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1. Vector Quantities: Addition, Subtraction
1.1 Scalar and Vector Quantities:

In our daily life we come across two kinds of physical quantities. One is whose quantitative
value is sufficient to specify them, while the other type need more explanation.

‘Volume’, ‘area’, ‘mass’, ‘temperature’ .. need only quantative specification. Their
magnitude is sufficient to specify them. But displacement, ‘force’, ‘velocity’... need some
thing more for complete specification. They need both magnitude and direction for
complete specification. These are called vectors, while others are called scalar.

Scalar — a physical quantity having magnitude only is called a scalar.
Vector — a physical quantity which has magnitude as well as direction is called a vector.

1.2 A vector is represented by a directed line segment

In the fig. vector AB is represented by the directed line segment AB. Length of line segment
AB gives magnitude of the vector (on specified scale) and arrow shows the direction.

A is the initial point of vector AB while B is the head or
terminal point of vectorAB. The vector from A to B is B
written as AB or AB i.e. an arrow or bar is placed over it

| AB | indicates magnitude of the vector. Here |E§ | = AB;
Vector are generally denoted by small English alphabets A

written in bold writing, like 3,b,¢,d.... etc. Greek letters Fig 1
a,b, ¢ are also used to denote vectors.

1.3 Modulus of a vector

The positive quantity that gives quantitative value of vector is called modulus of that vector
and written as | AB | read as mod AB.

1.4 Type of vectors

Vectors are of two types

(a) Free vectors (b) Localised vectors

a. Free vectors : These vectors are not related to a point. These can be transferred to
other places i.e. points, without causing any change in their direction and
magnitude.

b. Localised Vectors : These vectors act at definite points and if these are transferred
to some other point their effect also changes. Force acting at a point is a localized
vector.
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1.5
(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

(i)

1.6

Definitions

Equal vectors : If magnitude of two vectors be equal and direction is same or
parallel, then these are equal vectors.

Like Vectors : Vectors having same direction or same support are like vectors. They
may be equal or unequal AB and CD are like

vectors.

Unlike Vectors: Vector having opposite direction or 8
support are unlike vector. In the fig. PQ and MN

are unlike vectors. A

Unit Vector : If the modulus of a vector is unity or

|a

one it is called unit vector. If |a | = a then —|: unit
a

vector, denoted by 3. Sign » is placed over unit N
vector. 5
Null vector or Zero vector : A vector whose

Q

o
I
oQ
N
o

magnitude is zero and whose direction cannot be
determined is null vector, denoted by 0.

Negative Vector : This terms is applied when we
examine a vector with reference to another vector.
In fig. a and b are two unlike vectors. If we take the

Fig 3
- M
direction of a positive then b is negative vector 3 5
and if direction of b is taken positive then a is a b
negative vector. If modulus of both a and b be N
equalthen 3=-b or b=-3 A

Fig 4

Collinear Vectors: Vectors parallel to a straight line
or having the same support or parallel support are
collinear vectors. Their magnitude may be different.

are parallel to the same plane are called coplanar
vectors.

Coplanar vector ; All vectors that lie in a plane or O <, B

Co-initial vectors : Vectors having same initial point

are called co-initial vectors. In the fig,. &’\, aé and

—_—

OC are co-initial vectors.

Displacement vector : If a particle moves from point position A to point position B,

then AB is called displacement vector.

Multiplication of Vectors by Scalar
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Let a be a vector and | (positive) a scalar then | a is a vector whose magnitude is |
times that of @ and its direction is same as of a.

In case | is negative integer then modulusof | 3 is | timesthatof a i.e. || a|=1 |a]|
but direction | a shall be parallel to a but opposite in direction of a. Figures shall clarify
the concept.

_ -2
/_b‘/ 3
e
L —
Fig 6 Fig 7
and E5:(;, +1—95, 3528?[-1%
e 29 4 e 4g
\ (Il +mja=la+naand (| -mb=1b-mb

and just as Irarepresents a like vector whose modulus is i times of a, similarly | (rTE)
shall represents a like vector whose modulus is | times the modulus of ra; and therefore

| (na)=(1n)a.
1.7 Addition of vectors

Just as resultant of two forces acting at a point is determined by law of parallelogram of
forces or by triangle law in the same way the

resultant of two vectors is determined. In the fig. N |
AB=3 and CD=b are two vectors.

Now OM is drawn parallel to AB and =AB. So - B /g
that |m|: HB|:|5|. It represents vector a.

Through M, MN is drawn parallel to CD and MN = © 3 Mo e
CDandaleD|:|WN|:5 A 3 B

MN represents vector b. Join ON. ON represents Fig 8

the sum a+b. This law of addition of vectors is
called triangle law and as a side of a triangle is always less than the sum of the two

remaining sides. Therefore |ﬁ [<| oM [+] ml unless they all lie in the same direction.
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1.8 Vector Theorems

(a) Vector sum is commutative. 3+b=b+3. In the fig OABC is a paralleogram; OA=3
and AB=b.OCis parallel and = AB\ oC=b. Similarly CB=3

from DOAB, a&+@=a€

i.e. 3+b=0B
- . N N - 3 |
from DOCB,OC+CB=0BbP b+a=0B
E it B
\ 3a+b=b+3a 3+B R
b
(b) Vector sum is associative : i.e.
at+b)+c=a+(p+c N
45+ c=a+ 5+ ] 4 /

Proof — In the Fig. 10, ABCD is a
quadrilateral. AB=3

¢
BC=b and CD=¢ B

from DABC, AB +BC = AC

\ AC=3+b ()

and from DDBC, E+E§ =ﬁj

Wy

_ Fig 10
e, BD=b+¢ 0 's

Now from DACD, AC+CD=AD

ie.@+@+E:KB ....(ii)

and from DABD, AB+BD=AD i.e.

5+@+dzﬂ§ E d D

from3and4, i.e.
a+(p+c)te=a+(o+e)

my
+

P Addition of vector is associative

(c) Zero vector O is additive identity of
vectors addition:

i
oy

ato=o+a=a
(d) Additive inverse of vector a is - a

3+l 3)=6=( )+ ()
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(e)
(f)

Sum of the vectors represented by three sides of a triangle taken in order is zero.

Sum of the vectors acting along the sides of a polygon and represented by the sides
taken in order is zero.

From DAEF

AE +EF = AF

b a+b+c+d+e=AF=f

and AF+FA=-f+f=0

DISTRIBUTION LAW FOR VECTORS

(g)

1.9

Kis a scalar, 3 and b are vectors; then k(é +5)=k5 +kb,

i.e. Distribution law for scalar multiplication

of vectors is true. 8
Proof : OAB and PQR as similar triangles. R 2 .
P R _RP
\ PQ _QR_RP _ k (say) scalar
OA AB BO 0 3 A

If OA=3,AB=b,0B=¢

Then PQ =k3, QR =kb and PR =k&

And from triangle law. 3+b =¢
And from DPCR ka +kb =ké b k(3 +b)=ke

Position Vector

Suppose O is a fixed point, P, Q,R are any points, then vector &J’,&iﬁi are called position
vector of P, Q, and R with reference to origin O.

1.10

from triangle BOA

Subtraction of two vectors B
Let vector OA = 5,&% =b
\ BO=-b .
BA =BO+0A
=-b+a =3-b 0 3 A
Fig 13
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and AB=- (5- 5):5- a

Now if we take O as origin then position vectors of A and B are OA = a, OB=b

And AB=b- 3 =P.V. of B—P.V.0f A

and BA=3- b =P. vector of A — P. vector of B. It can be expressed in the following way also

E =P. vector of Head — P. vector of Tail.

1.11 Theoreml; | - m Theorem

The resultant of two vectors. | .OA +MmOB is (I +r‘r). 0G where G is a point on AB such that
AG:GB=n:| .

Proof : In fig. 14; vectors | &’\ and DB act along OA and OB respectively. G divides AB in
the ratio of mr:| .

From DGOA; | .0A=|.0G+| .GA

B
From DBOG; mOB=mOG +MGB
\ 1.0A+mOB=(I +mOG+| .GA+mGB -
n.0B
GA and GB are vectors in opposite directions G
of each other and as | OA+| OB =(I +moeG
b | GA+MGB=0 — 3
o L.0A A
Which is possible only when | .|GA|=m|GB| Fig 14
GA n
i.e. —=—P G divides ABin r:|
GB |
Corollary | : The resultant of two vectors OA and OB shall be (1+1)O_é where c is mid
point of AB.
Corollary Il : 3 and b are position vectors of two P
points A and B. If a point P is on Abdivides A p a B
AB in the ratio of p : q then the position of R
— \ -
Pis qa’p . Origin being the same. 3
a+b
Proof: Fig. (15) has been drawn. Let v be the position
vector of P.
0]

Fig 15
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(b)

Note :

Then V=3+APb AP=V- 3

Similarly BP=v- b
AP — — SR -
ButE=ED g.AP=p.PB P q(v- a)=p.(b- v)
q

qa +pb

p (q+p)v qa+pbb V=
p+q

Vector Quantities : Addition & Subtraction

\ The p.v. of a point P which divides internally the line segment joining A(p.v.a)

and B(p.v. b)inthe ratioof p: q s (qé +p5)/(p+q)

Similarly if P divides AB externally in the ratio of p : g then p.v. of P is

b are p. vectors of A and B.

See similarity with co-ordinate geometry.

Conclusions (1) If 3 and b be p.v. of point A and B

a+b I
then T is p.v. of mid point of AB.

(2)

1.12
(a)

(b)

We have seen that p.v. of point P in AB

. ga+pb a&q 0O oL
:qa P = q %+ P b=la+nb
p+q @&p+ay (p+q)

where | +m=—3_+ P -
pta ptq
\ Position vector of any point on AB can be taken

as | a+nb where | +n=1

Some important Properties of Triangle

In the Fig (16 a), | is in center of DABCi.e. the internal
bisector of angles. A, B, and C meet at I. Remember.
BD ¢ an Al _b+c

The points of intersection of altitudes of a triangle is
orthocentre O, In fig. 16(b) AD, BE and CF are
altitudes,

BD _ tanc and AQO' _tanB+tanC
DC tanB oD tanA

pb- qa
p-q9

A
A
E
B
D C

Fig 16(a)

,a and

A
F
E
6]
B C
D

Fig 16(b)
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(c) The right bisectors of the sides of a triangle are concurrent. These meet in point O,
called the circumcentre of the triangle ABC, AO, BO, and CO on extension meets sides

BC, AC, ABin P, Q, R.

in2
Here BP/PC = —N<€

sin2B

in2B +sin2C
And AO/OpP = SNBSS

sin2A
OA = OB = OC = radius of the circumcircle of triangle ABC.
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Solved Example

Example 1. Prove that the straight line segment joining mid points of diagonals of a
trapezium is parallel to parallel sides and equal to half of their difference.

Sol.: In the Fig. ABCD is a trapezium. DC is parallel to AB. P and Q are mid points of
diagonals. AC and BD.

Let position vectors of A, B, C and D with reference to origin O be 5,5,6 and d,
then AB=b- a and DC=¢- d

From DAOC,E’=%(5+E) and from DABD, ai=%(5+a)

PQ=P.V. of Q- P.V. of P= 0Q - OP

26-3)-26-3
s o

and as AB| |DC, (AB—DC) is | | AB.
1
\ PQ || ABand = E(AB- DC)
Example 2. The mid points of sides of a quadrilateral are joined in order. Prove that the

figure so formed is a parallelograms.

Sol. In the fig. ABCD is a quadrilateral and P, Q, R and S
are mid points of sides AB, BC, CD and DA. Let

position vectors of A, B, Cand D be 3,b,¢ and d.
— 1L - — 1(-
Then OP =E(a+b), 0oQ =E(b+c)

ai:%(aa) OS:%(8+5)

NowPQ =P.V. of Q—P.V.of P= 0Q- OP

:%(5+e)- %(a+6):%(e- 3)

Fig 18

SR=P.V.of R-P.V. of S = OR- OS
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:%(ua)- %(&a):%(e- 3)

\ PQ || SRand |PQ|=|SR|P PQ =SR
\ PQRS s a parallelogram.

Example 3 : AD, B E and CF are medians of a triangle. Prove that AD+BE+CF=0
Sol. Figure 19 has been drawn.

From DABD A
AD=AB+BD

— 1 —
But BD ==BC F :
2

—_ = 1—
\ AD=AB+EBC

Y .
from DEBC, BE=BC+CE=BC+ECA Fig 19

—_ 1 —
from DAFC, CF=CA+AF=CA+EAB

RN — — 3 — —_— -
\ AD+BE+CF=E(AB+BC+CA)

:E(R+a):E(A—é- A—é):o
2 2

Example 4 : ABCD is a quadrilateral. Prove E+E+E§+Eﬁ=4ﬁ where P and Q are mid
points of diagonal. AC and BD.

Sol. Quadrilateral has been drawn. Join mid point Q
of BD with Aand C

from DDAB AD+AB=2AQ
from DCDB, aé+aﬁ=2CTI
from DAQC

Fig 20

=2AQ +2CQ = (2+2)PQ =4PQ

Examples 5 : O is circumcentre and O’orthocentre of triangle ABC, then prove.

(a) OA +0B+0C =00’
(b) O'A+0'B+0'C=20'0

10
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Sol.

(c) AO'+0'B+0'C = AP where AP is diameter of circumcircles.

In Fig. 21 a point S has been taken inside the triangle PQR., at S ﬁ»’,&i and SR act.
M is the mid point of QR, (Fig. 21(ii))

\ A

\ SQ+SR=25M
Now consider DPSM; SP +2SM = (1+2)sG'

Where G’ shall divided PM internally in the ratio of 2 : 1;
and as PM is the median \ G’ is centroid of triangle

\ SP+5Q +SR=3SG

Now if we replace S by circumcentre O, then Fig 21(i)

— c
OA +0B+0C =30G

and as orthocentre O, centroid G and circumcentre O are
collinear i.e. are in the same straight line and

0'G:GO0=2:1 b 0G =§OO'

\ OA+0B+0C=30G=00'

and similarly O'A+0'B+0'C=30'6 =38 30'0%= 200 o
e3 o Fig 21(ii)

(c) AO'+0'B+0'C=2A0+(0'A+0'B+0'C)
=2A0'+20'0
=2(A0'+0'0)
=2A0 (DO'AO)

and AO is radius of circumcircle of D

\ AO'+0'B+0'C=AP (diameter of circumcircle)

Example 6 : P.V. of A is a+2b and Pis 3 , and P divides AB internally in the ratio of 2 : 3.
Find P.V. of B.

Sol.

Let P.V. of P be F; P divides AB in the ratio 2 : 3

_ 27+3@+2p
\ P.V.ofP, azr—(a—)

2+3
b 53=2F+33+6b
b f=a-3b

11
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Example 7 : A, B, C, D, E. F are vertices of a regular hexagon. Prove that

_— — — — — —

AB+AC+AD+AE+AF =6AG where G is center of hexagon.

Sol. ABCDEF is a regular hexagon. Let its side be AC=AE=2acos30= ﬁ a
AD=2a and GA=a

E D
Where G is mid point of AD and center of
hexagon. FB meets AD in P, P is mid point of FD.
Similarly Qis mid point of EC.
3 F C

AP=ABsin30=>=QDP AQ="a.

2 2 P
From DFAB,  AB+AF=2AP

— A B
From DEAC, AC+AE=2AQ

Fig 22

\

_— — — — —

=2AP+2AQ +2AG = AG+3AG+2AG
=6AG
Example 9: 3,b,C and d are position vectors of A, B, C and D. 2a +3b =3c+2d. Prove that
AB and CD intersect.
2a+3b _3c+2d
5

Sol. Given 2a+3b=3c+2d and 2+3=3+2b

2a+3b 3c+2d _
P = —e
3+2 2+3

and e, divides line segment joining a and b in the ratio of 3: 2.
e also divides line segment joining ¢ and din the ratio of 2 : 3.
\ AB and CD intersect.

Examples 9 : Scalars p, g, r are such that p + q + r = 0, not all equal to zero, and
p5+q5+rE =0, where 3,b,C are .. position vector of A, B and C. Prove A, B, C are collinear.

Sol. P+q+r=0b r=-p-qb pa+qgb+rc=pa+gb- pc- qc=0
p (p+q)E=p5+qB

_ pa+gb
p c=P2"d
pt+q

12
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P Cdivides AB in the ratio of g : p internally.

\ A,B, Care collinear, c lies on line segment AB.

Example 10 : Forces a.?B,bEB,gCTD and dﬁ act along sides AB, CB, CD and AD
respectively of a quadrilateral ABCD and are in equilibrium. Prove ag=bd.

Sol.:  Suppose aKé and d.Kﬁ, acting along AB D
and AD respectively = (a +d). AP where P
is point in BD such that BP : PD = d:a and
similarly ba§+ga3:(b+ g)&i where Qis a
point in DB such that BQ:QD=g¢:b

But forces are in equilibrium. Wb B
\ P and Q should coincide, APC should be Fig 23
one line.
And\ BQ:QD=BP:PD
P g:b=d:ab g=g
b a
\ dg=bd.

Examples 11 : Two chords AB and CD of a circle intersect at right angle at P. Show that
PA+PB+PC+PD=2P0 where O is the center of circle.

C
Sol.: AB and CD chords of circle whose center is O
intersect at right angles at P.
ON and OM are ™ from O and AB and CD
P Nand M are midpoints of AB and CD. M 0
Let 3,b,c,d.m,n and p be p.v.of A, B,C, D, M, N, b N
P with respect to origin O A \ B
\ n=(@+b)/2, m=(c+d)/2 ...(0) D
OMPN is a rectangle\ OM=NP. Fig 24

—_—  — — -

\ ON+OM=0ON+NP=0P
\ i+M=0Pb 2n+2m+=a+b+c+d=20P

Now PA+PB+PC+PD=(a- p)+(b- B)+(c- p)+(d- p)

:(5 +B)+(E +E)- 4p

13
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But 20P=2p=a+b+c+d
\ PA+PB+PC+PD=2p- 4p=-2p

=-20P=2PO
Example 12: Position vectors of points A, B, C and D are a,b,c and d. If a- B=2(a- E)

then prove. AC and BD trisect each other.
Sol.: a-b=2(d-¢)
b a+2c=b+2d
a+t2c _ b+2d _;

2+1  2+1
\' vector ris position vector of point of intersection of AC and BD and it divides line

segment AC and BD internally in the ratioof 2: 1

14
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1)

2)

3)
4)

5)

6)

7)

8)

9)

10)

11)

12)

13)

14)

15)

Practice Worksheet (Foundation Level) -1

Prove that the line segment joining mid points of two sides of a triangle is parallel to
the third side and equal to half of it.

K is any point outside the triangle ABC. The centroid of triangle is G. Prove
KA +KB +KC=3KG
Prove that medians of a triangle divide each other in the ratioof 2 : 1.

Position vectors of points A, B, C, D are a,b, 2a+b and a- 2b respectively. Find
AD,HD,E,HS,E and DB,

Diagonals of a parallelogram intersect at O; k is any point insider or outside of

—_ — - —

parallelogram. Prove KA +KB+KC+KD =4KO.

Prove that line segments joining mid points of opposite sides of a quadrilateral
bisected each other.

In quadrilateral ABCD prove that BA+BC+CD+DA=2BA.

_— — 3 —
D and E are mid points of sides AB and AC of triangle ABC. Prove BE +DC :EBC .

A, B, C, D are tour points in a plane and four vectors are Ké,ﬁiﬁ and C_A Prove

that AB+BD+DC+CA=0.

A, B, C, D and E are five points in a plane. At A vectors A_C,HD and AE act and at B

vectors CTB,Eé and EBact. Prove that the resultant of these is 3 E
ABCDEF is a regular hexagon forces ZE,3A_C,ZE,3EE and 2AF act at A. Prove that

15 —
their resultant is ? AD.

ABCDEF is a regular hexagon, Ké=5,ﬁ =b find CTiﬁ,ﬁ and FA.

Position vector of vertices A, B, C and D of a quadrilateral is a,b,c and d and b- a =
C- d.Prove ABCDis a parallelogram.

Forces 2AB and 3AC act at A along AB and AC sides of a triangle. Resultant lies a long
AP where P is a point in BC, find P and resultant.

AT O, forces act and are represented by the sides AB, 2BC, 2CD, DB and DA both in
magnitude and direction of square ABCD. Prove that forces are in equilibrium i.e.
resultant is zero.

15
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16)

17)

18)

19)

20)

21)

22)

23)

24)

25)

16

Position vector of A and B w.r. to origin O are 3@ and b and p.v. of C and D are
5a+3b

and 2a- b respectively. Prove that A, B, C, D are collinear.
a,b,c,d are p.v. of points, A, B, C,D respectively and 4a +5b=6¢c +3d. Prove AB and
CD intersect each other.

a,b,c,d are p.v. of points A,B,C and D respectively such that 5c =3a +2b and
3d=5a- 2b . Prove A,B,C,D are collinear.

AB and CD are two equal and parallel chords of a circle, T is a point on circumference
of circle such that AT = TB, show that :

TA+TB+TC+TD=2TL where TL is diameter of circle.

P.V.of Ais a- 3b and of Pis a- b where P divides line segment. AB in the ratio of 2
: 3 internally. Find P.V. of B.

A, B, C are points in a line and 2AB = 3BC P.V. of A,B,C are 3,b,cC, then

_+ —_— _- —_—
_3c+1a (b) c=5b 2a

(C)5:5c-32b (d)5:3c-2b

D,E,F are mid points of sides BC, CA, AB of triangle ABC, O is any point then =
(a) zero (b) 0G where G is centroid

(c) 20G (d) OA +0B +0C

O is circumcentre, O’ orthocentre of a triangle ABC; G is centroid then

(a) zero (b) OO' (c) 30'0 (d) 300'

AB and CD are two parallel chords of a x <y circle distance x and y from center O lying

on opposite sides of O. M and N their mid points. If OA+0B+0C+0D=0P then P
divides MN in the ratio of :

(a)y:x (b)x:y (c)x—-y:y (d) none of these

Two points P and Q divides AB in the ratio of x :1 (x > 1) internally and externally
respectively. If and be position vector of P and Q then p.v. of A is:

(@) 5[+ 2)p + (- 1] (0) 5 p(+1)- (- 1]

1, _ 1r - _
() (p- xa) (d) E[Xp- al



2. Resolution of Vector Quantities
2.1 Resolution of a vector in two given direction

ﬁ =T Is a vector OX and OY are two directions.

Q
Vector T is to be resolved in these two directions. /
From O drawn OM parallel to PQ and OM = PQ. Now P M
from M draw MN parallel to OY meeting OX in S i
_ — (0] 5 -
OM =PQ =T (by construction) a
Figl

And from triangle ONM, ON+NM=OM=Fb ON is the

resolved part in direction OX and NM is the resolved part of T in direction OY.

Now if point S be taken on OY such that OS = NM then OS || NM and equal to NM.

\  0S is the resolved part of T along OY.

For convenience OX and QY are taken perpendicular to each other just as in co-ordinate
geometry. O is origin, OX and OY are axes.

