
vacuum will measure a non-zero temperature Ty to be

_ ha

- 2mkpe'
This result, which has not yet been experimentally confirmed, implies that the
definition of what constitutes a vacuum is dependent on the state of motion of
the observer. Semiclassical results such as Hawking radiation, the black hole
entropy formula and the Unruh effect show the range of new phenomena that
arise when combining quantum mechanics with classical general relativity, and
may act as a guiding principle in the formulation of a full theory of quantum
gravity.

General relativity has been successfully formulated as an effective quantum
field theory that is valid up to some low-energy cut-off scale, usually taken to
be the Planck scale. For example, the work of Donoghue [34] uses an effec-
tive field theory formulation of gravity to calculate quantum corrections to the
gravitational potential between two heavy masses, finding that gravity actually
forms the best perturbative theory in nature [34]. However, as one increases
the energy scale beyond the cut-off in a perturbative expansion new divergences
appear that require an infinite number of counterterm coefficients to define the
theory [35]. Since an infinite number of counterterm coefficients cannot be
measured in a finite number of experiments the theory loses most of its predic-
tive power at high energy scales. When considering small perturbations about
flat Minkowski space one observes that the divergences cancel for one-loop di-
agrams. However, at the two-loop level and higher, such cancellations do not
occur and divergences are once again present. The problem is compounded
when one includes matter content, with nonrenormalisability occurring at the
one-loop level [36].

A more intuitive way of understanding why gravity is perturbatively non-
renormalisable comes from simple dimensional arguments. Gravity is distin-
guished from the other fundamental interactions of nature by the fact that its
coupling constant Gy is dimensionful. In d-dimensional spacetime Newton’s
gravitational coupling Gy has a mass dimension of [Gy] = 2 —d. This means
that higher order loop corrections will generate a divergent number of countert-

Ty 19)
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erms of ever-increasing dimension. One can clearly see this from the perturba-
tive quantum field theoretic treatment of gravity in d-dimensional space, where
ultraviolet divergences at loop order L scale with momentum p as

/ PNy, (20)

where A is a process dependent quantity that is independent of L [37]. Equation
(20) is clearly divergent for [Gy] < O because the integral will grow without
bound as the loop-order L increases in the perturbative expansion [37]. It is
interesting to note that [Gy] < 0 is only true when the dimension of spacetime
d > 2. For d = 2 Newton’s gravitational coupling, in fact, becomes dimension-
less. Therefore, gravity as a perturbative quantum field theory becomes renor-
malisable by power counting in 2-dimensions. However, in our 4-dimensional
universe, this is clearly not the case.

If one includes higher order derivative terms in the gravitational action and
performs a resummation, such that the higher order derivative terms are incor-
porated into the graviton propagator, then gravity is renormalisable by power
counting. However, this theory appears to be non-unitary at high energy scales
due to the presence of ghost terms containing the wrong sign in the propagator
[38]. The ghost poles, however, are of the order of the Planck mass mp and so
the unitarity violations only become significant in the high-energy regime where
perturbation theory is already known to break down. This further highlights the
need for a nonperturbative theory of quantum gravity.

One can still proceed with the standard perturbative approach by finding
some mechanism for reducing the infinite number of couplings to a finite set.
One attempt is to directly incorporate supersymmetry into general relativity,
forming what has become known as supergravity. Supersymmetry postulates
the existence of a fundamental symmetry of nature that exists between fermions
and bosons, namely that each boson of integer-spin is associated with a fermion
whose spin differs by a half-integer [39]. Applying supersymmetry as a lo-
cal symmetry constraint in combination with the postulates of general relativity
leads to the theory of supergravity. In supergravity every bosonic field is as-
sociated with a fermionic field with opposite statistics [40], thus the bosonic
spin-2 graviton would have a fermionic supersymmetric partner of spin 3/2, the
gravitino. It is hoped that supersymmetry can alleviate some of the ultraviolet
divergences via the cancellation of divergent quantities in one field with those
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in the partner field, resulting in milder ultraviolet divergences, or perhaps even
their complete elimination [41].

Viewing supergravity as an effective theory of a much larger superstring
theory may resolve the issue of nonrenormalisability in quantum gravity al-
together, at least order by order in perturbation theory [41]. Superstring the-
ory posits that O-dimensional point-like particles are actually 1-dimensional ex-
tended strings whose fundamental degrees of freedom are the vibrational modes
of the string. In superstring theory discontinuities in standard Feynman dia-
grams are smoothed out into two-dimensional sheets, and so the infinite energy
limit no longer corresponds to the zero distance limit. Divergences previously
associated with the zero distance limit simply do not exist in superstring the-
ory because there is no zero distance. Superstring theory is then perturbatively
renormalisable, at least order by order in perturbation theory [41]. Supersym-
metric string theory has enjoyed a number of successes, such as the emergence
of the spin-2 gravitons as a fundamental mode of string oscillation [42, 43],
calculations of the entropy of a special class of black holes that agree with the
holographic principle and black hole thermodynamics [44, 45, 46], a calculation
of the radiation spectrum emitted from black holes that agrees with Hawking ra-
diation [47], as well as passing several nontrivial self-consistency checks. See
Refs. [48, 49] for a comprehensive overview of string theory and its connection
to other approaches to quantum gravity.

Another approach to quantum gravity adopts the background independent
lessons of general relativity as a fundamental starting point and attempts to con-
struct a quantum theory from it. This approach has resulted in Loop Quantum
Gravity, which is background independent and therefore nonperturbative from
the outset. The major successes of Loop Quantum Gravity include the agree-
ment with Bekenstein’s prediction of black hole entropy up to a constant factor
[50], and at least in the low energy limit the emergence of spin-2 gravitons [51].

An alternative and more conservative candidate for a theory of quantum
gravity comes from the asymptotic safety scenario, as first proposed by Wein-
berg [37]. If the asymptotic safety scenario is correct, gravity is effectively
renormalisable when formulated nonperturbatively because the renormalisation
group flow of couplings end on a nontrivial fixed point in the high-energy limit,
and therefore remain finite over the entire range of energy scales. Furthermore,
the ultraviolet critical surface of the nontrivial fixed point is required to be fi-
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nite dimensional, and so in principle, gravity would be completely determined
by a finite number of couplings up to arbitrarily high energies. Under this sce-
nario, a perturbative expansion around a fixed background metric corresponds
to perturbations about the low energy infrared fixed point, and taking the high-
energy limit corresponds to following the renormalisation group flow towards
the ultraviolet fixed point.






Chapter 1

Scale Transformations

We begin our exploration into the potentially important role of scale in the devel-
opment of a successful theory of quantum gravity by first looking at the basics
of global and local scale transformations.

1.1. Global Scale Transformations

Global scale transformations stretch or shrink distances by the same factor at
every point throughout space. A simple example are those little model kits, of
say a sailboat, which on the box state something like "1:500 scale kit". What
this means, of course, is that if you scale every piece of the model by a factor
of 500 you will reproduce the exact size and proportions of the real boat. You
can’t scale the mast by a factor of 500 and the hull by a factor of 400, as this will
distort the shape of the object, and will not define a global scale transformation.
Now, let us try to be a bit more precise and describe a global scale transfor-
mation mathematically. To perform a global scale transformation of an object by
some factor, for example, our model sailboat by a factor of 2, one needs to scale
each point p = (py, py, p;) of the object by the same factor Q = (Q,,Q,,Q.) in
each direction. Such scaling can be represented by a product of matrices via

Q 0 0 Dx Q.py
o Q 0]- Dyl = Qy Dyl 21
0 0 Q Pz Q.p,

Q-p=

(o)
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where the scaling factors are equal in each direction under a isotropic global
scale transformation, i.e., Q, = Q, = Q.. The application of a global scale
transformation matrix to a 3-dimensional model boat is illustrated in Fig. 1.,
where in this case, the object is enlarged by a factor of Q = 2.

Figure 1. An example of a global scale transformation. The original boat (left) is
scaled by a factor of 2, creating the uniformly transformed object (right).

Global scale transformations can be more concisely written as a transforma-
tion of spacetime coordinates

= =xQ, (22)

where € has the same value at each spacetime point and is thus a constant.
Under this scale transformation of spacetime coordinates the metric tensor g,y
transforms via [52]

gu() = g, () Q2. (23)

Are global scale transformations a symmetry of nature? Galileo first dis-
covered a new symmetry of nature in 1632 by considering a thought experiment
aboard a ship. Galileo told us to imagine going below decks of the ship and
covering up all the windows, isolating the room from the outside. Next, we ask
the captain to move at a constant speed over a perfectly calm sea. In this spe-
cific case, Galileo argued that we could not possibly know whether the ship was
moving. You could perform any number of experiments in this isolated room—
dropping balls, measuring distances, times and masses—and the results would
be indistinguishable from those obtained at any other constant speed, including
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when the boat is stationary. Galileo found that changing between different con-
stant velocities does not change the laws of physics. Since symmetry is change
without change, this observation describes an underlying symmetry of nature
known as Galilean invariance.

Might we play a similar game, but with scale? Imagine being below deck
on our hypothetical ship once again. But this time we magnify everything in
the room, including ourselves, by the same scale factor. Is there any experiment
we can perform that will tell us if anything has changed? To investigate this
question, imagine we have an air-tight box filled with a gas of iodine atoms. We
shine a laser into the gas and measure the wavelength A of the emitted light. We
now perform a global scale transformation, magnifying everything within the
room by a factor of say two, including the box of gas. Has anything changed?

Well, the wavelength of light emitted by a gas of iodine atoms with twice
the volume is not two times longer, it is in fact exactly the same as the original.
Although the box containing the atoms is enlarged, the atoms themselves and
their associated spectra are fixed due to a fundamental atomic scale. However,
the ratio of the size of the emitter (the box of gas) to the wavelength of emitted
light A does change with scale. It seems our experiment is capable of distin-
guishing between before and after the scale transformation. Therefore, the laws
of physics are not symmetrical under a change of scale (a fact also discovered
by Galileo) [53]. We now know that the essential reason for this asymmetry is
the atomic nature of matter. An atom has a definite scale, which breaks scale
invariance, at least globally [53].

In fact, it is a commonly held view in modern physics that no global sym-
metry can be realised in nature, mainly due to the fact that such a symmetry
would imply action at a distance [54]. All known global symmetries are either
broken (for example parity, time reversal invariance, and charge symmetry), ap-
proximate (such as isotropic spin invariance) or the product of a spontaneously
broken local symmetry [54]. Given the apparently unnatural status of global
scale transformations let’s move on to local scale transformations.

1.2. Local Scale Transformations

The power of local symmetries is exemplified by the successes of gauge theories
and general relativity. A founding principle of general relativity is a statement of
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local symmetry, the principle of equivalence, in which the laws of physics must
be invariant under local spacetime coordinate transformations. Perhaps, then,
the fundamental laws of physics might also be invariant with respect to local
scale transformations? This question forms an important research direction that
we shall return to later, but first, we must define what exactly we mean by a
local scale transformation.

Local scale transformations are point-dependent, that is the factor Q with
which a particular spacetime point is rescaled depends on the location of that
point. Returning to our ship illustration above, an example of a local scale
transformation might be the rescaling of points depending on some function of
their distance from an arbitrarily defined origin, say the centre of mass of the
ship. Thus, in this case, points near the centre of mass could be rescaled by a
smaller factor than those further away. Clearly, a global scale transformation is
a specific type of local scale transformation, for which Q(x) = Q.

Local scale transformations act on spacetime coordinates via

X Q) (24)

and on the spacetime metric via

guv(#) = g () = gy () Q7 (), (25)

where Q (x*) is a smooth non-vanishing point-dependent function that must lie
in the range 0 < Q (x") < oo [55].

Conformal transformations are nothing but localised scale transformations
that preserve the angle between vectors as a function of scale. That is, given
two vectors v and w the angle 6 between them

vV-w
0=—7, (26)
(VZWZ) 2
is a scale invariant quantity, where v-w = g,,¥'w". It is interesting to note that
the Poincare group, the group of spacetime isometries, is in fact a subgroup of
the conformal group, since the metric tensor is left invariant g;,v = guw (=
1) [56].

Under a d-dimensional infinitesimal coordinate transformation x* — x* + &

the infinitesimal spacetime interval transforms like
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ds* — ds* + (dey +0ye,) dxdx’. 27)

The constraint of Eq. (5) means that d,&, + dy€, must be proportional to the
metric 1y, more specifically

2
OuEy +0vE, = = (0-&)Nuv, (28)

where the proportionality constant % (0-¢€) is set by performing a trace over both
sides with 1,y [56]. Comparing Eq. (8) with Eq. (5) tells us that

Qx) = 1+§(8-s). (29)

From Eq. (8) we also obtain

(MO + (d —2)9,0y)0-€ =0. (30)

If the number of dimensions d is greater than two then Egs. (9) and (10) imply
that the third derivative of € equals zero, and therefore that € is at most quadratic
in x [56].

Finite conformal transformations can be obtained by integrating the in-
finitesimal expressions. This gives the Poincare group for which Q =1, as

/
X—X =x+a

x —x = Ax, (AY €50(p,q)), @31

the dilatations as

x—x =\, (Q=2172), (32)

and the special conformal transformations as

) x+ bx?
1 42b-x+ b2
Special conformal transformations can be seen to be made up of an inversion

x# — x* /x* followed by a translation x* — x* — b* followed by a second inver-
sion, namely

X ox (Qx) = (1+2b-x+b22)%).  (33)
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XK

m=a bH. (34)
In 1909, Bateman and Cunningham demonstrated that Maxwell’s equa-

tions of electromagnetism are not only Lorentz invariant but also scale and

conformal invariant. Consider two inertial coordinates systems S(x,y,z,¢) and

S'(x',y',7,t") consistent with an invariant speed of light. If a point moves with

speed c in system S and is displaced an amount (dx,dy,dz) in a time dt, then

dx* +dy? +dz? — Pdi? = 0. (35)

Similarly, if (dx’,dy’,d7) is the displacement of the same point observed in
frame S’ in a time dt’, then

dx? +dy* +d7? — *di”? = 0. (36)

However, by differentiating the functional relations connecting S(x,y,z,7) and
S'(¥',y',7,t") we find that dx? 4+ dy'?> +dz"> — c*dt”? is a homogeneous quadratic
function of (dx,dy,dz,dt) [57]. This means that we must have

dx? +dy? +d7? — 2di”? = Q* () (dx* 4+ dy? +dz> — c2di?),  (37)

where Q(x*) is the linear magnification and is a function of the spacetime coor-
dinates x* alone [57].

Assuming that the application of such a transformation does not alter the
shape of any elemental volume then this is a conformal transformation [57].
It has been shown that all conformal transformations exist in three possible
classes, depending on the particular definition of Q(x*) [57]. The first class
is defined by Q = 1, which is the Lorentz group. The second class is defined
by a constant Q other than unity, which is the group of global scale transforma-
tions. The third class is defined by Q(x*) = k?/ (r* — c*t*), where k is the radius
of inversion of a 4-dimensional hypersphere [57], giving the group of confor-
mal transformations consistent with inversion symmetry. Poincare and Einstein
argued that only the Q = 1 (Lorentz group) case is symmetric with respect to all
laws of nature, while the laws of optics and electrodynamics alone are invariant
under the group of conformal transformations. We shall touch upon this point
again in chapter 7.



Chapter 2

Fractals

2.1. The Coastline Paradox

Fractals are everywhere. Once you study and understand this beautiful math-
ematical structure, you can’t help but see it everywhere in nature. Broccoli,
rivers, snowflakes, lightning and sea shells are all examples of commonly oc-
curring fractals. Put simply, an object is said to be fractal if it exhibits self-
similarity at different distance scales, that is zooming in on any particular part
of a fractal object reproduces the same geometric structure as the whole. A
river viewed from space has the same tendril-like structure as one of its tribu-
taries viewed from an aeroplane. Snap off a piece of Broccoli and it will have
the same tree-like structure as the whole. The cover image of this book is a
beautiful example of a particular fractal known as a quadratic Julia set, which is
defined by points in the complex plane under the mapping z — z> + ¢, with the
complex number ¢ given by ¢ = —0.79 +0.15/. Zooming in on any particular
region of this image yields the same geometric structure at larger scales, the
hallmark of a fractal. More precisely, a fractal is defined as a set for which the
measured dimension strictly departs from the topological dimension.

As an example, consider trying to measure the length of the coastline of
Great Britain. Imagine that the only equipment you are given is a 1km measur-
ing stick. Painstakingly, you make your way around the entire coastline care-
fully placing the stick end-to-end, until finally obtaining a result. Now you are
given a much shorter 1m measuring stick. Small indentations and coastal fea-
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tures that could not previously be measured now become accessible; the length
you now measure is bigger. After a few such iterations you notice that the
length of the coastline depends on the length of the stick you use to measure
it; the smaller the stick, the smaller the features you can resolve and the longer
the measured coastline. It is just as meaningless to ask what is the speed of a
body without specifying a reference object, as it is to ask what is the length of a
coastline without specifying a reference scale.

The mathematician Benoit Mandelbrot detailed this so-called coastline para-
doxina 1967 Science publication [58]. Mandelbrot, building on the earlier work
of Lewis Richardson [59], came up with an empirical law

L(Ax) = CAx'~Pn (38)

describing how the measured length L(Ax) depends on the measurement scale
Ax, where C is a positive constant and Dy is known as the Hausdorff dimen-
sion, which is equal to or greater than unity. A perfectly smooth and regular
coastline would have a Hausdorff dimension of Dy = 1. The more irregular
and fractal a coastline is, the greater the departure of the dimensionality from
Dy = 1. Thus, one can quantify the fractal nature of a given geometry by its
Hausdorff dimension. We now proceed to define and discuss various measures
of the fractal dimension in more detail, including the Hausdorff dimension.

2.2. Fractal Dimensions

2.2.1. The Topological Dimension

The standard non-fractal definition of dimension is given by the familiar topo-
logical dimension Dy, which can be determined by simply counting the min-
imum number of coordinates to uniquely specify an event. For example, the
topological dimension of a line is one and the topological dimension of a plane
is two, with the value always being an integer. However, the validity of the topo-
logical dimension comes into question when considering a fractal geometry, in
which dimensionality may deviate from the number of topological dimensions.
In this section, we review a number of ways of defining the fractal dimension of
a geometry that are relevant to this work.
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2.2.2. The Hausdorff Dimension

The Hausdorff dimension, first proposed by Felix Hausdorff in 1918 [60], gen-
eralises the concept of dimension to non-integer values, thereby enabling one to
quantify the dimension of a fractal geometry. To motivate a mathematical def-
inition of the Hausdorff dimension we consider self-similarity and dimension
under scale transformations. Take a line of length r and stretch it by a factor
of three via a global scale transformation. The resulting line has a length of 3r.
Now take a circle of area A and scale its radius r by a factor of three. The new
circle has an area of 9A. Next, take a sphere of volume V and again scale the
radius r by a factor of three, obtaining a sphere with a volume of 27V. This
simple set of scale transformations is depicted in Fig. 2., and the results are
tabulated in Table 2..

DT=1 DT=2 DT=3

- o . .

Figure 2. A schematic describing how the Hausdorff dimension is determined. The
left-hand column shows a line segment with topological dimension 1. The line segment
undergoes a scale transformation from r = 1 to » = 3. The central column shows a circle
of topological dimension 2 whose area increases by a factor of 9 under such a scale
transformation. The right-hand column shows a sphere with topological dimension 3,
whose volume increases by a factor of 27 under such a scale transformation [1].
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Table 2.: A table showing how the volume of a sphere with topological dimen-
sion Dy scales with radius r

As can be seen from Table 2. the relationship between the Dr-dimensional
volume and the radius r is given by

Vo< rPr, (39)

Rearranging so that Dr is on the left-hand side, and taking the limit r — 0, gives
us the mathematical definition of the Hausdorff dimension as,

In(V (1))

2.2.3. The Spectral Dimension

Another measure of the fractal dimension of a space is the spectral dimension.
The spectral dimension Dy defines the effective dimension of a fractal geometry
and is related to the probability P, (G) that a random walk will return to its origin
after o steps.

We can obtain an intuitive understanding of why the probability of return
must be related to dimensionality by considering a random walk on a two and
three-dimensional square lattice, as shown in Fig. 3.. In two dimensions, at
every point the random walker has four options to pick from; he can either go
forward, backward, left or right (assuming he cannot remain at the same point).
In three dimensions, the random walker has six options to choose from; the same
four as before plus one up and one down. So, in a higher number of dimensions,
the random walker is less likely to return to their origin after a given number of
steps, simply because there are more options.
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Figure 3. A random walk consisting of 10* diffusion steps in 2-dimensions (upper)
and 3-dimensions (lower).

One can derive the spectral dimension (following Refs. [8, 61]) starting
from the d-dimensional diffusion equation
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0
%Kg (CO;C;G) _gyV V/J VvKg (CO:C:G) :07 (41)

where K, is known as the heat kernel and describes the probability density of
diffusion from g to € in a fictitious diffusion time ©. 7 is the covariant deriva-
tive of the metric g,y. The diffusion process is taken over a d-dimensional closed
Riemannian manifold M with a smooth metric g,y ({). In the case of an infinite
flat Euclidean space, Eq. (4) has the simple solution,

exp (—d2 (C,
Ky (Co,G,0) = al (jii;)df;/(;)/%)’ (42)

where d; (€, o) is the geodesic distance between  and &.

The quantity that is measured in numerical simulations of the spectral di-
mension is the probability P, (o) that the diffusion process will return to a
randomly chosen origin after ¢ diffusion steps over the spacetime volume

V= [dC/det(g(0)),

P(0) = 3 [ @Gy fden( (©)K, (€0.6.0). @)

The probability of returning to the origin in infinitely flat space is then just,

1

Pr(G):W’

(44)

and so one can extract the spectral dimension Dg by taking the logarithmic
derivative with respect to the diffusion time, giving

_2dlogPr (o)

Do —
S dlogo

(45)
Note that Eq. (8) is only strictly valid for an infinitely flat Euclidean space. How-
ever, one can still use this definition of the spectral dimension to compute the
fractal dimension of a curved, or finite volume, by factoring in the appropriate
corrections for large diffusion times ©.