P is a point in x-y plane. PN is perpendicular from P on OX. PN || OY.
ON =distance of P from OY

=a
PN = distance of P from OX P(a,b)
- v
=b b b’j\
Point P is (a, b) ; (a, b) is an ordered pair. If oP=V then, - 0 a .
ON+NP=V A
Fig 2

If ? be unit vector along OX and ] unit vectors along OY
then aﬂ=a? and WP:b]
And V=ai+bj
Modulus |OP|=|V|=OP =+/a? +b?
(i) IfDPOX =(qthen
ON = 0P cosgand NP =0OPsinq

\ JV:OPcosq: Veosq=ai
NP:OPsinq:Vsinq:b]

17
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é . .U
éOPcosq:\/a2 +b? .L.i =ai(
8 Va’ +b? g

2.2 To find resultant of vectors having same origin and write reference to two
perpendicular directions OX and OY i.e. by resolving then along two perpendicular
directions.

In figure (3) OX and OY are two perpendicular

directions. Y
- P
Vectors OA,OB,OC have initial point O and are inclined ¢ B
at gi, 0, gs with OX. Resolved part of these vectors & A
along OX are (T»Acosql,O_B»cosqz,O_C»cosq3 0
710,
Resolved parts of these vectors along OY are o 7 X
OAsing,,OBsing,,0Csing . Fig 3

If OP be the resultant of these vectors and be inclined at
g with x-axis, then its resolved parts are

P cos g along OX, P sin g, along OY

\ OPcosq=aAcosq1 +53cosq2 +&cosq3
and @sinq=ﬁsinq1 +@sinq2 +&sinq3
ie. OPcosq=4& OAcosq,

OPsing =& OAsing,

\ op=((a Oncosdy} & (onsing,} =7

Andtanqg=

18
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Solved Example

Example 1: 5, 4\/5 and 10 N forces act along AB, AC and AD sides and diagonal of a square,
find resultant force and its inclination.

Sol. Leti be the unit vector along AB, j unit vector along AD, then

AB=5i+0% )

4\/5 N acting along OC

P 42 cos45° + 4+/2 sin 45° c
=4i+4j N 2N

10 N force acting along AD = 10>0i +10 ><] ) : . X
\ Resultant force F=5i+4i+4j+10j=9i+14] Fig 4

T 14
\ |F|=v81+196 =+/277 N and tanq:?

Example 2: Co-ordinate of points A, B and C are (-3, 4), (12, -5) and (3, 4). Forces of
magnitude 8, 10, 13 and 15 N act along QY, OA, OB and OC respectively (as shown in figure).
Find their resultant and its direction.

Sol. OX and OY are two perpendicular directions and i and ] are unit vectors along OX
and OY.

In figure O_A is inclined at (180 — q) with OX, OB is inclined at —f with OY and OC is
inclined aty with OX.

3 12 3
cos (180°—(q)=- =, cos (-f)==—=,cosy = = \
( a) s (-f) 13 y =< :
C(-3,4)
. o 4 5 4 (3,4)
sin (180°-q)=—, sin(-f)=—- —,cosy = —
( a) s (-f) 13 Y=g
Sum of resolved parts of forces along OX is
A
~ 0
= (8 cos 90° + 10 cos (180°—q ) + 13 cos(—Qq) + 15 cos Y ) i 5 . v
3 2 3. . \
= (0-10%.+13:82%4 15,2 )} = 157 (12,5)
5 el3g 5 Y
Sum of resolved parts along OY is Fig 5

= (8 sin 90° + 10 sin (180°—q ) + 13 sin(—q) + 15siny ) j
4 568 4 . .

= (8+10% +13222415% ) = 23]
5 el3 g 5

19
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If resultant force P acts along OP and DPOX = a, then

iOPcosa=15i; jOP sin a = 23;

23
\ |OP|=+/15% +23°N=+/754Nand tana:E

23
\ Resultantis /754N and acts along tan'1E
Example 3: ABCDEF is a regular hexagon forces equal to E,ZE,?,E,ZE and AF act along
AB, AC, AD, AE and AF. Find resultant force and its direction.

Sol. ABCDEF is a regular hexagon. AE is * on AB. Let i be the unit vector along AB and ]
be unit vector along AE.

If AB = a, then AC= +/3a, AD=2a, AE= /3 a

Let AB=P and |P|=P. 9
2o)

248

DCAB = 30°, DDAB = 60°, DEAB = 90°, DFAB = 120°. F x AC

Sum of resolved parts of forces along AB is

= (P cos 0° + 24/3 cos 30° + 6 cos 60° + 24/3 cos 90° + P A B
cos 120°)iA Fig 6

& 3 1 . 16133 -«

=p 1+2J§x£+6px—+2ﬁ 0-—1i=—\/_Pi
2 2 25 2

And sum of resolved parts of forces along AE

= P(0+ 2+/3 sin 30° + 6 sin 60° + 2+/3 sin 90° + sin 120°) j

e 8, \
= Pézﬁx%+6§+2\/§+§j=%j

(%)

.2 .2
3 3 1
230,830, = =4/13% +132 58P =13P
€29 €e2g 2

1343 %
2

X3

\ Resultant force =

=J3p gq=60°

Its inclination with AB, tanq =

\ Resultant is 13AB and it acts along AD.

Example 4: P vectors of vertices A, B and C of triangle ABC are f+], -2i- 3] and 4?+5].
What type of triangle ABC.

20
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Sol. AB=(-2i-3j)-(i+]j)=-3i- 4jp |AB|=5
BC=(4] +5])- (- 2i- 3j)=6i +8j P |BC|=10
AC=(4i+5])- ((+]) =31 +4]p [AC|=5
AB + AC=5+5=10=BC, Ddoes not exists.

Ais mid point of BCb A, B, C are collinear

Example 5: P.V. of A, B, C and D are 2i+7],- i +3], 4i- 3] and 7i+]. Prove ABCD is

parallelogram.

Sol. ABCD shall be parallelogram if AB=CD and AB || CD and AC* BD.
AB=(-1+3j)- 2i+7j)=-3]j- 4]P |AB|=5
DC=(4i- 3j)- (7i+]j)=-3j- 4jp |DC|=5
AC=(4i- 3})- 2i+7j)=2i- 10],BD=7i +j+i- 3j=8i- 2]
AC*® BD
AndAB=and || DCbP
\ ABCDis a parallelogram.

Example 6: The position vectors of points A and B are ai +b] and 2ai- 3b] .

Find the position vector of point P which divides AB (i) Internally in the ratio of 2 : 3 {ii)

Externally in the ratio of 4 : 3.

Sol. P. vectors of A (ai +bj), B(2ai- 3bj)

(i) P divides internally AB in the ratio of 2 : 3

2(2ai - 3bj)+3(ai +bj)
5

\ P.vectorofPis

1 . n
i.e. —(7ai- 3bj
5( )
(ii) P divides AB externally in the ratio of 4 : 3

4(2ai - 3bj)- 3(ai +bj)
4-3

\ P.vectorofPis

i.e. 5ai- 15bj
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Resolution of a vector in three non-coplanar vectors

For resolution of a vector in three non-coplanar compounds in space , the space has to be
divided by three non-coplanar straight lines X’OX, YOY’ and ZOZ, each perpendicular to the
other two and O is their common intersecting points. These straight lines are called axes,
X'OX is x-axis, YOY’ is y-axis and ZOZ’ is z-axis, O is origin. Planes YOX and XOZ meet in OX,
planes YOX and ZOY meet in QY, planes YOZ and XOZ meet in z-axis. This space is called
three dimensional Euclidean space.

In the figure 6; OX, OY OZ are three mutually perpendicular lines. AB is a vector. We shall
resolve this vector along OX, OY and OZ.

From O draw OP parallel to AB and equal to AB. Thus OP = AB . Now from P draw PN parallel
to OZ which meets XOY plane in N. Now from N draw NM parallel to OY which meets OX in
M.

Now in XOY plane OM+MN =0ON

and from triangle PON ON+NP=0P .

from rectangle OMNT in XOY plane and from rectangle A P

LONP e

\ OT=MN and NP=0L \\\\ %
/—

\ OP=ON+OT+0L

If point P is (x, y, z) then

x = distance of point from YOZ plane

y = distance of point from ZOX plane.

z = distance of point from XOY plane.

\ OM=x,0T=y,0L=z

If f, ], k be unit vector along OX, OY and OZ and OP =f then T =OM+0T +0L
=xf+y]+zl2

(x,y, z) are co-ordinates of the point P in three dimensional space.

From rectangle OMNT, (ON)? = (OM)? + (MN)?

P (ON)*=(OM)* + (OT)* =x* +y*

From right angled triangle ONP, (OP)? = (ON)? + (PN)?

\ (OP)’=x"+y’+7°
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\ Modulus of vector OP =% = x> +y*+72°

\ A—B):&;:X,i\'i'y,j'i'zlz

Note: In two dimension i.e. in a plane, we take axes X’OX and YOY’ and each point in the
plane is represented by an ordered pair (x, y). Similarly in three dimensions each point in
space is represented by an ordered triad (x, vy, z).

In two dimension if P is the point (a, b) the component of OP in OX direction is @ and in OY
direction is b. Similarly if P is a point (a, b, c) in three dimensions, then 3a, B,E are

compounds (resolved parts) of &5, along OX, OY and OZ respectively.

Theorem 1: If two vectors a =(a,,a,,a,) and b=(b,,b,,b,) are equation then their resolved
parts shall be equal.

Proof: @=a,i+a,j+a,k and b=b,i+b,j+b,k
a=bb a,i+a,j+ak=b,i+b,j+b,k
b (a,- b,)i+(a,- b,)j+(a;- by)k=0
P 0x +0x+0%
P a;j—b;=0,a,-b,=0,a3—b3=0
\ a;=by,a;=by,a3=b;

Theorem 2: If 3=(a,,a,,a,) and b=(b,,b,,b;) then a+b =(a, +b,,a, +b,,a, +b,) i.e. the
resolved parts of the sum of two vectors is equal to the sum of resolved parts of these
vectors.

Proof: Let a=(a,,a,,a;)andb=(b,,b,,b,) then a=a,i+a,j+ak and b=b,i+b,j+b.k
and as scalar product of vectors is distributive

a+b=(a, +b,)i+(a, +b,)j+(a, +b, )k

=(a;+ by, ay+by, a3+ bs)
Theorem 3: If a =(a,,a,,a,) and t be a scalar then ta =(a,t, a,t, a5t)
Proof: a=a,i+a,]+ak)

ta=ta,i +ta, ] +tak

b ta =[ta,, ta,, ta,]

andift=-1  then

- a:[' CITC P aa]
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Example 7: The position vectors of A, B, and C are 2?+3]- |2,?+5j- 2k and - 3i - 2]+3I2
then find ﬂé,B? an CA

Sol. E =P.vector of B—P.V.of A

i+5j- 2k- 2i- 3j+k
= -i+2j-k
BC =P.V.of C—P.V. of B
= -37-2j+3k-i-5j+2k=-4i- 7j+5k
CA =P.V.of A—P.V. of C
= 2§ +3j- k+3i+2]j- 3k=5i +5]- 4k
Example 8: 3=4i- j+k,b=2i+j- k and ¢=-i- 2j+3k.Find 23+3b- 4¢C
Sol. @3=4i-j+kb 23=8i-2j+2k
b=2i+]j- kb 3b=6i+3j- 3k
c=-i-2j+3kp 4¢=-4j- 8j+12k
\ 23+3b- 4 =(8i- 2j+2k) + (6] +3]- 3k)- (-4]- 8] +12k)
=187+9j- 13k
Example 9: Position vector of points A, B, C and D are 3i- 4]+5I2,4f— 2]+3I2,2f+5]- 3k
and f+3]- k respectively. Prove that ABCD is a parallelogram
Sol. A, (3i- 4j+5k),B (4i- 2j+3Kk)
C, (21 +5j- 3k),D (i+3j- k)
AB =P.V.of B—P.V. of A = 4i- 2j+3k- 3{ +4]- sk=1+2j- 2k
DC =P.V.of C—P.V. of D= (2i +5]j- 3k)- (i+3]j- k)
= i+2]j- 2k
AB || DCand AB = DC
BC =P.V.of C—P.V.of B = 2{ +5]- 3k - 4i+2]j- 3k

= - 2i+7]- 6k
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AD =P.V.of D—P.V.of A= | +3]}- k- 31 +4]- 5k
= -2i+7]- 6k
BC || AD and BC = AD
\ ABCD is a rectangle or parallelogram
AC =P.V.of C—P.V. of A= 2i +5]- 3k- 3i +4]- 5k
= - +9j- 8k
BD =P.V.of D—P.V.of B= i+3]j- k- 4i +2j- 3k
= - 37+5]- 4k
|E|1 |ﬁ| \ ABCD is a parallelogram

Example 10: P.V. of A and B are 2i + 3j — k and 3i — 2j + 3k. Find P.V. point P which divides AB
internally in the ratio of 3 : 2.

Sol. P.V.of Ais 2i +3j- k and Bis 3i - 2] +3k point P divides AB in the ratio of 3 : 2.

3(31 - 2j +3k)+2(2i +3]- k)
3+2

\ P.V.ofPis

ie. %[13i +0%+7k]= %[13i +7Kk]

Example 11: PV. of A, B, C and D, vertices of a quadrilateral are
f+2]+l2; 4?+2]+5I2; i- 2]- 2k and - 3i- ]+I2 respectively. Three forces of 5N, 8N and 2N
act at vertex A in directions AB, AC, and AD respectively. Find their resultant.

Sol. AB =P.V.ofB—P.V.0f A
= (47 +2]+5k)- (i +2]j+k) =37 +4k

AC =P.V.of C—P.V.of A
= (i- 2j- 2Kk)- (i +2j+k)=-4]- 3k

AD =P.V.of D—P.V. of A

= (-37- j+k)- (+2j+k) =-4i- 3k

|?B|:5, |?C|:5, |E|:5 P Unit vectors
3i+4k - 4j- 3k - 4i- 3j
along AB, Ac and AD are : , J5 and |5 J
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\' Forces acting along AB, AC, and AD are

5+ 8, . - 2. o .
—(3i +4k); —(-4j- 3k) and —(-4i-3j
5( ) 5( j- 3k) 5( )

1[ = ‘ - Lot %
Resultant = 3[15|+20k- 32j- 24k- 8i- 6]j

1[ a oA

=—[7i- 38j- 4k]

5

Example 12: Vertices of triangle ABC are A (2, -1, 1), B (1, -3, =5) and C, (3, —4, —4). prove by
vector method that triangle is right angled.

Sol. P.V.of A, B, and C are
2i - ]+I2; i- 3]- 5k and 3i- 4]- ak respectively
\ AB=(i-3j- 5k)- i- j+k)=-i-2j- 6k
BC=(3}- 4j- 4k)- (- 3j- sk)=2i- j+k
CA=(2i- j+K)- (3i- 4j- 4k)=-i+3]+5k
|AB|=+1+4+36 =4/41,|BC|=+/6,|CA|=+/35
AB*=41=(BC)*+(CA)*=6+35
\ Triangle is right angled triangle.

Example 13: The adjacent sides of a parallelogram is parallel to 3?+2]- k and f+2]- 3k .

Find unit vectors parallel to diagonals

Sol. AB and AD are adjacent sides of parallelogram ABCD,
AB=3i+2j- k,AD=+2]- 3k
BC is parallel to AD

\ E:i+2]- 3k

From DABD; AB+BD=ADbP BD=AD- AB

\ BD=i+2j- 3k- 3i- 2j+k=-2f- 2
. —
\' Unit vector along BD is \E

From DABC, AC=AB+BC=3{+2j2 k+i+2j- 3k
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=4i+4j- 4k

A
\' Unit vector along AC:T(i +j-k)
3

Example 14 : At one corner of a cube, forces of 2, 3 and 4 kg act along the diagonals of the
three faces of the cube. Take this corner of cube as origin and find the resultant.

Sol: OA, OB, OC are three conterminous edges of cube, OA, OB and OC are along axes
OX, OY and OZ. The diagonal of faces are inclined at 45° with sides.
. e 2 A~ 1 o ~ A1
Diagonals are OM, ON and OT, forces, OM=(4i+4j)—; ON=(2j+2k)—;
V2 V2
— P |
OT =(3i+3k)—
V2 d .
1= R
\ Resultant =T[4I+4j+2j+2k+3l+3k] 5K
2 2Kg
4K 8
1 [r n oo {
:ﬁ 7i +6J + 5k A ™M

Fig9
Magnitude = Modulus of resultant = +/55 kg wt. &

Example 15: The position vectors of vertices of a triangle A, B, C are a, b and € and h is
p.v. of orthocentre; Prove

(a) F_EtanA+BtanB+EtanC
tanA+tanB+tanC
(b) HAtanA +HBtanB +HCtanC=0
BD _ tanC

Sol. (a) ADis” BC \ —=
DC tanB

\ If d p.v. of D, then

d_Etanc+BtanB
tanB +tanC

\  d(tanB+tanC)=btanB+ctanC - (1)

Orthocentre H lies on AD and divides it in the ratio of tanB +tanC =tan A

_ d(tanB +tanC) +atanA

\ h
tanA +tanB+tanC

_(BtanB+EtanC)+5tanA
tanA+tanB+tanC

from (1)
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_atanA+btanB+ctanC
tanA+tanB+tanC

- (2)
(b) HAtanA =(a- h)tanA; and

HBtanB =(b- h)tanB and

HCtanC = (c- h)tanC

adding, =atanA+btanB+ctanc- h(tanA +tanB+tanC)

=(atanA+btanB+ctanC)- (atanA+btanB+ctanC)

=0 from (2)
Example 16: E,B,E are p.v. of vertices A, B and C of triangle ABC. | is centre of triangle and
a+bb+cc — = =
its p.v. is |, prove. (a) aarbbree (b)aX¥A+bXB+cHC=0
a+b+c

Sol. (a) AD is the angle bisector of DA and it meets BCin D
\ BD:DC=AB:AC=c:b

- AT
If d is p.v.of Dthen
— C [
+ — —
d=PPFC b Gb+c)=bb +cc b
b+c
Incentre | lies on AD and divides it in the Bb . b cc
ratioof (b+c):a .
_ _ Fig 11
\ J= db+c)taxa _aa+bb+cc
atb+c at+tb+c
= P.V. of incentre (3)
(b) aXA+bAB+cHC
=a(@a- )+bxb- I)+cXc- 1)
=aa+bb+cc- (a+b+c)I=0 from (3)

Example 17: 3, B,E are position vectors of vertices of triangle; A, B and C. O is
circumcentre of triangle. Prove that

asin2A +bsin2B +csin2C
sin2A +sin2B +sin2C

(a) 0=

(b) OAsin2A +OBsin2B + 0Csin2C =0
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Sol. (a)

(b)

In the figure OM and ON are right bisector of sides BC and AB X0 is
circumcentre OA = OB = OC = radius of circumcircle. PAOB = 2¢c, DAOC = 2B.

AO is produced to meet BC in D; © BOD =180 - 2C and BDOC =180-2B
_sin2B +sin2C

BD sin2C AO
—= ; and —=
DC sin2B oD sin2A

If d is p.v. of D, then

€in2C+b %in2B

d= P d(sin2B+5sin2C) =bsin2B +Csin2C
sin2B +sin2C
O divides AD in the ratio of (sin 2B + sin 2C) : sin
2A A
\ o= d(sin2B +5sin2C) + asin2A
sin2A +sin2B +sin2C N
_asin2A+bsin2B+csin2C (@) ﬁh
Sin2A +sin2B +sin2C ‘b
C
OAsin2A +0Bsin2B +0Csin2C B D M
Fig 12
=(a- 0)sin2A+(b - O)sin2B +(c- 0O)sin2C
=3sin2A +bsin2B +Csin2C - (sin2A +sin2B +sin2C) 0
=3sin2A +bsin2B +Csin2C- (asin2A + bsin2B + csin2C)
=0 from (a)
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30

Practice Worksheet (Foundation Level) —2(a)

A system of coplanar forces acting on a rigid body is represented in magnitude and
direction and sense by the sides of a polygon taken in order, then the system is
equivalent to

(a) single force
(b) a couple whose moment is equal to area of polygon
(c) zero force

(d) a couple whose moment is equal to thrice the area of polygon
The position vectors of points A, B, Cand D are - 2i- ];f - ];2? +] and - f+] ABCD is
(a) rectangle (b) parallelogram (c) square (d) rhombus

Points A, B, C and D are 3i+4j, - 3ai- bj, 6i- 2] and 3ai- 4bj. AC and BD meetsinE,

E divides AC in ratio of 1: 2 and E divides BD in the ratio of 2 : 1 then
(@)a=3,b=1 (b)a:6,b:-§ (c)a:4,b=§ (d)a:4,b:-§

ABCD is a rectangle whose adjacent AB and BC are 4 cm and 3 cm. A body is placed at
A and on it forces of 6, 10 and 8 kg weight acts along AB, AC and AD. Their resultant is

(a) 144/2 kg wt. at 45° with AB (b) 14+/2 kg wt. at tan'li

(c) 282 kg wt. at 45° with AB (d) 74/2 kg wt. tan'li

At a point O forces 10, 8, 4 and 2 N act along OA, OB, OC, OD and BDAOB = BBOC =
DCOD = 30°. Find the resultant and the angle it makes with OA.

(a) 2(\/§+1)\/E,tan'1% (b) 2(+/3 - 1)4/15,tan 12

(c) 272 +884/3,tan’ 1% (d) none of these

Unit vector along 3i—j + 5kiis

(a) %(m- +5K) (b) ﬁ(?ﬂ- j+5K)
(c) L(E’,i- j+5k) (d) none of these
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7.

10.

11.

12.

13.

14.

15.

Position vectors of point A, B, C and D are f+]+l2 , 3i- ]+5I2 , af+b]+cl2 ,
5 - 2] +3k ABintersect CD at E. If E is the point of bisection of both of them, then
(aJa=-1,b=-3,c=2 (b)a=-1,b=2,c=3
(c)a=-1,b=2,c=-3 (dJa=1,b=-2,c=-3

The modulus of the sum of vectors 3i - 4]+2I2, 2?+3]- 4k and af+5]+3al2 is +/53
thenais

4 4 4 4
(a) 1’§ (b) - 1,; (c) 1,- < (d) - 1,- <

3=3i+2j- 6k and b =+2i++/7]- 4k then 5|3|-12|3|4b|+4|b]

(@) 75 (b) —65 (c) -85 (d) =75

3=3i- j+2k,b=-5i +2j- 3k and €=2i- 3j+4k.Modulus of 23- b- 3¢ is

(a) 543 (b) 5v2 (5 (d) 5v6

Points Pand Qare (1, 1,-1) and (3, -2, -1) then @ is parallel to

(a) y—z plane (b) z—x plane (c) x—y plane (d) none of these
3=3i+4j+5k and b=mi+2j+2k if |a- b|=7.Thenmis

(@3,9 (b)-3,-9 ()-3,9 (d)3,-9

The co-ordinates of vertices A, B, C, D of a quadrilateral are (2, 3, 1), (2, -5, 1), (2, 5, 7)
and (1, -5, —2) respectively, then unit vectors along diagonals and relation between
the two diagonals.

(a) \/_(J+3k)and\/_(| 3k),AC=28D (b} \/i_o(j+3k),\/1_o(i-3k),AC=ZBD
(C)\/_(j+3k)\/_( i +3k), AC—%BD (d) None of these

The vectors of magnitude a, 2a, 3a meet at a vertex O of cube and their directions
are along the diagonals of adjacent faces of a cube their resultant is

(a) %(3?+4j+5|2) (b) %(4i+5j+3k)
() %(5€+4j+3|2) (d) %(4?+3]+5|2)

The adjacent sides of a parallelogram are parallel to 4i + 3]- 2k and i+ 2] - 3K then
unit vectors parallel to diagonals are
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16.