The need for such a correction can be intuitively explained by realising that
the volume of the lattice is proportional to the number of lattice sites, and so as
the number of diffusion steps increases relative to the volume, the probability



Fractals 13

that the random walk will sample all available lattice sites at least once ap-
proaches unity, sending Dy to zero. More mathematically, the zero mode of the
Laplacian —A,, which determines the behaviour of P, (o) via its eigenvalues
Ay, will dominate the diffusion in this region, causing P, () — 1 for very large
G [8]. One can, therefore, factor in the appropriate finite volume corrections by
omitting values of Dg(c) for which G is greater than some cut-off value that
is proportional to the lattice volume. The curvature of the space on which the
diffusion process occurs should also be corrected for due to the fact that it will
change the probability that the diffusion process will return to the origin [8].
These, and other corrections to the spectral dimension will be discussed in more
detail in section 7.2.2..

2.2.4. The Walk Dimension

The average square displacement (r?) for Brownian motion in flat space in-
creases linearly with time 7. This can be demonstrated by determining the
expectation value of the probability density of the heat kernel of Eq. (5), which
gives

()= (x*) = /ddeg(x,O;T)x2 o< T, (46)

where we have expressed K, in terms of 7" and x rather than the parameters G
and  used in the definition of the spectral dimension above (Eq. (8)). Diffusion
processes on fractals are in general anomalous, and so the linear relationship
(r?) o T is generalised to the power law (r?) o TP for D,, # 2, where the
exponent D,, is the walk dimension [62].

A more intuitive definition of the walk dimension D,, is the fractal dimen-
sion of the path traced out by a random walker, as depicted in Fig. 3..

2.2.5. Myrheim-Meyer Dimension

The Myrheim-Meyer dimension is particularly useful as it is valid in Lorentzian
spacetime [63, 64], which will prove helpful in later discussions of causal set
theory in particular. Consider two causally related points a and b, with a in the
causal past of b, in d-dimensional Minkowski spacetime. The intersection of the
future of @ and the past of b defines an interval I[a, b], known as the Alexandrov
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interval. A point r in the interval I[a, b], for which a is in the past of r and b is in
the future of r, forms two new smaller intervals, I[a,r| and I[r,b]. The volume
of these intervals obey a scaling relation [65]

(Vol(I[r,b])),  T'(d+ 1)F(%)

Vol(Ifa,b]) 4 (3) @7

One can, therefore, extract the dimension d from Eq. (10). This dimension can
be generalised to arbitrary spacetimes to give a Lorentzian scaling dimension
Dy, known as the Myrheim-Meyer dimension. If the spacetime is not flat then
curvature corrections can be added [66].

2.2.6. Correlation Dimension

The correlation dimension D, quantifies the dimensionality associated with a
random distribution of points in a n-dimensional space. Given a set of P points
in a n-dimensional space

X (i) = {x1(0),x200),x3(i), .., x0(D)},  i=1,2,...,P, (48)

then the correlation integral C(r) is given by

N
cin=jim 5

where N(< r) is the number of pairs of points that are separated by a distance
less than r. In the limit P — oo, the correlation integral for small values of r can
be approximated by

(49)

C(r) ~rPe, (50)

where D, is the correlation dimension.

The correlation dimension has a number of advantages over other definitions
of the fractal dimension, such as being simple and easy to compute in a wide
range of cases and being significantly less noisy when restricted to small data
sets (small values of P).
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2.3. Fractals Above Us and Below Us

We now take a look at two examples of fractal behaviour that have been ob-
served at cosmological and quantum mechanical scales, utilising some of the
measures of dimensionality discussed above.

2.3.1. Fractals in Cosmology

A founding principle of modern cosmology is the assumption that the spa-
tial distribution of matter is homogeneous and isotropic over sufficiently large
distance scales, known as the cosmological principle. At scales larger than
400h~'Mpc observations confirm the statistical homogeneity and isotropy of
galaxy distributions [67]. However, over smaller distance scales the universe
does not obey the cosmological principle, with galaxies being unevenly dis-
tributed between dense clusters and vast voids, as evidenced by the red-shift
survey Las Campanas [68] and others.!

It has been noted by a number of authors that the clustering of galaxies is
ideally suited to a fractal description, since clumpiness in the spatial distribution
of matter persists over a large range of distance scales [69, 70]. Modelling the
universe using fractal geometry is useful because it allows the quantification of
galaxy clustering via a fractal correlation dimension D, which is defined as

dIn(N(<R))
dlnR

where N (< R) is the number of galaxies within a distance R from a given refer-
ence galaxy.

A perfectly homogeneous distribution of matter should have a dimensional-
ity of D, = 3. However, various observations have measured the fractal dimen-
sion associated with the distribution of galaxies to be between D, = 1.2 —2.93 at
distances smaller than 400h~ M pc [67], well below the homogeneous value of
D, = 3. Over the largest measured distances of 300 — 4004~ 'M pc the fractal di-
mension was found to be D, = 2.93 [71], very close to the homogeneous value.
Between 30 — 60h— M pc the value is within the range D, = 2.7 — 2.9 [72], for
1—10n"'M pcitis D, =2.25 [73] and for the smallest measured distances of

D.= 61y

INote that we are talking exclusively about the distribution of visible matter, not dark matter.
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1-3.50"'M pcitis D, = 1.2 [74]. Clearly, the distribution of luminous matter
is highly fractal on small scales but slowly approaches a smooth homogeneous
and isotropic geometry over sufficiently large distances.

2.3.2. Fractals in Quantum Mechanics

Consider an experiment in which we measure the path length of a free quantum
mechanical particle by measuring the particle’s position with a spatial resolution
Ax at sequential time intervals Az [75]. Classically, the path will be a straight
line of Hausdorff dimension Dy = 1 connecting the start and end points. Quan-
tum mechanically, however, we must define the path by joining straight lines
between the centres of regions in which the particle is known to exist. In the
quantum mechanical paradigm, the particle’s path is expected to become in-
creasingly erratic as a consequence of confining the particle within a decreasing
radius Ax. Furthermore, in quantum mechanics, we can only define a particle’s
path in a statistical sense, and so we introduce a notation for the expectation
value of a particle’s path (7).

We measure the position of a particle at times ty = fo + NAt, with T =
ty —to = NAt. The length of the particle’s path will then be

(1) =N(al), (52)

where (Al) is the average distance a particle travels in a time A¢. Here we
consider a particle whose total average momentum is zero, so as to make the
example similar to a typical diffusion process, which involve random walks with
no preferred direction. The wavefunction of a particle measured to be initially
located at the origin is given by

A [ B Ax

By defining a dimensionless vector k = p (Ax) /h, we can write the normalisa-
tion condition for the wavefunction as

[ (kP =1. (54
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We keep At fixed and allow Ax to vary. In this case f(|k|) in Eq. (17) can be
approximated by a Gaussian with the result

2
(Al) = ChA |y <M> : (55)

mAx hAt

Where { is a constant of proportionality. Since (I) = N(Al) and T = NAt, we
can write

o\ 2
<l>:% l+<%). (56)

We now compare the path lengths in the classical limit L (i.e., when the
particle’s position is only measured at the start and end points of the diffusion,
which are sufficiently separated in space), and in the quantum mechanical limit
(1), finding

W oW om (A’
L AT moAx ”(Tm ) oD

Using the relations At = T /N, T = L/v and the definition of the de Broglie
wavelength A; = i/(mv) we obtain

l A 4 (Ax)* N2
b _ % 1+ (7(7%22 ) (58)

Defining X = Ax/A, and using the Hausdorff definition of resolution NAx = L
gives

O _8 moaoe— !
T VI =G4+ o (39

Since, in the classical limit we must have (/) /L = 1 we can determine that { =
1/2, yielding

O_ e L (60)
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Using Hausdorft’s definition of a scale invariant length L defined via

(L) = (1) (A~ (61)

we can transfer any scale dependence to the Hausdorff dimension Dy [75].
Equation (24) can be rearranged to give

~In({L) /(1))
Pn= Ay

Substituting Eq. (22) into Eq. (53) therefore gives an expression for how the
Hausdorff dimension Dy changes as a function of distance scale Ax as

, -1
in((1+ ) )
In (Ax)

In the classical limit Ax — oo, Eq. (26) gives Dy — 1, as one would expect
from a classical path. However, in the limit Ax — O we find that Dy — 2.
Therefore, quantum mechanical paths are fractal with a scale dependent Haus-
dorff dimension [75]. This conclusion was also suggested by Feynman and

Hibbs who showed that quantum mechanical trajectories follow discontinuous
nowhere differentiable paths, and thus have similarities with fractal curves [17].

+1. (62)

Dy = +1. (63)



Chapter 3

A Minimum Scale?

3.1. Atoms of Spacetime

Take a piece of string and cut it in half. Then half this half. If one keeps cutting
the string with a hypothetical pair of scissors will we ever reach a minimum
length? Well, eventually one would be left with just one atom. The ancient
Greek philosopher Democritus is well-known for hypothesising the existence
of atoms or indivisibles, quipping that "Nothing exists except atoms and empty
space; everything else is opinion." However, it took until the 1800s for evidence
of the existence of atoms to appear, and not until the early 1900s did Einstein
convince the scientific community as a whole.

In fact, we do not need to perform elaborate experiments involving the hy-
pothetical cutting of string. The existence of atoms can be deduced even at
everyday scales. This insight is due to the Austrian physicist Ludwig Boltz-
mann who pointed out that a glass of water, for example, must be composed of
microscopic degrees of freedom (atoms) due to the fact that it can be heated.
The very fact that a glass of water can store heat energy and therefore have a
temperature implies that it must have an associated entropy. As pointed out by
Boltzmann, entropy S is proportional to the number of microscopic degrees of
freedom W, in particular

S = kgln (W), (64)

where kp ~ 1.38 x 10723J /K is the Boltzmann constant. Thus, the simple fact
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that water can be heated implies that matter must be comprised of microscopic
degrees of freedom (atoms) [76]. As we shall soon see, a similar argument can
be made for atoms of spacetime.

Returning to our string cutting experiment, we know that we will eventually
reach an individual atom. But what then? What if we continue to divide? Is
there some minimum possible distance, an atom of spacetime? It is known
that the atom consists of proton’s, neutrons and electrons. But the proton and
neutron are themselves made of more elementary constituents, called quarks.
Quarks and electrons, according to modern physics are elementary particles of
zero size. However, quantum field theory tells us that elementary particles are
more accurately pictured as a cloud of virtual particles filling the space around
a point-like object. So, what if we keep dividing space itself into ever smaller
pieces? Contemporary research suggests that we will eventually encounter a
minimal length, an atom of spacetime, known as the Planck length. We review
the numerous arguments in favour of an atomic spacetime in section 3.2., but
before that, we briefly examine what the thermodynamics of spacetime might
tell us about a minimal length.

In 1972, the late Stephen Hawking proved that when any two black holes
merge the resulting black hole must have a surface area that is greater than or
equal to the sum of the individual black holes, leading to the conclusion that the
surface area of the event horizon of a black hole A can never decrease dA /dt > 0.
This conclusion is strikingly reminiscent of the second law of thermodynamics
which states that entropy of an isolated system can never decrease dS/dr > 0.

Inspired by Hawking’s ideas, Jakob Bekenstein made the audacious hypoth-
esis that the entropy of a black hole was proportional to the area of its event
horizon. Bekenstein considered firing a single photon of energy E = ® into a
black hole with a gravitational radius of rg = 2Gym [77, 78, 79]. Making the
wavelength of the photon comparable to the size of the black hole ensures that
we add only one bit of information since in this case, we have no information on
where exactly the photon entered the horizon, only whether or not it did. Thus,
the incident photon of wavelength A ~ rg and energy E ~ 1/(rs) increases the
mass of the black hole by dm = 1/(rs), which changes the area of the horizon

by

8A = rgdrs = CI3, (65)
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where C is a constant of proportionality and l,% = Gy.

The entropy of a black hole is a measure of the amount of inaccessible infor-
mation. Thus, sending one bit of information into the black hole must increase
its entropy since that bit of information has become inaccessible. Bekenstein ar-
gued that we should then equate the increase in horizon area A with an increase
in entropy S due to the hidden bit of information, leading to the equality

 kgA

S =
CAp’

(66)
where Ap = l,% is the Planck area and C is an undetermined constant of propor-
tionality.

According to the laws of thermodynamics, anything that has an entropy
must also have a temperature. Hawking pounced on this simple fact. Using
semiclassical gravity he showed that black holes must emit thermal radiation at
a specific temperature

hc3
T=——7—,
8nkBM GN
and in the process determined Bekenstein’s constant of proportionality as C =
1/4, giving

(67)

kpA
Ay

Heat is nothing more than the random jiggling of microscopic components.
As we have seen black hole horizons are thermodynamical objects; they have a
temperature, entropy, and an associated heat content. Therefore, event horizons
should be made up of microscopic constituents that can store this heat content,
just as a glass of water stores heat in the motion of atoms. Furthermore, since
a black hole’s horizon is merely empty spacetime, the microscopic constituents
of the horizon must be parts of spacetime itself. The very fact that black holes
can be heated up or cooled down suggests that spacetime is comprised of mi-
croscopic degrees of freedom—atoms of spacetime [76].

Spr = (68)
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3.2. [Evidence for a Minimal Length

Presumably, an atom of spacetime requires an atom of length. Here, we re-
view the evidence for a minimum length scale using arguments that are mainly
independent of any particular approach to quantum gravity.

3.2.1. A Lower Bound on Distance Measurements

Under a plausible set of assumptions, Wigner and Salecker [80] demonstrated
in a straightforward way why one should expect a lower bound on any distance
measurement. Wigner and Salecker start by assuming a universal speed of light
and set about detailing the practical limitations of any length measurement. The
authors ask us to consider a clock of mass M that periodically emits photons,
which reflect off a mirror positioned at a distance D from the clock and return to
their source. Given the photon’s time-of-flight as recorded by the clock, coupled
with the universal speed of light, it is then possible to determine the distance D.
But can D be measured with arbitrary precision?

Let’s say that we know the position of the clock to within a distance Ax
when it initially emits the photon. Therefore, due to the uncertainty principle,
this means that we cannot possibly know the velocity of the clock to a precision
greater than

1
C2MAx
Since the photon takes a time 7 = 2D /¢ to complete its return trip to the mirror,

the clock has then moved a distance T'Av, giving a total position uncertainty
Ax;p1q1 Tor the clock of

Av (69)

T
Axporal = A+ ——— 70
total IMAx’ ( )
which of course sets a limit on the precision with which we can possibly mea-
sure D. Variation with respect to Ax gives the minimum uncertainty Ax,,;, with

which D can be known as [81]
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Now, if our measurement of D is smaller than the Schwarzschild radius
rs = 2GyM of a black hole of mass M then the measurement will be causally
disconnected from the rest of the universe. Thus, substituting the condition
D > 2GyM into Eq. (8) using T = 2D/c sets a lower bound on distance mea-
surements of

Axmin Z lPu (72)

where we have used Gy = I3.

3.2.2. Black Hole Limitations

Scardigli has put forward a gedanken experiment involving micro-black holes
that seems to demonstrate the inherent limitations of measuring infinitesimally
small distance scales [82].

At the remote Planck scale spacetime permits large fluctuations of the met-
ric tensor which is typically modelled as a spacetime foam of virtual micro-
scopic black holes. This model of quantum foam was originally proposed by
John Archibald Wheeler in 1955 [83] and has since been used to compute many
different properties of quantum gravity [84, 85], most notably providing an ex-
planation for the microscopic origin of black hole entropy [86, 87]. Following
Ref. [82], we shall now show how the formation of such microscopic black
holes affects the process of measuring small distance scales.

Our starting point is the standard Heisenberg uncertainty relation ApAx >
/2. Since at very high energies we have AE ~ cAp we can then rewrite the stan-
dard inequality as AEAx > hc/2. This modified inequality tells us that when one
observes a region of spatial extent Ax the spacetime metric within that region is
expected to be subject to quantum fluctuations of energy AE ~ hc/(2Ax). The
gravitational radius R, associated with the energy AE is of course

_ 2GAE

R, YR

(73)

c
which is usually much smaller than the spatial extent Ax.

However, we now imagine compressing the observed region, which in-
creases the amplitude of energy fluctuations AE and hence enlarges the asso-
ciated gravitational radius R, via Eq. (10), until eventually it attains the same
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width Ax. This critical length occurs at the Planck length /,,, or conversely
at the Planck energy E,, at which point a microscopic black hole forms [88]
preventing the measurement of any distance smaller than its Schwarzschild ra-
dius. Attempting to probe even smaller distance scales by increasing the energy
beyond AE = E), simply results in a larger gravitational radius and thereby a
larger minimum observable distance. In this scenario, the minimum observable
distance is therefore /,,.

As pointed out in Ref. [82] it is important to note that this does not neces-
sarily mean that spacetime is discrete, in fact, the continuity of spacetime holds
up to any length in this gedanken experiment, it merely indicates the inability to
measure an infinitesimal length. Whether or not something exists if it cannot be
measured is an interesting question that has appeared many times in the history
of physics, most notably in arguments surrounding the existence of a spacetime
aether.

In the example above we found that distance measurements have a lower
bound due to the formation of black holes. Might there also exist a limit to the
precision with which the black hole itself can be measured? A simple argument
suggests that the answer to this question s yes [89]. For a black hole with a mass
M approaching the Planck mass, the associated gravitational radius Ry ~ GyM
approaches its Compton wavelength A ~ 1 /M. At this point, the definition of
the Schwarzschild horizon becomes blurred due to the large uncertainty in the
position of the black hole.

This simple argument can be made a little more precise by following the
work of Maggiore [90]. Suppose we wish to measure the horizon area of a non-
rotating black hole with charge Q and mass M. In Boyer-Lindquist coordinates,
the horizon is located at the radius

QZ %

Maggiore considers attempting to determine the horizon area of the black
hole by measuring its Hawking radiation, tracking it back to its localised point of
origin with the greatest precision possible. Here we are considering an extremal
black hole Q% = GyM? for which the temperature is zero. Individual photons are
fired at the black hole from asymptotic infinity and are subsequently re-emitted
as Hawking radiation at some later time.
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In addition to the usual uncertainty in the location of the horizon due to
the finite wavelength A = ¢/® of the emitted photon, there is an additional un-
certainty due to the change in the black holes mass from M + ® to M during
emission, causing a change in the horizon radius. Since the energy of the pho-
ton is only known to a precision Ap the error propagates into the uncertainty in
horizon radius [81]

AR ~ ’W Ap. (75)

Assuming naked singularities are forbidden in nature M>Gy < Q* and using
Eq. (11) we find

AR 2 2GyAp. (76)

Maggiore then argues that the simplest way to combine the standard uncertainty
(e< 1/Ap) with this additional uncertainty (< GyAp) is to linearly add them,
giving

1
AR > — +BGnAp, (717)
Ap

where B is a constant of proportionality that must be fixed by a particular theory
of quantum gravity. Minimising the position uncertainty AR in Eq. (14) with
respect to the momentum uncertainty Ap yields a minimum value

AR ~ Bl,. (78)

3.2.3. Heisenberg’s Microscope

Heisenberg first derived a version of the position-momentum uncertainty prin-
ciple by considering how to measure the position of an electron using a micro-
scope. The precision with which one can determine the position of an elec-
tron Ax is limited by the wavelength A of the electromagnetic wave one uses to
make the measurement, Ax ~ A. Due to the quantisation of the electromagnetic
field into photons with discrete momenta p = /A, a photon scattering from an
electron must impart a non-zero component of its momentum to the electron,
thereby introducing a non-zero uncertainty Ap. Thus, the position-momentum
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uncertainty principle is an inescapable consequence of making measurements
using discrete momentum carrying particles. The standard position-momentum
uncertainty principle is given by

h
Ap > Ar (79)

However, Eq. (16) is almost certainly incomplete, as it does not account
for gravitational interactions induced by the act of observation [91, 90, 92, 93].
Since any scattering particle must have non-zero momentum it must also have
non-zero energy. The gravitational field of the scattering particle must then
cause a non-zero acceleration of the electron, thus perturbing its original posi-
tion. This gravitational contribution to uncertainty seems an inevitable result of
combining general relativity and quantum mechanics and is consequently con-
sidered a likely feature of quantum gravity.

Consider trying to measure the distance between two point-like particles via
the scattering of electromagnetic radiation. We can estimate the magnitude of
perturbations about flat Minkowksi spacetime using linearised general relativity
which defines the metric tensor via

8uv = Muv +h/JV7 (80)

where /1,y describes a small perturbation (|/,y| < 1) about the Minkowksi met-
ric M,y. The field equations of linearised general relativity are

1 8nG
O [h,w - Enyvh] = T @81)

— iV 0 -0 *F PP
where h =n*h,y = hg and [ = B A T T A with the Lorentz gauge

condition

[h; - %nxh] =0. (82)
v

For electromagnetic radiation, such as that used in our measurement of dis-
tance, moving in the x-direction the energy-momentum tensor is
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1 -1
11
Plo o
0 0

1
Ty = FuaF + ZFOLBF“B = , (83)

S O O O
S O O O

where p = (E? 4 B?)/2 is the energy density of the incident radiation field.
Using this energy-momentum tensor we obtain an inhomogeneous solution in-
volving only one unknown function f

1 -1 00

-1 1 00 8nG
vV __ - — __

0O 0 00

Choosing this density to be a product of components p = p| +p . implies f =
S+ f1, with

? 8nG
(WJFE)_ZZ) fLvz) = (c—4> P,  fi=p (85)

By characterising the incident envelope of electromagnetic radiation as a cylin-
der of length L and radius R this gives (in cylindrical coordinates)

4G(E/c?) 4Gp
Using Egs. (21) and (23) the spacetime metric (with a signature (+,—,—,—))
can then be shown to take the simple form
ds? = 2di* — (dx® +dy* +dz?) + f (cdt — dx)* . (87)

Since near the cylinder g(r) ~ 1 the deviation of the metric from Lorentzian is
~4Gp/ AL, which again results in a minimum distance [91, 81, 93]

Axpin /= Ip. (88)
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3.2.4. High-Energy Convergence

It is well known that a minimal distance is capable of curing one of the biggest
sicknesses in quantum gravity, namely its perturbative nonrenormalisablility. To
see why a minimal length has this useful property consider a massless scalar
field in a curved spacetime background [92]. In a classical spacetime, the
Green’s function takes the form

1
I5(x,y) +ie”
In the limit of zero proper distance, namely as x — y, the Green’s function blows
up to an infinite value.