17.

18.

19.

20.

32

(a) %(hj- ﬁ),%(sﬁ]ﬂ?) (b) %(ﬁ]- I?),%(shjﬂz)
(c) %(h]ﬂ?),'Tll(sh]HQ) (d) %(“]- k), %(3“}“2)

Forces of 4, 6, 6, 8 and 4 Newton act at the vertex A along AB, AC, AD, AE and AF of
regular hexagon ABCDEF. The resultant is

(a) 2+3V3)W8 (b) 3+2v2)V6
(c) 24/62+354/3 (d) 2/64+354/3

ABC is a triangle. O is any point inside or outside the triangle, prove that
OA +0B +0C where G is centroid of triangle.

The position vectors of points A, B, C and D are 2?+4I2,5f+3\/§]+4lz,- 2\/§]+I2 and
2i +k . Prove that CD is parallel AB and equal to two third of AB.

The vertices of a quadrilateral ABCD are A (2, 1, -1); B (-2, 3, 4); C (4, 1, -5) and
D (2, -1, 3). At the vertex A forces of 3, 2 and 4 Newton act along AB, AC and AD

1 A A
respectively. Show that the resultant force is —[— 2i- 2j+9k]
J5
The diagonals of a parallelogram ABCD, intersect at O. Show that sum of position

vectors of the vertices with respect to any origin is four times position vector of O
with respect to that origin.
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2.4 Linear combination of vectors

a,,a,,3,,...,a, arevectors (,, (,, {5,...,0 are scalars, then relation

lia, +la, +la,+...+/ a

is called a linear combination of vectors. You have seen that in three dimension, position

vector of pt. (3, -1, 2) is 3i- ]+2I2 which is a linear combination of three non-coplanar

vectors i,jand k.

(@) If @ and b are non-collinear vectors and r is a vector in plane of 3 and b, then

r=la+nb (I, mscalarst 0)

is a unique linear combination. In figure 12, O is the initial point and A the final point

of vector OA =r; it lies in the plane of two non-collinear vectors a and b . By drawing
OM parallel to a from O, and drawing AM parallel to b from A, we get triangle OAM
and OA=OM+MA.

ButOM || a b OM=13a,MA|| b P MA=nb

\ r=la+mb, unique linear combination.

(b)  Ifitis not unique, then

Let r=la+mb and B :

F=l,3+mb s uB

2], m&m

then | a+nb =1 a+mb © 23 M
-3

P (I-1,)a=(m-mb

__am
p a—gl -

- mO- nm-nmn.,
b where - is scalar.

I g -1,

This shows that 3, b are collinear. Which is contradiction.

\' This is unique linear combination.

Note: (a)

(b)

r,l aand b are coplanar vectors and r=|a+mb goes to prove if three

vectors r, a and b are coplanar then each can be expressed as the combination
of other two in a linear combination.

In three dimensions if P is a point (/,m,n) then position vector of P is

€f+m]+nlz
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here f,],lz are non-coplanar vectors. In figure (13) P (a, b, c) and

—_— —

OP =T =0A+AM+MP
b r=ai+bj+ck
This is unique linear combination. z

Proof: Suppose it is not linear unique combination C N
and

x>

r=ai+bj+ck andr=a;i+b,j+ck

then af+b]+cl2=a1f+b1]+cllz A B

b (a-a,)i=(b, - b)j+(c, - ok

n - b 0o -cO b- - .
b i:&bl bjj+<’3&1 Cik;b b’c1 € are Fig 14
ga-alé, a-a, g a-a, a-a,
scalars
\ i=lj+nk P i,jandk are coplanar

It is contradiction of what we have assumed.
\ T=ai+bj+ck is a unique linear combination
2.5 Linearly dependent combination of vectors
(a) If a relation of type
lia +lya,+la,+..0 a =0
exists between vectors a,,a,,3a;,...a, =0and scalars /,,/,,/,...0  are (not all equal
to zero); then this relation is called linearly dependent combination of vectors.

(b) But if /,=0,¢,=0,../, =0 i.e. all scalars are equal to zero then no such relation
exists between vectors, and vectors a,,3a,,a;,...,a, are called Linearly Independent
Vectors. Here /,a, +/,a, +(;a; +...+( a, =0 P /,=(,=(,=-( =0

2.6 Collinear vectors:

You have seen that if A, B, C are points in a straight line and their P. vectors are a, B, c,

then b may divide the distance between A and C in the ratio of m : n internally and so

mc+na m _ n _
= x + xa
m+n m+n m+n

b=lc+ma andl +m=1as b=

(ii) If b divides AB externally in the ratio of p : g
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—_a&m §,e-n o = —
c=¢ %+g =l b+ma
em-ng em-ng

and heretool ;+m=1

\ If 3, B, c are three collinear vectors, then each can be expressed as a linear combination
of the other two, like a=1 b+nt and| +m=1

\ Ifa+/b+mc=0 and 1+/+m=0

then vectors a,b,c are collinear.

Note: Given position vectors of points A, B an C find AB and BC. Points shall be collinear if

AB . .
— =1 (integer or rational).
BC

2.7 Condensation for four points shall be coplanar
If &, B, € and d are position vectors of four points A, B, C and D, find E&, BC and EA; put
AB=I| BC+NMCA ..(a)

If vectors é,k_),f: are linear combination of three non-coplanar vectors f,jand IQ, then from

(a) equate co-efficients of i, j and k. You get three equation in | and m Solve any two, for

vectors to be coplanar, third equation should be satisfied with values of | and malready
calculated.

Note: Collinear vectors are coplanar.
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Example 18: a, b, c are any three non-zero, non-coplanar vectors. Show that vectors,

a+b+c,a+b-2c, a- 3b- ¢ and 2a—b —care linearly dependent.
Sol. leta+b+c+l (a+b-2c)+l,(a-3b-c)+l,(2a-b-c)=0

b (1+],+1,+2l )a+@+l,-3l,-1,)b+(@-2l,-1,-1,)c=0

a, b, ¢ are non-coplanar

\ 1+1,+1,+2[5=0 . (i)
1+1,-31,-1,=0 ... (ii)
1-21 =1 ,-1,=0 ... (i)

Adding (i), (ii), (iii)

3-1,=0

\ 1,=3

(i) — (ii) 4|2+3|3=op|3=—-§|2:_4

and from (i)l =4

| 1,1, 13arenotequalto zero

\ These vectors are linearly dependent.
Example 19: Express p = 5i +4] - k as a linear combination of vectors a =f,5 =i +] and
c=i+]j+k.
Sol. Let p=/a+mb+nc

where ¢, m, n are scalars.

\ 5i+4j- k=()+m(i +])+n(i +j+k)

Equating co-efficients of i, j, k separately.

\ 5=/ +m+n

4d=m+n
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Example 20: 3, b, T are three non-coplanar vectors. Prove that points whose p.v. are
a-2b+3c, - 2a+3b- ¢ and 4a- 7b+7¢ are collinear.
Sol. If the given vectors are collinear,
thena—2b+3c+| (—2a+3b—-c)+m4a- 7b+7c) =0 .. (@)
and1+| +m=0
From(a) (1-2l +4ma +(-2+3l =7mMb +(3-1 +7mMc =0

a, b, ¢ are non-coplanar.

\ 1-2] +4m=0

-2+31 -7m=0 &l =- P3-1 +7m=0

N |-

P m= -

N |-

and\ 1+1| +m=0, points are collinear.
Example 21: Show that vectors i- 3]+ 2IA<,2iA- 4] - 4k and 3i + 2] - k are linearly
independent.
Sol. Leta(i—3j+2k)+b(2i—4j—4k)+c(3i+2j—k)=0

where a, b and c are scalars

b (a+2b+3c)i +(-3a—4b+2c)] +(2a—4b-c)k =0

i, jand k are non-coplanar.

\ a+2b+3c=0

—-3a—-4b+2c=0

2a—4b-c=0

This is set of homogeneous equations.

1 2 3
\ |A|I=-3 -4 2/ =1(4+8)-2(3-4)+3(12+8)1 0=12+2+601 0
2 -4 1

\ The system of equation has only trivial solutiona=b=c=0

hence given set of vectors are linearly independent. (all scalars are equal to zero)

Example 22: Show that the vectors f+]+l2, 2?+3]- k and - i- 2]+2I2 are linearly
dependent.
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Sol. Let a, b, ¢ be the scalars such that a(i +] +I2) +b(2i +3j- |2) +c(-i- 2] +2I2) =0

P (a+2b- c)i+(a+3b-2¢)j+(a- b+2c)k =0

f,],lz are not co-planar.

at2b-c=0 0
\ a+3b-2c= O{’/This is set of homogeneous equation

a-b+2c=0 b
1 2 -1
1 3 -2/=16-2)-2(2+2)-1(-1-3)=4-8+4=0
1 -1 2

System has infinitely many solutions.

\ a, b, ccan assume any non-zero value

\ Given vectors are linearly dependent.
Example 23: For what value of a are the vectors 10f+3],12f - 5] and af+11] collinear.
Sol. Let P.V. of A, Band C be

10i + 3j,12i - 5j and ai + 11j

AB =2i—8j  BC =(a+12)i+16j

Since B is common point.

-12 16
a =—p a=8
2 -8

\

Alitor — Let ai + 11j = | (10i + 3j) + m{12i - 5j)
P a=10 +12m 11=3| -5m

. 132+5a 3a-110
Solving | =———, m=——"—
86 86

Butm+| =1P 22+8a=86P a=38
Example 24: 3a=i+]+k, b =4i+3]+4k and c=i+a]j+bk are three linearly dependent
vectors and |E|=\/§ then
(a)a=1,b==%1 (b)a=-1,bzx1 (cJa=1,b=-1 (dya=+1,b=1
Sol. Let i+aj+bk=I (i+]+k)+n4i+3]j+4Kk)

| +4m=1 ... (i) 1 +3m=a (i) I +4m=b (i)
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From (i) and (iii) b=1

Resolution of Vector Quantities

Ic|=v/3 b 1+a’+b’=cP=3 b a?=3-2

[} a=+1,b=1

therefore (d) is correct.
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Practice Worksheet (Foundation Level) —2(b)

1. Express p =5f+3]+4l2 as a linear combination of vectors a=i,b=i+]j, ¢ =f+]+|2

2. Express F=5f+7]- 2k as a linear combination of vectors 5=f+]- |2, B=]+I2- f,
c=k+i-]j.

3. Express a=3?+4j+|2 as a linear combination of vectors a =2i- ]+I2 b=i+ ] |2
c=2k-i+]j

4, Prove that following vectors are co-planar.

(a) 5p+6Qq+7r;7p- 8q+9r; 3p +20q +5r
(b) a+b+C;53- 5b- 5¢;- a+7b+7¢

5. Prove that points whose p.v. are a- 2b+3c; 2a+3b-4c and - 7b+10c are
collinear.

6. 3,band ¢ are non-coplanar vectors. Prove that 4a+11b+7c; 6a- 7b+9C and

3a+20b +6¢ are coplanar

7. 3, band T are non-coplanar vectors. Prove 2a+3b- c,a +2b+3cand3a- b+4c are
linearly independent.

8. If ai- ]+4I2;- 3?+9]+8I2 and i- 6]+2I2 are co-planarthanais=...

9. Prove that 2?+3]+4I2;f - 3] +5k and - 9] +6k are collinear.

10. Vectors 10?+3]+2I2;11f— a]- 5I2andaf+15]+al2 are collinear. Find value of a.
11. Show that vectors a- 2b +3c, 2a- 3b+4¢ and - b +2¢C are coplanar.

12.  Show that vectors a+b+3c;2a+3b+4c and - a- 3b+C are coplanar.

are three non-zero, non-coplanar vectors. Show that 65-4B+1OE;

13. B c
a+3b-10c, 4a- 6b- 10C and 2b +10¢C are coplanar.

14. Points whose P . vectors are i - 4]- 2I2; 3?+4]+3I2; af+2]+bl2 are collinear, find a
and b.

15. 3, b, C are non-zero, non coplanar vectors. If vectors 5a+6b+7c, pa- 8b+9¢ and
3a+20b +5¢ be coplanar then find p.

16. Show that a+2b +4c,a+3b+9¢c,a+b+¢ and a+4b +16¢C are linearly dependent.

17. A, B, C, D are points, such that A_B=p(3f-4]-5lz); E=9f+5]+l2; and
cD =q(2f+3]+2l2). Find condition on p and g so that AB intersect CD.

40



Math-Ordinate - 3D Resolution of Vector Quantities

18. 5=2f+]+2l2,5=5f+4]+5|2 and E=2f+a]+bl2, are linearly dependent vectors. If
c=2/3 then find a and b.

19. Find a, if vectors af+2]+3l2, 4i- a]- 2k and 3?+]+a|2 are linearly independent.

20. Find p, if vectors pi + 2j + 7k; 4i — pj — 2k and 5i + 3pj + 23k are linearly dependent.
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3. Product of Vector
3.1 Product of Vector

The product of two vectors is quite different from the product of

two scalars, because of

the direction and the sense they carry. The product of two vectors is done in two ways —

Dot product and Vector product. The result of dot product of

two vectors is a scalar

guantity, while the result of vector product of two vectors is a vector quantity.

3.2 Dot product of two vectors

The dot product of two vectors a and b is abcos g where |a|=a

between the two is g. It is written as a.b
\ 3.b=|3||b|cosq
In the figure £:5,E:5
AB=|3|andAC=|b|
AN =ACcosq

= Resolved part of vector b in the direction of vector 3

Now (1) can be written as
5.5=(Bcosq).a

= |a] (resolved part of b in the direction of 3)

(opy)

a.

\ Resolved part of vector b in the direction of vector a =

[«3])

,|b|=b and acute angle

(1)

Figl

- (2)

The restult abcos( is a scalar quantity, therefore dot product is also called scalar product

of two vectors.
3.3 Properties of dot (scalar) product

(a) Scalar product is commutative.

ab=b.3

a.b =abcosq=5.acosq=|5||5 |cosq=5.5
(b) (n3)Xm>) =nm(3.b) =nmabcosq

=(ma) (nb) cos g

= (ma)*nb)

(c) Dot product in distributive over the sum of vectors
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44

a.(b+C)=ax +ax

In the figure OA = 5,& =b

-+ C
C
and BC=c
\ OC=b+¢ -
BM and CN are perpendicular from B and C Fig 2
on OA.

OM =projection of b on 3
ON =projection of (b +¢) on 3

MN =projection of ¢ on a

and, axb +¢)=a(projection of (b+¢) on 3)

(d)

(f)

=a (ON)
=a (OM) + a(MN)
= a (projection of b on @) + a(projection of ¢ on a)

= 3p+3%

—

axb+C)=axv+ax
a.a=|al|alcosq=a’x=a’
If 3 =0P cosq=cos90°=0or a=0orb=c

\ If angle between two vectors is 90°, their dot product is 0, conversely if
the dot product of two non zero vectors is zero, then angle between is
90°.

If a=xi+yj+zk then you know |a|=4/x? +y? +27?

,J,k are unit vectors and each is perpendicular to the other two.

\ iX=i%k=7%=0 and iX=jx=k%k =1 and if 5=a1f+a2]+aalz and

p (alf+a2]+a3I2)>(b1f+b2j+b3I2) :\/af +a’ +a’ \/bi +b2 +b?% >cosq
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3.4
(a)

(b)

(g)

(a;b, +a,b, +asb;)
(\a} +a} +a} b} +b +b3)

None if a;b; + a;b, +asb;=0

P cosq=

thencosq=0pP q =90°

This is the necessary and sufficient condition for the two vectors to be
perpendicular to each other.

If vectors @ and b are parallel then each can be expressed in terms of the
otheri.e. a=tb

a=a,i+a,j+ak,b=b,i+b,j+b,k

a-th=0P a,i+a,j+ak- t(o,i +b,]+bsk)

P (a, - th,)i+(a,- tb,)j+(a,- th,)k=0

f,] and k are non coplanar

\ al—tb1=0, az—tb2=0, ag—tb3=0

a, _a, _a

:3:t

b, b, by

b

\ The two vectors 3 and b are parallel

a, _a, _2a,

bl 2 b3

If

Application

We know, force = displacement = work done

Force and displacement are both vector quantities but work is a scalar quantity.

\ If F isforce and d is displacement then work done = Fxd .

If F isin Newton and d in meters then work done is in joule.

In the figure C is any point on the semicircle, BA is
diameter, O centre

\ OA=0B=0C =radius B

We can prove many geometrical theorems or properties of triangles, squares etc.
with the help of dot product.

To prove angle in semi-circle is right angle c

[gF 2

ot
e}
(RS

>

Let O be origin, OA = a Fig 3
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\ &:-5, and let 0OC=¢

and |a|=|c]|
BC=¢- (-3)=c+3
AC=¢- 3 \ ACBC=(c- a){c+3)=[c|- |a|=0

\ BCN ACP D BCA=90°

2. Prove that perpendicular dropped from vertices on the opposite sides of a triangle
are concurrent

In the figure AD and BE are perpendicular from A and B an opposite sides and
these meet in O. CO is joined and produced to meet AB in F.

To prove CF is perpendicular to AB.

Let O be the origin and

A
aZE,EBZEand&:E
AB=b- 3a,BC=¢- bandCA=a- T i

E
AOD is a straight line\ DA=Il3a >
and similarly EB=nvb B
_ D ¢
DAis” on BC\ laXc- b)=0 Figa
P ax=a% (i)

EBis®” onAC P mpb(c- a)=0
P bx=bxX ... (i)

from (i) and (ii) ax=bx
)

b (a- b)Xx=0, c>(a-b)=0 tcxa- b)=0
\ CF™ AB

3. Prove that the right bisectors of sides of a triangle are
concurrent

In the figure 5, the right bisectors of BC, OD and of AC,
OE meet in O. F is mid point of AB. OF is joined to
prove OF is perpendicular on AB.

Let O be the origin OA = 3,0B=b
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and OC=¢
— 1 — _ — 1 _ _
OD==(b+¢c) and OE==(a+¢)
2 2
1

OF==(@+b
2( )

0D BC \ %(B+E)>(E-B):O
b - b]=0
b (©) =(by . (i)
OEA AC \ %(5+E)>(5-E):0
b %[(5)2 - (E)Z]:OID @) =(c)? (i)
From (i) and (ii) (3)* =(b)?
b (@)?- (b)>=(a+b)@- b)=0
1_ — _ —
P E(a+b)(a- b)=0

P OF*BA=0=0FBA

\ OFis perpendicular on AB.

b?+c?- a’
3.5 Trigonometry formula cosA :T can also be proved with the help of
C
vectors
In the triangle ABC, let A be the origin and c

RzgandE:E

then BC=C-b

and  (AC)? =|b|*=b?
Fig 6
(AB)* =[cf*=c®
and (BC)> =a% =(c- b)?
P a?=(c- b){c- b)=CcX-cX- bXx+bx%

47



Product of Vector
P a*=c>~cbcos A—bccos A + b’
P 2bccosA=c’+b*-a’
2 +b? - a2
2bc

P cosA=

48
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Solved Example

Example 1: For what value of a the vectors af—2a3+3lz and - 2?-3]+4I2 are
perpendicular to each other.

Sol. For the vectors to be perpendicular to each other, their dot product should be
equal to zero.

\ (ai- 2aj+3k)x-2i+3j+4k)=0
P -2a+6a+12=0P 4a+12=0
P a=-3

Example 2: The vertices of a triangle are 7]+10I2, - f+6] +6k and - 4f+9] +6I2, prove that
triangle is right angled

Sol. P.V.ofAis 7j+10k, of Bis (- i +6]+6k) and of cis (- 4 + ] +6k).
\ AB=(-i+6j+6K)- (7j+10k)=-1i- j- 4k
BC=(-4i+j+6k)- (- i +6]j+6k)=-3i+3]+0k
ABXBC=(-1- j- 4k)%- 31 +3]+0%)
=3-3+0=0 P cosB=0
\ BB=90° \ Triangleis right angled
Example 3: Force F =3j +]+6I2 N, displaces a body through 2i +] - k. Find work done.
Sol. Work done =F>d=(3f+]+6l2)>(2f+]- |2)
=6+1-6=1joule
Example 4: For any vector a prove a =(a>i)i+(a>j)j+(a>k)k
Sol. Let a =xi+yj+2k
\ adi=xidi+yidj+zidk=x+0+0
and\ a’j=y,a’k=z
\ (@i)i+(a>))j+(ak)k
=xi+yj+zk=2a
Example 5: Angle between unit vectors, r; and r, is 60°, prove r; —r5 is a unit vectors.
Sol. [ —r)? =(r;—ry) X(ry—ry)

=y Xrp—r1 Xrp—1ry Xry + 1y Xry
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=l P+ |*=2%|r || ra| cos60°
1
:1+1—2X1X1XE =1

\' |ri—ry] =1 unit vector.

q_1

Example 6: Angle between unit vectors r; and 1, is q. Prove cos—=—|r, +r, |
2 2
T Re(F 47\ 472
Sol. |r, +5 [7=(r +5,)xr, +15,7)
=10 60 +21 01,

=1+1+2x1x1cosq

=2+2C05q=2(1+C05CI)—2><2coszg
\ |F1 +F2|:2>cosgb cosg:_|r1+r2|

Example 7: If p+q=r and |p|=3,/q|=5 and |r|=7.Find angle between p and q.
Sol.:  Let qbe angle between p and g, then
p>a=[p|°lq|cosq=3>5>cosq=15cos(q
Givenp+q=r P (p+aq)(p+aq)=T.r
P pp+poqtaptarg=ror
P p?|+Iql +2|p |4 qlcosq=|T|Ar|
P 9+25+2x%3x5cosq=49
P 30cosq=15b cosq:% P q:60°=§

Note: If angle between P and T is required then put q =5- r and then proceed as above.

€axo U —
Example 8: Show that projection vector of a on vector b is glab—luxb
a
: _— _ - ah =
Sol. Magnitude of projection of vector a on b = m this is in direction of b
B

Unit vector along b is —

O'
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\ Projection vector of 3 and b =

Example 9: Three forces of magnitude 5, 8 and 4 N act along 2i - 3]+2\/§I2,3f+2]+\/§ﬁ
and 5i+6j- V3k respectively. These displace body from point (3, -1, —1) to (5, 1, -1).
Find work done.

Sol. Unit vector along 2i- 3]+2\/§I2 is %(2?- 3]+2\/§I2) and unit vector along
37 +2j +\/§I2 is %(3? +2]j +\/§I2) and unit vector along
5i+6j- 3k is %(5f+6]- V3K)

\ Total force = g(zi- 3]+2J§|2)+%(3?+2]+\/§|2)+§(5?+63- J3K)

NE

o n N a ~ 5. . A3
2i-3j+2\/§k+6i+4j+2\/§k+5i+3j-Tk

1~ A

E[21i+8j+7\/§k]

Displacement AB = (5i +j - |2)- Bi-j- I2)=2f+2]
11~ o« NN A

Work done = E[21i+8j- 7\/§k]>{2i+2j]

=21+8+0=29joule

Example 10: Find resolved parts of vector 2i- 3]+4I2 along 2?+2]+I2 and perpendicular
toit.