However, in a non-classical spacetime the divergent behaviour at small dis-
tances is improved. Quantum fluctuations of spacetime are expected to replace
the unique propagator D(x,y) by its quantum expectation value [92]

D(x,y) ~ (89)

1
B(x,y)+ 12, +ie

min

D(x,y) = (D(x,y)) ~ (90)
It is now evident from Eq. (27) that this modified propagator remains finite even
in the zero-distance limit x — y, because of the presence of a minimum proper
length /,,;,, which acts as an ultraviolet cutoff. As is well known, a Green’s
function that remains finite even in the zero distance limit removes the infinities
that normally plague quantum field theories in the ultraviolet [92].

Fourier transforming and Wick rotating Eq. (27) to Euclidean space yields
the Euclidean propagator in momentum space as

lmin
(D(k)) ~ WKI (Lminlk1), 1)

where K is the modified Bessel function. Expanding the modified Bessel func-
tion Kj (|k|) shows that the existence of a minimal length induces a damping
effect on the propagator in the high-energy limit, leading to an ultraviolet con-
vergence.

L fork — 0
(D(k)) = (1 )% 92)

e~ minlkl " for k — oo,
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3.2.5. Fluctuations of the Conformal Factor

In this section, we follow the work of Refs. [94, 95] and derive how fluctuations
of the conformal factor affect the measurement of the classical proper length [
between two spacetime events x; and x; at a given time ¢ in flat spacetime. We
begin by considering the path integral of quantum gravity

Z= / Dge' et (93)
where Sgy is the Einstein-Hilbert action
S ! / R(—g)2d* / R(— (94)
— — X=——=
E = 161Gy 1212

The dominant contributions to the path integral should come from the classical
solution g,y = guv. Since we are considering only conformal fluctuations the
path integral of Eq. (30) should contain only metrics which are conformal to
8uv- therefore

giv = (1+0(x))* G- (95)

We can now express the path integral in terms of ¢ via

2~ [ poexp (~; i V0. gRO+0R| (pta). 06)

Using this formalism it is possible to determine the probability P[¢(x)] that
the conformal fluctuations have a value ¢(x) in flat spacetime (see Refs. [96]
and [97] for details), with the result

Vo) - Voly
P[¢<x>]=Nexp( [ 4 %) ©7)
where
3
o(x) :/qkexpik-x%. (98)

Consider an experiment capable of measuring the classical length / with
a spatial resolution A, hence if |x, —x;| < A the points x; and x, cannot be
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distinguished. The experiment, therefore, measures the coarse-grained value
of the field ¢(x) averaged over a distance ~ A. Defining f(r) as the sensitivity
profile of the measurement apparatus then the coarse-grained value of the field
is given by

= /(])(x+r)f(r)d3r. 99)

We wish to determine the probability amplitude that the field ¢ (x) has a spe-
cific value n. Using the probability distribution given by Eq. (34) we find

Plo=n] = [ Do ()8(60 ) Plox)] =

oo dh 1 .
/ /Q)(]) Jexp (iAd s —n]) exp (_4n211%/dSXd3ch¢—yv\§)> .

(100)
Performing the integrations gives (see [95] for details)
1
1 \2 n?
Pn] = (W) exp (_W> ; (101)
with
k| f (k) ?
A =13 / : 102
RCIR o
Assuming a Gaussian sensitivity profile
LN (P
gives
VA
A =13 / =—F. 104
Pl @2n3) k| 4m2)\2 (104)

The resolution A is equal to 6, and so A measures the width of f(r) for
any given distribution. For length measurements using a large resolution scale
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A > Ip, the factor A in Eq. (39) is vanishingly small and the probability distribu-
tion given by Eq. (38) is sharply peaked around the classical value 1 = 0, mean-
ing that spacetime fluctuations have a negligible effect on length measurements.
Nevertheless, as the measurement accuracy increases A — [p spacetime fluctu-
ations begin to significantly affect the measurement of length. Via Egs. (38)
and (32) one can show that the probability two events (7,x) and (¢,y) have a
spatial separation [ is

1 \? 1—1p)?
P()= (W) exp <—%> (105)

12
h=lx—y, o=ho s (106)

where

To have a well-defined notion of the distance between two points requires 6> <
l(z) which implies A > [p. What does this mean? Well, as the measurement
resolution becomes greater and greater the concept of a definite length becomes
more and more meaningless, the best we can do is ascribe a probability that
a given measurement will result in a particular length. Thus, the notion of a
definite proper length becomes nonsensical at scales below A = [p.

In Refs. [94, 95] Padmanabhan also determines a lower bound to proper
length by considering the expectation value of the line interval

(0]ds*|0) = (g (x))dx"dx" = (1+ (¢ (x))) dx“dx" G- (107)

Since (¢?(x)) diverges, a covariant point-splitting into two separate points x"
and y¥ = x" +dx" is employed [81, 94]. Taking the coincidence limit x¥ — y¥
then gives

(0]ds*10) = lim (14 (0[0(x)0(x+dx) 0) mudx'ds’,  (108)

in a flat Minkowski background g,y = M,v. Using the fact that

2
(010(x)0()[0) = -2

o (109)
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allows us to write Eq. (45) as [81]

I3 1 I3
0|ds®|0) = —£ lim ———nvdx'dx’ = -£-. 110
(0ls710) AT dvo (x—y)znﬂV YT e (110)

Therefore, a non-zero minimum length ~ [p arises due to the divergent two-
point function of the scalar fluctuation counteracting any attempt to shrink the
spacetime distance to zero.

3.2.6. Modified Feynman Propagator

In this section we follow the work of Ref. [98], and examine the modification of
the path integral due to the duality transformation / — l,% /L.

The Feynman propagator in standard quantum field theory for a spin-zero
free particle of mass m in D-dimensional Euclidean space is'

dPp exp(—ip-(x—y))
Gla.y) = [ o (111)

Since the discrete path integral for the Feynman propagator is given by

G(m,y) = ) exp(-mi(xy)), (112)
paths

the action receives a contribution of —ml from a path of length /. A minimal
length scale /p should then modify the path integral by suppressing the contri-
bution from paths of length / < [p. In Ref. [98] this suppression is implemented
by assuming the contribution from a given path is invariant under the transfor-
mation / — l,% /1. This so-called principle of duality is intimately linked with
the introduction of a minimal length and seems to be related to the notion of
T-duality in string theory [99], where it was shown that string theory can be
incorporated into quantum field theory via such a transformation. It has also
been noted that the generalised uncertainty principle (GUP) is invariant under
this transformation [93].

N spin-zero scalar field is considered for the sake of simplicity, howeverit is easy to extend the described
formalism to more complicated scenarios.
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To make the path integral of Eq. (49) meaningful Ref. [98] introduces a
cubic lattice in D-dimensional Euclidean space with a lattice spacing €. The
propagator is then evaluated in the limit € — 0, yielding

2
G(p) = ﬁlﬁ (2lp\/ p? +m2) , (113)

where K is the first order modified Bessel function. Equation. (50) has the
limiting behaviour

ﬁ, for mp > \/p>+m?

G(p) = ~2lpy/pPrm?
—exp< VP r3n>, for mp <« \/}m
\/ZIP(pZerZ)‘*

Thus, this duality transformation of the path integral suppresses contributions to
amplitudes below the Planck scale. In position space, the Feynman propagator
differs from the ordinary one by the shift /2 — /% + (2, which in the limit of zero
classical distance yields a minimal length ~ [p.

(114)

3.2.7. Lattice Quantum Gravity

We now follow the work of Ref. [100] and study a lattice formulation of lin-
earised gravity.

Consider a lattice regularisation of linearised gravity, where spacetime is ap-
proximated by a hypercubic lattice of points, with ordinary derivatives replaced
by discrete lattice derivatives. Let us assume that there exists a lattice formula-
tion of quantum gravity that admits a perturbative expansion of Newton’s con-
stant, such that the leading order term is equivalent to a lattice regularisation of
the continuum theory.

The average physical distance between two points on such a hypercubic lat-
tice along a given axis, say the x-axis, in D =4 dimensions can be approximated

by

(%) = (gn)(8x)?
- [1 + 16TGySap (B4(x)b0 (x)) | €2 (115)
=&’ 4+ 16nGyY,
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where by, is related to the definition of the metric in tetrad gravity [100], € is the
lattice spacing, yis a constant of order one, and we have used the approximation

Bus (B (041(0) ~ . (116)

Utilising the fact that Gy = [3, Eq. (52) then gives

(I*) = € + 16my13, (117)

so that as the lattice spacing is taken to zero (¢ — 0) we retain a non-zero average
distance () ~ l,%. Therefore, any formal reduction of the lattice spacing is
counteracted by an increase in metric fluctuations such that the average physical
separation between neighbouring points has a non-zero minimum.

Reference [100] also considers a more sophisticated lattice regularisation
of quantum gravity first proposed by Regge [101] where the lattice links have a
dynamical edge length. Using a specific gauge-fixing (see Ref. [102] for details)
the mean-squared link length is also found to have the same functional form as
Eq. (54), again suggesting a minimal length.

3.3. Special Relativity and a Minimal Length

Minimal length scenarios seem to directly contradict the most fundamental sym-
metry in modern physics, Lorentz invariance (LI). Since there is no lower bound
to Lorentz contraction in special relativity, for any fundamental length in one
observer’s rest frame one can always define a Lorentz boosted frame that will
measure a yet shorter length. The existence of a minimal length, therefore,
seems to require a modification of special relativity.

Motivated by such considerations a few alternative formulations of special
relativity have now been explored. Perhaps the most notable attempt is that
of doubly special relativity (DSR), which was first proposed by Pavlopoulos
as far back as 1967 [103]. DSR attempts to define an observer-independent
maximal velocity ¢ and minimal length Ipsg. However, the speed of light in
DSR is in general wavelength dependent ¢(A) and only maximal in the infrared
limit, i.e., for A/Ipsg — . As such, DSR is able to maintain an observer-
independent minimal length but typically at the cost of deforming or violating
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LI. The first exploration of such a DSR-type model by Pavlopoulos estimated
this minimal length to be approximately Ipsg ~ 10~ m [103]. However, in 2000
Amelino-Camelia sought a definition of DSR in which the Planck length defined
an observer-independent minimum length scale, thus making DSR relevant to
quantum gravity [104, 105]. Since then there have been a number of reformu-
lations and closely related approaches. In particular, Kowalski-Glikman refor-
mulated Amelino-Camelia’s DSR in terms of an observer-independent Planck
mass [106], rather than Planck length, and Magueijo and Smolin developed a
related model based on an observer-independent Planck energy [107].

DSR theories typically consider an energy dependent speed of light with an
associated dispersion relation that takes the form

E*=p*? + f(E,p;lp), (118)

where f is a function that has a leading order /p dependence of f (E, p;lp) ~
IpcE p2 [104]. This dispersion relation then leads to a deformed momentum-
dependent speed of light

1
i) =< (14 510lpl). (119

which could, at least in principle, be experimentally tested via time-of-flight
observations of distant gamma-ray bursts [108].

Although well motivated, DSR suffers from a number of significant prob-
lems. For example, it is not clear how to describe everyday macroscopic objects
within the DSR framework [109]. It is possible that a Planck scale deforma-
tion may be consistent with observations of low energy systems E < Ep, as the
predicted deviations are beyond current experimental sensitivities [109]. How-
ever, for multiparticle systems with aggregate energy E > Ep, the predicted
deviation directly contradicts experiment and even the everyday observation of
macroscopic objects.

This so-called soccer-ball problem stems from the non-linearity of the the-
ory, namely the transformation of the sum of momenta does not equal the sum
of the transformation of momenta [110]

A(p1+p2) #A(p1) +A(p2). (120)
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Also, if A is the unit element of the group, then this equation is fulfilled, and
thus the rest-frame singles out a preferred frame of reference in DSR [110]. A
further problem is that DSR is also a priori constructed in momentum space,
with a description in terms of physical position space presenting a number of
difficulties [111, 112]. These problems constitute potentially serious obstacles
for the development of DSR that must be satisfactorily addressed.

3.4. Phenomenological Quantum Gravity

Quantising gravity means quantising spacetime itself, which presumably re-
quires the quantisation of length. Yet, as we have seen, special relativity pre-
cludes a minimum length scale. A second generic prediction of quantum gravity
is the vacuum dispersion of light. Coupling the equivalence of energy and mass
with Heisenberg’s energy-time uncertainty principle dictates that the greater the
resolving power with which we view spacetime the greater the observed en-
ergy fluctuations in the quantum vacuum. Thus, quantum gravity generically
predicts that when viewed on sufficiently small distance scales one will ob-
serve large metric fluctuations of spacetime. Since higher energy photons probe
spacetime on shorter distance scales than lower energy ones they are expected
to encounter proportionately larger metric fluctuations, which hinder their pas-
sage through spacetime to a greater extent. Hence, if the spacetime fluctuations
predicted by quantum gravity are real then the speed of light should depend on
its energy and LI may be deformed or violated.

Since we do not have a complete theory of quantum gravity, the predicted
energy dependent speed of light due to vacuum fluctuations is usually estimated
by assuming the deformation admits a series expansion at small energies E com-
pared with the energy scale Eg¢ at which quantum gravity is expected to domi-
nate (presumably Eog ~ Ep) [108, 113], yielding a deformed dispersion relation

E? ~ p? <1—ii<EiQG> ) (121)
n=1

and hence an energy dependent speed of light
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oo E n
~ . ]1— — . 122
c(E) \/ n;i (EQG> (122)

In Eq. (59) the conventional speed of light in the zero-energy limit c is set
equal to unity. The + ambiguity in Eq. (59) denotes either subluminal (1)
or superluminal (—1) motion [108]. In an effective field theoretic description
n =d —4, where d is the dimension of the leading order operator. Within ef-
fective field theory, it has been shown that odd values of d directly violate CPT
invariance, and so a common expectation is that n = 2 will be the leading order
term [114, 115].2

After more than a century adrift in a sea of speculation, quantum gravity is
now becoming an experimental science. Recent observations of distant gamma-
ray bursts by the Fermi space telescope find the speed of light to be independent
of energy up to 7.62 E,, (with a 95%CL) and 4.8 E, (with a 99%CL) for lin-
ear dispersion relations, where E, is the Planck energy. The same data has
even been used to tightly constrain quadratic dispersion relations [108]. More-
over, variations in the speed of light have been experimentally excluded to the
incredible precision of Ac/c < 6.94 x 10721, conclusively showing that space-
time appears smooth beyond the Planck energy [116]. The collective data of
the Chandra and Fermi space telescopes and the ground-based Cherenkov tele-
scopes have already been used to rule out some approaches to quantum gravity
based on their predictions of vacuum dispersion [117, 118, 119]. An increas-
ingly large number of experiments, using a variety of different techniques, also
find results consistent with an energy independent speed of light, including par-
ticle decay processes [120], time-of-flight comparisons [121], neutrino oscilla-
tion experiments [122] and ultra-high-energy cosmic ray observations [123].

There also exist compelling theoretical arguments preventing an energy de-
pendent speed of light. For example, Polchinski has argued that almost all the-
ories of quantum gravity predicting vacuum dispersion at high energies have al-
ready been ruled out by precision low-energy tests, due to the way such effects
scale with energy, with the only possible exception being supersymmetric theo-
ries [124]. Vacuum dispersion also opens the door to causality violations [120],

2However, it is important to note that it is currently unknown how reliable effective field theory is at or
near the Planck scale.
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closed timelike curves [120] and other implausible scenarios. The accumula-
tive weight of experimental and theoretical evidence now strongly suggests that
spacetime remains a smooth manifold up to a significantly higher resolution
than typically predicted by quantum gravity.

However, the more fundamental a symmetry is the more thoroughly it
should be tested. This is especially true of LI. Over the coming decade, a brand
new generation of telescopes and astronomical surveys will yield a thousand-
fold gain in cosmological and astronomical data. Current detectors such as the
Fermi Gamma-ray Space Telescope, Chandra X-ray Observatory, and Pierre
Auger Observatory, in addition to future telescopes and surveys, will provide
unprecedented amounts of experimental data that will further constrain viola-
tions of LI



Chapter 4

The Renormalisation Group

4.1. Overview

The renormalisation group (RG) is a mathematical formalism defining how a
physical system changes as a function of the scale at which it is viewed. When
describing phenomena as a function of scale the value of parameters measured at
large distances typically differs from those made at small distances. For exam-
ple, in QED the charge of an electron appears to be scale dependent [125, 126].
Since virtual particle pairs permeate the vacuum they become polarised by the
presence of the electron’s charge. This polarisation tends to screen the strength
of the electric charge as measured at large distances. However, at small dis-
tances there is less screening, therefore the strength of the electric charge is
inversely proportional to distance, or conversely, is proportional to energy. The
observation that coupling constants are not, in fact, constant, but are in general
dependent on the energy scale at which they are measured, led to the idea of the
renormalisation group (RG) [127].

A key concept in the definition of the renormalisation group is the intro-
duction of a high-energy cut-off scale A, or conversely, a minimum length
scale I, ~ A~!, beyond which physical contributions are neglected. Physi-
cal theories typically remain valid only over a limited range of length scales.
A water wave is accurately described as the disturbance of a continuous fluid
via the laws of hydrodynamics, without any knowledge of the underlying dis-
crete atomic structure of water molecules. That is, hydrodynamics does not
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care about physical dynamics below some minimum length scale A~!, where
A~! is much greater than the average inter-molecular distance between water
molecules [127].

Likewise, when considering the motion of discrete water molecules atomic
distances become relevant, however, one does not need to know about physics at
or below nuclear scales. Thus, physical interactions below a yet smaller nuclear
length scale A’~! can be safely neglected in such a description. The question
now arises as to whether we can change the cut-off scale A~! continuously and
determine how the resulting laws of physics vary? In the water wave example,
a completely new set of equations and parameters are needed every time a new
cut-off scale is defined making it difficult to study the effects of a continuously
varying A~!. However, there are a number of examples in which the observa-
tions made above can be generalised so that the cut-off scale A~! can be varied
continuously in a well-defined manner. Perhaps the most pedagogical example
is given by the block-spin model.

4.2. Kadanoff’s Block-Spin Model

Following Kadanoff [128], let’s consider a 2-dimensional square array of atoms
forming a perfect crystal lattice, as depicted in Fig. 4.. Each point on the lattice
has either a spin up or a spin down value. In Fig. 4., filled lattice points represent
atoms with spin down and unfilled lattice points denote atoms with spin up. Let
the probability that neighbouring spins are aligned in the same direction at a
given temperature 7' be characterised by a coupling parameter J.

Let’s assume the physical state at each of the 64 lattice points in Fig. 4. can
be completely characterised by its Hamiltonian H(7,J) for given values of T
and J. Now we divide the lattice into 2x2 blocks. The physical state of each
block is then described by a new Hamiltonian H(7’,J’), where the variables 7’
and J' quantify the average behaviour of each 2x2 block, so that we are now
effectively analysing only 1/4 of the atoms. Performing another iteration, by
averaging over 4 x4 square blocks, amounts to analysing 1/16 of the atoms,
where each block is now described by the Hamiltonian H(7"”,J"). Thus, with
each successive iteration, or RG step, we are effectively decreasing the resolving
power of a hypothetical microscope. Finding the RG transformation for a given
system is then effectively equivalent to finding the transformation law that takes
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Figure 4. A 2-dimensional square lattice of atoms each with an associated spin. Filled
lattice points represent atoms with spin down and unfilled lattice points denote atoms
with spin up. The system may be described by block variables that average over the be-
haviour of a given block size. Each renormalisation step is then equivalent to averaging
over successively smaller square block sizes.

H(T,J)— H(T',J') and H(T',J') — H(T",J"), etc.

4.3. The Beta Function

How a particular coupling g changes with respect to the energy scale u of a
given physical process is governed by its so-called B-function

_. . Odg 0g
B(&(u)) =M = B (123)

Clearly, if the B-function of a particular theory goes to zero for some value of
the coupling g then the theory has become scale invariant, since its coupling
remains constant as a function of the scale p.
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Beta functions are typically estimated using an approximation method such
as perturbation theory. Performing a perturbative expansion in powers of the
coupling allows one to neglect higher-order contributions, as long as the cou-
pling is assumed to be small from the outset. As an example, the beta function
of the fine structure constant & in QED computed in perturbation theory is

202
B(a) = TR
The positive sign of the QED beta function tells us that the magnitude of the
coupling o increases with the energy scale u, becoming infinite at finite energy,
resulting in the infamous Landau pole [129]. However, this Landau pole is
typically thought to be the result of applying perturbation theory beyond its
range of validity. Namely, at very high energies (in the strong coupling regime)
perturbation theory is no longer expected to remain valid and it may thus be
possible to evade the troublesome Landau pole.
In quantum chromodynamics (QCD), the quantum field theory of the strong
interaction, the one-loop beta function for the strong coupling o is given by

2
B o) = — o2 (11—@—ﬁ>, (125)

(124)

2n 3 3

where ng is the number of scalar Higgs Bosons and ny the number of flavors
of fundamental multiplets of quarks [130]. The negative sign of the QCD beta
function means that o; actually decreases with an increasing energy scale y, a
property known as asymptotic freedom [130]. Therefore, the strong coupling
regime for QCD corresponds to low energy scales, where perturbation theory
is no longer valid. Similarly, the coupling associated with the weak interaction
decreases in magnitude with increasing energy.

Extrapolating the beta functions for the strong, weak and electromagnetic
interactions to extremely high energies hints at a possible unification at the so-
called grand unification energy scale of Egy ~ 10'°GeV. However, it has been
noted that this unification is not exact, with the three couplings missing each
other by a non-negligible amount. As pointed out by a number of authors, this
unification does appear to become exact if one includes supersymmetry [131].
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4.4. Renormalisation Group Operators

As one increases the energy scale u the magnitude of a coupling or observable
under the renormalisation group transformation can either increase, decrease,
or stay the same. Renormalisation group trajectories exhibiting such behaviour
are said to be relevant, irrelevant or marginal trajectories, respectively. Rele-
vant operators are essential to the description of macroscopic systems, whereas
irrelevant ones are not. For a given marginal operator it is unclear whether it
contributes to macroscopic physics because it can be ill-defined. Macroscopic
physics is typically described by only a few observables, whereas microscopic
physics is typically characterised by a very large number of variables. This im-
plies that most observables are irrelevant, namely that the microscopic degrees
of freedom are not relevant on the macroscopic level.