Sol.  Let AB=2i- 3j+4k and AC=2{+2]j+k

Resolved part of AB along AC is

ABXAC .
=——— in magnitude B
| AC|
(2i- 3j+4k)>Q2i+2j+k) _4-6+4 2
= = = A ¢ M C
3 3 3 .
Fig7

— 1 A A A
Unit vector along AC=§(2i +2j+k)
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—_—

2 1, _~ o
\ Resolved part along AC=§><§(2i +2j+k) =AM
Resolved part of E&, perpendicular to AC is MB

a2 e aa
and MB=AB- AM=2i- 3j+4k:§(2i+2j+k)

1 . " N
= 5 [14i- 31j+344)

Math-Ordinate - 3D

Example 11: Vectors a=2i- j+k and b=i+2j- k and c=i+]- 2k, what is that vector

which lies in the plane of b and ¢ and whose projection on a has magnitude 4/2/3.

Sol. Any vector lying in the plane of b and ¢ is
r=(i+2)- )+l (i+]- 20

=(1+1)i+Q2+1)j- @+21 )k

-
Its projection on a =%
a

_@i-§-kpfa 1 )i+ 41} (@2l )]E_\P

Vi+1+4 3

_2(1+1)- 2+1)+(1+2k) :\E,solving I =-3

76

\ T=(1-3)i+(2- 3)j- (1- 6)k=-2i- j+5k

Example 12: 3 and b are two non-zero vectors and |a+b|=|a- b|, prove a and b are

perpendicular.

Sol. |a+b|=|a-b|P|a+b[ga-bf

b axa+a*x+bXa+bx=axa-a*-bxat+bxa
b 2a*x=-2axb 43 =0
P ax =0 \ 3 is perpendicularto b.

Example 13: If two pairs of opposite sides of a tetrahedron are
perpendicular to each other then prove third pair is also
perpendicular to each other.
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Sol. Figure (8); OABC is the tetrahedron. Let O be the origin and p.v. of A, B and C be
3,b and ¢, respectively.

(i) OA and BC are perpendicular b aXc- b)=0

(ii) OC and AB are perpendicular b cxb-3)=0 adding both
ax-ax+cX-cxa=0
b Cx-ax=(c-3a)%» =0
P AC” OB

Example 14: vector b =3]+4I2 is to be written as sum of vector b, parallel to A =f+] and
of b,, perpendicular to A . Find b;

Sol. Vector perpendiculartoi+jisi+j

\ 3j+4k=I(i+j)+nfi—j)

\ 1 +m=0,1 —m=3b | =§,m=o
3.

\ b1=E(l+J)

Example 15: Adjacent sides of a parallelograms are 3i- 2] +6k and 2j +2]- k . Find length
of diagonals and acute angle between them.

Sol.  Let AB=3i- 2j+6k

AD=2i+2j- k

BC||ADP BC=2j+2j-k

Diagonal AC=AB+BC Fig 9
= (37 - 2j+6k)+ (2] +2]- k)

= 5i + 5k

and AB+BD=AD b BD=AD- AB

BD =(2j +2]- k)- (3i- 2j+6k)

=-i+4j- 7k

|AC|=+/25+25 =542;BD =+/1+16+49 =+/66

angle between diagonal
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(51 +5K)X-i+4]- 7k) _ - 40

0osg= =
q 550 %/33 104/33

-4 o]
cosg=——, acute angle =cos’ —*
q 33 a 9 33 g
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10.

11.
12.

13.

14.

15.

16.

Practice Worksheet (Foundation Level) — 3(a)
Find angle between vectors 2i +2] +k and 3i- 2]+2\/§I2
a=i-2j- 2k,b=2i- 3]j+6k, angle between them is

Sides of triangle ABC are BC =2i- j+|2,6\ =i- 3] +5k and AB=3i- 4] - 4k . prove
that ABC is right angled triangle.

p

Find |, if vectors | i+3j- 4k and | i- 4j- 1 k include an angle of 5

Points A, B, Cand D are (1, 3, -2), (-1, 2, 4), (0, 1, 3) and (2, -2, 1). Projection of AB
onCDis ...

Point A, B, Cand D are (1, 3, -2), (-1, 6, 4), (0, 5, 5) and (2\/5, 3, 2). Find angle ABC
and BCD.

Vectors a+b =¢ and |a|=5,|b|=4,|C|=6 then angle between 3 and C is ...

i = . _ _ a
Vectors a+b=c and a” b.If gis angle between a and ¢, then prove cosq:H.
c

Find projection of vector 2i - ]+I2 in direction of vector 3i - 2] +6k.

7, 1, 1- 1. 5+ 5-
Ei+Ej+—k and —i- Ej+5k are adjacent sides of a parallelogram. Find angle

between diagonals.
Find resolved part of vector 8i +] in the directions perpendicular to f+2] -2k .

Forces of magnitude 5 N and 3 N acting along 6i + 2j + 3k and 3i — 2j + 6k
respectively acting on a body simultaneously and displaces it from (2, 2, —-1) to (4, 3,
1). Find work done.

Vectors a =2i- 3]+2\/§I2; b =2f+4]+\/§I2 and ¢=5j- 4]+\/§I2. A vector lies in the

plane of vectors b and T and its projection on vector a has magnitude 3. Find this
vector.

prove that two non-zero vectors cannot be parallel and perpendicular
simultaneously.

Two adjacent sides of a parallelogram are 5 - 5]+I2 and f+5]- 5k. Prove that
diagonals are perpendicular and have magnitude 2+/13 and 2+/38.

f+a]+al2 and af+a]-l2 are two adjacent sides of a parallelogram. Find angle
between diagonals.
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17.

18.

19.
20.

21.

22.

23.

24,

25.

26.

27.

28.

56

+b and a” b, (a! 0), prove |a|+|clcosq=0, where qis angle between

+c=
and c

ml ml

q_1

g is the angle between two unit vectors r, and r, prove sinE = [r-n].

Vector OA =3,0B =b, D is mid point of AB. Prove that OA? + OB = 2 (OD? + AD?)

Prove by vectors method — (a) angle in semicircle is right angle, (b) the altitudes of a
triangle are concurrent.

The acute angle between x —y plane and vector 2?+2] -k is

180 a2l 9 1220 22V20
(a) sin 83;5 (b) tan gﬁ (c) cos ng (d) cos é 3 E

Vectors 5=f+2]+3|2 and b =3i- j+| k include angle g thenl is

(a)-2 (b) 3 (c)-3 (d) 2
Angle between vectors 2] +| ]+3I2 and 3i- 2]+I2 is 60°, then| is =

(a)+1 (b) 1,-71 ()71, 1 (d)-71,-1
Vectors a =f+2]- 3k and b =3f+2]+6l2, projection of a on b is

11 17 17 11
(a)-7; (b)7; () - (d)-7;

The scalar product of vector f+]+|2 with unit vector parallel to sum of vectors.
2?+4]- 5k and bf+2]+3l2 is unity. then b is =

(@)-2 (b) -1 ()1 (d)2

Three forces of magnitude 5, 3 and 1 N, acting along 6?+2]+3I2, 3i- 2]+6I2 and

2i- 3j- 6k respectively act on a body and displaces it from A(2, -1, —3) to B (5, -1,
1). Work done by forces is

(a) 33] (b) 44 (c)63] (d)55]
Vectors, f+2]+3l2, 3i- 2]+I2 and - 2?+3]- k are

(a) Coplanar (b) Linearly dependent
(c) linearly independent (d) Collinear

A force of P dynes acting along 3?+2]- 6k displaces a particle from (5, 3, 1) to
(8,-1,—1) and does 34 ergs of work, then P is
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29.

30.

(a) 28 dynes (b) 35 dynes (c) 21 dynes (d) 14 dynes

If angle between af+]+l2 and f+]- ak is double of the angle between 3?+ﬁj+|2

and 3f+\/§]- 2k thena=
(a) 2 (b) + 4 (c)+ /6 (d)+3

g is angle between ﬁ?+ﬁj+ﬁ|€ and \/Ef- \/§]+\/§I2 and f is the angle between
2i+]- 3k and /3i - j+2k, then cos (f -q)=

3385-3 3(1+F) P

@) 64 6 3

p
(d) .

57



Product of Vector Math-Ordinate - 3D

3.6 Vector Product or Cross Product

The vector product of two vectors a and b is a vector, which is perpendicular to both a
and b i.e. perpendicular to plane containing a and b. Its modulus is ab sin g, where
|al=a,|b|=b and g is acute angle between a and b . Itis written as

—_

a’ b=|a||b|Asing

h is unit vector perpendicular to both 3@ and b the direction of h is determined by right
angle and screw rule.

1. ()a' b (iYb" 2
_ _ n
Itis clearthat b” a=-(a” b) 2
Cross Product is not Commutative
T ~.
2. (pa) (9" b)=pa(a” b)
=qp(@” b)P (qa)’ (pb) Fig 10a
fnon b
3. i,j, k are unit vectors along OX, OY, OZ and each is
perpendicular to the other two. S (_./
A LI
\ iTi=)  j=k" k=1x1%in0=0
and from the figure (11), Fig 10b
A n A oA z
i"j=k,j k=i,
and k=] k
and | i=-kk j=-1i ‘\
o 0 i
i"k=-j (
A o . t 7
4. Llet a=ajita,j+task
X
and b =b,i+b,]j+b.k Fig 11

then @’ b =(a,i +a,]+a,k)” (b,i +b,]+b,k)

=a,b,i" i+a,b, jtab,k” k+ab,i” j+ab,i" k+ab,j it+ab,j k

+ajo k™ i+a b, k"
=0+0+0+a1b2I2- albaj- azbllz+a2b3f+a3b1]+a3b2f

=f(a2b3 - a;b,)- ](alb3 - a3b1)+lz(a1b2 - bja,)
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i j k
=@ @ 33
1 by by

5. While evaluating @’ b in (4) we have assumed that vectors product is distributive
over sum, i.e. (3" (b+<c))=a” b+3’ c. This is true. Vector product is distributive over
sum of vectors.

3.7 Toprovea (b+c)=a b+a ¢
In figure 12, vectors 5,5 and c lie in a vertical plane and S
is the plane which is perpendicular to vectors A,

OA=3,0B=b,BC=C,b+c=0C.

Projections vectors of @,E onplaneSare/ andm

\ OC'=/+m; OB =|&|sinq=bsinq

where ¢ is angle between vectors aand b

By definition of vector product, a’ b =(absing)h
where h is unit vector perpendicular to both a and b

vectors a,b,¢ lie in same vertical plane, \ h which, is perpendicular to them lies in plane
S.

\ 3’ b =(absingh =albsingh =aln=3a" ¢ - (1)
arguinginsameway a’ c=a' m . (2)
OC' is vector projection of (b +¢) on plane S

\ 3’ (b+c)=3 (£+m) - (3)
Now, 7 is perpendicular to a and a” /¢ is perpendicular to both a and Z, this means

3’/ liein plane S and can be obtained by rotating a times vector Z, i.e.a/ isin positive
direction about OA through angle 90° in the plane S. In figure it is OP. Similarly by rotating
in positive direction m times about OA through 90° we get a” m, which is PQ in the figure
12.

\ 3@’ /+3 m is equal to the sum of those two vectors which are obtained by rotating
3’  fanda’ m which are obtained by rotating a” ¢ and 3a” m through 90° in positive

direction in plane S. It is oQ.

If 3~ (? +m) was rotated about OA in positive direction in plane S through 90° then we
get a’ (/+m) which is also represented by 0Q.
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\ 3" ((+m)=3 /+3a’ m . (4)
from (1), (2) and (3)
a (b+c)=a " b+a’ ¢

3.8 Area of a parallelogram

In figure 13, ABCD is parallelogram; DABC = q A
1. Area of parallelogram =BC”~ AM =BC. ABsinq o
If BC=p and BA=7q then |p|=BC,|q|=AB .
p g =(BCxABsing)h P |p” q|=BC>ABsinq B M c
Fig 13

\ If p and q be vectors of two adjacent sides of a
parallelogram, then its area|p” q|

1
2. Area of DABC = E area of parallelogram
1 _, _
=—Ip ql
2

Where BC=p,and BA=7q

3. The diagonals of a parallelogram bisect each other. If C is point of intersection then

1
area of DOAD = Z area of parallelogram

\' Area of parallelogram = 4 (area of DOAD)

Now if a=§,andﬁ =b then ﬁ=%§

— 1 51 1_, 1
OD==b . Area of parallelogram = 4& <7 2pY
2 22 2
1 ., —
=—la’ b]
2 i
I
E P
3.9 Moment of a force about a point (;
In figure 14, line segment AB represents force F in K

direction and magnitude O is a point in plane containing
E&, OL is perpendicular from O on AB

LetOL=p Fig 14
Moment of force F about O is P>F. In figure 14, moment pf
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is positive as tendency of movement is anti-clockwise. Moment of F; is OK. F and it is
negative as tendency of movement is clock-wise

Now if P be any point on the line of action of F and B OPL = g then OL = OP sin @. You
know 3@’ b =absinqfi therefore if force is F and OP =T then

r’ F=0P*ABsing>fi
=AB>(OPsing)>h
=AB>(OPsing)>h
= AB>ph
= moment of F about O

It is perpendicular to the plane containing OP and line of action of F.

\ Moment of a force F about a point Ois r~ F where T is the P.V. of any point on the line
of action of force with respect to origin O

3.10 Lagrange’s Identity:
(3" b)? =a’b?- (3%)?
where |a|=a,|b|=b is known as Lagrange’s identity.
Proof: (@ b)*=(@ b)Xa b)=|a b
\ (@’ b)>=|a’” b [*=(absing*)?
=a’b”sin’ g =a’b’ (1-cos’ q)
= a’b? —a’b? cos’ = a’b* — (axb) >

Hence, (3~ b)? =a%b?- (a*)?
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Solved Example
Example 16: Find unit vector perpendicular to vectors 4i- ]+3I2 and - 2i +] +2k .

Sol. Let a=4i- j+3k and b =-2i+]+2k vector perpendicularto a and b is a’ b
and b” 3 is also perpendicular. The direction of unit perpendicular vector is just
opposite in the two cases. If a” b is upwards the plane of a and b then b” a3 is

downwards this plane.

i j k
a’b=[4 -1 3=i(-5)-j14)+kQ)
-2 1 2

=-5i- 14j+2k

|a” b|=+/25+196+4 =4/225 =15

1. 14, 2~

\ Unitvectoris - —i- —j+—k

3 15 5
1. 14, 2 -~
and —i+—j- —k
15 15

Example 17: Show that two non-zero vectors cannot be simultaneously parallel and
perpendicular.

Sol. Let a and b be two vectors, non-zero put parallel and perpendicular
simultaneously.

a is parallel to b \ a=I b wherel isan non-zero scalar.
3 is perpendicularto b=a* =0 andas a=I b

\' | b =0=I|bP=0 w11 \ |b|=0

But we have supposed that |b |1 0.

\" 3 and b can not be simultaneously parallel and perpendicular.

Example 18: The adjacent sides of a parallelogram are f+2]+3l2 and 3i- 2]+I2. Find its

area.

Sol. If AB and AD are adjacent sides of a parallelogram thenits areais |a” Bl

\ Area= (i+2j+3k)" (3i- 2j+k)
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~ ~

i
=1 2
3 -2

=8i+8j- 8k

= W A

\ Area= ‘8?+8]- 8I2‘ =8+4/3 sg. units

Example 19: The diagonals of a parallelogram are 5=3f+4]+5|2 and b =3f+2]+3l2 . Find
its area

Sol.  a=3i+4j+5k and b=3{+2]j+3k

ik
T
4 525‘2i+6j-6k‘
3

:%,/4 +36+3 :§><,/19 :\/Esq.units

Example 20: The force F=f+2]+3l2, goes through point - 2?+3]+I2. Find its moment
about the point f+]+l2.
Sol. Let O be the point - f+] +k

and P the point - 2?+3]+I2

\ F=0P=(-2i+3j+K)- (i+j+k)=-3i+2j+0%

Moment about O = OP” F

~

i
=(-3i+2j)" ((+2j+3k)=|- 3
1

N N —o
w o =

=6i+9]- 8k
Example 21: i (A" i)+] (A" j)+k” (A" k) is equal to
(a) A (b) 2A (c) 3A (d) 0
Sol. Let A=xi+yj+zk
\ AT i=(xi+yj+zk) i
=0- yI2+z]
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" (A7) =1 (- yk+2))

= yj+zk

and\ § (A" j)=zk+xi

and k” (A" K)=xi+yj

\ PTATD)+] (A D) +k (AT K)
=yj+z|2+zl2+xf+xf+yj

=2(xi +Yj +z|2) =2A

Example 22: a =2f+3]- k and b =- 2?+]+I2 are two vectors. Find a vector of magnitude

| normal to the plane containing a and b.

Sol.

\ Required vector is

Unit vector perpendicular to the plane

,

o
o

Containing a and b is

,

(]|
o

—_

a b=(i+3j- k) (-2 +j+k)

i)k
=2 3 -1|=47-0j+8k=4i+8k and |2 b|=v16+64 =445
2 1 1

| (41 +8K)

445

Example23: 3’ (b+C)+b” (c+3a)+c” (a+b)is=

Sol.

(a)1 (b)O (c) a+b+c (d) none of these

3 (b+c)+b” (c+a)+c (a+b)

=(@a b+b  3a)+(@ c+c a)+(b” c+< b)
=@ b-a b)+@+c-a c)+(b" c- b’ )

=0+0+0=0

Example 24: E,B,E are position vectors of vertices A, B and C of triangle ABC. Prove that
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-, - — _ _, _
(a) area of DABC = Ea b+b” c+c” a

(b) Find length of perpendicular from C on AB

Sol. (a) Given AB=D - E,A_C =c-a

area of D= %(B- a) (c- a)

11—, _ e —,—
=—(b"c-b" a-a’ c+a a)
2

1_,_ -, —
=E(b c+c a+a b+0)
1_,_ -, —
:E(b c+c a+a’ b)

(b) If CM is perpendicular from C on AB.
1 e
Area DABC = EXAB>CM=E[b c+tc a+a b]
c+c at+a’ 5]
|b-al

\em=l’

Example 25: 3,b,c are three non-zero vectors such that a” b=c, b” c=a; prove that

3,b and © are mutually perpendicular and |b|=1 and |c|=| 3]

Sol.(i) 3" b=cb c”aandc” b

\ 3,b and T are mutually perpendicular vectors
(ii) 3 ' b=cb|a b|=|c|p ab=c
similarly |b” C|=ab bc=a

\ b=Sandb=2 =p2=1pP |b|=1
a C

*|al=a,|b|=1 sin90° =1

Example 26: let Ar (r =1, 2, 3, 4) be area of faces of a tetrahedron. Let h r be the outward
normals drawn to the respective faces with magnitude equal to corresponding and

Prove that h; +h, +h;+h, =0
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Sol. Let OABC be the tetrahedron and ﬁ:a @:b, oCc=¢

h, = vector area of DOAB

1 _—, —
face = —>0A" OB
2
1., »
=—a’ b
2
11—, — 1, _
For face OBC, h, ==0B" OC==b" ¢ N
2 2
11—, —_1_, _
For face OCA, h, ==0C" OA==c" a 2
2 2
1—, — 3 2-3
For face ABC, h, :EAC AB A . ¢
B
1 B-3
P h,==(c-3) (b-3a)
2 B
. —, , Fig 16
=—(c"b-c a-a b+0) g
1_,_ — ., = ., o,
\ h1+h2+h3+h4=5a b+b"c+c” a+c b-c a-a

= b erebl=fp e b ¢
=0

Example 27: 3" b=c  d and 3’ c=b" d show that a- d is parallel tob-¢c; atd,
btc
Sol. (a- d) shall be parallelto b- ©

If @-d)" (b-<c)=0

c-d b+d’ ¢

(a-d) (b-c)=3a b-3a’
=@ b-c d)+(b d-a ¢
=0+0=0
\ parallel

Example 28: Find all possible  vectors A and B such  that
A B=2i+2j- k,A+B=i- 3]j- 4k
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Sol. \ Let A=a,i+b,j+c,k, B=a,i+h,j+c,k
\ A+B=(a, +a,)i +(b, +b,)j+(c, +c,)k

But A+B=i- 3j- 4k

\ a, +a, =1 b a,=1-a, (I)U
b, +b,=-4 bb,=-3-b, iy (@)
c,+c,=-4 bc,=-4-¢ (Ill)b

and, A" B=(b,c,- c;b,)i+(a,c, - a,c,)j+(ab, - b,a,)k
Given A" B =2i+2j- k

\ bic;—ciby =2, 8¢ —a16,=2, a1b,—bia, =—1

from(a)\ biy(-4-ci)—ci (-3 —Db;)=—4bs +3c;=2 (1)
ci(l-aj)—ai(-4—-cy)=ci+4a,=2 .. (2)
a1 (—3—b1)—(1—al) Xb1=331+b1= 1 (3)

from(1)and(2) 2a, +2b, =c( (b)
from(3) b, =1- 3a, %

By giving any value to a; in b value of b; and ¢, calculated and from corresponding values
of a,,b,,c, can be calculated. So any A and corresponding B can be calculated.

If a]_:l, b1=—2,C1=—2

Example 29: Prove by vector method, that medians of a triangle are concurrent.

Sol. D, E and mid points of BC and AC. Medians AD and BE meet in O. Co is joined and
produced to meet AB in F. We shall prove that F is mid point of AB.

Let O, be origin and ﬁ=5,@ =bandOC=¢ A
1-— _ 1_ _
\ OD==(b+c) and OE==(c+a)
2 2
OD and OA arein opposite direction. DAOD = 180° E

\ OA OD=0 b a'%(B+E):O )

Fig 17
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Similarly OB” OE=0b b’ %(5+E):0 ... (i)

f a ' b+a’ c=0U0 _ — _ _ = =,
rom(l)i _ a_c_ vP a"b+a c+(-a” b)+b  c=0
from(i)b” a+b c=0%

P a c+b c=0b (@a+b) c=0

1_ — _
and it proves E(a +b) and ¢ are parallel.

But %(5 +b) is p.v. of mid point of AB

\ CO meets AB is mid point F medians are concurrent
Example 30: A rigid body is rotating about an axis through point (3, -1, —-2). If particle at
point (4, 1, 0) has velocity 4i- 4]+2I2 and the particle at point (3, 2, 1) has velocity

6i- 4] +4k . Calculate magnitude and direction of angular velocity of the body.

Sol. Ais (3, -1, =2) Pis (4, 1,0, Q (3,2 1) r, =
AP—|+2]+2k
=AQ=3]j+3k

Let v_v=af+b]+clz be angular velocity.

v, =R W

b (47-4j+2k) =(+2j+2k)" (ai +bj+ck)

b 4i- 4j+2k=2(c- b)i +(2a- ¢)j+(b- 2a)k Fig 18

\ c-b=2,c-2a=4,b-2a=2 ..(a)
Herec-b=2,c-2a=4 b b-23a=2
and v, = 6i — 4j + 4k = (3j+3k)" (ai +bj+ck)

= 3(c- b)i +3aj- 3ak

\ ¢c-b=2,3a=-4,3a=-4 ... (b)

\ a= -%;andfrom(a)b:2+23: -

wInN

from(b)c:2+b:2_§ _4
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\ angular velocity W= 4? 2]+ k
3 3 3

.1
and |W|:§\/36 =2

Product of Vector
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3.11 (a) Moment about a line
The moment of a force F acting at a point P, about a line L is given by

(r" F)»a
where a is unit vector in the discussion of line and ﬁzr, where O is any point on the
line.
3.11  (b) Moment of a couple

Two equal, unlike parallel faces from a couple a straight line BN
drawn perpendicular to the two lines of action of the forces is E

called arm of the couple. In figure BN is arm of the couple, F, —F
are forces.

If (BN) is also called axis of the couple.

Let A be a point on the lines of action of F and B on the line of
action of —F

O is any point in the plane.

Sum of moment of F and —F (same direction)

about O is given by
OA” F+OB’ (-F)
= (OA- OB)’ F=(OA+BO)  F
= (BO+O0A) F=BA" F=M
Thus the moment of the forces of a couple is independent of O. Vector M s called the
moment of couple
M=|BA” F|=|BA||F|sinq
= (BAsinQ)F = (BN)F
\ M=% |E| (arm of the couple)

It is a anticlockwise, it is clockwise —ve
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Solved Example

Example 31: Find the moment about a line through origin having direction 2i +2]- k due

to 3.5 kg force acting at (=4, 2, 5) in the direction of 6i - 2] +3k.

- lei-2j+3k| .o
Sol.  Force F:35u:30i- 10} +10k
V62 +4+9

It acts at P; - 4] +2]j+5k

Line goes through origin\ Qs (0, 0, 0)

F=OP=-4i+2j+5k.

. . . N ~ r ~ 1 N ~ O
Direction of line 2i+2j-k b a=§(2| +2j- k)
Moment of force about line is
= 2\ D N ~ C) N o O 1 N ~ o
(r F)>a:[(- 4|+2]+5k) (3a|- 10J+15k)]><§(2|+21- k)

- - S I

:(80I+210j+20k)x§(2I+2j+k)

560

1
==[160+420- 20]=>—
3 3

Example 32: Find the moment of the couple consisting of force F=3f+2]-l2 acting

through i- 2]+3I2 and force —F acting through 2?+3]- k.

Sol. TF=BA=(i-2j+3k)- (2i+3]-k)=-1i- 5j+4k

N
4|=-3i+11j+13k

3 2 -1

Moment of couple = | M |=+/9+121+169 =+/299
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10.

11.
12.
13.

14.

15.

16.

17.

18.

72

Practice Worksheet (Foundation Level) —3(b)
3 (b+C)+b  (c+a)+c (@a+b)=..
a=i+2j+3k, b=-i+2j+k,c=3i+] unit vector along their resultant is ...
Unit vector perpendicular to a =2i- j+k and b=- i+2j- 3k is ...

3,b and T are three vectors such that a+b +c=0 then prove

a’b=b’ c=c a
Prove that normal to the plane containing three points whose position vectors are
a,b and C liesalong b” c+c” a+a b.

If |3al=3,|b|=4 and |c|=5 are such that each is perpendicular to the sum of the
other two. Prove |5+B+E|=5\E.

(Hint aXa+b+c)=axa=|al’=9..(a+b+c){a+b+c)=9+16+25=50)

Position vectors of vertices A, B, C of triangle ABC are (1, 2, 3), (-1, 2, 1) and (0, 4, 2)
than DABC s ...

3=2i+5]+3k,b=3i+3j+6k and ©=2i+2]j+4k then (a- b)" (c- b) =...

Two adjacent sides of a parallelogram are 4?+2]- 5k and - 3?+2]+5I2. Its area is

The diagonals of a square are 3 +] -2k and i- 3]+4I2. Its areais ...
The area of triangle whose vertices are (1, 1, 2), (2, 3,5)and (1, 3, 6) is ...
A force 5i— 2j + 3k acts through (1, 2, 3) Its moment about the point (3, 2, 1) is ...

A force of 6 N acting along the line joining A(2, 1, 0) and B (3, —1, 2). Its moment
about point C, (1, 1,-2) is ...

A force of 12 N acting along vector 9i + 6j — 2k through (4, —1, 7). The moment of the
force about (-1, -8, 2) is ...

A and B vectors are such that A+B =5i+3j- 2k and A- B isi+5j—8kthen A" B
is ...

Prove that

o o
& &

o =@ by

o| ol

)5‘

P.V. of vertices of a triangles are 2i+]- k,i- 2]+I2 and - 5i+2j- 2k . Find (i)
vectors representing sides (ii) length of sides (iii) area of triangle.

If E,B,E and d are four vectors in space then prove
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19.

20.

21.

22.

23.

24,

25.

26.

(a- d)xb- ¢)+(b- d)Xc- a)+(c- d)(a- b)=0

3 and b are two non-zero non-collinear vectors then (i) a vector in plane of @ and
b is ... (i) a vector ” to the plane containing g vector b and ¢ is ... (iii) Vector  to
a+b and a- b is..

a,band C are three vectors such that 2 * 0. If 3" b=3 ¢ and a* =ax then
prove b =t¢.

E,B and ¢ are non-zero vectors of which no two are collinear. If 3a+2b is collinear

with € and b +3¢ collinear with @ then a+2b +6c¢ is
(a) 1 a (b) I b (c)Ic (d)o

If a=(1,1,1) and b=(1,1,- 1) and P.qg are two vectors such that a=2p+q and
b= p +2q then angle between p and q is

1ae7 0 85559

_1&7 o) o1 1L 70
. b i — d . 4
(a) CosS (;: ( ) CosS (;: (C) Cos é : ( ) CosS (;:

g e 1l1g

The vectors of two adjacent sides of a parallelogram are a and k_), then vector
which is altitude of parallelogram and perpendicular to a is

(a) (laa’F)a- b ) =5 [|a| b- (3:0)a
a (@ b) a’ (B' a)
a@b g2 b 2

(c) HE (d) bF

The vectors of two adjacent sides of a parallelogram are 5=2f+]-|2 and

B=3f+2]+2l2 the altitude vector of parallelogram” to a is

1 - ~ ~ 1 - ~ r S n S n
(a) 5(5|+8]+4k) (b) §(5|-SJ+4k) (c) i+j+3k (d) i+j- 3k
ABC is a triangle and E,ﬁ and AB are vectors E,Band?:, then b” €=
(@)a’ ¢ (b)a b ()T a (d) b a

A vector a is expressed as sum of two vectors a and b along and perpendicular to
the given vector b then b is equal to

@b'b . (bba-@hh b @ b

o O
@) B - ( %
o 5 b P §| 6F 5
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27.

28.

29.

30.

31.

32.

33.

34.

35.
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The adjacent sides of a parallelogram are 4a+2b and a- 3b and angle between a
and b is45° |a|=1 and |b |=\/§, then length of larger diagonal is

(a) V17 (b) +/103 (c) both equal (d) +/89

ABCDEF is regular hexagon HSZE, BC=b then CE=

(@) b-a (b) 2b- 2 (c) b-2a d) - b
D, E and F are mid points of sides BC, CA and AB of a triangle then,
AD+BF+CF=

(a) 0 (b) O (c) 2 (d)1

The vectors 2i+3], 5i+6] and 8i+9] have their initial point at (1, —=1). The final
points A, B and C of vectors lie on a straight line and B divides AC in the ratio of | : 1
then| is

(a) 2 (b) % ©3 (d)1

A line goes through origin and its direction is 3i- 4]+5I2 . Force of 35 N act through

point 2i - 3] +4k in the direction of 3i+2j+6l2 . Its moment about line is

143 132 0. 1342

(a) 7 (b) == (e - = (d) - 1342

Forces F and —F form a couple and act through 2i - ]+I2 and f+]- 3k respectively.

IfF=2i +] +2k , then arm of couple is

5v3 5v2 5 5J5
(a) T (b) T (c) g (d) T
Vector a =
(a) (@x)j+(@%k)k +(@ax)i (b) (8>)i +(@%)j+(Ex)k
(c) (BX)k +(@EX)i +(3%)] (d) None of these

Angle between vectors a and b isqand a* 3 0 then

(a) O£ Ep (b)§£q£p (c)0£q£§ (d)0<q<§
E,Band c are vertices of an equilateral triangle whose orthocentre is at origin, then

(a) a+b+c=0 (b) 3% +b?+c? =0
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36.

37.

38.

39.

40.

41.

(c) a+b=¢c (d) b+c=2a

3,b and € are three mutually perpendicular vectors of equal magnitude, (a+b +¢)
makes angle q with any of them, then q is

210 180 122 0 L0
(a) cos'¢—==+ (b) cos 'C== (c) cos ==+ (d) cos *C==
g 3g 8325 g 3g 8325

[Hint: Let |a|=|b|=|c|=] then (@a+b+c) x(@+b+c)=312b |a+b+c| =43l ]
The sides of a parallelogram are 2i +4]- 4k and f+2]+4|2, then

(A) its area is

(a) 60 sq. u. (b) 1245 sq. u. (c) 24 sq. u. (d) none of these

(B) One of its diagonal is

@ —=(i-2) (o) —=(i+2) (© —=0i- ) (d) - +)

V5 V5 V5 V5

If qis the angle between two unit vectors N, and N, then, |, +h, | is=

q q q q

(a) cosz (b) ZCOSE (c) sin; (d) Zsinz

Two vectors each of magnitude 3, and which are perpendicular to vectors f+2] +k
and 3?+]- 2k are

(a) |- i+3-&| (b) £3( - }+K)

(c) +3(i+3- k) (d) £3[ - 3- k|

(@a*) (a+b)=...

(@)2a’ b (b) 43" b (c)2b” a (d)2absinq
Prove by vector method that in a triangle

2,22 ) . ]
(a) cosA :u (b) sinA :smB:smC
2bc a b c

75



Product of Vector Math-Ordinate - 3D

3.12  Scalar Triple Product

3% is a scalar quantity. It is dot product of two vectors. 3’ b is cross product of two
vectors. It is a vector quantity.

\  ¢>(@” b) which is dot product of vector ¢ and vector (a’ b) is a scalar quantity. It is
called scalar Triple product, triple, because three vectors are involved.

\ axb” ©) is scalar Triple product.
Now if a=a1f+a2]+a3I2
b =b,i+b,]+b.k
and C=c,i+c,j+ck
then b” ¢=(b,i+b,j+bk)" (c,i+c,]j+c;k)
=(b,c, - byc,)i+(bsb, - c;b,)j +(byc, - c;b, )k
and \ axb ¢
=(a,i +a,j+a,k)xb" ¢)

=a,(b,c; - byc,) +a,(bsc, - ¢5by) +as(byc, - ¢jb,)

a 39
=lb; b, b,
G & G

3.12  Properties of scalar triple product

(a) Dot and cross can be interchanged
i.e. axb ¢)=(a” b)x
the scalar value remains unchanged
(@a” b)xX =|(a,b, - b,a,)i +(b,a, - a,0,)j+(ab, - blaz)leclf +c,]+csk
= (b3 — byasz)c; + (bjas —ajbs)c, + (a1b, — biaz)cs

¢ & G a 3 Py |8 9 a3

=la; @, a=-{¢; ¢ G|=|by b, by

=axb’ ¢
(a b)x=axb” c)=[ab ¢
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(Dot) xand x can be interchanged
hence (a’ b)xc;aXb~ ©) is denoted as [5 b EJ
[5 b EJ is called Box-product of a,b,c
(b)  The value of [5 b EJ remains unchanged. If 3,b,¢ are taken in cyclic order
ie. [abc|=[bcal=[cab
b, b, b, b, b, by |8, a, a

[bcal=lc, ¢, ¢|=-la, a, a)=|b, b, by/=[abc]

8 @ G & G & G G \ /
It can be proved as below also

[abc]=@ b)X=-(b" a)%
=-[ba" @)=-] bxc” a)=[b ¢ 3

(c) Ifone of the vectors a or b or T is a zero vector then [5 b EJ=O

o
wy

(227

Fig 20

(d) If 3,b,c are coplanar then [a b c]=0
Proof: 3’ b is a vector perpendicular to the plane of 3@ and b. If a,b,c are
coplanar then @’ b is also perpendicular to ¢
Hence (3’ b)x=0P [EBEJ=O
(e) If of the three vectors a,b,C any two are same say [E,B,BJ or [E,E,E] then scalar
triple product is zero as two rows of the determinant becomes identical.
(f)  Forany 4 vectors a,b,c and d
[abc+d)=[abc|+[abd
Proof: [ab (c+d)|=(a b)xc+d)
=@ b)x+(@ b)xd
=[abc|+[abd
3.13 Geometrical interpretation of scalar Triple

Product: IN figure 20; OA, OB and OC are the conterminas edges of a parallelopiped. OA is
along OX, OB along OY and OC is inclined at angle f with z axis

Let OA=3,0B=b and OC=¢
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a’ b is a vector perpendicular to the plane containing vectors a and b and is inclined at
f with OC.

\ (@ b)x=|a b]c|cosf
= (area parallelogram OAPB) | c | cos q

and | ¢ | cos q is the distance of C from the plane of
parallelogram OAPB i.e. it is the perpendicular distance of ¢
from parallelogram OAPB.

\ (3’ b)x =Volume of parallelopiped

whose contiminous edges are OA, OB and OC

Note: (i) If f is acute angle then v=axb " ©)

(i) If f is obtuse angle then axb” ¢c)=-v
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Solved Example
Example 33: The edges of a parallelopiped at one corner are represented by vectors.

f+2] +3k , 3 +2] - 4k and f+5] +3Kk . Find volume of parallelopiped.

Sol. a=i+2j+3k, b=3i+2]j- 4k and c=i+5]+3k.

1 2 3
\' Volume [abc]=3 2 -4
15 3

=1(6+20)—2 (9 +4) +3(15-2) =39 sq. u.
Example 34: Prove that [a+b b+c c+3|=2[a b ¢|
Sol. [a+bb+cc+al =@+b)fb+c) (c+a)
=(@+b)fb" c+b” a+0+¢” 3
=axb c)+axb a)+axc a)+bxXb C)+bxb 3)+bXc 3)
=[§BEJ+O+0+O+O+[BE§J
=[abc|+[abc|=2ab |

Example 35: @ =3i+pj+6k, b =3i- 4j- 12k, C=i+3j+5k.Find pif [ab c|=0

3 p 6
Sol. [abc]=3 -4 -12/=3(-20+36)- p(15+12)+6(9+4)
1 3 5

[abcl=0 \ 48-27p+78=0P pZ%

Example 36: Prove that four points whose p.v. are (2i + 3j —k), (i — 2j + 3k), (3i + 4j — 2k)
and (i — 6j + 6k) are coplanar.

Sol. LetAbe (2i+3j- k), B(i- 2j+3k), C(3i +4]- 2k) and D(i - 6] +6k)
\ AB=-i- 5j+4k,BC=2i+6j- 5k, CD=-2i- 10j+8k

These vectors shall be coplanar

-1 5 4
If ABXBC  CD)=0P |2 6 -5
-2 -10 8

=—1(48-50) + 5(16 — 10) + (20 + 12) = 0
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\ points are coplanar.

Example 37: Points O, (0, 0, 0); A(1, 3, 5), B(2, 4, 3) and C (x, y, z) are coplanar, then prove
11x—-7y+2z=0.

Sol.  OA=(1,3,5); OB(2,4,3), OC(x,y,2)

points are coplanar b [ﬁ OB &J= 0

1 3 5 X y z
P2 4 3=0=|1 3 5=0
X Vy z 2 4 3

=x(9-20)-y(3—-10)+z(4-6)=0P 11x-7y+2z=0
Example 38: (i) If ¢ =2a+3b then prove that [a b c]=0

(ii) If angle between 3 and b = %, prove that ¢ =4a” +6+/2ab+9b%, when |a|=a,|b|=b

Sol. (i) €=2a+3b i.e. T has been expressed as a linear combination of 3 and b b ¢
lies in the plane of 3 and b i.e. 3, b, T are coplanar \ [5 b EJ=O
(i) c=2a+3bb ctXx=(2a+3b)%2a+3b)
b ¢ =4XaXa+6ax +6bxa+9bx

=4a+12|a3 |4 b |>t0s45° +9b>

1
= 4a2+12abx\/—5+9b2
=4a+6+/2ab +9b
Example 39: Vectors fi+j+k, i+mj+k and i+j+nk are coplanar, /*1,m*1, nl1,
1 1 1
prove that + + =-1

1-/ 1-m 1-n
Sol. Given vectors
fi+j+k,i+mj+kandi+j+nk

/1 1
are co-plane=1 m 1/=0
1 1 n

:Rl—Rgand R, =R,—Rs3
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/-1 0 1-n
0O m-1 1-n/=0
1 1 n

1
P (/- 1)(m-1)@-n) O 1 1 |=0
1 n

, 10 & 10
Den - L,'I+0§_ L,'I:O
-n m-1H & /-1H
1 1 1 2 1-n)-1
b gl oD gp ty 2 @en-lg
/-1 m-1 1-n /-1 m-1 1-n
1,01 el b1 -1
/-1 m-1 1-n /-1 m-1 1-n

Example 40 : The vector opP=2i +2] +k turns through an angle g about O through the

positive side of ] axis. Find new position OQ of the vector.

Sol. Let 0Q =xi+yj+zk,OP=2i +2j+k
loQ|=|OP| \ xX*+y*+7°=9 . (1)
(ii) @,] and 0Q are coplanar

2 2 1
\ |0 1 0=0bP 2z-x=0

X y z

X
= - (2)
(iii) OP turns through gb 0oP>0Q =0
\ 2x+2y+z=0b 2x+2y+§:0

\ y==x

I NN, |

XZ

25
\ from (1) x> +=—=x*>+—=9
16 4
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b 45x*=144b x= +

+
. e

\ oQ= +g—|-\/_J Tg
%]

, if volume of the tetrahedron whose vertices are A, (f— 6]+10I2);
B(-i- 3j+7k), C(5i- j+1 k) and D(7i- 4j+7k) is 11 cubic units.

Example 41: Find |

Sol.  AB=(-i- 3j+7k)- (i- 6j+10k)=- 2i+3j- 3k
AC=(5i- j+1 k)- (i- 6j+10K) =4i+5j+(] - 10)k
AD=(7i- 4j+7k)- (i- 6j+10k)=6i+2j- 3k
Volume of tetrahedron = % volume of parallelopiped

-2 3 -3

Ch|H

4 5 (I -10)b [30+4( - 10)]+3(6l - 60+12)+3.22=6" 11
6 2 -3

\ 22| -10-144+66 =66
b 22l =154b | =7
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10.

11.

12.

13.

14.

15.
16.

17.

Practice Worksheet (Foundation Level) — 3 (c)

The p.v. of points A, B, Cand D are i +j + k, 2i +j + 3k, 3i + 2j + 2k and 3i + 3j + 4k.
Find the volume of the parallelopiped whose concurrent edges are AB, AC, AD.

Find the volume of tetrahedron whose vertices are (1, 2, -2), (3, 4, -5), (-2, 1, 3) and
(-1,-2,3)

Find value of a if vectors 2i + 3j— 7k, i — 4j + 2k and 5i — aj — 4k are coplanar
Find the value of [5- bb-cc-al.

Find a linear expression between x, y, z if vectors 3i —4j + 5k, 2i +j — k and xi + yj + zk
are coplanar

If points (0, 0, 0), A(x, 1, -1), B (0, y, 2) and C (2, 3, z) be coplanar then prove x y z =
bx—2y—4.

Find condition that vectors /i - ]+€I2, f+m]- mk and - nf+n]+|2 be coplanar.
Find p, if vectors pf+2]+3l2, 2i - p]+4l2 and 3i- 2]+p|2 are coplanar.
If c=23+5b, show that [EBEJ=O and if |3a|=a,|b|=b and angle between 3 and
b be 60°, then calculate value of ¢? in terms of a and b.
azi+j+k,b=i+]j-kc=i-j+k evaluate [5+ZBB+ZE E+2§J
1’.‘ ~ C4 1’2 O T 0 1"
Vectors —i+j+k,i +Ej+k, and i+j+—k are coplanar, prove ab+bc+ca=1+2
a c
abc

Vector ﬁ=i+2j- 2k is rotated about O through 90° in such a way that it goes

through positive side of z axis while rotating about it. Find new position OB of
vector.

a,b,c are three non coplanar vectors if p=

B,
[ab

ol ol

17
Calculate value of (a+b)%p +(b +¢)Xq +(C+3) %

A vector a is coplanar with vectors 3?+2]+I2 and f+]+l2 and it is also coplanar
with vectors 2i - 3j- 2k and - 3?+]+I2 .Find a.

For any vectors p,q and r prove that p- g,q- r and r- p are always coplanar.

D is the mid-point of sides BC of triangle ABC prove that (AB)? + (AC)? = 2 (AD)* +
2(BD)? by vector method

a+b+c=0 and |3|=3,|b|=5,|c|=7, then angle between 3 and b is ....
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18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.
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[Hint: ¢ =(a+b)Xa +b)(- 1)*]

Value of [5- b b-cc- EJ when |a|=3, |b|=5, |c|=1 is ...

Unit vector perpendicular to (i- 2j) and (2i +]) is ...

In a right angled triangle ABC, DB =90° and AC = p then ABXAC- BC>CA+BA>BC=...
X=3i+6]- k, y=i- 4]+3I2 and z=3i+4j- 12k then magnitude of projection of
X yonzis

(@+b+c)Xb” ©)+(2a- 3b+4c)H{c” a)

(a)[abc] (b) 2[a b c] (c) -2[abq] (d)o

A (i+j-k), B (i-4j+k), C (2i-j+2k) and D(3i+3]j+ak) are vertices of a
tetrahedron, whose volume is 2 cu. units, then a is

(@)-1 (b) 2 (c)-2 (d)5

=4f+3]+2l2,5=2f— ]- IQ,E=2?+3]- 2k . The diagonals of a parallelogram are

a
a-b+cand a+b- C.ltsareais
(a) V393 sq.u. (b) %\/393 sq.u. (c) %\/373 (d) v/373
a=i-jb=j-k and €=k-i.If d is a unit vector such that axd=0 = 0 and
[bcd]=0,thendis
(a) —=(- - j+2K) (b) (i +]- 20)
J6 J6
(c) — (43 +2K) (d) — (- F+20)
J6 J6

Thevalueof [a" pb  qc rl+[a  gb rc qgl+[a rb pc q]is..