Chapter 5

The Asymptotic Safety Scenario

5.1. Weinberg’s Great Idea

The problems raised by the perturbative nonrenormalisability of gravity have
spawned a multitude of competing solutions. A common approach is to assume
that the reason quantum mechanics and general relativity cannot be unified in
a straightforward manner is that one of the two theories needs to be modified.
The most popular notion is to regard quantum mechanics as the more funda-
mental theory, and that general relativity is just an effective field theory that is
only valid up to some high-energy cut-off. Typically, this is the route taken by
perturbative approaches to quantum gravity such as superstring theory. How-
ever, there does exist a possibility of defining a quantum field theory of gravity
that is valid over all energy scales despite being perturbatively nonrenormalis-
able. This approach, known as the asymptotic safety scenario, was developed
by Steven Weinberg in the 1970s [37].

In general relativity, the fundamental degrees of freedom are given by the
metric field. Fluctuations of space-time would then modify the strength of the
gravitational coupling Gy as a function of energy, in an analogous way to the
scale dependence of electric charge in QED. We now follow the discussion of
asymptotic safety given by Weinberg in [37] in which he considers a generalised
set of couplings g; (1) as a function of a renormalisation scale u. If g; (1) has
mass dimensions of [M]"/ then we replace g; (1) with a dimensionless coupling

&i (W),
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gi(u) =uPigi(u). (126)

The behaviour of the RG flow of the coupling g; is governed by its B-function,
which describes the rate of change of g; with respect to the scale y,

d

Bi(& (u)) —H8 (1) (127)

To prevent the couplings g; (1) from diverging as u — oo we can force them
to end on a fixed point, g%, in the limit g — co. This requires that the beta-
function of g vanish at this point,

Bi(g*) =0. (128)

Additionally, the couplings must lie on a trajectory ¢; (1) which actually hits the
fixed point. The surface formed from such trajectories is called the ultraviolet
critical surface. If the couplings of a particular theory lie on the ultraviolet
critical surface of a fixed point then the theory is said to be asymptotically safe.

There exist two types of fixed points, trivial fixed points where g* = 0 and
non-trivial fixed points (NTFP) where g* = 0. The trivial fixed points are said
to be non-interacting because the coupling constant vanishes; the immediate
vicinity of this trivial fixed point is described by perturbation theory. This is
the construction underlying asymptotic freedom. Conversely, a non-trivial fixed
point lies at non-zero values of the coupling constants, and so is said to be an
interacting fixed point.

QCD is a special type of asymptotically safe theory because it is also per-
turbatively renormalisable and asymptotically free. QCD contains a fixed point
with only a finite number of attractive renormalisation group trajectories in the
ultraviolet, namely the Yang-Mills coupling and the quark masses [132]. All
other couplings are repelled from the fixed point and must be set to zero in order
to give a well-defined ultraviolet limit. QCD is also asymptotically free because
colour charge is anti-screened by quark-antiquark pairs, and so at asymptotically
high energies quarks become free.

An important consideration when dealing with a NTFP is the dimensional-
ity of its ultraviolet critical surface. The dimensionality of an ultraviolet critical
surface is given by the number of renormalisation group trajectories that are
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attracted to the fixed point in the ultraviolet, i.e., the number of relevant tra-
jectories. If an infinite number of such trajectories were attracted to the fixed
point then we would be in the same situation as for perturbative renormalisation,
namely a complete loss of predictive power [37]. The ideal situation is one in
which the number of relevant couplings is minimised. For example, if there was
just a single trajectory that ended at the fixed point in the ultraviolet then the
theory would be maximally predictive.

93
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Figure 5. A schematic of the ultraviolet critical surface Syy. Trajectories that are re-
pelled from the NTFP are irrelevant couplings. Trajectories that are attracted to the fixed
point are relevant couplings. The theory space is defined by the couplings g;. In the case
of the Einstein-Hilbert truncation the couplings are Gy (k) and A (k). Schematic derived
from the work of Refs. [2, 3, 4].

General relativity without matter content is described by the Einstein-
Hilbert action

1 4
s /d xv/—g(—2A+R), (129)

where Gy is Newton’s gravitational constant, A is the cosmological constant, g
is the determinant of the metric g,y, and R is the Ricci scalar curvature, a func-

SEn =
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tion of the metric. If we replace the couplings Gy and A by the scale dependent
running couplings Gy (k) and A(k), and recognising that the Einstein-Hilbert
action is now a scale dependent functional I'(k) we can write,

4
(k) = 16EGN /dx\/—g —2A(k)+R+...). (130)

The functional of Eq. (5) in principle contains infinitely many couplings.
The renormalisation group flow of the functional I' (k) is defined by the exact
renormalisation group equation (ERGE), and so the ERGE contains the beta-
functions of all of the couplings present in the functional. Although exact solu-
tions have been found, e.g., for supersymmetric O (N) theories in the infinite N
limit [133, 134], the general form of the ERGE is not exactly solvable, and so
one is typically forced to perform truncations of the functional I" (k) such that it
contains only a finite number of couplings. The beta-functions can then be ex-
tracted from the ERGE without any further approximation [135]. The simplest
truncation is the Einstein-Hilbert truncation, in which only the cosmological
constant and Newton’s constant are retained. The RG flow will typically induce
terms quadratic in curvature. However, under the Einstein-Hilbert truncation,
these contributions are neglected. A more accurate treatment takes the curva-
ture squared terms into account, which is known as the curvature squared trun-
cation. One can then extend this series of truncations up to terms polynomial in
the scalar curvature; this has been done up to a polynomial of order eight and
higher, demonstrating the existence of a fixed point with a three-dimensional
critical surface [136, 137, 138]. Recent RG results have even reported calcu-
lations with truncations to a polynomial of order thirty-four in the Ricci scalar
[139]. See Ref. [140] for an overview of asymptotic safety.

An example of how the ERGE is applied comes from performing a numer-
ical integration of the B-function extracted from the ERGE under the Einstein-
Hilbert truncation, i.e., for only Gy (k) and A(k). This gives the following pic-
ture [5]:

At the origin one observes the trivial fixed point corresponding to the non-
interacting theory. For a non-zero value of Newton’s constant and the cosmo-
logical constant one may observe a NTFP that corresponds to an interacting
theory. The fixed point for gravity, if it exists, must be interacting; since gravity
is perturbatively nonrenormalisable.
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N

Figure 6. Renormalisation group flow of gravity in the Einstein-Hilbert truncation.
Arrows indicate RG flow in the direction of increased coarse-graining, or conversely
decreasing momentum scale k. Plot adapted from Ref. [5].

Although the renormalisation group studies are suggestive, the truncation
of the effective action makes it difficult to systematically assess the reliability
of the results obtained using this method!. A lattice formulation of gravity is
thus desirable, given the possibility of performing calculations with controlled
systematic errors. Before turning to a lattice formulation of quantum gravity we
briefly review a potential problem with the asymptotic safety scenario.

5.2. A Potential Problem

There exists a long-standing argument against the asymptotic safety scenario.
This challenge to asymptotic safety was first put forward by Banks [144] and
later detailed by Shomer [145] and suggests gravity cannot possibly be a renor-
malisable quantum field theory. Their argument is that since a renormalisable
quantum field theory is a perturbation of a conformal field theory (CFT) by rel-
evant operators, the high-energy spectrum of any renormalisable quantum field

1Although systematic error control in ERGE studies is possible and has been exemplified in the work of
Refs. [141, 142], for example. Error estimates in quantum gravity in dimensions greater than four have also
been studied [143].
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theory should be equivalent to that of a CFT. However, this is not true for grav-
ity [145]. We now review this problem in more detail.

Using dimensional analysis, the extensivity of the quantities involved and
the fact that a finite-temperature conformal field theory has no dimensionful
scales other than the temperature 7', the entropy S of any 4-dimensional CFT
must scale according to

S~a(rT)?, (131)
and the energy E according to

E ~brT?, (132)

where a and b are dimensionless constants and r is the radius of spacetime that
we are considering. From Eqgs. (6) and (7) we have

ak
S~—. 133
5T (133)
From Eq. (7) we obtain
E#
T~—. (134)
birs

Simply substituting Eq. (9) into Eq. (8) tells us that the entropy of a CFT is?

a 3 3

Scrr ~ —sE%rs. (135)

bz

For gravity, on the other hand, it is expected that the high-energy spectrum

will be dominated by black holes [144, 145, 146]. The entropy of a semi-
classical black hole is given by the celebrated area law

A nr?
S =—=— 136
Grav 4GN 1123 ) ( )

2The scaling of Eq. (10) differs from that proposed by Shomer [145], according to which S ~ E Tin4
dimensions, but agrees with that found by Falls and Litim [146]. As pointed out by Falls and Litim the scaling
relation S ~ E ¥ can only be correct if the radius r is assumed to be constant, an assumption that is unjustified
in this context.
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where r is the Schwarzschild radius of the black hole and Gy = [3. It is now
evident that Eqs. (10) and (11) do not scale in the same way. Thus, Banks
and Shomer conclude that gravity cannot be a renormalisable quantum field
theory [144, 145]. This is a potentially serious challenge to quantum gravity that

must be satisfactorily addressed. We will revisit this problem in sections 7.3.
and 8.2.4.






Chapter 6

Quantum Gravity on the Lattice

6.1. Lattice Regularisation

The quantisation of a continuous field theory involves introducing an infinite
number of degrees of freedom, which can lead to divergent results. To prevent
this, one typically regulates the theory via the introduction of an ultraviolet cut-
off. A theory can be regularised by taking a high-energy limit, above which
the field theory is no longer applicable, or conversely one can impose a min-
imum length scale. The latter is the approach taken by lattice field theories,
which originated from the seminal work of K. Wilson [127]. Lattice field theo-
ries replace continuous spacetime with a discrete lattice of points with non-zero
spacing a.

The method of lattice regularisation allows one to achieve a stable ultravi-
olet regularisation, yielding finite observables. Lattice methods also allow one
to recover continuum limit physics by calculating observables at different lat-
tice spacings and extrapolating to the continuum limit, i.e., sending @ — 0. In
addition to taking @ — 0 one must also take the infinite volume limit, so as
to eliminate finite-size effects, whilst simultaneously making appropriate ad-
justments to the bare coupling constants. The existence of a continuum limit
requires the presence of a second-order phase transition because the divergent
correlation length characteristic of a second-order phase transition allows one to
take the lattice spacing to zero whilst simultaneously keeping observable quan-
tities fixed in physical units.
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For strongly interacting field theories the applicability of perturbation the-
ory is limited, and nonperturbative lattice methods become essential. Lattice
QCD (LQCD), for example, has become the central tool in developing our un-
derstanding of the strong interaction, allowing one to calculate the hadronic
spectrum and weak matrix elements to high precision [147]. LQCD also con-
tributes to our understanding of confinement, chiral symmetry breaking, and
finite temperature QCD. See Refs. [148, 149] for more detailed accounts of the
methods and successes of LQCD. Lattice regularisation methods have also been
applied in Beyond the Standard Model (BSM) physics, most notably in super-
symmetric lattice field theories and technicolour theories. See Ref. [150] for
an overview of supersymmetric lattice field theory, and Ref. [151] for a more
general overview of the application of lattice methods to BSM physics.

Motivated by the successful application of lattice methods to the strong in-
teraction, and their use in studying BSM physics, one is led to ask whether
applying similar methods to the gravitational interaction may aid our under-
standing of nonperturbative quantum gravity.

6.2. Geometric Observables

General relativity describes gravity as the curvature of spacetime, and quantum
mechanics describes spacetime on the smallest distance scales. So if we are
to unify general relativity and quantum mechanics we must understand what
spacetime looks like on the smallest distances. One idea is that spacetime is
discrete at the Planck scale, meaning that there exists a smallest possible unit
of both space and time, namely the Planck length and the Planck time. A fur-
ther complication comes from the fact that quantum mechanics describes ob-
servables as being in a superposition of all possible states until observation has
occurred, and therefore that the geometry of spacetime at the Planck scale could
consist of a superposition of all possible geometries. These complications make
it very difficult to study the universe on such small scales. One simplifying
approach is to approximate the smooth continuous geometry of spacetime by
a lattice of locally flat n-dimensional triangles called simplices. In this way
one can numerically generate a large ensemble of configurations that samples
all the possibilities of curvature and geometry, allowing one to calculate specific
observables by taking the expectation value over the entire set of configurations.
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The simplicial approach to quantum gravity, as first proposed by
Regge [101], allows one to make use of the considerable number of techniques
used in lattice gauge theories. In a similar way to lattice gauge theories, one is
not restricted to discrete spacetime, since one can allow the lattice size to ap-
proach infinity and take the simplicial edge length to zero. Under these limits,
one would effectively remove the ultraviolet lattice regulator and recover con-
tinuum physics. Regge calculus is not dependent on simplices either; any shape
that can be extended into a n-dimensional polytope can be used in the same way.
Simplices are chosen because they are essentially the simplest possible polytope
that one can use to approximate n-dimensional manifolds.

A n-dimensional simplex is a polytope, where the number of k-dimensional
faces Ny is given by

Nk:(n+l>: (n+1)!

k+1 (k+1)!((n+1) = (k+1))!"
A 4-simplex, therefore, has 5 vertices, 10 edges, 10 triangular faces, and 5 tetra-
hedral faces. Simplices are fitted together along their (n — 1)-dimensional faces
creating a simplicial piecewise linear manifold. Simplicial quantum gravity can
be subdivided into two main approaches, Regge calculus, and dynamical tri-
angulations. The approach of Regge calculus is to fix the connectivity of the
simplices but allow the edge lengths to vary; in this way the dynamics of the
geometry is captured. Conversely, dynamical triangulations fixes the simplicial
edge lengths but allows the connectivity of the simplices to define the dynamics
of the geometry.

The interior geometry of a n-simplex is assumed to be flat, and so in the
case of dynamical triangulations, the dynamics of a given simplex is entirely
contained within the connectivity of the (n+ 1) /2 fixed edge lengths. The cur-
vature in simplicial quantum gravity is defined by the deficit angle around a
(n —2)-dimensional face at which arrangements of n-simplices converge. If we
take the example of a lattice of 2-simplices, or triangles, then the idea becomes
clear. Imagine joining 6 such triangles together so that they meet at a single
shared vertex, as shown in Fig. 7..

One can define a complete angle of 27 radians about this vertex. However, upon
removing one of these triangles one now has a deficit angle 8. The remaining
simplices can now be joined together along their piecewise linear edges to form

(137)
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Figure 7. The deficit angle 8 for a 2-dimensional lattice (left) and a simplicial approx-
imation to a sphere (right) [1].

a curved geometry, as shown in Fig. 7. (right). The angle 9 is then a measure of
the extent to which the geometry is curved. The deficit angle 9 is given by

d=2n-) 6. (138)

The value of the deficit angle defines three different types of curvature. If
2.6, = 2m the geometry is flat. If }.6; < 2w the geometry has positive Gaussian

1 1
curvature. If }°0; > 2w the geometry has negative Gaussian curvature. This

idea can be extlrapolated to an arbitrary dimension n, where flat n-dimensional
simplices are joined together along their (n — 1)-dimensional faces, defining the
curvature at a hinge of dimension (n —2).

Another geometric observable that can be computed in simplicial quantum
gravity is the volume profile. One can calculate the volume profile of a sim-
plicial ensemble in the following way. Firstly, one defines a randomly chosen
vertex from the set of triangulations to be the origin o, one then shells radially
outwards from this point by hopping to an adjacent vertex. We can thus define
a geodesic distance T from the origin 0. By counting the number of simplices
within a shell of radius T one builds up a volume profile for the ensemble of
triangulations as a function of geodesic distance from o. Then, just as one sums
over all possible paths in the Feynman path integral approach to quantum me-
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chanics to obtain the macroscopic classical path, one should average over all
possible geometries to create an expectation value for the macroscopic geome-
try of the universe.!

0

Figure 8. A schematic representing the number of 4-simplices N4 as a function of
geodesic distance T form an arbitrarily defined origin o [1]. Collectively the bars form
a single measurement of the volume distribution of N4. One forms an expectation value
(N4) by making many such measurements and averaging. The centre of volume is
located at 0.

For volume profiles of the type seen in Fig. 8. one can determine the Haus-
dorff dimension of the ensemble of simplices by simply counting the expecta-
tion value for the number of simplices within a given geodesic distance from a
randomly chosen vertex. Observing how the number of simplices scales with
geodesic distance allows one to measure the fractal Hausdorff dimension.

The large-scale geometry of the universe can also be studied via the volume-
volume correlator. In a theory with 4-dimensional building blocks the volume-
volume correlator gives us a measure of the distribution of the 4-volume as a
function of geodesic distance by determining the correlation of adjacent slices of
4-volume. The finite volume scaling behaviour of the volume-volume correlator

IThe above description is specific to a model of simplicial quantum gravity with no explicit time direction,
although the same principle applies to a theory with an explicit time direction except that in this case one
calculates the spatial volume at proper time intervals .
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introduced in Ref. [152], can be written as

CN4 (8) _ i <Nzlice (T)Il\éice(,c+8)>

=1

) (139)

where leice(r) is the total number of 4-simplices in a spherical shell a
geodesic distance T from a randomly chosen simplex, Ny is the total num-
ber of 4-simplices, and the normalisation of the correlator is chosen such that
2’6;10 Cn, (8) = 1. If we rescale 6 and Cy, (3), defining x = 8/Ni/DH, then the
universal distribution cy, (x) should be independent of the lattice volume, where
e, (x) = Ni/ Prcy, (8/Ni/ P ) One can determine the fractal Hausdorff di-

mension, Dy, as the value that leaves cy, (x) invariant under a change in four-
volume Nj.

Since in appropriate limits a theory of quantum gravity should reduce to
general relativity, one would expect that the phase diagram for a theory of quan-
tum gravity should contain a semi-classical phase with a Hausdorff dimension
Dy = 4 whose geometry is a solution to general relativity. One such solution
is de Sitter space. A de Sitter space is the maximally symmetric geometrically
flat solution to Einstein’s field equations with no matter content and a positive
cosmological constant. The de Sitter metric can be written as,

t
ds® = di* +a(t)dQ) = —di® + Hi cosh® (H—L> dQ), (140)

where H; is the Hubble length given by H; = ¢/Hy = \/% Q3 is the 3-
dimensional volume element [153],

Q3) = dy* +sin’y (d6% + sin?6d¢?) . (141)

Such a de Sitter phase has been shown to exist for a specific model of simpli-
cial quantum gravity, thus verifying that this model has a solution of general
relativity as its low energy limit.

One may naively think that a n-dimensional theory of simplicial quantum
gravity will always result in a n-dimensional geometry, however, this is not nec-
essarily the case. For dynamical triangulations the dynamics is contained in the
connectivity of the n-simplices, where the geometry is updated by a set of local
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update moves. These local update moves can result in the deletion or insertion
of vertices within simplices and so it is possible to obtain a geometric structure
that has self-similar properties at different scales, meaning the geometry can be
a fractal. A fractal geometry admits non-integer dimensions, and so recover-
ing n-dimensional space from n-dimensional fundamental building blocks is a
non-trivial result. The approach of simplicial quantum gravity allows the frac-
tal dimension of the ensemble of triangulations to be computed numerically,
typically this is done by computing the Hausdorff dimension and the spectral
dimension.

6.3. Euclidean Dynamical Triangulations

Euclidean dynamical triangulations (EDT) is a particular implementation of a
lattice regularisation of quantum gravity. The approach of EDT was originally
studied in two-dimensions for the purpose of defining a nonperturbative regu-
larisation of bosonic string theory [154, 155]. This two-dimensional approach
proved successful; with gravity coupled to conformal matter being shown to
correspond to bosonic string theory [156]. Results from lattice calculations
agree with continuum calculations in non-critical string theory wherever they
are compared [156]. Motivated by the successes of the two-dimensional theory,
EDT was generalised to three [157, 158, 159] and four dimensions [160, 161].
Here, we explore EDT in four-dimensions.

Euclidean dynamical triangulations defines a spacetime of locally flat n-
dimensional simplices of fixed edge length. The four-dimensional EDT formal-
ism translates the continuum path integral

Z— / DgeSer (142)
1 4
Sen = 16nGN/d xvV/—g(—2A+R), (143)

into the discrete partition function

1
Zg =Y —e SeH, 144)
E ; c (
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The integration over the metric g,y is replaced by a sum over all possible trian-
gulations 7. Cr is a symmetry factor that divides out the number of equivalent
ways of labelling the vertices in the triangulation 7. The discretised Einstein-
Regge action in the EDT formalism is

Sg = —KoN2 + K4 Ny, (145)

where A, is the number of simplices of dimension i, and k; and K4 are related to
the bare Newton’s constant Gy and the bare cosmological constant A, respec-
tively.

The particularly simple form of Eq. (9) for the discrete Einstein-Regge
action Sg is determined via the simplicial geometry, being dependent on the
deficit angle 0 around a triangular face, where 6 = arccos (%), and on the n-
dimensional simplicial volume V,,, where

vn+1

The discrete Euclidean-Regge action is then
SE=x) 2V, (2n—) 0) =LY V4, (147)

where k = (8nGy) ' and A = kKA. One can rewrite Eq. (11) in terms of the bulk
variables N;, and use Eq. (10) to obtain the simplicial volumes, giving

Sg= —?TCKNZ + Ny (K#arccos% + gk) . (148)

Upon substituting k; = @mc and K4 = K#arccos (zlt) + 9—\/(?% one recovers the
simple form of the discrete Einstein-Regge action in terms of the bulk variables
N, and Ny, as given by Eq. (9).

Early studies of four-dimensional EDT reported a one-dimensional param-
eter space containing two phases that were separated by a transition at some
critical value of the coupling Kg, but neither of the phases resembled four-
dimensional semi-classical general relativity [160, 162, 163, 164, 165]. When

K < Kg , a phase exists in which the simplicial geometry effectively collapses,
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and has an infinite fractal dimension [163]. In the regime x, > Kg the geom-
etry resembles that of thin polymer strands [163]. Measurements of the Haus-
dorff dimension of these two phases confirm that neither resembles a physical
4-dimensional phase [163].

The work of Catterall et al. in Ref. [164] studied the order of the phase tran-
sition between the two phases via an order parameter related to the fluctuation in
the number of simplicial nodes and the scaling of the auto-correlation time. Ten-
tatively, Catterall et al. concluded that the transition separating the two phases
is continuous, and therefore has the possibility of being second-order. In Ref.
[163] Ambjorn and Jurkiewicz measured the critical scaling exponents using
numerical simulations in the vicinity of the transition, also concluding that the
transition is continuous. However, a more careful study with sufficiently large
lattice volumes and with an increased number of lattice configurations showed
that the transition was, in fact, a discontinuous first-order critical point. Specif-
ically, de Bakker in Ref. [166] analysed 32,000 and 64,000 4-simplices and ob-
served a histogram with a double peak in the number of vertices that grows with
volume. This behaviour is characteristic of a first-order transition. An indepen-
dent study by Bialas et al. [167] also reached the same conclusion, showing that
for lattice volumes smaller than 16,000 simplices the data was consistent with a
continuous transition, but for a lattice volume of 32,000 simplices or greater a
bimodal structure in the histogram of the number of vertices emerged.

These studies not only explained why the transition was previously thought
to be continuous (because of large finite-size effects) but they also conclusively
showed that the transition is first-order. The fact that the transition separating
the two phases is first-order makes it unlikely that the theory has a well-defined
continuum limit, at least in the simplest implementation of the model [167, 166].
This is because a second-order transition, with its diverging correlation length, is
needed to define a continuum limit that is independent of the underlying discrete
lattice structure.

The sum over triangulations in the original formulation of EDT all used a
trivial measure, that is, all triangulations in the sum defining the path integral
were weighted equally. The trivial measure is the simplest implementation,
but this does not necessarily mean that it is the correct one. Brugmann and
Marinari [168], in the early "90s, investigated the effect of adding a non-trivial
measure term to the Euclidean path integral by studying the resulting geometric
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observables. Brugmann and Marinari reported that the inclusion of a non-trivial
measure term induced a strong effect, and even suggested that its inclusion may
be responsible for a change in the universality class of the theory.

In the late *90s Bilke et al. [169] also investigated the result of introduc-
ing a non-trivial measure term in the path integral of 4-dimensional simplicial
quantum gravity. Bilke et al. reported the emergence of a new phase for an
appropriate choice of couplings. Both the Brugmann and Marinari and Bilke
et al. studies were suggestive, but the resulting phase diagram had yet to be
explored in any great detail. A remaining hope is that a more thorough study
of the phase diagram of EDT with a non-trivial measure could lead to a physi-
cal semiclassical phase, and ultimately to a nonperturbative theory of quantum
gravity.

EDT including a non-trivial measure has a partition function of

l NZ B S
Zg =) — O(¢j oE, 149
£ ;CT JUl (t)" | e (149)

The term in square brackets is a non-trivial measure term, which in the con-
tinuum corresponds to a nonuniform weighting of the measure by [det (g)]B 2,
The product in Eq. (13) is over all 2-simplices, and O(t;) is the order of the 2-
simplex j, i.e., the number of four-simplices to which the triangle belongs. One
can vary the free parameter [ as an additional independent coupling constant in
the bare lattice action (after exponentiating the measure term [168]), bringing
the total number of couplings to three. Up until now, the vast majority of work
on EDT has considered the partition function with § = 0 only, apart from the
already mentioned work of Refs. [168] and [169].

The term associated with the non-trivial measure  can be combined into
the discrete Einstein-Hilbert action by exponentiating the measure term, giving

Se = =N, +k4Ns — B Y logO (g;) . (150)
j

The partition function of Eq. (13) is implemented via a Monte Carlo integra-
tion over the ensemble of 4-dimensional triangulations with fixed topology S*.
The bare cosmological constant, or equivalently k4, controls the number of 4-
simplices Ny in the ensemble because they appear as conjugate variables in the
action of Eq. (9). One must therefore tune K4 such that an infinite volume limit
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can be taken [170]. It is convenient to ensure that numerical simulations are per-
formed for a nearly fixed four-volume, and so a term SMNA{ — Ny| is introduced
into the action such that Ny is kept close to the target value N/ ,1.e., NA{ ~ Ny.
However, this does not change the action for values of N = Ny, about which the
volume fluctuates. The purpose of the term SMNA{ — Ny4| is to prevent volume
fluctuations about NA{ from becoming too large to be easily handled in numeri-

cal simulations. While the simulation stabilises around the target volume NA{ the
parameter OA is set to 0.08, after stabilisation OA is reduced to 0.04. This term

permits fluctuations in N4 of magnitude dN, = <<N£>2 — <N4>2) 12 = (ﬁ) 1 2
One is then left with a two-dimensional parameter space, which is explored by
varying X and f.

EDT has recently undergone something of a revival, due to the inclusion of
this non-trivial measure term 3 [171, 172, 173, 174]. There is now evidence that
properly interpreted the EDT formulation may provide a viable theory of quan-
tum gravity at high energies, for a specific fine-tuning of the non-trivial measure

term [173]. We present results from this new EDT model in section 7.2.3..

6.3.1. Conformal Instability

One of the major obstacles to formulating a Euclidean theory of quantum gravity
is that the Euclidean action for Einstein gravity is unbounded from below. This
section will outline this problem and discuss some of the ideas that have been
proposed to resolve this issue.

To motivate the desire to Euclideanise the Lorentzian Einstein action and
to highlight the fact that it is unbound from below we take a simple interacting
scalar field theory as an example. The expectation value of an observable O for
a scalar field theory is given by the path integral

(0) =5 [ oloie*elao), (151

where the action is the functional

o) = [[ar [ ((2—?)2— <V¢>2—v<¢>) | (152)
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When performing computations it is not clear how one would directly eval-
uate the observable O numerically using the path integral of Eq. (15) because
it contains complex oscillatory factors ¢’. In order to make computations
tractable, one typically performs a change of variables of the type t — —iT such

that the Lorentzian action transforms into the Euclidean action,

Seuale] = [ v [ @' ((3—1’)2+ (Vo) +V <¢>> . (153)

The oscillatory factor ¢’ appearing in the path integral is then transformed
into e, giving a path integral that is damped as opposed to being oscillatory,
in addition to being amenable to numerical simulations. The Euclidean action
given in Eq. (17) is positive definite for positive definite interaction potentials
V (¢) [175]. However, the problem arises due to the gravitational interaction po-
tential being negative in general relativity. The reason is that although gravita-
tional waves have positive energy, the gravitational potential is always negative
because gravity is always attractive [13].

The fundamental degrees of freedom in general relativity are given by the
metric g,y. General relativity is diffeomorphism invariant and so one is free
to transform the metric g,y via a conformal transformation. Any two metrics
guv and hyy are said to be conformally equivalent if g,y = €h,y, where Q is
some positive conformal factor. Following Ref. [13] we make a conformal
transformation g,y = thﬂv, where once again Q is some positive conformal
factor. The Einstein action then becomes

1
Se (hy) = — 167G / d*xy/det (gu) (Q*R+6g"0,00,Q) . (154)

One can see from Eq. (18) that the Einstein action can be made arbitrarily nega-
tive if the conformal factor Q is rapidly varying. This means that the Euclidean
Einstein action is unbounded from below and that the path integral of Eq. (18)
could be divergent, depending on the behaviour of the gravitational measure in
the strong field limit and in the regime of rapidly varying conformal factors Q
[176].

The positive energy conjecture outlined in Refs. [177, 178] seems to suggest
that the total energy of an asymptotically flat gravitational field as measured
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at infinity is always positive and that the formation of black holes in regions
of arbitrarily negative potentials prevents such scenarios from being physically
realised [13]. If Euclidean general relativity is to accurately describe reality
one would need to mathematically prevent the conformal instability appearing
in the Euclidean action. A number of possible solutions to the unboundedness
problem of the gravitational action have been put forward, most notably those
of Gibbons, Hawking and Perry [179, 180]. The conformal instability of the
Euclidean gravitational action was shown in Refs. [181, 182] to cancel, at least
to one-loop in perturbation theory [176], and possibly nonperturbatively [177].
Because the Euclidean path integral is unbounded from below one may ask
whether Euclidean dynamical triangulations is a well-defined theory at all. This
is a legitimate concern because the partition function can become dominated
by lattice configurations with arbitrarily large curvature. However, the hope is
that by introducing an appropriate measure term into the Euclidean action one
can suppress the contributions coming from configurations with arbitrarily large
curvature, thus making the gravitational path integral convergent [173].

6.4. Causal Dynamical Triangulations

The difficulties encountered in the original EDT model, namely the absence
of a physical phase and a second-order critical point, led Ambjorn and Loll
[183] to introduce a causality constraint on the set of triangulations over which
the path integral is taken, in the hope that it would fix these problems. The
method of causal dynamical triangulations (CDT) distinguishes between space-
like and time-like links on the lattice so that an explicit foliation of the lattice
into space-like hypersurfaces of fixed topology (usually chosen to be S°) can be
introduced. This prevents branching of geometries into "baby universes" along
the time direction.

Figure 9. shows the two fundamental building blocks of causal dynamical
triangulations. The four-simplex labelled (4, 1) has four vertices on the space-
like hypersurface of constant time # = O that are connected by space-like links
Iy, and one vertex on the hypersurface + = 1. The space-like hypersurfaces ¢
and 7+ 1 are connected by time-like edges /;. The two types of simplices can
be glued together, along with their time-reversed counterparts, to form a causal
slice of spacetime. One can then stack ¢ such slices on top of one another,
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(4,1) (3,2)

Figure 9. The building blocks of CDT. The (4, 1) and (3,2) 4-simplices [1].

forming a causal spacetime of duration T = ¢. The causal structure of spacetime
in CDT demands an extra parameter o that describes the ratio of the length of
space-like links /; to time-like links /; (for Euclidean dynamical triangulations
o = 1) on the lattice and is given by,

_i
=7

The metric for CDT has the Lorentzian signature (—1,1,1,1) resulting in a
path integral, or partition function, of the type

o (155)

z:iie*’sfm, (156)
T “T

which contains complex probabilities and is not suitable for numerical integra-
tion. CDT must therefore be rotated to Euclidean signature (1,1,1,1), produc-
ing a real action that is numerically tractable. It is important to note, however,
that although the sum over geometries is performed with Euclidean metric sig-
nature the end result is strictly Lorentzian. This is because one starts by restrict-
ing the set of possible Euclidean geometries to only include those that meet the
conditions of the causality constraint. One then Wick rotates the o. parameter
in the lower half of the complex plane and performs the Euclidean sum over
geometries. At least in principle one can then Wick rotate back to Lorentzian
signature. The inverse Wick rotation is not feasible using numerical methods

alone, which is a familiar feature of numerical lattice field theory.
Numerical simulations in CDT generate a walk over the ensemble of tri-
angulations based on Monte Carlo importance sampling with time extension ¢.
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The local updating algorithm consists of a set of moves that change the geome-
try of the simplicial manifold locally, without altering its topological properties
[152]. CDT appears to obtain the correct macroscopic properties of spacetime
from a minimal set of assumptions. Numerical simulations using causally tri-
angulated ensembles have demonstrated the existence of a phase whose ground
state turns out to closely resemble the maximally symmetric vacuum solution
of general relativity, namely de Sitter space [184] (phase C in Fig. 10.). Quan-
tum fluctuations, that are well described by a semiclassical expansion about de
Sitter space, have also been reported [185, 184]. The macroscopic dimension of
this phase has been non-trivially determined and is found to be consistent with
4-dimensional spacetime [185, 7].

Figure 10. shows an up-to-date phase diagram of CDT containing four
phases A, B, C, and the newly discovered bifurcation phase. As already men-
tioned, phase C appears to have physical geometric properties, exhibiting semi-
classical de Sitter-like behaviour with an extended 4-dimensional geometry.
However, phases A and B are likely unphysical in nature. Phase A consists
of uncorrelated spatial slices and has a large-scale spectral dimension that is
inconsistent with 4-dimensional spacetime (Dg ~ 4/3) [7]. Phase B consists
of simplices with extremely high coordination number, such that the universe
essentially collapses into a slice of minimal time extension [152]. The newly
discovered bifurcation phase also appears to be unphysical due to some rather
bizarre geometric properties [186, 6].

The transition dividing phases A and C has been found to be almost cer-
tainly first-order [187]. The A-B transition has not been studied in detail and
its order is largely unknown, which is in part due to the fact that Monte Carlo
simulations within this region of the parameter space become critically slow.
In Ref. [187] Ambjorn et al. present strong evidence that the B-C transition is
second-order. They determine the order of the transition in three main ways.
Firstly, the histogram of the vertex number is studied, revealing a double peak
structure that does not increase with simplicial volume in the vicinity of the B-
C transition, behaviour indicative of a higher-order transition. Secondly, they
measure the shift in the critical exponent V of the asymmetry parameter A to
be V = 2.51, which is in clear violation of the first-order value v = 1 [188].
Thirdly, measurements of geometric observables O using the so-called Binder
cumulant [188] bolster the conclusion of a second-order transition. A recent
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study has shown that the boundary separating the bifurcation phase from phase
C (see Fig. 10.) is also almost certainly second order [189]. Since in a lattice
formulation of asymptotic safety the NTFP would appear as a second order crit-
ical point [171], this result raises the exciting possibility that CDT could make
contact with Weinberg’s asymptotic safety scenario [190].
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Figure 10. The 4-dimensional phase diagram of CDT spanned by the parameters ko
and A [6].

It has been shown that the phase diagram of CDT is similar to that of the
generic phase diagram of Horava-Lifshitz gravity, assuming the average geome-
try in CDT can be correctly identified with the Lifshitz field [191]. Furthermore,
in Ref. [192] Ambjorn et al. show that analytically solvable 2-dimensional CDT
is equivalent to Horava-Lifshitz gravity in 2-dimensions. The global time folia-
tion that is an inherent feature of CDT, and that explicitly breaks the isotropy be-
tween space and time, is also a defining feature of Horava-Lifshitz gravity [193].
Thus, it is possible that CDT might provide a unifying nonperturbative frame-
work for anisotropic theories of quantum gravity [191].



Chapter 7

Is the Dimension of Spacetime
Scale Dependent?

7.1. 'Why 4 Dimensions?

Why do we live in 4-dimensional spacetime? Why not 3, or 5, or 3.99? Other
than our everyday experience there are a number of reasons to think that the uni-
verse is exactly 4-dimensional. Following the development of general relativity
in 1915, with its assumption of a 4-dimensional Riemannian metric, Paul Ehren-
fest began questioning the assumption of 4-dimensional spacetime as soon as
1917. Ehrenfest argued that the stability of orbits in Newtonian mechanics and
Maxwell’s equations uniquely required 4-dimensions. Furthermore, Maxwell’s
equations are conformally invariant only in 4-dimensional spacetime, and the
Yang-Mills functional is dimensionless (scale invariant) if and only if the space-
time dimension is four. The smallest number of dimensions in which general
relativity is non-trivial is (3 + 1). In (2 + 1)-dimensions, for example, general
relativity has no propagating gravitational degrees of freedom. However, given
these interesting observations, we are yet to find a definitive explanation for why
spacetime must be macroscopically 4-dimensional. This gap in our knowledge
has inevitably led many physicists to propose theories with a dimension other
than four.

Nordstrom was the first to hypothesise that spacetime might have more
than four dimensions [194]. Theodore Kaluza brilliantly demonstrated the
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utility of higher-dimensional theories by extending general relativity to a five-
dimensional spacetime. With no free parameters, Kaluza’s theory was able to
reproduce the four-dimensional Einstein field equations as well as Maxwell’s
electromagnetic equations, with an additional scalar field known as the dila-
ton [195]. Oscar Klein later added some important additions to Kaluza’s
work [196], which subsequently became known as Kaluza-Klein theory. In
Kaluza-Klein theory the fifth spacetime dimension is compact and only be-
comes apparent at extremely high energies, thus demonstrating for the first time
the notion of a scale dependent dimension. However promising, the Kaluza-
Klein theory has a number of outstanding issues, including the stability of the
fifth dimension, where the size of the extra dimension rapidly diverges to in-
finity or vanishes altogether. Nevertheless, the cat was out of the bag, and ever
since physicists have invoked the idea of extra dimensions in theoretical physics
models, most notably in string theory.

However, we might also ask whether the number of spacetime dimensions
could be less than four at small distances? This possibility was first raised by
a number of authors in the mid-1980s, such as Jourjine [197], Kaplunovsky
and Weinstein [198], and Zeilinger and Svozil [199]. In 1985, Crane and
Smolin [200] considered a model in which the spacetime vacuum is filled with
a sea of virtual black holes with a scale invariant distribution. Using this model
they found that the effective spacetime dimension turns out to be a non-integer
value that is less than four, implying spacetime has a fractal geometry at high
energies. Within the context of cosmology, Hu and O’Connor first noted an
effective scale dependent dimension [201], an observation that has since been
reported numerous times, as discussed in section 2.3.1..!

In four spacetime dimensions, gravity is perturbatively nonrenormalisable.
However, in spacetime dimensions of two or less gravity is power-counting
renormalisable. If the dimensionality of spacetime were to decrease to two
or less one could in principle have a self-renormalising quantum field theory
of gravity. Over the last decade, a number of independent field-theoretic ap-
proaches to quantum gravity have reported a scale dependent reduction in di-
mensionality. Individually, none of these independent approaches constitute
substantial evidence in support of dimensional reduction; collectively, however,
they form a compelling argument. The evidence for dimensional reduction in

IFor an excellent overview of scale dependent dimensionality see Refs. [202] and [65].
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quantum gravity will now be reviewed.

7.2. The Evidence for Dimensional Reduction

7.2.1. String Theory

Atick and Witten showed in Ref. [203] that high-temperature string theory
behaves as if spacetime were two-dimensional, or more precisely (14 1)-
dimensional. In string theory, there is thought to exist a limiting temperature
known as the Hagedorn temperature, at which a heated gas of strings undergoes
a phase transition. Below the Hagedorn temperature, or conversely at distances
greater than the string scale v/o/, string theory is accurately characterised in
terms of strings, and all is fine. However, at yet shorter distance scales this
description begins to break down. Atick and Witten found that at distances r
smaller than the string scale v/o/ physical systems have far fewer degrees of
freedom per unit volume than relativistic field theories, with the free energy F
scaling with the volume V and temperature 7" according to

F~VT?  r<yVdo. (157)

As pointed out in Ref. [203] the scaling behaviour of Eq. (1) is exactly what one
would expect from a quantum field theory in (1 + 1)-dimensional spacetime.
In addition, there are also hints from two-string scattering amplitudes [204] and
high-energy open string scattering [205] that have been interpreted as suggesting
(1+1)-dimensional behaviour at high energies.

There are two important caveats relating to the above discussion. First, this
apparent reduction from (3 + 1) to (1 + 1)-dimensional spacetime occurs for
strings on a flat background, and so may not apply in the more realistic setting of
non-Euclidean geometry. Secondly, it is inconsistent to use external measuring
probes in string theory to examine spacetime at short distances, as stressed by
Gross and Mende [206].

7.2.2. Causal Dynamical Triangulations

The CDT approach to quantum gravity has produced some of the strongest ev-
idence for dynamical dimensional reduction on short distance scales. CDT ap-
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proximates continuous spacetime via a lattice network of n-dimensional sim-
plices. The spectral dimension is calculated in CDT by examining how a test
particle diffuses throughout this lattice network of simplices, similar to the ran-
dom walk shown in Fig. 3.. The test particle begins from a randomly chosen
simplex and jumps between neighbouring simplices a total of ¢ times. Such
random walks are repeated numerous times, with the number of diffusion pro-
cesses that return to the origin after ¢ diffusion steps counted. From this one
can determine an average probability of return, which is used to compute the
spectral dimension of the simplicial manifold via Eq. (8).

In Spectral Dimension of the Universe Ambjorn et al. [8] present the first
result for the running spectral dimension Dg (G) in CDT using a fit to the func-
tional form,

b

Ds(c)=a pp=t (158)
where G is the diffusion time, an effective measure of the distance scale probed
by the diffusion process. The numerical coefficients of this fit were determined
tobe a =4.02, b =119, and ¢ = 54. The physical significance of the particular
fit function chosen by Ambjorn et al. (Eq. (2)) is not known from first principles,
itis simply the functional form that best describes the dependence of the spectral
dimension over the entire range of their data.? The work of Refs. [207,208, 209,
210] have attempted to derive this function from first principles using analytical
methods.

Their result for the large-scale spectral dimension of CDT is quoted as

Ds (6 — o) = 4.0240.10, (159)

while the short-distance spectral dimension was found to be

Ds (6 — 0) = 1.804+0.25. (160)

The authors of [8] correctly claim that the value for Dg (G — 0) is therefore
consistent with the integer two. However, large discretisation errors are typi-
cally associated with the small-scale spectral dimension. One reason for this is

2The alternative fit functions considered in Ref. [8] were a — be ™ and a — %.



Is the Dimension of Spacetime Scale Dependent? 73

because for a small number of diffusion steps the behaviour of Dg (G) can be sig-
nificantly different when considering an even or odd number of diffusion steps.
This effect can be understood by considering a simplified diffusion process on
a one-dimensional piecewise straight line; in this scenario, it is impossible to
begin and end at the origin after an odd number of diffusion steps, whereas this
is not true for an even number of diffusion steps (see Fig. 11.). A similar ef-
fect is present in 4-dimensional triangulations, where an oscillatory behaviour
is observed at small ¢ values, although this discrepancy between odd and even
integer steps becomes negligible for sufficiently large ¢ values [8], as can be
seen in Fig. 12.. The relatively large error associated with Eq. (4) leaves some
ambiguity in the conclusions that can be drawn from this result.

*—o—o—

——0—0—
-1 0 1 2 3

-3 -2

Figure 11. Anillustration of how an odd or even number of diffusion steps can impact
the probability of return close to the origin for a simple 1-dimensional random walk.