(a) 1 (b)—1 (c)o (d) undetermind

Vector a=3i-2j+6kb=5i+3j+2k and p = projection of b and a. Then
(P 3=

(a)3 (b)9 (c)0 (d) 6

i" (j k) is

(a)o (b) i (c)] (d) k
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3.15 Vector triple Product

Let a,b and C be three vectors (b”C) is a vector b a’ (b” ©) shall be vector \

a (b~ ©) is vector triple product

(a) (b” <€) is a vector perpendicular to plane containing b and ©. Let this vector be
h, then a” h will be a vector perpendicular to @ and N which means it lies ion

the plane of b and €
\ a3’ h=pb+qc where p and q are scalars.
Now we shall drive the formula and find p and q.
(b) Let a=a,i +a,j+a;k,b =b,i+b,j+b.k and C=c,i+c,j+c,k
\ b" T=(b,c, - cyb,)i +(ciby - bycy)j+(byc, - byc, )k
\ 3’ (b" 0
= (a,i +a,j+a;k)" |(b,c, - c,b,)i +(c,by - bycy)j+(b,C, - byc, K
andas i” j=0,i" j=k,j k=ik i=]
a’ (b”¢)=a,(c,b, - blca)lz- a,(b,c, - b,c,)j- a,(b,c, - czba)lz+a2(b1c2 - b,c,)i
- a,(b,c, - ¢,by)k+a,(0,c, - b,c,)i +a,(b,c, - C,b,)j- a5(cb; - bycy)i
= a,C, (b5K) +a,C, (bK) +a5¢, (b, ]) +a,¢, (b, ]) +a,¢, (b, i) +a,¢, (b, 1)
- [albl(calz) + albl(czj) + azbz(calz) +a,b, (clf) + aaba(czj) + aaba(clf)]

=a,c, (b;k) +a,C, (b,k) +a,¢, (b, J)+a,c, (b,])- [(a,0, +ajb,)ci +(asb, +a,b, )c,j+(a,b, +a,b,)cK]

Now adding a,c, (b,1)+a,c, (b, ]) +a,c,(b,k) and subtracting the same, we have
(a,C, +a,C, +a,C,)b, 1 +(a,¢, +3a,C, +a,¢,)b, ] +(a,c, +a,c, +a,c, )bk - [ab, +ab, +ab,lc,i
+(a,b, +a,b, +a,b,)c, ] +(ab, +a,b, +a,b;)c,k]

=(a,c, +a,c, +a5¢;)(bji+b,j+b.k)- (a,b, +a,b, +ab;)(c,i+c,j+c;k)

ax

=(axc)b - (a*b)c _G%)

C.Eim) %\
(o] ety ed

\ 3" (b" ¢)=(ax)b- (ax)cand(@a b) c=-c” (a" b)
=-|c%0)a- €@b] =(c@)b- (c*)a
and as CXa=axandcX =bx \ @ b) c=(@x)b- (bx)a
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Solved Examples

Example42: (a):Provea (b  c)+b” (c a)+c (@ b)=0

Sol. b” T)=(ax)b- (a*)c

Q
N
(on

“a)=(bxa)c- (bxc)a=(a*)c- (bx)a

o
.
—
o

3’ b)=(cx)a- (cx@)b =(bx)a- (ax)b

ol
—_
[V)

adding all three
a (b"C)+b (c 3)+c (@ b)=0
Example42  (b):Prove [a" ba cd]=(axd)/(a b <)
sol. [aba cd|]=@ by{@ ¢ d|
= @ b){@axd)c- (c>d)al
= @xd)|@" b)%[- (©>d)|@" b))
= (axd)[abc]- (cxd)[a b 3]
= (axd)[ab c]- 0=(axd)|a b ¢
Example43: Prove[a bb cc al=[ab c]?
Sol. [a bb cc al=[a bmc 3]
where m=b’" T
\ Exp. = (3" b){m” (c” 3)]
=(@ b)f(ma)c- (mx)a]
=(mxa)@ b)x- (mx)@ b)xa
=(m>a)|abc|- mX)Eb al
= (m>a)[a b c]=0
=[bcallabc]=[abc]

Example 44: E,B,E are three non-parallel vectors, having magnitude 1, 1, 2 respectively if

a (b” ©)+b=0, then find acute angle between 3 & ¢.
(1.L.T.)

Sol.  Given |a|=1,|b|=1)c|=2

3 (b C)+b=(@axX)b- (@ax)c+b=[axc+1]b- (a>)c
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E,B and c¢ are non-parallel b [ax+1]b=0
P ac+1=0

P |allclcosq=-1P 1323cosq=-1

P

3

1 . 1
\ cosqg=- E ; and acute angle is cosq:E,q:

Product of Vector

Example 45: Let 5=2f+]+|2,5=f+2]-|2 and a unit vector ¢ be coplanar. If ¢ is

perpendicular to a, then find c.

Sol.

Let € =x]j+yj+zk

Icl=1 \ X*+y*+22=1 - (1)
cis™ a\ (xi+yj+zk) x(2i+j+k)=0

P 2x+y+z=0 - (2)

a, b, C arecoplanarbP ¢Xa’ b)=0

ik
3 b=Qi+j+k) (i+2j-k)=)2 1 1|=-3i+3j+3k
12 -1
and\  (xi+yj+zK)X-3i +3]+3k)=0
P x+y+z=0 .. (3)

from(2)-(3) 3y+3z=0P y=-zandx=0

\ from (1) 0+y’+(~y)’=1 p y:ii

N

1 _ 1 ~ o~ _ 1 N
\ z=F——=,c=—F=(j-k),c=—=(-j+k
AR ALY

N

Example 46: Let a=2i+j-2k,b=i+]j. If ¢ be vector such that a’c=|c| and

|c- 5|=2\/5 and angle between 3@’ b and ¢ be 30. Then find value of |(@” b)” C].

Sol.

Given ax =|cland|c- a|=2+2
\ |c-al’=8b|c) +|al-2ax =8
|a]=3 \ |c[?+9-2|c|=8 (.~ax=|c|)

b |c]*-2|c|+1=(|c|-1)*=0
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\' cl=1
\ (@ b) c=|a b|xc|»in30*
and 3" b=(2i+j- 2k)" (i+])=2i- 2j+k
= T, 1 3
\ |a” b|=3and\ ‘(a b) c‘=3>1><£:E

Exampled47: v  p=q and p is® q, then prove r=xp + P |f|

Sol. prqgand qis™tor andalso”™ to p
\ vectors p, q and r are non coplanar.

\ r=xp+yq+z(p” q)

=

where x, y and z are scalars.

a=mxp=[xp+yg+z(pxa)p  =0+y(@ p)- 7" ) p
=y(@ p)-p" (p" ) =y(@ p)- 4(®>a)p - (7>p)a]
=y(q" p)- 2[0- (p>p)d] q=y(a" p)+z>(p>p)q
Comparing co-efficient of this y(q~ p)=0

P y=0,andas z(p>p)=1

1 1

7=———=

(p X

ol
-

o
.
ol

Ipl

Example 48: 3 and b are two non-collinear unit vectors. If t=a- (a*)b and v=a“ b

then evaluate v.
Sol. U=a-(a*)%Ibla-(ax%)b
(as | b| =1, unit vector)
\ u=(b*)a- (a*)b=b" (@ b) (1)

=3’ b=vis® aand™ b

<l

and
from (1) U=b” v=|b||v|sing>h

againu=b (3" b)P u”b and * (3’ b)
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\ u%=0
\ u+uwb=u+0=u
\ v=u

Example 49: The P.V. of Pand Qare p and q and |p|=p,| q|=q. Points R and S divide PQ

internally and externally in the ratio of 2 : 3. If OR and OS be perpendicular (0, origin)
then prove. 4q” = 9p°.

Sol. R divides P (p) and Q(q) internally in ratio 2 : 3.
29+3p
or="97°F
S divides PQ externally in the ratioof 2 : 3
2q- 3p
-1

\ 0S=

- 306 280 20
Given OR A 05 \ 24730 240,
e > ge 1 o

b 9p*-4q’=0b 4q=9p?

Example 50: Express vector product of four vectors and show that any vector can be
expressed as a linear combination of other three.

Sol. Let a,b,c and d be four vectors.
(i) (@ b) (c d=@ b) n=-n"(@ b)
=-[(mb)a- (nxa)b]
=(nXa)b- (n*%)a
=[(c” dx)lb- [[c” d)*]a
=[cda]b- (cdb)a
(ii) @ b) (€ d=m"(c d)
=(m>d)c - (mx)d
=|@ b)xdfe- | b)<fd
=[abdfc-[abcrd
from (i) and (ii)

[abdlc-[abcld=(cda)b-(cdb)a
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\ (cdb)a=[cdalb-[abdlc+[abcld
andas[c d a] X[c d b] X[a b d] X[a b c] are all scalers.

Vector A has been expressed as a linear combination of the other three vectors.

Example 51: Let ry, 1y, 13, ... I, be the P. vectors of A;, A; A, ... A, relative to origin O. Show
that if vectors equation

a,n, +a,r, +a,n +...ar, holds good, then a similar equation shall hold good with respect to

any origin P.If a, +a, +a, +...+a, =0.

Sol.

In figure OA1 =r,,0A, =r,, P is a point OP =b.

—_— -

If P is taken as origin then PA, =7 - b,PA; =F, - b,PA; =T, - b..PA, =F - b

Given relation is

a,n, +a,r, +a,, +...+ar . Ithecomes a,(r, - b)+3,(r, - b)+3,(T, - b)..3,(r, - b)

=ar tan, tan+..+ar -b(a +a, +a;+...+3a))

=83%-baa=43;- 0=43y

Example 52:  For vectors u and v, prove, (a) (UX)* +(u” v)> S u*|v[

(b)

Sol.

(+1ap)a+1vp)=(- GvP@+v+u V) (11T)

(a) (W) +(w” vy
SJul*|v[*cos® g+|u* [|v* |sin* q
=[PV (cos® q+sin® q) =|u *| v [*

(b) (1- ) +(Uu+v+u vy
=[1+@9) - 20 TP +VP HT V) 20T W)+ 20U V) +2(T )
(T V)=0,v3(T” v)=0

\ =1+u’v?cos’a—2uvcos a+u’+v’+u’v’sin’a + 2 uv cosa
=1+u*Vv’(cos’a +sina)+u’+v?
=1+ +vVi+ UiV = (1+0) (1+V9)

=(1+]ul)@+1v )

Example 53: Find scalars a, b if
2 (b C)+(@>)b=(4- 2b- sina)b +(b?- 1)cand (cx)a=¢c

while b and ¢ are noncollinear.

90



Math-Ordinate - 3D Product of Vector
Sol. Given (c>cl)a=c
P (c>c)a’c=crchb a’c=1 .. (1)
and 3’ (b” ©)+(a>)b =(4- 2b- sina)b +(b? - 1)c
b (@ax)b- (ax)c+(@a>)b=(4- 2b- sina)b +(b? - 1)c
b and ¢ are non collinear

X =4-2b- sinal (2
o =1- b? i’, ..3)

ax+a
a
From (1), (2) becomes 1+ (1-b*) =4-2b-sina
P 1+sina=3-2b+b’

P -1+sina=1-2b+b*=(1-b)’

b (b-1)=sina-1

(b—1)%is +ve\ sina— 1 should be positive.

\ sihaflsina=1b azg

\ (b-1’=0b b=1

Example 54: Vectors C, a =xi +y]+z|2,5 =] form a right handed system, find C

Sol. C, 3, b form a right handed system
i d ok
\ c=l(b"3)=I0 1 0 =I{(iz- xk)
Xy 2

Ifl =1 then c=zj- xk

Example 55: Find vector which makes equal angles with vectors 2i - ]+2I2 , - 3i+4k and
2i- 3j+6k.

Sol. Let @ =xj+yj+zk
ax2i- j+2k)=2x- y+2z=3|a|cosq - (i)
a>(-3i+4k)=-3x+4z=5|a|cosq ... (i)
a>(2i- 3j+6k)=2x- 3y+6z=7|a|cosq ... (iii)
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10.

11.

12.

92

2x-y+2z _-3x+4z
3 5

\

P 19x- 5y- 2z2=0 ... (iv)

2x-y+2z _2x-3y+6z
3

P 4x+y-2z=0 e (V)

from (iv) and (v) XY _2ZpX_Y_2%_n

b x=4my=10mandz=13m \ vectoris m4i+14]+13Kk)
Practice Worksheet (Foundation Level) — 3(d)
If a=i-2j+2k, b=3i+6j- 2k, c=i- j- k, then calculate 3" (b" ¢) and bXa" ¢)
and bXa’ ¢).
a’ (b ¢

a=3i-2j+6kb=2i-2]j- k,c=4i- 3j- 2k, calculate

(@ ¢
a=3i- 2j+6kb=2i+2j- k,c=3i+4],and d=4j- 3k.Calculate (3" b)" (" d)
For vectors given in Q. 3, calculate 5>{B' (c” E)J

a=i+j+kb=i-2j+3k,c=3i+]j- 2k and d=2i- 3]j+k, calculate [5' (b~ E)J' d
and write also its unit vector.

,B,E are non-coplanar vectors, but not mutually perpendicular, then prove
- 2b +3C,- 2a+3b- 4C and a- 3b+5¢ are coplanar.

ol o

is projection vector of vector 5=2f+3]- 5k on vector 3?+2]- 6I2, calculate

—

a, b, ¢ are position vector of vertices of triangle ABC. Show that area of triangle is

1.
2

cc-aa-b.
Provethat p” (G 7)+q (r" p)+7 (p  9)=0
Prove [d 3" b @’ c]=[axd][a b c].

p,q,r are three non-parallel vectors of magnitude 1, 2, 2 respectively. If
p (9  r)+q=0, then calculate acute angle between p and r.

p=2i+2j+k,q=i- 2j+2k, a vector T is coplanar with p and g and vector T is

also perpendicular to q. Calculate r if |r|=+17.
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13.

14.

15.

16.

17.

18.

19.

20.

a=2i+2j- k,b=2i- ]+2I2 and ¢ is a vector such that b =|c| and |c- B|=2\/§.
If angle between (@’ b) and € is 30°, find [(@” b)" ¢].
@ b)

El§

If " a=b and b is perpendicular to a then prove r =xa+

The P. vectors of Pand Qare p and q, |p| =5 and |q|=I . Points R and S divide

PQ, internally and externally in the ratio of 4 : 3 if OR and OS, (origin, O) are
perpendicular, the find | q].

Vector ¢ =i,a=xi+yj+zk and b form a right handed system. Find b .

Find vector which makes equal angles with vectors 3f+4], 2i- ]+2I2 and
3i+2j+6k.

In a right angled triangle ABC, AB =p and Dc = 90° Evaluate
ABXAC + BCxBA + CA xCB.

Find a vector of magnitude \/5_1 which makes equal angles with vectors.

a=

w |-

(i- 2] +2K), Bz%(- 47-3K), and €=

Find vectors a and b when 5+B=5f+4]+3|2, E'E:-l4iA+15]+2IA<,
|al:|b|=7:3.
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Solved Example

Example 56: Let p,q,r be three mutually perpendicular vectors of same magnitude. Find
vector x, if satisfies the equation. p”~ [(i- q) 5]+a' [(i- r)’ a]+F' [(i- p) F] =0

Sol.  p [x-@) p)+q [x-7) q]+F [x-p) F]=0

P (p>p)x- q)- [p>(x- Do +a>q(x- 7)- [q>(x- A]g+(F>rx- p)- [F(x- p)fr=0

P (IpF+IgF +ITF)x- [|5I25+|5|2F+|F|25]- [(p>%)p +(@%)a +(F 7]
+[(e>a)p +(q>r)a+(r>p)r] =0

Let |p|=lql|=|r|=| (magnitude)

\ Exp=31%X- 12(p+q+7)- [(p X)p +(qX)q +(r %K)*]| 0=0

(p.g=q>r=r>p=0) (1)

Taking dot product with p

312(x%)- 1 (5P +0+0)- (5% B +0+0]=0

b 312x%)-1*- (PX)2=0

b 202(xx)=1*b (x>p)=%|2

Similarly taking dot product of (1) with q and then with r.

12 12

qX=—,rX=

277 2

Putting these values in (1)

N P

35 1P (p+q+7)- J1A(p+a+1) =0
1

\ X:E(p+q+r)

Example 57: 3, B,E are non-coplanar unit vectors equally inclined to one another at
angleq.1f a" b+b” C=pa+qb +rc, then find scalars p, q, r in term of .

(L1.T.)
Sol. 3 b+b CT=pa+gb+rc . (1)
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\ @fa’ b+b’ ¢|=pfaf +q@% +ra %
[aabl+[abcl=p+qgcosqg+rcosq

\ p+qgcosq+rcosg=[a b ] - (2)
Dot product of (1) by b shall give

pcosq+q+rcosq=[b ab]+[bbc]=0 ..(3)
pcosq+qcosq+r =[cabl=[abq] ... (4)
andby 7, (4)—(2)p(cosg—1)+r(1l-cosq)=0 .. (5)

p(cosg- 1) +0>q+r(l- cosq) =0 @

i.e. DS+ [+ C0Sq = 0
from (3)
\ P = g = r =
cosg-1 2cosq(l- cosq) cosqg-1
b PG _T_
1 -2cosq 1

\ p=k,g=—2kcosq,r=k
Putting these values of p, g, rin (2)

k—2kcos’q+kcosq=[abc]

v ks [ab ] _ [abc]
1+cosq- 2cos’q (1- cosq)(1+2cosq)
\ p-r= [abc] _ -2cos(abc]

(1- cosq)(1+2cosq)' - (1- cosq)(1+2cosQ)

Example 58: Four vectors acting at a point are in equilibrium.

Show that magnitude of each is proportional to the scalar B
product of the other three.

Sol.

Forces P,Q, R and S act at O (as shown in figure) and
are in equilibrium.

P P is equal to the magnitude of resultant of
Q, Rand S but opposite in direction. Fig 22

Forces Q,RandS act along OB, OC and OD and these can be taken as

conterminous edges of a parallelopiped and resultant of these forces Q, R, S is
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equal to the volume of parallelopiped which is scalar product of these forces. This
is true for other forces too.

Example 59: b,c,d are non-coplanar vectors prove
(@ b) (¢ d+@ ¢c) (d b)+@ d) (b” ¢ isparallelto 3.
Sol. (@ b) (c d)+(@ ¢c) (d b)+(@ d) (b ¢

=@ b) m+(@+c) n+(@ d) p

=(@»m)b - (b>m)a +(@x)c - (cC>n)a+(@¥p)d- (d*p)a

=[axc” d)p- [oxc” d)fa+[axd" b)fe- [cxd” b)fa+[axb” 9fd- [dxb” Ofa
=[acdfp-[pcdfa+[adbc-[cdbla+[abcfd-[dbcfa
[B c EJ, [E d BJ, [E, b, EJ are scalars=m
\ Givenexp=[acdfp+[adblc+[abcfd- 3
and a, B, C, d are non coplanar then a can be expressed as a linear combination
of b,cand d
\ [5 C HJB+[5 d BJE+[5 b EJH is parallel to a.
\ Given expression is parallel to 3.
Example 60: X, ¥, 2 are unit vectors such that Xx+y+2=a,%x" (" 2)=b,(X" )" 2=¢ and

— A 3 _ . 7 _ A A a
axXxk=—,axy=—,|a|=2,findx, v,z
2 4

e nuA A LA aon o aa_ 3 .
Sol. x><a=x>(x+y+z)=1+x>v+x><z=5 .. (i)
N A A A LA NSO ..
v>9=v>(x+v+2)=1+v>9<+v>i=z .. (ii)

woan o a1
from (i) x>¢/+x>sz=5 .. (1)

v oAn o aA_3
from (ii) y.x+vy.z :Z .. (2)

iv)
|
%>
ais
o
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and 2Xa=z(x+y+z)=2X+2+1=

Slw

%) =- .. (3)

N>

“n 1
\ Zx+ -
4

adding (1) (2) and (3)

PRHRg =+ 2= . (4
vy 28 4 a4l @

9-%2:% §+38=-4b ..(5)

Example 61: The vectors X, Y, z, each of magnitude \/5, make angle 60° with each other.

If X (y z)=3, y=(z" X)=b and X+y =c, thenfind X,y,Z intermsof 3, b, C.

Sol.

X =y ‘:z»‘(:ﬁxﬁ%:l

X (y z7)=(02z)y- (x>y)z=y-z=3a . (1)
V@ X)=(X)z- (yE)x=2-x=b - (2)
z° (x"y)=(2>y)x- (>X)y=x-ybP 2" c=x-y (3)

from(1) z' (y-z)=z ab z'y=z ab y=3a
from(2) X" (z- X)=X"bbP X" z=X"b

\' Z=Db, putting these values in 3.
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-
x|
I
)
+
~
o
o
N
<
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ol
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I
ol

ol
Il
ol

ol

Example62: 7 a=b a and T’ al0,b10,allb and 3 not perpendicular to

b, then find .
So. Tt a=b ab (x-b) a=o0
\ T-bisparalleltoaandt b-a b=(r-a) b=0
Y- 3 is parallelto b
\ f=b+al and F=a+mb and b+al =a+nbb m=1, =
\ r=a+b
Example 63: Let a be a unit vector and b a non-zero vector not parallel to a. Find angles
of the triangle, two sides of which are \/g(a' b) and b- (a.b)a
Sol. Let AB=+/3(3" b)andAC=b - (3%b)3
\ ABXAC=+3[3" b)%b- (3" b)xa>0)3]
= V3[ab b)- (3b 3)(3>)] = V3[0- 0]=0
\ AB™ AC,DA=90°
and (AC)? =[b - (30)a] =(b)+(3b)(3)- 2(b )(ab)
=b? +(3%)? - 2(3b)=b? - (3%b)
=b”+1.b’cos*q=b’sin’q

=12b%sin? q=(3) (b)?sin’q

U |
=(a" b)*==AB?
3

AB
\ J/3 xAC=ABb E=\/§=tan60°,\ C=60°,8=30°

Example 64: Let b = 4i + 3 and gbe, two vectors perpendicular to each other in x-y plane,
all the vectors in the same plane having projection 1 and 2 along b and grespectively are
given by ... (LLT)

Sol. Let b =4f+3], g=I (3? -4]) , coplanar and perpendicular to each other.

Let a=pi+qj \ a*xb=4p+3q
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a>g_I(Bp-4d_,
gl %5l

Projectionof aong =

\ 4p+3q=5,3p—-49=10;4p+3q=5,3p—4q=-10
and4p +3q=-5,3p-49=-10;4p +3q=-5,3p—-4q=10

P 2.
solving, a=2i- jja=—i- —j
5
2’.‘ 11" Th
a=-—it+t—ja=-2i+j
5 5

Example 65: The vector sum of a and b trisects the angle between them. If |a]=3a and

_ B _ a6
|b]=b and a > b. Then prove the angle between two vectors a and b is 3 cos™ 88%9
ey
_ 2_ |12
and the sum vector a+b has magnitude
Sol. Let 3¢ be the angle between a and b a > b. Then resultant shall be nearer to a

\ angle between a+b and a shall be g and angle between a+b and b shall be

2q.
\ (a+b)Xa=|a+b]|alcosq .. (i)
and (@a+b)* =|a+b||b|cos2q .. (ii)

from (i) 5><5+5>5=|5+B||5|c052qb a2+abcos3q=|5+5||5|c052q .. (1)

and 3% +b% =|a+b||b|cos2qb abcos3q+b®=|a+b]||b]|cos2q - (2)
\ @p a’ +abcos3q _ acosq

(2) abcos3g+b> bcos2q
\ P acos2g+bcos3qxcos2g=acos(cos3g+bcosq
P a(cos 2q-cos ( cos 3q) = b (cos g— cos 3q cos 2q)
P a[2cos 2g—cos 4q - cos 2q] = b[2 cos g —cos 50 - cos q]
P a X[cos 2g - cos 4q] = b [cos - cos 5(]
P 2 xasin 3g%in g =b sin 3¢ Xsin 2q
P asing=bsin2gP a=2bcosq

- 0

\' cos 18%;
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\ angle between a and b =3¢ = 3cos'1€ei_9

(ii) la+b?=al> +|b|* +2|a]| |b |cos3q=a’® +b* +2abcos 3q
5 a® 3al
=a’+b +2abe4—-—u
b

4

a b%a® +b* +a* - 3a’b’
=a’ +b’ +?- 3a’ =

bZ

2 242
S bzb) b |a+b|=(a®- b})/b

Example 66: If a is perpendicular to b then prove solution of 1~ a=b is given by

r=xa

1

Elj

Sol : 3, b and axb are non coplaner.