A more recent publication has revisited these calculations of the spectral
in CDT [7], providing a more comprehensive study with reduced systematic
and statistical errors. The most important results of this work are presented
in Fig. 13. and Tab. 3.. In Ref. [7] it is found that the long-distance spectral
dimension is consistent with the expected semiclassical dimensionality of 4,
and that the spectral dimension monotonically decreases to a value of around
3/2 on small distance scales when using sufficiently fine lattices. However, at
the canonical point in the phase diagram of CDT (k¢ = 2.2, A = 0.6), which has
been shown to closely approximate 4-dimensional de Sitter space in the infrared,
the small-distance spectral dimension is more consistent with the integer 2, with
the measured value being 1.970 +0.266.
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Figure 12. Fluctuations in the spectral dimension due to the difference between odd
and even diffusion steps ¢ over short distance scales [7]. This effect introduces a sys-
tematic discretisation error that can be reduced by omitting data values below a specific
cut-off in ¢ [7].

As demonstrated by the fits to the (2.2,0.6) 160K data in Fig. 13., both the
correlated and uncorrelated fits yield similar results. Utilising the full covari-
ance matrix in the estimation of x? yields a relatively large x> /d.o.f = 1.92.
Since there currently exists no consensus on the correct functional form that
the spectral dimension should take we employ an uncorrelated version of the fit
function of Eq. (2) as our ansatz, making a more accurate estimate of system-
atic errors by changing the fit function and varying the fit range. This procedure
results in the central values of Dg(e0) and Dg(0) of Tab. 3. by using the un-
correlated fit function of Eq. (2) over the data range 6 € [50,490] in steps of 4
for the point (2.2,0.6) and 6 € [60,490] in steps of 4 for the other three points.
The errors quoted in Tab. 3. are also determined by adding statistical errors in
quadrature.

A better estimate of the systematic error of spectral dimension measure-
ments is obtained by changing the ¢ range over which the fit function of Eq. (2)
is used. Moreover, due to the absence of any theoretical explanation for the
particular form of Eq. (2) it is important to estimate the contribution to the
systematic error associated with the application of the alternative fit functions
D (0) = a—bexp(—co) and Ds(6) = a— (b/ (c+0))?, where a, b, ¢, and d
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Figure 13. The spectral dimension Dy as a function of the diffusion time ¢ for 4
different points in phase C of CDT [7]. The Ds (o) curves for points with A = 0.6
are calculated using a lattice volume of 160,000 N4 simplices. Ds(G) at the point
Ko = 4.4,A = 2.0 is computed using a lattice volume of 300,000 N4, simplices. The
error band denotes an uncorrelated fit to the data using Eq. (2) over the fit range ¢ €
[50,494] for the point kg = 2.2,A = 0.6 and G € [60,492] for the other three points.
An extrapolation to ¢ = 0 and ¢ — o is made using the function of Eq. (2). The
uncorrelated fit shows only the central value for comparison. Errors presented in this
figure are statistical only, however Tab. 3. includes estimates of the total statistical and
systematic errors.

are free fit parameters, whose values can be found in Tables 4. and 5..

7.2.3. Euclidean Dynamical Triangulations

We now take a look at the spectral dimension in the Euclidean model of dy-
namical triangulations (EDT). In Ref. [171] the spectral dimension is calculated
using an ensemble of degenerate triangulations with a volume of 4000 four-
simplices. The simulation was performed for the bare parameters k; = 2.1 and
B = —1.0. Approximately 1000 configurations were used to determine the aver-
age return probability given by Eq. (5). The errors are determined from a single
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Table 3. A table of the large-distance Ds(G — oo) and short-distance Ds(c — 0)
spectral dimension for 4 different points in phase C of CDT. Dg(c — o) and Dgs(c — 0)

are computed using the functional form a — CJFLG [8]

| (x0,4) | Ds(0) | Dg(>) |
( )| 1.970+0.266 | 4.05+0.17
( ) | 1.576 £0.093 | 4.31+0.32
(4.4,0.6) | 1.534+£0.058 | 4.12+0.16
( ) | 1.540£0.060 | 4.14+0.12

Table 4. The fit parameters a, b, ¢ and d for the two alternative fit functions used
in estimating the systematic error for the bare parameters (2.2,0.6) and (3.6,0.6) with
Ny1 = 160,000

| Fitfunction | (2.2,0.6) | (3.6,0.6) |
a b c d a b c d
a—bexp(—co) | 3.74 173  0.013 - 374 214 0.0078
a—(b/(c+0))? | 420 108.17 2169 062 | 401 47957 339.14 243

elimination jackknife procedure. Fluctuations were reduced by histogramming
the data into bin sizes of two from ¢ = 2 — 80 and in bin sizes of four from
6 = 80 —288. The fit is to the same functional form suggested in Ref. [8],
namely

b
D =qa— 161
s(0) =a Y (161)

with a, b, and ¢ determined by the fit. The fit uses the full covariance matrix
in the estimate of % with ¢ ranging from 10 to 146 in increments of 4, giving
ax?/dof = 35/32 and a confidence level (corrected for finite sample size) of
CL=0.37. Variations of the fit function were used to estimate a systematic er-
ror on the asymptotic value of Dg, based on the assumptions that Dg (o) is a
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Table 5. The fit parameters a, b, ¢ and d for the two alternative fit functions used in
estimating the systematic error for the bare parameters (4.4,0.6) with N4 ; = 160,000
simplices, and for the bare parameters (4.4,2.0) with N4 ; = 300,000

| Fitfunction | (4.4,0.6) | (4.4,2.0) |
a b c d a b c d
a—bexp(—co) | 3.83 2.18 0.0016 - 4.12 2.46 0.0013 -
a—(b/(c+0))? [ 399 121356 586.11 124 | 400 1337.74 648.10 1.25

monotonic function.?

The preferred fit yields Dg(co) = 4.04 £0.26, and Dg (0) = 1.457 £0.064,
where the errors include both the statistical error and a systematic error associ-
ated with varying the fit function and the fit range added in quadrature [171].*
Calculations of the spectral dimension with combinatorial triangulations yield
similar results, but require significantly larger lattice volumes.

A more recent study of the spectral dimension in EDT for a specific fine-
tuning of the non-trivial measure term [ adds to this result [173]. Applying
the same fit function of Eq. (5) yields a spectral dimension in the range Ds =
2.7 —3.3 at large distances [173], and a small-distance value in the range Ds =
1.4 — 1.6, as shown in Tab. 6.. Clearly, the large-distance result Dsg =2.7 — 3.3
is inconsistent with 4-dimensional semi-classical general relativity.

However, this inconsistency could be down to finite volume or discretisation
effects. To determine whether or not this is the case we consider an additional
extrapolation of Dg(eo) of the form

1
Dy(e0) = o tey + cod?, (162)

where ¢; is a fit parameter, V is the lattice volume and a is the lattice spacing
(see Ref. [173] for the motivation behind this particular ansatz). Extrapolation
to the continuum and infinite volume limit using the fit function of Eq. (6) gives
the large-distance value

3Reuter and Saueressig in Ref. [62] use renormalisation group methods to show that the spectral di-
mension should exhibit a long plateau at ~ 4/3 for small values of the diffusion time o, and that as 6 — 0
the spectral dimension will increase again to Dg = 2, therefore predicting that the behaviour of the spectral
dimension as a function of diffusion time is not monotonic, although this prediction may not be correct due
to the truncation that is used.

4The alternative fit functions considered are those suggested in Ref. [8], namely a — be® and a — L

e
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Table 6. The spectral dimension in the small and large-distance limits, including the
x%/d.o.f. of each measurement, for different values of the non-trivial measure term 3
and for different lattice volumes N4

| B[ N | Ds(0) | Ds() [x*/do.f. ]
-0.8 | 8000 | 1.445(16) | 2.75(11) 1.14
-0.6 | 4000 | 1.431(29) | 2.756(89) 1.38
0 4000 | 1.464(49) | 2.809(51) 1.12
1)
7)

0 8000 | 1.484(2 3.090(41) 1.25
0 16000 | 1.484(3 3.30(12) 0.92
0.8 | 4000 | 1.44(15) | 2.797(64) 0.91
1.5 | 4000 | 1.64(26) | 2.655(93) 1.60

Ds(s0) =3.9440.16, (163)

and the small-distance value

Ds(0) = 1.44+0.19. (164)

7.2.4. Horava-Lifshitz Gravity

Horava-Lifshitz gravity is a proposed theory of quantum gravity that explicitly
breaks the four-dimensional diffeomorphism symmetry of general relativity in
the high-energy regime [193]. Although in Horava-Lifshitz gravity the sym-
metry between space and time is explicitly broken at the shortest scales, it is
hoped that LI is recovered in the large-distance limit. Horava-Lifshitz gravity
allows an anisotropic scaling of spacetime at short distances, or conversely at
high energies. The degree of anisotropy is quantified via the dynamical critical
exponent z. At low energies, or large distances, z = 1. However, at high en-
ergies, or small distances, the dynamical critical exponent runs to z = 3. The
payoff that comes from treating space and time differently at high energies is a
theory that is better behaved in the ultraviolet limit [193].

In (D + 1)-dimensional spacetime with anisotropic scaling exponent z the
spectral dimension of Horava-Lifshitz gravity is found to be [211]
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Ds=1+ g (165)
Thus, at small distances (z = 3) one obtains Dy = 2 and at large distances (z =1)
one recovers the semi-classically expected value Dg = 4. In addition to a similar
running spectral dimension, Horava-Lifshitz gravity shares a number of other
salient features with CDT, most importantly it also assumes a fixed foliated
structure of spacetime [211, 191].

7.2.5. Asymptotic Safety

The requirement that general relativity be asymptotically safe demands that the
renormalisation group flow of its couplings has a high-energy fixed point, a
fixed point that is by definition scale invariant. General relativity contains at
least one (the other possibility being the cosmological constant A) dimensionful
coupling that breaks exact scale invariance, Newton’s constant Gy. However, in
d-dimensional spacetime Newton’s constant has a canonical mass dimension of
[GN] =2 —d, so that in d = 2 dimensions general relativity becomes precisely
scale invariant. Intuitively, this explains why we should expect the dimension of
spacetime to approach two at the high-energy fixed point of asymptotic safety;
because scale invariance demands it. We now proceed to demonstrate in a more
rigorous setting that this is indeed the observed behaviour.

The beta-function describing how the dimensionless gravitational couplings
gk = k472G, and Ay = k%A, run as a function of the RG scale k is given by

J
B(g,\) :uﬁ — (d—2+n(g,\) g (166)

The high-energy fixed point required by asymptotic safety is parametrised by an
anomalous dimension of

n(g,A)=2—-d=-2, (d=4). (167)

This simple fact can be used to calculate the effective behaviour of the dressed
graviton propagator as a function of momentum within the vicinity of the fixed
point. An expansion of the truncated gravitational action about flat space (with-
out tensor structures) gives an inverse propagator at the threshold value k = \/P
of
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_ 1-m/2

Gi(p) ™ =z e () 7, (168)
because Z(k) o< k" when n = —d;InZ is approximately constant [3]. The
Fourier transform of Gi(p) determines the Euclidean propagator in d-
dimensional position space to be

1
G(X,y)‘xma n#2-d. (169)
For 1 = —2 the dressed propagator becomes G = p~*, which in position space
is given by
1
Gluy) = —s(ux—yl)  (d=4), (170)

where u is a constant with dimensions of mass [3]. For a field theory in flat space
a propagator that scales like G = p~*is usually associated with unitarity issues.
However, for large values of k the spacetime considered has a large curvature
that is proportional to k%, and so this may not be an issue in this case.

The propagator of Eq. (14) has a particularly striking feature; it is exactly
what one obtains from a 1/p?-propagator in 2-dimensional spacetime. Remark-
ably, this result seems to suggest that in asymptotic safety spacetime behaves as
if it were two-dimensional when viewed using extremely high-energy gravitons.

Furthermore, in Ref. [62] Reuter and Saueressig compute the spectral di-
mension Dg and walk dimension Dy of the effective space-times associated
with asymptotically safe gravity. In the large-distance limit they find Dg = Dy
and Dy = 2, where D7 is the topological dimension of the spacetime. At inter-
mediate distances, referred to as the semiclassical regime, this dimensionality
dynamically changes to Dg = 2D7 /(D +2) and Dy = 2+ Dr. Finally, in
the large energy limit (the NTFP regime) Ds = D7 /2 and Dy = 4. Which, in
the case of Dy = 4 topological dimensions yields a reduction in the number of
spacetime dimensions from Dg = 4 in the large-distance limit to Dg = 2 in the
small-distance limit, for the spectral dimension. Contrary to this, however, the
walk dimension appears to non-monotonically increase from Dy = 2 at large
distances to Dy = 4 at small distances [62].
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7.2.6. Loop Quantum Gravity

Loop quantum gravity is a canonical quantisation scheme that is widely con-
sidered to be among the leading approaches to quantum gravity. The first piece
of evidence for dimensional reduction in loop quantum gravity was found by
Modesto [212], who noted that the average area operator (A;) at a given (quan-
tised) length scale / in loop quantum gravity can be written as

V(P43
(Ar) = Mmm, (171)
5 (Ig+13)

where (A;,) is the average area at the infrared length scale /y (with [ < [y) and
Ip is the Planck length. Note that for sufficiently large length scales / the av-
erage area of Eq. (15) scales in the usual way, however, as / decreases the area
operator begins to deviate from the usual expression, which already hints at an
unusual scaling behaviour in the small-distance limit. We now proceed to anal-
yse this behaviour in more detail in order to see what exactly it has to say about
spacetime dimensionality at extremely small distances.

The scaling behaviour of the average area operator (A;) can be converted
into a scale dependent inverse metric tensor, which in the case of a four-
dimensional spin foam model gives

(&)= (8" )o- (172)

kG
Applying the scale dependence of the spacetime metric of Eq. (16) to the defi-
nition of the spectral dimension
olnP,(T)
Dg=-2—-- 173

s AIn(T) (173)
where T is the diffusion time, allows us to write the spectral dimension of space-
time as

fd4kefk2F(k)Tk2F (k)

Ds=2T T e FFRT

(174)
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where F (k) is defined to be F(k) = 1+ k?/k3. Using Eq. (16) we obtain the
limiting behaviour
2, fork>E
g=g0 U= (175)
4, fork < Ep,

a result that is in perfect agreement with string theory [203], causal dynamical
triangulations [8, 7] and asymptotic safety [3, 62].

The spectral dimension has also been calculated using the same method-
ology within the Barrett-Crane spinfoam model [213]. Within this model, the
spectral dimension is once again found to run from approximately 4 at large
distances to approximately 2 at extremely small distance scales.

7.2.77. The Wheeler-DeWitt Equation

Performing the canonical quantisation of general relativity by expressing the
quantum mechanical Hamiltonian constraint using metric variables leads to the
celebrated Wheeler-DeWitt equation [29], which makes the rather grand claim
of describing the wavefunction of the entire universe, at least to some approxi-
mation. The Wheeler-DeWitt equation can be written as

¥q] =0, (176)

5 & 1
16712G - \/a®R
e S 8gca 1673V

where the so-called DeWitt super-metric is given by Gypeq = 1/ 2q*1/ 2(qacqbd +
Gadqbe — Gabqca) and qgp is the spatial metric tensor at a given time.

The wave function of the universe W[g| describes the metric at all distance
scales. In order to examine the behaviour at small distances we may take the
strong coupling limit /p — oo [214]. In this limit the behaviour is essentially that
of a Kasner space [215], which has a heat kernel given by [216, 217]

1 c
K(x,x,c)zm<1+‘;—2+...). (177)

For a fixed probing scale (fixed value of ) the second term will come to domi-
nate for sufficiently small values of #, which once again yields a small-distance
spectral dimension of Dg = 2 [65].
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7.2.8. Causal Set Theory

Causal set theory is yet another approach to quantum gravity that exhibits di-
mensional reduction. In causal set theory spacetime is axiomatically discrete but
still Lorentz invariant, being made from a set of points related by a partial or-
der describing their causal relationship with one another [218]. One definition
of the fractal dimension that respects the Lorentzian nature of causal set the-
ory is the Myrheim-Meyer dimension D, discussed in section 2.2.5.. There
are three main cases for which the Myrheim-Meyer dimension has been cal-
culated in causal set theory. First, for a random causal set with a very small
number of elements (between 4 and 6) the average Myrheim-Meyer dimension
has been shown to be in the range Dy = 2.15 —2.27 [219]. Secondly, for
larger *generic’ causal sets (~ 50 elements), which are dominated by structures
known as Kleitman-Rothschild (KR) orders [220], the Myrheim-Meyer dimen-
sion is Dyyys = 2.38 [219]. Thirdly, there are preliminary indications that causal
sets defined via a random sprinkling of points in Minkowski spacetime result in
the value D,y ~ 2 for small sub-intervals [221].

The behaviour of the spectral dimension has also been studied using causal
sets. Eichhorn and Mizera [222] have calculated the spectral dimension in
causal set theory, finding that Dy actually increases at short distances, or con-
versely at high energies. However, the d’ Alembertian used in this work is some-
what naive and does not reproduce the usual flat spacetime d’ Alembertian that
approximates Minkowski space [65]. Using a more appropriate d’ Alembertian,
however, yields the by now familiar reduction to Dg = 2 in the small-distance
limit [223].

7.2.9. Non-Commutative Geometry

Noncommutative geometry attempts to replace the Riemannian geometry of
general relativity with a more general formalism, seeking to unify gravity with
the standard model at very high energy scales [224]. Benedetti has analysed the
scale dependent spectral dimension in so-called k-Minkowksi spacetime [225],
a specific case of noncommutative geometry. For large diffusion times &, which
correspond to probing spacetime on large distance scales, the spectral dimen-
sion agrees with the semiclassical expectation of 4. However, for small ¢ the
spectral dimension reduces to Dg = 3 [225]. Although the behaviour of the di-
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mensional reduction in noncommutative geometry is qualitatively similar to that
found in e.g., causal dynamical triangulations or the asymptotic safety scenario,
the small-distance value of Dg = 3 is notably different. However, it is shown in
Ref. [226] that one can also obtain a small-distance spectral dimension Dg = 2,
depending on the particular choice of deformed Laplacian

Studies of Snyder space, a different example of noncommutative spacetime,
found that at high temperatures various measures of the dimension approach
the value of 2 [227]. Using a variation of the spectral action within a more
formal approach to noncommutative geometry [228] also yields Dg = 4 in the
large-distance limit and Dg = 2 in the small-distance limit [224].

7.3. A Possible Solution to an Old Problem

We now return to the problem discussed in section 5.2.. Banks [144] and
Shomer [145] argue that any quantum field theory must scale in the same way
as a conformal field theory in the high-energy limit if it is to be renormalisable.
However, they find that this is not true for gravity, and so conclude that grav-
ity cannot be a renormalisable quantum field theory. Crucially, however, this
argument assumes spacetime is 4-dimensional.

In a more general d-dimensional setting the entropy Scrr of a conformal
field theory is given by [146]

d—1

E N7 .
Scrr ~ (W) R (178)
where R is the radius of spacetime under consideration and E is the energy

within this region. On the other hand, the entropy Sg,,, for a high-energy theory
of gravity in d-dimensional spacetime scales as [146]

1
E \? .,
SGray ~ (W) R (179)

Therefore, Egs. (22) and (23) agree, if and only if, spacetime is 2-dimensional at
high energies—which is exactly what the phenomenon of dimensional reduction



Is the Dimension of Spacetime Scale Dependent? 85

is telling us.

7.4. Dimensional Reduction in the SKky

In Ref. [229] it is shown that given any dispersion relation one can compute
an associated spectral dimension, and that in principle this process can be in-
verted. That is, starting from a given analytical form of the spectral dimension
on the complex plane one can derive an associated dispersion relation [229].
Practically, however, this process is often difficult due to the fact that the ex-
act analytical form of the spectral dimension on the complex plane is typically
unknown.

Nevertheless, it is fairly straightforward to show that a spectral dimension
that varies in any way as a function of the diffusion time ¢ must lead to a de-
formed dispersion relation. To show this we begin by noting that the probability
of return used in the definition of the spectral dimension in momentum space is
given by

P.(0) = / Crdu, (180)

where du = dEd®j/(2n)* and A\, are the invariant measure and Laplace oper-
ator in momentum space, respectively [230]. In 4-dimensional Euclidean space
an undeformed dispersion relation yields A, = —E? — p?> = 0, which preserves
a dimensionality of Ds = 4 over all distance scales as determined via Eqgs. (8)
and (24). If, however, the spectral dimension varies with ¢ then we must have
A, # 0, and the associated dispersion relation must be deformed to some ex-
tent [230].

It has been suggested that a diverse range of scenarios for a running spectral
dimension can be derived from a deformed dispersion relation with the generic
form [211, 231]

E? = p? <1+(xp)27), (181)

SNote that if we instead assume that the radius is independent of mass and entropy, as Shomer did [145],
then entropy scales as Scrr ~ E o and Sgray ~ E (@=2)/(d=3)  In this case, gravity scales in the same way
as a conformal field theory at high energies if d = 3/2, which agrees with the small-scale spectral dimension
found in a few approaches to quantum gravity [7, 173].
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where 7 is a free exponent characterising the extent of vacuum dispersion. In
a spacetime with Dy + 1 Hausdorff dimensions, where Dy is the number of
spatial dimensions, the dispersion relation of Eq. (25) results in a small-distance
spectral dimension of [211]

Dg=1+ D—H (182)
I+y
This running dimension may have important cosmological implications, de-
pending on the particular role y and A take in cosmological scenarios, as we
shall discuss later in this section. But first we must give a little theoretical back-
ground on cosmological perturbations.

Cosmological perturbations are density variations in the early universe that
are generally considered to seed the formation of stars, galaxies and galaxy clus-
ters. Assuming the dynamics in the early universe is still governed by general
relativity, cosmological perturbations should be described by

"

o+ [— Vi —“;] fi=0, (183)

where v/ is the momentum component of the total Laplace operator, which in
the classical (3 4 1)-dimensional case is v% = —c?k? [230]. The scale factor is
denoted by a whose precise definition depends on whether the perturbations are
scalar or tensor modes, k is a co-moving constant labelling propagating modes,
and f; are the mode functions. We can now see how a deformed dispersion
relation resulting from a running spectral dimension may impact cosmology,
entering via a modification of the momentum space Laplace operator —V% —
a’Q?(k/a) in Eq. (27) [230]. Using the equation of state w = p/p we may
define the parameter € via € = %(l +w), which will prove useful later.
The fractional energy density of fluctuations is given by

S(x) = % —1= / dk&e™*, (184)

where p is the energy density, (p) is the average energy density and k is the
wave-number of fluctuations. Primordial fluctuations can be quantified by a
power spectrum, giving power variations as a function of distance scale. The
power spectrum P (k) is defined by an ensemble average of Fourier components
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2n? ,
(0kOpr) = k—38 (k—k)P(k). (185)
The definition of the scalar power spectrum is
AP -1
Ps(k) = ———5— < k"7, (186)
272 a%

where ng is the spectral index and ag is the scale factor associated with scalar
modes. The so-called Bunch-Davies vacuum normalisation of the mode func-
tions f sets

1
fil? = s (187)

- 2aQ(k/a)’
Thus, for ng = 1 the scalar power spectrum is precisely scale invariant. However,
results from the Planck satellite conclusively demonstrate a small deviation from
exact scale invariance, namely the measured spectral index is ng = 0.9616 +
0.0094.