\ Let r=ax+by+(a” b)zfor same scalars x,y and z.

w b=t a=[xa+yb+z(a b)lxa

=y(b” a)+z(@a b)xa
=y(b” a)-z[a" (@" b)]
=y(b" 3)- 7[(a.b)a- (a.a)b]
=y(b” 3)+z(a.a)b [a.b=0]

Comparing the coefficients we get
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Sol:

Sol:

SUBJECTIVE

Prove by vector method that sin(q- f):sinq.cosf - cosgsinf.

Let r,r, be the position vectors of the

points A(x,y,) and B(x,y,)in the x y - plane, A (xyY,)
making angles q and f respectively with the x-

axis (q>f).

Hencex, =r, cosq, y; =r,sing, ...... (i) 0

X, =r,cosf , y, =r, sinf.
Now r,” r, =r,r, sin(q- )i —— ()

But r, =x,i+y,j and r, =xi+y,j

=1, r =(xi+y,)) (xi+y,])

= (x,y, - X,y, A coneenens (i)
(asi” j=-j i=-n)andi” j=j i=0.

From (ii) and (iii),

r.r,sin(g- £)A=(x,y, - x,y, )

so that r,r, sin(q- f)A=(x,y, - x,y, )

= r,r,[sinqcosf - sinf cosq]

p sin(q- f):sinqcosf - sinf cosq.

Show that the solution of the equation k ¥ +F~ 3=b where k is a non-zero scalar

and 3 and bare two non- collinear vectors, is of the form
1 0

= BO5 ib+3 B2
feea)g ;

The vectors a, b are non- collinear and therefore T can be expressed as

F=x5+y5+z(§' 5) ......... (i)

Where x, y, z are some scalars.

Substituting this in the given equation

b kx3+kyb +kz(5' 5)+ (xé +yb +z(5' 5)) a=b

3" b)+o+ylp 3)+2(a" b) 3=b
3

—_—

b kx3+kyb +kz
bk +kyb+kz(3” b)- y(5" b)+|(5.3)6- [5b6)5|=b
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Sol:

Sol:

Sol:

102

b (kx- (a.bp)a+(ky+2(za)o+ (" b)kz- v)=b

@b ok oo 1
K +at)! K+ar - K

Comparing we get, x =

Putting these values in (i), we get

:‘(kZT) —‘a+kb+ B
a

Unit vectors 4 and b are perpendicular to each other and the unit vector cis
inclined at angle g to both a and b.If é=m(é+6)+n(é+6) and m, n are real,

prove that %£q£3p4

O

4 is perpendicular bb 36 =0 and |a' 6|=1

Hence é=m(3+b)+n(3+5) b 4&=mas=ma’ =mb cosq,
Also ¢.¢ = [m(a+b)+n(a b)“m(é )=2m2+n2

P n*=1-2m?=1- 2cos’q=- cos2q3 0

P p/4£qE3p/4.

If 3 b=¢ and b” ¢=3, prove that [3 =[c|.

Here a(3” b)=3.c=0 Also b(s” b)=b.&=0,and b[6" ¢)=3b=0
b 3.b.¢ are mutually perpendicular vectors.

b 5" b =[alp| =[¢| and [o]¢| =[P o] =1P [3|=[d|.

Find X such thatA” X=c,A” X=B,c! 0.

We note that A" B=B.

If we take vector product of both sides with A, we get

LHs=A" (A B)=(AX)A- (AA)x

Therefore cA- |A| =A"Bb

Two points P and Q are given in the rectangular cartesian coordinates on

2x+2

they = , such that OP.i=-1and @.f =2,where iis a unit vector along the x-

axis. Find the magnitude of @ - 40P.
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Sol:

Sol:

Sol:

Let P(xl,yl),Q(xz,yz)be the given points on
opP.i= projection of @ on the x-axis=x, =-1
Py, =2
and &i? = projection of @ on the x-axis = x, =2P y, =16
If ] is a unit vector along the y-axis, then oP=-i+ Zj,a): =2i+ 16]
b 0Q- 40P=6i+8jbP |§1- 4a5|=\/36+64 =10.
Consider the vectors:
i+cos(b- a)j+cos(g- a)k,cos(a- b)i+j+cos(g- bk and
cos(a - g)i +cos(b- g)j+ak,
where a,band g are different angles.
If these vectors are coplanar, show that a is independent of @ , b andg.
Since the three vectors are coplanar,
1 cos(b- a) cos(g- a)

cos(a- b) 1 cos(g- b)|=0
coa(a- g) cos(b- g) 1

cosa sina 0 ||cosa sina O
P [cosb sinb 0 ||cosb sinb 0/=0
cosg sing a-1|cosg sing 1

P a=1.

y

Product of Vector

— 9Xx+2
=2 ,

In a parallelogram OABC with OA =5,€C =¢, point D divides OA in the ration: 1

and CD and OB intersect in point E. Find the ratio CE/ED.

Let O be the initial point.

OB=0A+AB=0A+0C=3a+c¢ c
R 1
Also, OD=—"_3
n+1 1
Suppose OE:EB =1 :1 ° n D

and CE:EED = n:1
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— | — noD+0C
Then OE = .OB=
| +1 m+1
I 1 - 1 .
p —(a+c)= LIyt .C
| +1 m+1l n+1 m+1
n Q. &1 | &

- =
§| 1 min+lg §m+1 | +1

[ n n 1 [

- . an
| +1 m+1 n+1 m+1 I+1

(Since a and ¢ are non-collinear)

CE +1
Hence solving forl , i ,we find thatE—= =n—.
n
9. ABC is a triangle and D, E, F are three points on the sides BC, CA and AB

respectively such that BD: DC = 2:3, CE: EA = 1:2, AF: FB = 3:1. Using vector
method prove that AD, BE and CF are concurrent.

Sol: Let B be the initial point. Let the position vectors of A
and Cbe a and ¢.The position vectors of D, E and F
2c a+2¢c a . . .
are then — Z respectively. Equation of line
AD is
_ _ E _ e _ _ = _ e
r=a+ 8@ agand that of line CF r :c+s€.i: g.lf
es> g e4d g
these line intersect at P,
e _
then a+tg—- ag—c+s€;§: 9
@ ed g
5 2 a+2¢
P t=€,s =§, P position vector of P is .

a+2¢

Equation of the line BE is r =k
Its intersection with CF givesk=1/2,s=2/3

a+2c
b Point of intersection of BE and CF is . which is the same as P. Hence

the lines AD, BE, CF are concurrent.
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10. The position vectors of the points P and Q are 5?+7]- 2kand - 3?+3]+6I2
respectively. The vector A=3i- ]+I2 passes through the point P and the vector
B=- 3?+2]+4I2 passes through the point Q.
A third vector 2i+7j- 5k intersects A (3,-1,1) B(-3,2,4)

vectors A and B. Find the position vector
of the points of intersection.

Sol: Let L and M be the points of intersection.
Since P, L, A are collinear. L (x,Y..2,) M(X,,V,,Z,)
PL=1 A
b (x,-5)i+(y, - 7)j+(z, +2)k P(5,7,-2) A (-3,3,6)

= 1,(37- 7+k)

x1-5:y1-7:zl+2:I
3 -1 1 !

bL=(@3l,+57-1,1,-2)

1771

b

Similarly Q, M, B the collinearb QM =1 ,B
b (x, +3) +(v,- 3)i+(z, - 6)k =1 , (- 31 +2j +4k)

X,+¥3_y,-3_2,-6_

3T PR
P M ( 3l,-32l,+34l +6).Again L and M are collinear with (2, 7 -5)
b X2t X _Yo VY1 _Z7 2%

2 7 -5
b -3|2-3I1-8:2l2-|1-4:4|2-|1+8_|3

2 7 -5

b3l,+3l,+20,=-8 . (i)
l,+20,-720 =4 L. (i)
and -| ,+4l,-5,=-8 .. (i)

Solving (i), (ii) and (iii), we get | , =I , =1 ; =-1
Hence L= (2, 8, -3) or 2i +8j- 3kand M = (0,1.2)or ]+2I2
Alternative:

Any point L on the vector A has position vector

105



Product of Vector

106

(5+3t)i+(7- t)j+(- 2+tk

Any point M on the vector B has position vector
(- 3- 3m)i+(3+3m)j+(6 +4m)k

Since LM is along 2?+7]- 5I2,

V=1 (2i+75- sk)

Equating the coefficient of f,],lz we find that m =t =-1.

Math-Ordinate - 3D
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OBJECTIVE EXAMPLE

1.

Sol:

Sol:

Sol:

A,B,C are three vectors respectively given by 2i +I2,f +]+I2 and 4i- 3] +7k . Then
vectorR . Which satisfies the relation R B=¢” B andR.A=0, is

(a)2i- 5] +2k (b)- i +4j+2k

(c)-i- 8]+2I2 (d) none of these

Hence (C) is correct answer.
The points with position vectors 60?+3],40f— 8] and ai- 52] are collinear if
(a)a=-40 (b)a=40 (c)a=20 (d) none of these
Three points are collinear b | (60?+3])+ rr(40f— 8j)+ n(af— 52]) =0 with

| +m+¢=0P 60l +40nM+na=0,3l - 8- 52n=0,1 +nM+n=0

60 40 a
For non-zero set (I ,mn), 3 -8 -52/=0b a=-40
1 1 1

Hence (A) is correct answer

Let a, b, c be distinct and non- negative. If vectors ai +a]+c|2,f +k and cf+c]+bl2

lie in a plane, then cis
(a)AMofaandb (b) G.M.ofaandb
(c)H.M.ofaandb (d) equal to zero

a ac
Since these vectors are coplanar. |1 0 1/=0
c ¢ b

b -ac-alb- c)+c*=0P c?=ab

Hence (B) is correct answer
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4. The number of vectors of unit length perpendicular to vectors a® (1,1,0) and
b° (0,1,1) is
(a)1 (b) 2 (c)3 (d)4
Sol: The vector of unit length perpendicular to given vectors
R b0

T
Hence there are two such vectors

Hence (B) is correct answer.

5. Thescalar A{B+C) (A+B+C)jequals
(a0 (b)|ABc]BeA] (o)|Age] (d) none of these
sol: (B+C) (A+B+C)=B" A+B" C+C A+C B=B A+C A
b Ae+c) (A+8+)
Hence (A) is correct answer.

6. Let 3°2i- j+k,b® i+2]j- kand €=i+]- 2k be three vectors. A vector in the

=~ ~ 2
plane of b and ¢ whose projection on a is of magnitude \/; is

(a)2f - 3] - 3K,-2 - ] +5K (b) 2 +3] +3k,- 2 - j+5k
(c)- 21 - j+5k 2 - 3] - 3k (d) 21 + ] +5k 2 - 3] - 3K
Sol: Let R be a vector in the plane of b and c.

b R=({+25- k)+nfi+]- 24)

aR
its projection on a=———[2+2m 2-m-1- 2rr]—

{ Ve

1+m \Eb ~(1+m-3)=+2p m=1,-3

NG

b R°2i+3j- 3k and - 2i- j+5k

(1+m
76

I
+

Hence (A) is correct answer.
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7.

Sol:

Sol:

Product of Vector

Let a2 and b be two unit vectors such that a+bis also a unit vector. Then the

angle between 3 and bis
(a)30° (b)60° (c)90°
Since 3 and b is a unit vector (5 +5)(5 +5)=1
b3 a+h b+23 b=1
b 1+1+23 b=1P 3@ b=-1/2
Hence the angle g between a and b is given by
cosq=-1/2pb gq=120°
Hence (D) is correct answer.
Itis given that t, =2i- j+k and t, =i+3j- 2k,t, =- 2i +]- 3k and
t, =3i+2]- 5k

Ift, =pt, +qt, +rt;,, then

(@)p=qr (b)p=qg+r
(©p=q=r (d) q=22"
ptr

We have 37 +2]- sk=p(2i- j+k)+qff +3]- 2k)+r(- 21 +]- 3¢

b 2p+q-2r=3, L.
P+3q+r=2,
p-29-3r=-5

Adding all the equations, we get
2p+2g=4ri.e.p+q=2r.

Equation (1), gives p=3P q=1,r=2
With these values of g, p, r,

Hence (B) is correct answer.

Ifr, a, b, c are non null vectors such that F.3=rb =F.¢=0, then [EBEJ

(a)isequalto1 (b) cannot be evaluated

(c) is equal to zero (d) none of these

(d) 120°
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Sol:

10.

Sol:

11.

Sol:

110

Since r.a=0,r.a=0 andr.c =0, must be perpendicular to all the three vectorsa,

band ¢.Hence (C) is correct answer.

A parallelogram is constructed on 5a+2b and 3- 3b where El =242 and lo| =3.1f
the angle between a and b is p/4,then the length of the longer diagonal is

(a) /473 (b) +/593 (c) V474 (d) +/594

The vector representing one of the diagonals is 53+2b+3- 3b=63- b

Hence the length of the diagonal = \/(65- 5[(65 - 5)

= \/36|5|2 +|B|2 - 123b=4/36" 8+9- 12" 3" 2=15.

The other diagonal is 53+2b- 3+3b=43+5b

Its length \/16|a|2 +25|5|2 +403b

= /128 +225+40" 2" 3 =4/593
Hence (B) is correct answer.

A non- zero vector a is parallel to the line of intersection of the plane determined
by the vectors f,f+] and the plane determined by vectors i- ],]+I2. The angle

between 3 and the vector i - 2]+2I2 is.
(@)p/4 (b) 3p/4 (c) p/6 (d) p/3

Since a is parallel to the line intersection of the two planes, it is parallel to both
the planes

P ais perpendicular to the normals f both the planes.
Hence 5.[?' (f' ])]=0 and 5.[(?- ]) (]+I2)]=

b 3.k =0and 5.(f+])=050 that 3 is in the direction of i- j.

R 1 - -
Hence a= T(I- j) If q is the angle between the given vector and a,
2
A\ li- 2j+2k 3
cosq=2 - i-2ieak) 1 e 30
3 f 4 4

Hence (A) and (B) is correct answer.
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12.

Sol:

If A,Band Care vectors such that|§| =|E|,then [(A+§)' (A+E)]' (E' E)(§+E) is

equal to
(a) 0 (b)1 (c) [Ac] (d)-1

b [A+8) (A+c) B ¢)=[A[" ¢)c- 8)
b |[A+8) (A ¢) @ ¢)B+c)=Af c|e- Bl +c]
-A[ S - =0 (Giventhatff=[d)

Hence (A) is correct answer.
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1.

10.

11.

12.

13.

14.

15.

112

Practice Worksheet (Foundation Level) — 3(e)

If a=i- 2]+2I2 and B=3f+6]- 2I2, then vector parallel to a, having magnitude

equal to [

a, b and ¢ are unit vectors —

i) Calculate a.(b” ©) when 3 is  to b.

ii) Calculate a” (b” ) when 3 is ” to b and inclined at 60° with €.
iii) Calculate (a- b)* +(a- ¢)*.

iv) If |la+b > +|b+c+|c+a[’=9, find angle between b and ¢.

Find vector which is equally inclined to vectors f+]+2l2, 2i- - k and i- 2]+I2.
a=3i-2j+6k, b=2i+2j- k and €=2i- 3j+2+/3k. Calculate 3.|(3" b)" T|.

If D denote the area of triangle ABC, then prove 4[F =a’b*- (a3’ b)’ where AB= 3
andAC=b.

ABCD is a trapezium AD = | BC; DB+CA = nAD and is collinear with AD, then prove
[+l +1=0.

A particle is acted upon by forces 4?+]- 5k and 5i- 3]+4I2 and is displaced from
point (5, -3, 4) to point (3, 4, —1). Find work done.

The position vectors of points A, B, C and D are f+]+l2, 2f+5],3f+2]- 3k and
ai- 6] - k.Find aif the points are coplanar.
Find the component of vector b in direction perpendicular to unit vector a.

The diagonals of a parallelogram are 3a- b and 4a+3b and |a|=3,| b | =2.If
angle between a and b be 45°. calculate area of parallelogram.

a=i- ]+I2,B=]- IQ,E=?+]+I2. If d is a unit vector such that axd=0 and [b ¢ d]
= 0 Then calculate d.

Calculate moment of a couple of forces F and —F acting through 2?+]- k and
3i+]- 2k when F =2 +3]j+6k.

Findvalueof [X" py” qz T]+[x gy rz pl+[X Ty pz ql.

Vectors @ and b are non-collinear. The value of | for which vectors p=(l - 2)a+b

and q=(2I +1)a- b are collinearis ...

P is a unit vector such that p~ (i+2j+k) = - 3i+4j- 6k, find p.
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16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

a, b, T are unit vectors such that a* =6 and a>c=0. If angle between b and ¢
is % then a equals to

=, — —, _ 1. _ 1, _
() £2(b” ¢) (b) 2(b” c) (c) iE(b c) (d) - E(b c)

Prove a=2i+3j+k,b=3i-2], and c=2i+3j- 13k vectors form a right handed
triple perpendicular vectors.

The sum of two vectors @ and b =3i - ]+2I2 and v. product @’ b=5i- 7]- 11k find

aandb.

a, B,E are three mutually perpendicular vectors of equal magnitude. Find angle

that (@ +b +¢) makes with each of them.

—

P, q,r and s are four distinct vectors suchthat p" q=r"s and p" r=q" s ; prove
p-s isparallelto g-r

Find vectors moment of forces f+2]- 3I2; 2?+3]+4I2 and - i- ]+I2 (all the three
act at point (0, 1, 2)) about point A (1, -2, 0)

A unit vector in x-y plane makes angle 45° with i- ] and an angle of 60° with
11, 3.

4?+3]. Prove that unit vectoris —i - EJ .

p, q,r are three non-parallel vectors of magnitude 2, 2 and 4 respectively. If
[5' (q’ F)]+4a =0, then find angle between p and r.

p =3i+4j- 5k,q=i+j. If vectors T be such that p> =|r|and]|r- 5|=5«/§,r1 0 and
angle between p” g and r be 30° then calculate [(5' q)’ F].

Vector a, b, T are non coplanar " a=b and b is perpendicular to a find T, if
r=xa+yb+z(@a b).

In a right angled triangle BC is hypotenuse and is T, calculate
BCBA+CA>XCB+AC*AB.

Find vector which is equally inclined to vectors 2i- ]- 2I2;3f— 2]- 6k and 3i- 4k.

a,b,c are non-coplanar vector and (@ b) c-a=b,
(b ) a- b=c,(c”a) b-c=a, prove that each is perpendicular to the sum of
other two.
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29.

30.

31.

32.

33.

34.

35.

36.

37.
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a, b, ¢ are non-coplanar vectors of equal magnitude 2, and equally inclined to one-

anotheratq.If b~ a- ¢ b =pa+qb +rc then express scalars p, g, r in terms of g.
B c are vectors of equal magnitude and inclined g with each other. Simplify
[ (b~ c)J+b [(b c)’ aJ+c [(c a)’ bJ

Vectors X, Y,z each of magnitude \/5 make angle of 30° with each other. If

x (y 2)=p, ¥ (z'x)=q and x y=r then express, X,y,z in terms of
p,gandr
X,y,Z are unit vectors such that x+y+z=p, X" (y z)=q, X" y) z=r and

In a trapazium ABCD, the vector BC=| AD and vector 9] =A_C+ﬁ, is collinear with
AD. If p=mAD then

(@l =m+1 (b)I +m=1 (cgm=1 +1 (dym+2+1

Unit vectors p is coplanar with 5=f+2]+|2 and b =2i- ]+I2 is perpendicular to
a,then pis

(a) £ ! - (117 - 8j+5k) (b) + ! . (87 - 11 +5k)

(- 117 + 8] +5K) (d) + (81 +11] +5k)

(c) £ 20 30
Unit vector a is perpendicular on 2i - 2]- 3k and its projection on 3i- 4]+5I2 is

22

—— then ais
3
1~ ~ - 1, -~ -
(@) =(2i+j- 2k) (b) =(3i +5j)
3 5
1 0~ » 1 -~ _- ~
(c) g(z. - j+2k) (d) E(z' - 3j+243Kk)

Unit vector p is perpendicular to i- ]- k and its projection on vectors 2?+3]- 6k
and - 3?+4]+5I2 are of magnitude 2 and \/E.Then pis
(a)i+2j—k (b) 2i—2j+ 3k (c)i—j+2k (d) none of these

a, b, c are p. vectors of vertices A, B and C of triangle ABC. Show that a unit vector
normal to plane of triangle is
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38.

39.

40.

41.

(a) £ 22 byt 20
[abc] [@a"b+b” c+c a]
() :%(B- 3) (c- a) (d) :2—1D[5' b+b c+c 3

The vertices of a quadrilateral are A (4, 5, 1), B (0, —1,-1),C (3,9, 4) and D (-4, 4, 4)
area of quadrilateral is ... sq. units.

(a) §¢1755 (b) ;/E (© %JE (d) ;/ﬁ

3, b, C arethree vectors (at 0) suchthat a’ b=3" ¢ and a* =ax then

(a)
Vector € perpendicular to vector @, and a+b=5i+4], and a- b=-3i- 6k, If

c=(i- 2j+5k)=8 then ¢ is

(b) b =0 (c) a=b=c (d) none of these

(a) 4i- 5j- 2k (b) 8i- 10]- 4k (c) 57- 2]- 4k (d) 51~ 3+ 4k
AB and CD two chords of a circle are perpendicular to each other and meet in P. If O
is centre of P then PA+PB+PC+PD =

(a) 208 (b) OC~O0B (c) 2PO (d) =
BC
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4. Vector Equations of Straight Lines & Planes

4.1 Equation of line passing through a point and parallel to a vector b
In the figure A is the given point and b the given vector from .
A draw a line parallel to b. On this line P is any point. Let A
position vector of A be a and of P be T with reference to
origin O. then B
L : —
r=0P=0A+AP >
=a+tb (1)
tis a scalar. AP parallelto bbb AB=+b /
equation of straight lineis r =a+tb Fig 1
4.2 Equation of line through two points
Let A and B be two points where position vectors with P
— B
reference to originOare a and b. A
Clearly AB=b- 3
t is the direction of straight line. Let P be the point on this ’ '
straight line whose position vectoris r
OP=0A+AP=0A+tAB °
o Fig 2
=a+t(b- 3)
=(1- t)a+tb
4.3 Equation of the angle bisector of an angle
If 3 and b are unit vectors along the sides (arms) of an angle
then r=I (é+6) is the equation of internal bisector of the &
angle and r=I (a- b) is the equation of the external bisector
of the angle.
Let A be origin and position vectors of Band Cbe b and ¢.
@b <¢0
Equation of AD, bisector of angle Ais r =1 g7+éi B D c
Ib| [clg Fig 3
(b) If equation of arms of angle A are F=5+rr15 and

F=a+nm,c

then equation of angle bisector is T =a+| (b +¢)
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4.4 To prove that in DABC, the internal bisector of angle A divides BC in the ratio of

AB:AC

let A be origin and p. vectors of B and Cbe b and ¢ respectively and let AB=a,AC=Db.The

bisector of angle A meets BCin D.