Now, as shown in Ref. [232] the modified dispersion of Eq. (25) dictates

that the spectral index be given by

ng—1= 202 (188)

Y—e+1

As is evident from Eq. (32) a value of y = 2 leads to a precisely scale invariant
power spectrum. Returning to Eq. (26) we find that a value of y = 2 is exactly
what we would expect from a spectral dimension of Dg = 2 in the small-distance
limit. Hence, if the spectral dimension of the early universe was exactly two then
this mechanism is capable of producing scale invariant primordial fluctuations
without the need for inflation.

However, data from the Planck satellite tells us that the cosmological pertur-
bations are close to, but not exactly, scale invariant. There are two obvious ways
in which dimensional reduction can produce deviations from strict scale invari-
ance, so as to be consistent with the observational data. First, the small-distance
spectral dimension may be slightly larger than 2, which via Eqs. (25) and (32)
would make ng slightly smaller than 1, although this depends on the equation of
state w. A spectral dimension slightly greater than two, say Ds ~2.01, is at least
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consistent with numerical CDT simulations at the canonical point, although the
errors in this measurement are currently far too large.

Secondly, non-exact scale invariance of primordial fluctuations may result
from a spectral dimension that does in fact asymptote to Dg = 2, but in a very
slow and special way. In Ref. [232] the authors claim this requires a very special
expression for the exponent 'y of

2
Y(p)=2- (189)

1+ Clog (l + (kp)z) ’

with the dispersion relation now a function of y(p). For an equation of state
w = 1/3 the authors of Ref. [232] show that this model leads to ng ~ 0.9633,
which agrees with the experimentally determined value within errors.

7.5. Experimental Tests

Dimensional reduction is typically predicted to only become significant at or
near the remote Planck scale. Clearly, this creates a challenge when trying to
experimentally test whether this phenomena is real. However, as we shall see in
this section the situation is not entirely hopeless.

7.5.1. Cosmology

Due to the extremely high energy scales present in the early universe, coupled
with the fact that inflation is thought to magnify Planck scale physics up to
macroscopic scales, cosmology may provide one of the strongest experimental
tests of dimensional reduction. In [230] Mielczarek has used observations of
gamma-ray bursts to constrain the energy scale E, at which dimensional reduc-

tion can occur to be E, > 0.7 (4 —ng) 172, 10'9GeV with a 95%CL. Further-
more, he determines a constraint on Dg V' via observations of the scalar power
spectrum made by the Planck and BICEP2 experiments. We will now review
this latter constraint on Dg V' in more detail.

Mielczarek estimates a modified dispersion relation at high energies associ-
ated with the CDT model to be [230]
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3 E,

As discussed previously in section 7.4. the power spectrum of primordial fluc-
tuations is given by

) p 3-3¢
Qcpr (p) = E. <—> o p?7E (190)

| fil -
Po(k)= — " o< k'S 191
5( ) 72 ag ) ( 9 )
with
P — (192)
¢ 2aQcpr(p)’

in the case of CDT. The spectral index can then be written in terms of the tensor
to scalar ratio r and the high-energy spectral dimension Dg V as

| _ dInPs (k) 3r(DYV —-2)
ng—1= ~ .
s dink ~ (DY —1)r—48(e—r)
Since the Keck array and Planck satellite constrain » < 0.12 and ng = 0.9616 £

0.0094 this means € > 0.835 and therefore the ultraviolet spectral dimension is
constrained to be

(193)

DYV >2.835, (194)

which has some tension with the observed CDT value Dg V = 2. However, it
must be clearly stated that there are a number of questionable assumptions and
approximations that this constraint relies on, particularly in the calculation of
the high-energy dispersion of CDT Qcpr (p).

Another experimental test on cosmological scales may be possible via mea-
surements of the cosmic microwave background (CMB), relic electromagnetic
radiation left over from the Big Bang. Some multifractional models, in which
the geometry of spacetime changes as a function of the resolution scale, predict
log-periodic oscillations in the CMB that are now tightly constrained by CMB
measurements [233]. It is also possible to analyse the CMB spectrum directly,
rather than indirectly via its density perturbations. Using such direct measure-
ments, Caruso and Oguri found that the spacetime dimension differs from d =4
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by at most one part in 107>, at least in the low energy regime associated with
direct measurements of the CMB spectrum [234].

Experimental searches for violations of LI have received a lot of attention in
recent years [120]. In addition to the constraints on an energy dependent speed
of light from observations of distant gamma-ray bursts (see section 3.4.), there
are also experimental constraints on violations of LI coming from inter-galactic
cosmic rays. Specifically, Greisen [235], Zatsepin and Kuzmin [236] (GZK) de-
termined a theoretical upper limit of 5 x 10'°eV on the energy that inter-galactic
cosmic ray protons can have. This upper bound is due to the fact that cosmic
ray protons with an energy exceeding this limit will interact with photons in the
CMB, decaying via well-defined channels, and thus not reaching our detectors.
Essentially, this limit is set by the physics of special relativity; a violation of the
GZK bound may signal a departure from special relativity. Observations made
by the Pierre Auger Observatory, The Telescope Array Project and the Akeno
Giant Air Shower Array, among others, have reported cosmic ray events above
the GZK upper limit, although some have questioned whether these results ac-
tually violate LI [237]. However, many in the quantum gravity community have
taken these observations at face value and used them to motivate modifications
of special relativity [238]. If these results hold, quantifying the extent of LI vio-
lations via cosmic ray observations may help constrain vacuum dispersion, and
by proxy the associated ultraviolet spectral dimension.

7.5.2. GeV Scales

Examining the electron anomalous magnetic moment in a fractal spacetime,
Svozil and Zeilinger found that the Hausdorff dimension of spacetime is
Dy >4—5x1077 [199]. A yet tighter constraint has been placed by Schafer
and Muller, for which Dy >4 —3.6 x 10711, via a calculation of the Lamb
shift [239].

Multifractional models have thus far provided some of the strongest bounds
in this energy regime. In particular, modifications of the precisely measured
Lamb shift and electron anomalous magnetic moment constrain the charac-
teristic length scale Ipg of dynamical dimensional reduction to be as low as
Ipgr < 107 m for a particular set of parameters [240]. Clearly this constraint is
still far from the Planck scale.
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7.5.3. TeV Scales

The authors of Ref. [241] claim to already have experimental evidence for di-
mensional reduction. Cosmic rays detected in the Pamir mountains have an
observed energy flux that is strongly aligned along a straight line in the target
plane, a result that is hard to explain with conventional physics, and may be
consistent with a (1 + 1)-dimensional spacetime at high energies [242].

Experimental searches for dimensional reduction using particle accelerators
such as the LHC have thus far produced null results, with no significant devia-
tions from 4-dimensionality observed at these scales [241, 243]. As indicated in
Ref. [244], dimensional reduction present at TeV scales could also have a tell-
tale signature in primordial gravitational waves, albeit a signature that strongly
depends on the specific model [245].

7.6. What is Dimensional Reduction Really Telling Us?

7.6.1. Overview

The ubiquity and consistency of dimensional reduction in quantum gravity has
motivated the search for an underlying theoretical explanation. There currently
exist a few proposed explanations for the observation of dimensional reduction.

One proposal is that of scale invariance. There is growing evidence that
gravity may be nonperturbatively renormalisable as described by Weinberg’s
asymptotic safety scenario, which requires a non-trivial fixed point at high en-
ergies towards which the couplings defining the theory flow [246]. At such a
fixed point gravity must be scale invariant, and hence Newton’s constant must
be dimensionless. Only in 2-dimensional spacetime is Newton’s constant di-
mensionless, and so in this scenario going to higher energies and hence flowing
towards the fixed point should correspond to the dimensionality of spacetime
reducing to the value 2. This explanation is not entirely satisfying as it does not
explain why such a fixed point should exist in the first place [202].

A second proposed explanation for dimensional reduction is that of asymp-
totic silence. General relativity exhibits so-called asymptotic silence in the
vicinity of a space-like singularity, which is the narrowing or focusing of light
cones close to the Planck scale leading to a causal decoupling of nearby space-
time points. In this scenario, each point has a preferred spatial direction, and
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geodesics see a reduced (1 + 1)-dimensional spacetime [65]. See Ref. [65] for
a more complete review of possible explanations for dimensional reduction.

We now proceed to examine another possible explanation for dimensional
reduction in more detail, via a scale dependent rescaling of length. Devoting
more space to this explanation does not necessarily mean it is any more credible
than those discussed above, however it is more relevant to the theme of scale
transformations.

7.6.2. Scale Dependent Length

If we take observations of dimensional reduction literally, assuming spacetime
really does become lower-dimensional at extremely small distance scales, then
logically we must accept its consequences. The implications of dimensional
reduction are rather radical, including superluminal motion [229, 232] and de-
formed LI [247, 248, 106, 238]. Given these extreme consequences, in addition
to the absence of any theoretical explanation underpinning dimensional reduc-
tion, a more conservative stance is to question the reality of this phenomena. In
this section, we examine whether dimensional reduction is a mirage, whose ap-
pearance is merely a symptom of new, but less radical, physics. To investigate
this line of research we focus specifically on the appearance of dimensional
reduction in the CDT model of quantum gravity. However, due to the con-
sistent appearance of dimensional reduction over a wide range of independent
approaches the conclusions reached may be more widely applicable.

As detailed in section 2.2.3., the spectral dimension Dg is a measure of
the effective dimension of a manifold over varying length scales (see e.g.,
Refs. [152, 7] for more details), and is related to the probability P, that a dif-
fusion process returns to the origin after a diffusion time 6. A spectral dimen-
sion that varies with distance scale implies either a systematic violation, a non-
systematic violation or a deformation of LI [10]. Systematic LI violations are
defined as position independent and imply the existence of a preferred global
frame of reference [120]. Non-systematic violations of LI occur when the sym-
metry stochastically varies as a function of spacetime position [120]. If the exact
low-energy symmetry is deformed, but not broken, we have the milder case of
deformed LI [249]. In any case, whether LI is violated or merely deformed by
a scale dependent spectral dimension, the associated dispersion relation E(p)
must nevertheless be modified [249].
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The dispersion relation

EX(p) = p* (1+(p)). (195)

is an example of a systematic violation of LI, as it implies a global choice of
frame in which energy is a distinguished component of momentum [120, 232].
Since CDT allows for the possibility of a preferred global frame of refer-
ence [250, 251], a reduction of the spectral dimension in CDT may be linked
with a dispersion relation of the form of Eq. (39). In this case, Eq. (39) can be
associated with a modified speed of light

en(hp) = % — /140 (196)

where Ap is a momentum scale and 7y a positive integer.

In a spacetime with (Dy + Ty ) Hausdorff dimensions the spectral dimension
can be written as [232, 211]

Dy
Ds=Tyg+ ——. 197
s=Tu+ 5 (197)

Based on a saddle-point approximation, Ref. [229] gives a model-independent
expression for the spectral dimension in terms of the phase v,jq5e and group
velocity Vgroup in (D + 1) topological dimensions as

D= 1+Dy e 4. (198)
Vgroup
Electromagnetic waves in a vacuum should yield v,y / Vphase = 1, which we
use to define a dimensionless speed of light ¢;, = vgroup / Vphase- Equation (42)
thus returns a (3 + 1) dimensional spacetime for ¢,, = 1. However, if Dy < 4
then the dimensionless value for the speed of light ¢, must exceed unity.

We can now see that dimensional reduction generically implies a scale de-
pendent speed of light. Furthermore, any theory with dimensional reduction
must at the very least deform LI [231, 247, 248, 106, 238], although in special
circumstances it may preserve the relativity principle [247]. A scientific radical
might then be tempted to interpret dimensional reduction as evidence for a vari-
able speed of light [252, 253], or for theories that violate LI [193]. However,
there may exist a more conservative explanation, which we will now explore.
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The canonical point in the CDT phase diagram has a running spectral di-
mension that is most accurately described by a fit to the functional form

DSZCl—

; (199)

where a, b and c are free fit parameters [8, 7]. This specific form of the spectral
dimension is further supported by analytical calculations [209, 254]. The return
probability is then obtained by integration of Eq. (43), giving
1
P (0) = ———. (200)
o2 (1+£)>

Extensive numerical simulations yield the fit parameters a =4.02, b = 119 and
¢ =54 [8]. A more recent and exhaustive study at the same canonical point in
the CDT phase diagram finds very similar results, namely a =4.06, b = 135 and
¢ = 67 [7]. Thus, two sets of independent calculations both suggest a ~ 4 and
b/2c ~ 1, which from Eq. (44) implies a probability of return associated with
dimensional reduction of

1
P-(0) = 62 +co

201)

It is known that the probability of return in the absence of any dimensional
reduction is P (6) = 62, in infinitely flat 4-dimensional Euclidean space. Since
the path length traced out by a diffusing particle is proportional to the diffusion
time G, we ask what function I'(G) is needed to rescale the path length such
that we obtain the observed probability of return of Eq. (45)? To answer this
question we form the equality

1 1
1"((5)2(52 - o62+co’

(o)=y/1+. (203)

Therefore, the appearance of dimensional reduction may be explained by a spe-
cific scale dependent path length, a characteristic feature of fractal curves [75]

(202)

which yields



Is the Dimension of Spacetime Scale Dependent? 95

and quantum mechanical paths (see section 2.3.2.). Since G is proportional to
the square of the resolution scale with which we probe spacetime r, we can
therefore write

@Er(r): 1+r£2, (204)
where the scale dependent path is denoted by (/) and the scale independent
classical path by /. Thus, resolving spacetime with a resolution r increases the
classical path length / by a factor I'(r).

A defining characteristic of CDT is the restriction to a fixed foliation. This
foliation of the lattice introduces a fixed time coordinate via space-like hypersur-
faces spaced at equal time intervalst =0, =1, ..., t = N. Since time intervals
are fixed in this way in CDT they cannot vary with scale, unlike spatial intervals.
Given a scale dependent spatial interval coupled with a scale independent time
interval one would expect the speed ¢, (o) of diffusing particles to then scale
like

em (0) = : (205)

where / and ¢ are the scale independent path length and duration, respectively.

This claim can actually be tested by explicitly tracking the path a fictitious
diffusing particle traces out in a CDT network. Diffusion begins with the test
particle starting from a randomly chosen simplex, and proceeds by diffusing
throughout the network by making ¢ hops between adjacent triangulations. The
random walk can be explicitly tracked at each point so that one can obtain infor-
mation about how exactly the path length varies as a function of geodesic dis-
tance. The path length simply equals the number of diffusion steps ¢ multiplied
by the average distance between neighbouring simplices, which is encoded by
the proportionality constant {. The time ¢4 it takes a particle to diffuse between
two arbitrary points can, therefore, be determined by counting the number of
times it intersects a space-like hypersurface. An effective velocity v, for the
diffusing particle is then given by®

6Since the spectral dimension is defined in Euclidean signature the diffusion rate v, is interpreted as an
effective velocity [10].
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_&o

Vd
4

(206)

Figure 14. shows actual measurements of v, averaged over 10 independent
diffusion processes for the canonical point in the de Sitter phase (phase C of
Fig. 10.) of CDT using two different lattice volumes, and for a constant of pro-
portionality £ = 0.18 [9]. Figure 14. demonstrates that the measured velocity of
diffusing particles v, in a typical CDT network of simplices closely matches the
predicted scale dependent diffusion speed of Eq. (49). Since time intervals are
fixed in CDT, Fig. 14. provides numerical evidence for a scale dependent length,
which exactly matches the functional form necessary to explain the appearance
of dimensional reduction.’
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Figure 14. A comparison between the modified speed of light ¢, (6) = I'(6) with
¢ = 54 as determined in Ref. [8] (the dashed curve) and numerical measurements of
the effective velocity v; computed by averaging over 10° diffusion processes using

80,000 and 160,000 simplices with £ = 0.18 [9]. The horizontal dashed line denotes
the classical scale invariant speed.

7"Note that Horava-Lifshitz gravity also assumes a fixed foliation and observes the same reduction of the
spectral dimension. It is possible that other approaches and methods that imply dimensional reduction may
also be implicitly assuming scale invariant time intervals [3], although this is yet to be substantiated.
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If we could remove the restriction of a fixed time coordinate in CDT, time
intervals may vary with scale in precisely the same way as space intervals, as
one would expect from a covariant theory in which space and time are treated
equally. As shown in Refs. [10, 9, 255], by explicitly assuming that time inter-
vals vary with scale in precisely the same way as spatial intervals, it is possible
to maintain a scale invariant speed of light.

This suggests it is the different treatment of space and time as a function of
scale that is responsible for the appearance of dimensional reduction. In CDT,
time cannot vary as a function of scale due to the fixed foliation of hypersur-
faces of constant time, but space can. Therefore, a diffusion process will not
experience any variation of duration with scale, only a variation of distance. It
is therefore possible that removing the restriction of fixed scale invariant time
intervals may vanquish dimensional reduction altogether [10, 9, 255]. This idea
will be further explored in section 7.

7.6.3. A Dual Description?

Following Hausdorff, a new definition of length (L) can be introduced that is
independent of the measurement resolution r via a rescaling by the number of
spatial Hausdorff dimensions Dy [75],

(L) = (@) (P (207)

The ratio of the invariant Hausdorff length (L) and the variable length (/) is then
equal to 1/I'(r) so that

I SN O P
Which gives,
FLICVAD (209)
In(r)

quantifying how the spatial Hausdorff dimension Dy of diffusing particles
varies with the scale at which they are resolved r.
Returning to Eq. (40), namely
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E
en ==\ 1+ (Ap)™, (210)
we can normalise such that ¢,, = 1 when Y= 0, giving
E 1
em=—=—1\/1+(Ap)™. 211)

Substituting Y = 0 into Eq. (41) and rearranging gives the condition

Dy =Ds—Ty. 212)

Equations (53) and (56) for fixed Ds = 2 gives the number of temporal Haus-
dorff dimensions Ty as

_ . In(1/T)
Ty =1 ) 213)

0.5F
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Figure 15. The spatial Dy and temporal 7y Hausdorff dimensions of CDT diffusion
paths as a function of distance scale ¢ [10]. Note that Dy + Ty = 2 over all distance
scales.

As shown in Fig. 15., in the large-distance limit we recover the expected
result Dy = 1 and Ty = 1, whereas in the small-distance limit we find Dy — 0



Is the Dimension of Spacetime Scale Dependent? 99

and Ty — 2. CDT diffusion paths thus appear to indicate that a spatial dimen-
sion transforms into a temporal dimension at extremely small distances, which
may be viewed as a kind of inverse Wick rotation [256]. Such a scale depen-
dent signature change has also been reported elsewhere in CDT [6] and in loop
quantum gravity [257].

Therefore, it seems there may exist a dual description of dimensional reduc-
tion in CDT: the initially linear (Dy = 1) diffusion paths on macroscopic scales
dissolve into a series of points (Dgy = 0) on microscopic scales, while simulta-
neously the number of temporal dimensions increases from Ty = 1 to Ty = 2.
This situation is reminiscent of asymptotic silence and results reported in [258].






Chapter 8

Scale Dependent Spacetime

8.1. Einstein and Weyl

It was the potent combination of symmetry and simplicity that led to Einstein’s
discovery of general relativity. The symmetry that guided Einstein’s thinking
during this creative process was that of general covariance, the requirement that
the laws of physics be invariant under any smooth local change of spacetime
coordinates

X X ekt (), (214)

where k#(x*) is a smooth function over spacetime.

To illustrate how symmetry and simplicity almost inevitably lead to general
relativity, we begin by considering a completely general gravitational action
that is local in the sense that it can be defined via the integral of a Lagrangian.
Therefore, we begin with the generic form

S = / Ld*V, (215)

where L is a scalar Lagrangian density and d*V is an element of four-volume.
In order to respect general covariance both £ and d*V must be scalars, that is
they must be invariant under any smooth local change of spacetime coordinates.

The region surrounding any point on a curved Riemannian manifold is lo-
cally flat. The volume element in a locally Minkowskian system of coordinates
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x*is given by

d*v = dx’dx'dx*dx>. (216)

By making an arbitrary change of coordinates x — x’ the volume element d*x
transforms according to

ox

ox’'

where |dx/dx’| is the Jacobian determinant. Similarly, the metric tensor trans-
forms as

d*x = d*y, (217)

B x4 oxb

8uv = ax_wax_Ng“b’ (218)

and the determinant of the metric tensor |g,y| as

%
ox’'

a_x
ox’

Y ‘g,ilv‘ (220)
V ‘g,uv"

which upon substituting into Eq. (4) gives

lguld*x =\ /[glyld*x. (221)

We therefore conclude that the four-volume element is

gl = | gl (219)

Equation (6) then implies

ox
ox’

d*V = \/|guwld*x, (222)

as dictated by local coordinate invariance.

Determining the scalar Lagrange density is a little more involved, but still
requires only the application of symmetry and simplicity. The goal is to deter-
mine the simplest function of the metric and its derivatives that respects general
covariance. The scalar Lagrangian should be some function of spacetime only.
The simplest scalar is a constant, let’s call it kp. However, this cannot be the
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correct Lagrangian since £ = kg # 0 gives no solution to the Euler-Lagrange
equations whatsoever. Next, we try a Lagrangian that depends only on the met-
ric tensor g,y and not its derivatives. But this doesn’t work either, because with-
out any derivatives of the metric the theory would be void of any interesting
dynamics. The next simplest Lagrangian is of the form

L =kR+k, (223)

where ko and k| are constants and R is the Ricci scalar, the simplest curvature
invariant of a Riemannian manifold. Thus the Lagrangian density of Eq. (10)
defines the simplest function of the metric and its derivatives (R = g“VRNV) that
respects local coordinate invariance. The full Einstein-Hilbert action is therefore
found to be

Sey = / R\/|guld*x. (224)

Variation of this action with respect to the metric tensor returns the cele-
brated Einstein field equations of general relativity

1

where T,y is the stress-energy-momentum tensor describing the amount and dis-
tribution of energy in spacetime. R,y is the Ricci curvature tensor, defining
the rate with which a small volume changes when parallel propagated along a
geodesic in curved space. The field equations of general relativity have been
confirmed by numerous experiments over the previous century, including the
spectacular recent observation of gravitational waves. There is no doubt that the
application of symmetry principles is remarkably successful, nowhere has this
been more evident than in the application of general covariance as a guiding
principle in the construction of general relativity.

But might we go further? Is there a yet greater symmetry of spacetime
whose application might lead us to new and more successful physics? Shortly
after the development of general relativity, Hermann Weyl put forward a gener-
alisation of Riemannian geometry that at least mathematically seemed to unify
electromagnetism and gravity [259]. Weyl’s proposal was to keep spacetime
coordinates fixed
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x— 2, (226)

but perform a position dependent rescaling of the metric tensor

Sy — &), (227)

where the Weyl factor Q(x*) is an arbitrary function of spacetime coordinates.
Note that this so-called Weyl transformation is very similar to a conformal trans-
formation but differs in one crucial respect; under a conformal transformation
coordinates transform, but under a Weyl transformation they do not. Hence, a
Weyl transformation is not a simple diffeomorphism, as it can physically change
measurable quantities.

Applying a Weyl transformation to the Ricci tensor R, in 4-dimensional
spacetime we find

1 1
Rab - Rab@ (4Q,aQ,b - Q,cgﬁgab) - 5 (2Q;ab +gabDQ) . (228)

Likewise, the Ricci scalar transforms according to

1 Qe
R— o2 (R_6E>’ (229)
where [JQ is the d’ Alembertian of the Weyl factor. Applying Eq. (16) to the
Einstein-Hilbert action of Eq. (11) clearly demonstrates that general relativity is
not invariant under a position dependent rescaling of the metric tensor.

However, Weyl found the simplest action that respects both local coordinate
invariance and local rescalings of the metric tensor (Eq. (14)) to be

Sw = —0g / CapedCd* v/ g, (230)

where C,pcq 1s known as the Weyl tensor and is given by [260]

1 1
Cabcd - Rabcd + ER (gacgbd _gadgbc) - E (gacRbd _gadec _gbcRad +gbdRac) .
(231)
The Weyl action can then more explicitly be written as
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1
Sw = —0g / (RabcdR“de —2R. 4R + §R2> d*x/—g. (232)

Using the fact that

/ (RabcdR“b“i — 4R 4R + RZ) (233)

is a topological invariant it can be equated with zero [261], which simplifies the
action of Eq. (19) to

1
Sw = —20; / (R“VR#V — §R2> d*x/—g, (234)

where R,y is the Ricci tensor and 0 is a dimensionless gravitational cou-
pling [262]. This theory produces fourth-order equations for fluctuations about a
fixed background, which may or may not lead to problems with unitarity [263].
Variations of this action with respect to the metric tensor give field equations,
known as the Bach equations [264], of

—4agWH +TH =0, (235)
with [260]

1 : : : : 1 2 .
w _ L uvipyiB wViB By pVBi  ApuBpv | L ouv af < uvpib
W =58 (R) ;B+R;B R;B R;B 2R RB+2g RopR 38 R;B+
2, v 2 1
Z(R)™ + ZRR™ — —g"R?, (236
where semicolons denote covariant derivatives.

Although FEinstein initially admired Weyl’s theory, calling it "a stroke of
genius of the first rate," he later raised a serious objection that has never been
satisfactorily resolved. Put simply, Einstein’s objection centred on the fact that
a local rescaling of the metric tensor g,y — gA,VQ2 (x) inevitably implies a non-
invariant spacetime interval

ds* = gdidx’ — ds*Q*(x). (237)
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Although light-like spacetime intervals (ds> = 0) are invariant under a Weyl
transformation, space-like (ds?> < 0) and time-like (ds> > 0) intervals are not.
The fact that time-like intervals are not invariant under a Weyl transformation is
a serious problem for the following reason. In Weyl’s theory the metric tensor
can vary arbitrarily as a function of spacetime coordinates so that the length of a
vector is not constant under parallel transport. For example, since the spacetime
interval can be physically measured by the ticking of a clock, proper time is a
path-dependent quantity in this scenario. Einstein argued that a path-dependent
proper time has a number of unphysical consequences, that contradict both ex-
periment and everyday experience, for example, the spacing of atomic spectral
lines would vary depending on the path history of the particular element, some-
thing that has never been observed [259]. In response to Einstein’s criticism,
Weyl made numerous revisions of his theory and even made several attempts
to make the interval ds’ invariant. Although Weyl was ultimately unsuccessful
in refuting Einstein’s argument, his ideas would later be applied in a different
context, which would become the foundation of modern gauge theory.

8.2. Renormalising Spacetime

8.2.1. Motivation

Since Weyl’s approach seems to have unphysical consequences, how are we to
proceed? The central problem with Weyl gravity is that it predicts a position
dependent spacetime interval, which contradicts experiment. However, what if
we consider a metric that varies with scale, rather than position? Would this
contradict experiment in an obvious way? Would it help in our search for a
theory of quantum gravity? We investigate these questions in this section.

A scale dependent metric tensor has a number of motivations, including
the renormalisation of gravity. Renormalisation is a procedure for dealing with
divergences that arise in quantum field theories. A key insight into renormalisa-
tion was the realisation that the parameters appearing in the mathematics of the
original theory were not measurable quantities, as they corresponded to values
in the infinite-energy limit. These so-called bare parameters must be converted
into renormalised parameters defined at a finite energy scale, in order to make
contact with reality. The pieces of the bare parameters that remain following
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this conversion are then reinterpreted as counter-terms, which can cancel out
the troublesome divergences. If all divergences can be removed using a finite
number of such procedures, the theory is said to be renormalisable [11]. Renor-
malisation has been enormously successful when applied to three out of four
fundamental interactions, with experiment confirming theoretical predictions
with astonishing precision. However, general relativity is nonrenormalisable,
as confirmed via explicit calculation [35].

But why does renormalisation not work for gravity, when it works so well
for the other three interactions? To answer this question we must first under-
stand how the other interactions are renormalised. Starting with QED, the rel-
ativistic quantum field theory of the electromagnetic interaction, it is important
to note that the Lagrangian is a function of both bare parameters (charge and
mass) and bare fields. Renormalising only the bare parameters will not yield
a finite theory; it is crucial that the bare fields are also renormalised. In the
case of perturbative QCD, the quantum field theory of the strong interaction, we
find exactly the same thing. In order to make QCD finite, it is not enough to
renormalise the coupling constant and quark mass, one must also renormalise
the quark and gluon fields. In fact, in all quantum field theories, fluctuations
modify bare fields such that they become a function of scale [11]. For ex-
ample, a bare field ¢ is converted into a renormalised field ¢ via field renor-
malisation ¢ = ¢Z~'/?(k), where Z(k) encodes how ¢ depends on the so-called
coarse-graining scale k, the resolving power of a hypothetical microscope [265].
However, the field renormalisation of gravity has been largely neglected [76].
Renormalising the gravitational field is equivalent to renormalising spacetime
itself, which would require defining a scale dependent metric tensor g, (k).

In addition to renormalisability, a scale dependent metric is expected for
physical reasons. For instance, quantum field theory tells us that the allowed
energy of particle-antiparticle pairs in the spacetime vacuum increases as we
decrease the distance scale with which we resolve spacetime. General relativity
therefore implies the metric should fluctuate with a magnitude that depends on
scale. A second reason derives from the measurement process itself; any posi-
tion measurement requires the introduction of a scattering particle of non-zero
momenta. Thus, gravitational interactions within the region under observation
are an inevitable feature of the measurement process. The larger the momen-
tum of the scattering particle, the larger the gravitational perturbation within
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the observed region [93]. Taking measurements at two different coarse-graining
scales k and k” will, therefore, result in two different spacetime metrics. Results
in string theory [266] and loop quantum gravity [212] also support the idea of a
scale dependent spacetime metric.

However, one must be cautious when dealing with a scale dependent metric
tensor. For instance, scale dependent fluctuations of the metric tensor are often
associated with the vacuum dispersion of light. This is due to the fact that
photons with a higher energy can resolve spacetime on smaller scales, and so
they will be hindered to a greater extent by vacuum fluctuations during their time
of flight, resulting in an energy dependent speed of light. Recent astronomical
data, however, from the Fermi space telescope has shown the speed of light to be
independent of energy up to at least 7.62Ep (with a 95%CL) and ~ 4.8Ep (with
a 99%CL) [108] for linear dispersion relations. These experimental results may
provide an important hint as to how to correctly incorporate a scale dependent
metric; it must be done in such a way that the speed of light remains scale
independent.

Under a Weyl transformation, the angle between vectors is scale invariant,
which includes the angle between null vectors that define the light-cone. There-
fore, a Weyl transformation permits a scale dependent metric as well as a scale
independent speed of light. However, Einstein’s criticism essentially rules out
a normal Weyl transformation, which defines a position-dependent rescaling of
the metric.

Given these motivations, Ref. [11] postulates a Weyl-like transformation in
which the bare metric tensor g,y (x*) at each spacetime point x* transforms ac-
cording to

guv () — Q2 (K)guy () = Guv (), (238)

where Q(k) is a dimensionless function of the coarse-graining scale k, rather
than a function of position.'

'In order to reproduce classical physics in the appropriate limit, Eq. (25) must be subject to the constraint
Q(k) — lask — 0.



Scale Dependent Spacetime 109
8.2.2. Estimating Q(k)

An infinitesimal version of the Weyl-like transformation of Eq. (25) is given
by 8g.v(k) = €(k)guy, where (k) is dimensionless and |e(k)| < 1 [267, 268].
Thus,

8uv _>g,uv'|‘8g,uv(k) :guv(l+8(k)) Eg,uv(xy)ka (239)

hence Q?(k) = 1+ ¢&(k). Under this infinitesimal transformation vector length
scales as

P =(1+ek)r? = (P +rk)). (240)

Assuming the perturbation 8g,y is small, €(k) can be expanded as a per-
turbative series. Because the Weyl-like factor must be dimensionless a series
expansion in the dimensionless combination lpk is carried out, where /g is a con-
stant having the dimensions of length. The product 7?€(k) in Eq. (27) therefore
becomes

re(k) = r* i a, (lok)" (241)
n=0

where a, are expansion coefficients.

If the physical radius of curvature is much greater than 1/k for the renor-
malised metric g,v(x*)x then the WKB approximation of mode functions can
be used. Within the WKB approximation scheme, one can demonstrate that the
coarse-graining scale k is related to the linear extension of the averaging region
rviak ~m/r [265]. Considering small perturbations dg,y about flat spacetime
gives

[} l n
2 2, .2 0
~ — ] . 242
F r+r ngban (nr) (242)

Since we must have 7 = r as r — o we may exclude all terms with n < 2 in
Eq. (29). Note that negative values of n are also excluded by the condition # =r
as r — oo. The functional form of (k) can be further constrained by assuming
the existence of a minimum resolvable distance scale 7 = [ (see section 3.2. for
the evidence of a minimal length). The requirement of a minimum resolvable
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distance 7 = [y as r — 0 excludes any terms for which n > 2 in Eq. (29). There-
fore, n = 2 is the only term that reproduces classical physics in the appropriate
limit and is consistent with a minimum length. This argument suggests that the
only factor Q(k) that gives 7 =1lpasr — 0 as well as F =rasr — oo is

Qk) ~ /14 (Ik)*. (243)

Equation (30) has a functional form that is in good agreement with the existing
literature [94, 98, 93, 100, 10, 9].

8.2.3. Immediate Implications

In this section we compute some of the primary physical implications of this
Weyl-like transformation of spacetime [11].

In tensor notation, the length r of any contravariant Riemannian vector
can be written as

=g, (244)

where * and {V are arbitrary vectors and g,y is the symmetric metric tensor [11].
Under our postulated Weyl-like transformation

8uv (F) = Q2 (k) g (@) = Zuv ()i (245)

the length of any contravariant Riemannian vector 7 in the renormalised metric
&uv(¥*)x now becomes [269]

P = G (¢l = Q2 (k)gn L = Q2 (k). (246)

Such a scale dependent distance nicely links back to section 7.6.2., in which it is
shown that the appearance of dimensional reduction in CDT may be explained
by a scale dependent path length, especially due to the fact that the form of Q(k)
given by Eq. (30) under the WKB approximation k ~ 7t/r is strikingly similar
to that required to account for the appearance of dimensional reduction in CDT.

The length of an infinitesimal vector in the new renormalised metric is sim-
ilarly given by

P = g (¢ )d Gl = Q% (k)gnd'dl = QX (k)dr*.  (247)
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Since the null interval ds®> = 0 and consequently the infinitesimal speed of light
¢ = dr/dt are invariant under this Weyl-like transformation, Eq. (34) tells us
that infinitesimal time intervals dt must also scale according to

dt — Q(k)dt = di. (248)

Therefore, distance and duration are both dependent on scale in this scenario,
analogous to how distance and duration are dependent on relative speed in spe-
cial relativity.

The spacetime interval ds” = guvdx*dx" transforms according to

ds® — Q2(k)ds* = ds?, (249)

as can be verified using the transformation of Eq. (32) on ds” = guvdx*dx" . This
Weyl-like transformation therefore changes space-like and time-like intervals,
but leaves null intervals (ds*> = 0) invariant. Moreover, unlike the normal Weyl
transformation, the spacetime interval of Eq. (36) is not position dependent and
so it evades Einstein’s criticism.

A local scale transformation, such as our Weyl-like transformation, acts on
momentum p in the opposite way to the position r [270], namely

P _

p— W =p. (250)
The mathematical reason for this is that in natural units the product of posi-
tion and momentum must be dimensionless. A more physical reason is that
resolving a smaller region of spacetime requires using higher frequency modes
of momentum [270]. Since the speed of light c = E / p should be invariant under
this Weyl-like transformation, this implies the energy E should scale identically,
namely

£ E
—)W

E. (251)

8.2.4. Implications for Quantum Gravity

We now focus on what this Weyl-like transformation, if correct, might say about
quantum gravity. In particular, we examine two unsolved and long-standing
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problems in quantum gravity; high-energy non-conformal scaling and nonrenor-
malisability.

Recalling our discussion in section 5.2., we found that for a conformal field
theory in 4-dimensions entropy scales as

a 3 3
SCFT ~ 7EZFZ, (252)
bz
but for a 4-dimensional theory of gravity at high energies entropy scales as
2
r
SGrav = TR (253)
Ip

Since Egs. (39) and (40) do not agree it is argued in Refs. [144, 145] that grav-
ity cannot possibly be a renormalisable quantum field theory in 4-dimensional
spacetime, a potentially serious problem for quantum gravity in general.
Applying the Weyl-like transformation of Eq. (25) we found that distance
transforms according to r — Q(k)r. Gravity, at high energies now has an entropy

Q2 (k)r?

.
What function Q(k) is required to make the high-energy spectrum of gravity
scale in the same way as a conformal field theory? In other words, what func-
tion is necessary to make S,y = Scrr? To answer this question we write the
equality

(254)

SGrav —

Q2 (k)r? 3
m ) _ 4 g3, (255)
Iy bi
a condition that fixes the functional form of Q(k) to be

12
Q* (k) ~CZ, (256)

where we have assumed E ~ 1t/r and defined the dimensionless constant C =
a/(mibi).

Since the WKB approximation of mode functions implies k ~ 7t/r [265],
Eq. (43) implies that Q(k) must transform like Q (k) — +/Clpk at high energies.>

’In highly curved spacetimes r may deviate from 1/k, however Ref. [271] demonstrates that r o< 1/k
holds even as k — oco.
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At low energies, however, we must recover the classical result Q (k) = 1. A
Weyl-like factor of

Q (k) ~\/1+C(Ipk)? (257)

satisfies both these conditions, since Q(k) — +/Clpk in the high-energy limit
(1/k < Ip) and Q(k) — 1 in the low-energy limit 1 /k > Ip. Thus, if the Weyl-
like factor is given by Eq. (44) then the Banks [144] and Shomer [145] argument
may be resolved, since the high-energy spectrum of gravity now scales in the
same way as a CFT. Note, comparing Eq. (30) and Eq. (44) suggests [y o< Ip,
where Ip is the Planck length. Therefore, Q (k) will be practically indistinguish-
able from unity, except near the almost inaccessible Planck scale.

We now look at applying our Weyl-like transformation to the stubborn prob-
lem of renormalisation in quantum gravity. Of course, the proposed transforma-
tion of spacetime is not claimed to definitively solve this problem, but rather the
hope is that it may provide some key insights that can be further developed.

A massless free scalar field ®(x*) in flat Euclidean space has a Green’s
function [94]

i 4n?)~!
Gl ) = [ DB exptI?) = ﬁ (258)
_] 1

2
Given a proper distance r defined by 12 = (xlj' —x ) that transforms according

to Eq. (30), with k ~ 1 /r, then the Green’s function becomes

4n?) 1
G ) — Gty T (259)
(=) 47203
In the coincidence limit (¥} — x‘; ) this gives the finite result
~ 4n?)~!

where 7 = [y is a minimum renormalised distance. A Green’s function that
remains finite in the limit of zero classical distance is known to remove the
ultraviolet divergences present in quantum field theories [94, 81].



114 Daniel Coumbe

Let’s now examine this idea within the context of a quantum field theoretic
description of gravity. In d-dimensional spacetime, momentum p scales with
loop-order L in perturbative quantum gravity via

/ pAlonitgp, 261)

where [Gy| =2 —d is the canonical mass dimension of Newton’s constant and
A is a process-dependent quantity that is independent of the loop-order £ [37].
In 4-dimensional spacetime we then have [Gy] = —2, and so that the integral
of Eq. (48) diverges as L increases in the perturbative expansion. This explic-
itly demonstrates the fact that gravity as a perturbative quantum field theory is
power-counting nonrenormalisable. However, it may be possible to make the
integral of Eq. (48) finite under a specific transformation of momentum, a pos-
sibility we will now explore.

Computing the differential dp/dp using Egs. (37) and (30) at a specific
coarse-graining scale k ~ p yields

dp = (Q(p)) " dp. (262)

Substituting Eqs. (37) and (49) into Eq. (48) changes the perturbative expansion
of gravity in 4-dimensional spacetime to

/ A+2L p—>/ pitit _r (263)
)AL

Since for small p we have Q(p) — 1 nothlng Changes. However, for large mo-
menta Q(p) scales like Q(p) ~ p, so the integrand of Eq. (50) becomes ~ p~>.

Figure 16. plots the integrand of Eq. (50), labelled by f(p), as a function
of p (withl=A = 1) for L =0—35 loop-orders. For small p the integrand
f(p) looks like it may diverge, however as p increases the scaling behaviour
p~3 comes to dominate and f (p) reaches a finite maximum before eventually
approaching zero as p — oo at all loop-orders. Figure 16. provides evidence that
the Weyl-like transformation of Eq. (25), if correct, may suppress divergences
usually present in quantum field theoretic formulations of gravity, raising the

exciting possibility that gravity could be renormalisable in this scenario [11].
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Figure 16. The integrand of Eq. (50) (f(p)) as a function of the momentum scale p,
with/ =A =1 for L =0—5 loop orders [11].






Final Thoughts

There are many more orders of magnitude in scale between the Planck length ~
10~3%m and us ~ 10%m, than between us and the observable universe ~ 10%%m.
Arguably, we know more about the large-scale universe above than the small-
scale universe below. It seems highly likely that there are new discoveries wait-
ing to be made below the sensitivity of current experiment. A powerful mech-
anism for exploring this uncharted territory is provided by the renormalisation
group, a mathematical formalism for Magnifying Spacetime.

Hopefully, this book has given you an insight into the importance of scale in
fundamental physics research, and a brief overview of what we currently know
about how physics changes with scale. However, there remain a lot of open
questions, the answers to which may herald new physics.

Is spacetime fractal? As we have seen there is a small variation in the
ultraviolet dimensionality of spacetime across different approaches and defini-
tions of dimension. However, the most remarkable fact is that the dimension
of spacetime departs from the topological dimension at all. Regardless of the
exact details of dimensional reduction, this consistent observation implies one
remarkable thing; the small-scale structure of spacetime itself may be fractal.

Is dimensional reduction real? A reduction to 2-dimensions at ex-
tremely small distances has the desirable feature that spacetime becomes self-
renormalising, since only in 2-dimensions does the gravitational coupling be-
come dimensionless. Yet, dimensional reduction is also associated with a num-
ber of radical and possibly unphysical features, such as an energy dependent
speed of light and the deformation or violation of Lorentz invariance. As we
have indicated in section 8.2., a simple rescaling of the metric tensor may ac-
count for the appearance of dimensional reduction and reproduce its desirable
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features, without the radical consequences associated with taking dimensional
reduction literally. If, on the other hand, dimensional reduction is real, what are
the consequences for cosmology, particle physics, and special relativity? Can
dimensional reduction be experimentally tested in the near future?

Is there a minimum length? As reviewed in section 2, there is a growing
body of evidence suggesting an answer in the affirmative. However, how can
we consistently reconcile such a minimal length with special relativity? What
is the fate of Lorentz invariance, the most fundamental symmetry we know of,
at or near the Planck scale? If Lorentz invariance is violated at extremely small
distances what is the symmetry breaking mechanism? And why is it so close to
being an exact symmetry at low energies?

What is the correct gravitational action? A gravitational action that is scale
invariant stands a good chance of being renormalisable. The Einstein-Hilbert
action of general relativity is not scale invariant and so not renormalisable. The
Weyl action discussed in section 8.2. is scale invariant. However, if Weyl’s
action is correct how does one evade Einstein’s criticism? Could a metric tensor
that depends on the coarse-graining scale &, as discussed in section 8.2., evade
Einstein’s criticism and lead to a scale invariant and renormalisable gravitational
action?
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