Eqn. BCis r=(1- t)b +tc
_ H cO

Egn. AD is r=I ?—)+£i
a bg

Point D lies to both (1) and (2)

co

\ (1-t)5+tE=|§£+—
a by

equating co-efficients of vectors

I
1-t=—; t=—
a b
[ & 106
Pp 1-—=—p |lg—+-==1
b a a bg
\ = ab
at+b
Putting  this value of | in Egn.

_ ab & cO0_ bb+ac . ACX +ABX
= +—7h =}

p R ¥ :F
at+tbga bg a+b AC+AB

\ D divides BC, internal in the ratio of AB : BC.
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- (2)

o4

ol
=3

Figd

(2) the P.V. of D is
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Solved Example

Example 1: To prove that angle bisectors of a triangle meet at one point.

Sol: In DABC, let p. v. of A, Band C be 73, b, andsidesBC=a, CA=b and AB = o]

— Ag
S -a c-ao
Eqgn. angle bisector AD, r=a+| 2-a + cba: ‘
e |l e | | _ B
b r=gl-—-—ia+—b+_c (1)
g bg g .
C
Eqn. angle bisector of angle b, BE is Bg 7 D c
Fep+n b, E-bO Fig 5
g g a g
m & m mé- m_
=—+gl' —-—3t+—c - (2)
g g ag a

\ gl- —-—Za+ B+I—,E=E+§e- m Mm%+ Me
gg 9 b r g ag a

\ 1_I__I_:E (3)

b g ¢
Poomonm ... (4)
b g a
I
—=— .. (5
b3 (5)

Putting value of n from (5) in (3)
1_I__I_:£p |§a’i+l+lg:1
b g bg bg b gg

\ g=&,and m=i from 5

a+b+g a+b+g

Putting value | in (A), p.v. of pis

bg 85-5_'_c-5
a+b+g§ g b

I-I-O:

F=a+

Q

119



Vector Equations of Straight Lines & Planes Math-Ordinate - 3D

 blb-3)+gc-3) _aa+bb+g
a+b+g a+tb+g

=a

From symmetry it is clear that angle bisector of c shall pass through P.
\ angle bisectors of the D are concurrent.

Example 2: In parallelogram ABCD, bisectors two consecutive angles meet at P. Use vector
method to find DBPC.

— . . N — A
Sol:  See Fig. 6. Let BC be aji+b,;j+ck and BA be
azf +b2] + c2|2 . P
Egn. BP of (angle bisector of B) is
B C

a,i+bj+ck _a,i+b,j+c,k

2 2 2 2 2 2
\/a1 +bj +c] \/a2 +bj +c;5

Fig 6

CB=-(a,i +b,j+c,K);
cD =a,i+b,j+ck (as CD || BA)
Eqgn. Of angle bisector of DBCD

alf +blj +c1I2 _ azf +b2] +c2I2

2 2 2 2 2 2
\/a1 +bj +c] \/a2 +b5 +c;

Scalar product of BP and CP i.e. BP.CP

2.,02,.2  2,,2,.2

as+b; +c; a;+b+c
= ; ; ;- ; ; ;ZOD bBPC=90°
a; tby +ci @ +b; +c;

Example 3 : D and E are points on sides BC and AC of traingle ABC such that BD=2DC and AE
= 3EC. If AD and BE meet in P, then calculate BP/PE by vector method.

Sol: LetBbeoriginandP.V.of AandChbe aand c.

BD=2DC=EBC=EE 3 A
3 3
AE=3EC 5
i.e. E divided AC in the ration 3:1.
~ .3 E
+
\ P.V.ofEis S¢T2 ) .
b ¢
3c+3 ° 2 D 1 ¢

Equ.of BEis  r=t,
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. - 2_
Equ. of AD is r=(1-t2)a+t2§c

3c+a

— 2_
\ ot =(1-t2)a+§c.t2

3 3
Equating co-efficients —t, =—t, P t, =—t
4 1 3 2 2 4 1

1 9 1 9 8
And —t, =1-t,=1- =t \ =+t =1b t. =—
4" 2 g ! (4 8)1 1

\ BP=i BE \ BP:PE=8:3
11

Example 4: Prove by vector method that st. lines joining the vertices of a tetrahedran to the
centroid of opposite forces are concurant.
Sol:  LettheP.V.of A,B,Cand D be a,b,candd.The P.V. of G,, centroid of face BCD is
b+c+d
3 .
. _a+c+d
P.V. of centeroid G, of face ACD is .

Eqn.of AG, r=(1- t,)Ja+——

Eqn.of BG, r=(1- t, )b+ ———

AG; and BG, meet in G.

b+c+d a+c+d

for G(1- t,)a+————t, =(1- t,)b + ¢ t,
3 3
comparing co-efficients of a and b
1 1
1- tl :§t2 and Etlzl' t2
1 16 3
b t,=3(1-t)and\ -t =1-3+3t V8-2% =2 py=2
3 e 3g 4
1 b+c+d a+b+c+d
\ PV.ofG= ta+0¥C*d 3 _atbrctd
4 3 4 4

and from symmetry it is clear that straight lines joining vertices to the centroids of opposite
faces are concurrent.
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4.5 Equation of a plane, when it goes through a point and parallel to two non-parallel

vectors:

See figure 9, O is origin A is a point on plane, P.V. of A is 3. Plane is parallel to vectors b

and ¢ which are non-parallel.

From point A draw straight lines, AB and AC which are

parallel to b and C. Let P be a point in the plane whose
P.V.is r. Draw from P, PM parallel to CA which meets AB in
M.

Now AM =tb and MP = sc
where t and s are scalars.
OP =r =0A +AP =0A +(AM+MP)
r=a+tb+sc
This is the equation of plane.
4.6 Equation of plane passing through three points

Let the P.V. of three points A, B, Cin plane be a, b and ©

\  The plane goes through aand is parallel to b-a and
c-a.

\ r=a+t(b- a)+s(c- a)
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Solved Example

Example 5: Find the equation of plane which passes through - 2?+6]- 6k, - 3?+10]- 9k
and - 5i- 6k.

Sol.

Let A be (- 2i+6]- 6k); B (-3 +10j- 9k) and C, (- 5i - 6Kk)
\ AB=3i+10j- 9k+2i- 6j+6k=-(+4]- 3k

AC=-5i- 6k+2i- 6j+6k=-3i- 6]

Equation of plane is F=a+tAB+sAC

\ r=(-2j+6]- 6k)+t(- 1 +4]- 3K) +s(- 3i - 6)

Example 6: Find equation of plane which goes through origin, and points - 2?+4j+|2 and

4i +2k . Find point at which straight line joining i- 2} +k and - 2} +3k meets the plane.

Sol..

Ois origin A, (2i +4]+k), B (4i +2k)

OA =-2i+4]j+k, OB =4i +2k

\ Planeis r=t(- 2 +4]+k)+s(4i +2k) (1)
Equation of line through P(i - 2j+k) and Q(- 2j+3Kk) is
r=(1-1)(i-2j+k)+1 (-2j+3k) =7- 2j+k+I (-1 +2K)

for point of intersection

t(- 2 +4]+K) +s(4i +2K) =1 - 2] +k+1 (- i +2K)

equating co-efficients of f, ] and k

(i) —2t+4s=1-|
1
(ii) 4t=-2 b t=- =
2
(iii) t+2s=1+2l P 2t+4s=2+4l
(iii) = (i) 4t=1+5 b -2=1+5l
1
\ I=-2,andtis-—
5 2

\ r=i-2j+k- %(-f+2l2)=%(8?- 10j- k)
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. . . 1 N ~ "
\ P.V. of point of intersection E(SI -10j- k)

Example 7: Prove by vector method or otherwise that the point of intersection of the
diagonals of a trapazium lies on the line joining mid points of parallel sides.

Sol. ABCD is the trapazium, DC | | AB. Let A be the origin and P.V. of B, Cand D be b, ¢C
and d respectively.

Equation of AC r=t,c .. (1)
Equation of BD r=(1- t,)b +t,d - (2)
DCis parallelto AB\ ¢c-d=Ib . (2)
\ Egn.(2)isr=(1- t,)b+t,(c- 1 b) P r=(1-t,- tl)b+t,c - (3)

For, Point of intersection of (1) and (3)
t,c=(1-t,- I t,)b+t,c

\ t1=tzand(1+| )t2—1=0

1
\ ot =t =——
1 2 1+|
\" from (1) P.V. of P point of intersection of Fig11

diagonal ACand BD is .
1+|

Mid point of ABis E, P.V. g

Mid point of DCis F, P.V. %(E +d)
1 _ - 1. -
from (1) P.V. of F= E(c+c- I b)=5(2c- | b)
— 1 _ — b _1[_ 1 11 _
\ EF==(2c- | b)- ===|2c- (I +1)b|= =[2c- (I +1)b .. (3
] )22[()]2[()] 3)
c b 1

Esz-Ezz(l_H)[ZE-(lH)b] . (4)

from (3) and (4) it is evident that P lies on EF
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Example 8: Find point of intersection of the plane passing through 2?+]- 3I2, 4i - ]+2I2 and
3i +k and the line joining i- 2]- k and 2?+3]+I2.

Sol.

The equation of plane passing through 2i +j— 3k, 4i—j+ 2k and 3i + k
P r=(1-t- s)(2i+]j- 3k)+t(4i- j+2k) +s(3i +k)

=(2+2t+s)i +(1- s- 2t)j+ (5t +4s- 3)k . (A)
Equation of line joining the two points is

r=(i-2j- k) +1 i +3j+k-i+2j+k) =(i- 2j- k)+1 ((+5]+2k)
=(1+1)i+(5l - 2)j+(2! - 1)k .. (B)

For point of intersection its P. Vector in (A) & (B) should be same comparing co-
efficient of i, j, k

(i) \ 2+2t+s=1+| 6l =4b | =

wN

(ii) 1-s-2t=5] -2
(iii) —3+5t+4s=2| -1

Putting value of | in (i) and (iii)

1
s+2t=-—, 5t+4s=E
3 3
14 25
\ t=-— s=—
9

5.4 1
Putting value of | in (B), position vectors of point of intersection is r =§i +§j+§k

Three Dimension: Points on plane are A, (2, 1,-3), (4,-1,2)Band (3,0, 1) C.
Plane through Cisa(x—3)+b(y—0)+c(z—-1)=0
pt.(2,1,-3) -a+b-4c=00a b _c

pt.(4,-1,2) a-b+c=0 ?;_3 4+1 0

Planeisx—3+y=0 P X+y=3
Eqgn. of line through (1,-2,-1) and (2, 3, 1) is

x-1_y+2 _z+1
1 5 2
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any point on straight lineis (r + 1, 5r— 2, 2r—1)

If this line meets the plane thenr+ 1+ 5r—2=3 P r=—
10 ,4 8,8 410

\' Pointis (?i,—-z,—- p o, -, =
e3 3 3 g e333g
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10.

11.
12.

13.

14.

15.

16.

17.

Practice Worksheet (Foundation Level) — 4(a)

Find equation of straight line through (i - 2] +3I2) and parallel to vector 3 +4] +5k .
Find equation of straight line through 2i - ]+2I2 and 3i- 2} +6k .

Show that 14]-25!2 lies on the straight line joining points 4i - 2]+3I2 and
3i+2]- 4k.

Find point of intersection of straight lines, one through f+]+|2 and parallel to
3?+]- k and the other passing through 2?+]+2I2 and 3?+]+3I2

ABC is triangle, point D, in BC divides it in the ratio of 3 : 1 and point E in AC divides it
in the ratio of 2 : 1, AD and BE intersect in P. Find the ratio of BP : PE.

Show that the straight line joining mid points of non-parallel sides of a trapezium is
parallel to parallel sides.

Prove by vector method that median of a triangle are concurrent and point of
concurrency divides each median in the ratio of 2 : 1.

Prove by vector method that diagonals of a parallelogram bisect each other.

Prove that in triangle ABC, angle bisector of angle A divides BC in the ratio of AB : AC.
Find equation of plane through f+2] +3k and parallel to 3i- 4]+5I2 and 2i - 2} -k
Find equation of plane which passes through f+]+|2,2? - 2} +k and - 2} - k.

A plane goes through origin and through points (2, 1, —1) and (3, 1, —1). Find point of
intersection of this plane and straight line which passes through points (2, 1, —1) and
(11 _21 1)

Find point of intersection of straight lines one of which goes through origin and point
(2, 1, 2) and the other goes through points (1, 2, 2) and (4, 2, 4).

A, B, C and D are four points (2, 1, 3), (4, -1, 2), (4, 2, 1) and (4, 3, 1) respectively. Find
point of intersection of AC and BD.

A straight line goes through (2, 2, 3) and (3, 3, 1); another straight line goes through
(1,1, 3) and (2, 2, 2). Find their point of intersection.

Show that straight lines through (i) (1, -1, 1) and (2, 2, 4) (ii) (1, 2, 5) and (3, 2, 3) and
(iii) (4, 2,-1) and (3, 2, g) are concurrent. Find this point.
A plane goes through three points (1, -1, 3), (2, 4, 5) and (3, -2, 1). Straihgt line goes

through origin and point (3, -2, 1) lies on it. If it meets the plane in point P, then find
point P.
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18.

19.

20.

128

A plane goes through point (1, 1, 1) and is parallel to vectors a=3i- 2]+4I2 and
b=4i- j- k. Find equation of plane which is parallel to this plane and goes through
point (5, -2, 4).

If point (1, —1, 5) lies on plane r =3f+]+|2+t(2?- ]+I2)+s(4f+]- 3I2) , then calculate
values of tand s.

Find equation of plane which goes through points (2, -1, 1), (3, 2, 4) and (-1, -2, 4).
Does point (4, 2, -3) lie on it.
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4.7
(a)

(b)

(c)

4.8.

(a)

(b)

Vector Equation of straight lines and plane in Product form

Straight Lines: A straight line goes through point a and is parallel to vector b .
If T is the P. vector of a point on it then T - 3 is parallel to b.

\ (r-3a)’ b=0Pt b=3a"b

This is the equation of straight line in product form

Equation of straight lines through two points

Let the position vector of points be a and b and of any point P on the straight line
ber.

Then 7- a is parallel to b- a
\ Equation of straight lineis (r- a)” (b-a)=0

Equation of straight line through a point and perpendicular to two non-parallel
vectors.

Let the position vector of a point be @ and two non-parallel vectors be b and ¢. If
ris any point on the straight line.

then 7 - a shall be perpendicularto b and ¢
ie. T - a shall be parallelto b” ¢

(r-3a) (b” ©)=0
Plane

Equation of plane which goes through a point and parallel to two non parallel
vectors

Let the position vector of point bc @ and b and ¢ be two non-parallel vectors. Let
r be the position vector of any point on plane.

\ -3 shall beparallelto b & ¢

N P
i.e. it shall be perpendicularto b” © :
\ (r-3a)xb ©)=0 orrX{b”  ¢)=axb’ ©) Pl '
or(fbc)=(@abc) 0

Fig 12

is the equation of the plane.

The equation of a plane which goes through three
points

Let the position vectors of three points be a, b and ¢ and 7 be the position
vector of any point on it, then vectors, r- a,a- b, b - ¢ shall be coplanar.
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(c)

(d)

(e)

130

ie.[f-3a-bb-c|=0

b (-3p{@- b) (b- =0

or  (F-3){a b-3 c+b /=0
or r>{5' b+b” c+c’ 5J=[abc]

This is required equation of the plane.

To find the equation of plane, whose distance from origin is p and the unit normal
vector of plane be h

In the figure ON is perpendicular from origin O. |ON| = p, but unit vector normal
vectorish

ON=p>f
If P be any point on plane (position vector r) then projection of OP on ON is = p
\ p=OPcosq=r>nbP r>n=p
This is the equation of plane in normal term.

The equation of plane which goes through point A (p. v. @) and which is
perpendicularto his (r*a)>n=0pP r>h=3a>h
where T is the position vector of any point on the plane.

roh _a’h

Note: The distance of plane from originis p=——=
In| |h

Two planes are r xh; = q; and r xh, = g, then the equation of plane which goes
through the line of intersection of these planes is

(rohy—aqy) +1 (rxh;—q;)=0
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Solved Example

Example 9: Find the equation of straight line which goes through (1, 2, 3) and is
perpendicular to the straight line passing through 3?+2]- 4k and - 2?+7]+5I2

Sol. Let A be (1,2, 3), B (3i + 2j — 4k), C (=2i + 7j + 5k), a=i+2j+3k, b=3i+2]- 4k,
c=2i+7]+5k
Eqn. of lineis (F- i- 2j- 3k)’ [(3?+2]- 4k)” (- 21 +7j+5Kk)|=0
or |r- (i+2j+3k)] [38i- 7i+25k|=0
or r’ (38i- 7j+25k)=71i+89] - 83k

Example 10: The length of perpendicular from origin on a plane is 15 and its normal vector
is 2i —j + 2k. Find equation of plane.

_ __h
Sol. Weknow ri=pb rxﬁ=p

2i- j+2k

B

= unit normal vector =

=]

(2i- j+2K)
rx—- — ° =

\ 15

\ Planeis rX2i- j+2k)=45
Example 11: Find the equation of plane whose distance from origin is 10 and which is
perpendicular is 2i - 3]+6I2.
Sol. Plane is perpendicular to 2i - 3]+6I2

\ Direction of normal of plane is 2i - 3}- 6k

2’.‘_ ’)_ "~
n.r>(| 3j 6k):1

\ Eq 0

i.e. r(2i- 3j- 6k)=70
Note: The equation of this plane in three dimension is (xi+yj+zk)>(2i- 3j- 6k)=70

70
i.e.2x—-3y—6z=70" from (0, 0) on it is —————==10

l22 +32 +62
Example 12: Find the equation of plane which passes through 2?+3]+I2 and is

perpendicular to 3i- 2} +6k . Find its distance from origin as well.
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Sol. The normal of the plane is along 3i- 2j+6k.
\ equation of planeis (r>a)>h=0
rY3i- 2j+6k)= (2] +3]+k)x3i- 2j+6k)

rx(3i-2j+6k)=6-6+6=6

6 6
Length of perpendicular from origin is ﬁ =7
Example 13: A unit vector perpendicular to plane determined by P(1, -1, 2), Q (2,0, -1), R
(0,2,1)is ...
LLT.
Sol. The normal of plane is along W) PR

b (1+7-3k) (-1+3]- k)=8i- 4]+4k
1

a6

1 ~ + =
=21~ j+k)
V6

Unit normal vector = (8? - 4] +4I2)

Example 14: Find distance of point P, (i + j + k) from plane L, which passes through A,
(2i+]+k),B (i+j+2k) and C (i +]+2K).
LLT.

Sol. Normal of plane is parallel to BA” BC

~

=(i-)" Cj+k=-i-3-k
=i +]j+k
Egn. of plane is |r - (2?+]+I2) >(f+]+|2)=0
Plane ABCP rx{i+j+k)=2+1+1=4
Plane parallel to plane ABC is
r- (i+j+k) =
It passes through (i +]+I2)
\ ((+j+R)(i+]+k) =1 =3

\' Plane parallel to ABC and passing through P isr>(f+]+|2) =3
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3
Distance of plane from origin is — =3

NE]

Distance of plane ABC from origin =

=

\ Distance of PfromABC= ——- ——=—

Example 15: A tetrahedron has vertices A(1, 2, 1) B (2, 1, 3), C (0, 0, 4) and origin O. Find
angle between faces ABC and OAB
LLT.

Sol. Angle between two plane = angle between their normals.

Normal of face OAB
=(0A” 0B)=(i+2]+k)" (2} +]j+3k)
=5i- - 3k
Normal of face ABC = AB” AC
=(i- j+2k)" (-i- 2j+3k)=i- 5]- 3k
\ cosq= asi- - 3kgaé- 5j- 3&%
NET ;‘axé NEL I

_5+5+9 19 _ 1490
= =—P g=cos ¢—~+
35 35 €35g

Example 16: Show that the equation of plane through (f+2}- |2) and perpendicular to the
line of intersection of planes rY3i- ]+I2)=1 and F>(f+4]- 2I2) =0is T X2i- 7]- 13I2)=1

Sol. Line of intersection of planes is perpendicular to normals of the plane. Therefore
normal of the required plane shall be perpendicular to normals of these plane i.e.
parallel to their cross product.

Cross product of normals = (3? - j+|2)' (f +4] - 2I2)
=-2i+7]+13k
\ Planeis |- (+2]- R)4- 21+ 7k +13k|=0
p FY-2i+7]+13k) =-1
Three Dimension: Given point (1, 2,—1) and planesare 3x—y+z=1,x+4y—-2z=0

any plane through (1, 2,-1) is
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a(x—1)+b(y—2)+c(z+1)=0
It is perpendicular to given planes

\' 3a-b+c=07( a _ b _ ¢
a+4b-2c=o§ 2-4 1+6 12+1

Planeis-2(x—1)+7(y—2)+13(z+1)=0
P 2x—7y—-13z=1

In vector form T 42i - 7]- 13I2)=1

Example 17: A plane through (3, —1, 1) passes through the line of intersection of planes
T X2i - 3]+I2)=5 and F>(f+5}- 2I2)=1. Find its equation.

Sol.

Equation of plane through line of intersection of gives plane is
[F2i- 33 +R)- 5| +1 [pxi +55- 20))- 1 =0

p r>{(z+| )i +(5l - 3)j+(1- 2l )|2]=5+|

It passes through 3i- ]+I2

\ G- Gk +1)i - 3+ a- 20 )k]=1 +5

P 6+3l -5l +3+1-2l =1 +5P | =1

Plane is FX3i +2j- k) =6

Three Dimensions: Planes are 2x—3y+z=5and x+5y—2z=1
Any plane through the line of intersection of these planes is
(2x—=3y+z-5)+| (x+5y—-2z-1)=0

It passes through (3, -1, 1)

\ (6+3+1-5)+1(3-5-2-1)=0b | =1

\ Planeisx+2y—z=6

Example 18: Points P and Q are (3?+]+2I2) and (i - 2]- 4I2) . Find equation of plane through
P and perpendicular to PQ. Find its distance from (-1, 1, 1)

Sol.
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Normal of plane is along PQ, as plane is perpendicular to PQ, PQ=-2i- 3] - 6k
\ Plane through Pis [ - (3?+]+2|2)H— 2i- 3j- 6k|=0
P r3(-2i- 3j- 6k)=-21

b r¥2i+3j+6k)=21 (1)



Math-Ordinate - 3D Vector Equations of Straight Lines & Planes
Plane through (-1, 1, 1) parallel to plane (1) is
ro2i+3j+6k) =1 =(-i+]j+k)%2i +3]+6Kk)
p r{2i +3j+6k) =7 - (2)
21

21
A from origin plane (1) = ry =7 =3

7
A from origin on plane (2) = =7 =1

7

h
\ Distance of point (-1, 1, 1) from planeis3-1=2

Example 19: Find the equation of line of intersection of planes rX3i- ]+I2)=13 and

ri+4]- 2k)=57

Sol. The line of intersection of the two planes is parallel to the cross product of their
normals. i.e. parallel to (3i- j+Kk)™ (i +4]- 2k)=- 2] +7]+13k

Suppose foot of perpendicular from origin on the line of intersection is a. This is
also on the plane formed by the normals of planes.

\ 3=l @3i- j+k)+nfi+4]- 24 .. (a)
and\ |31 +mi+(@m- 1 )i+(1 - 2mk[4si- j+k|=13
=} 9 +3m-4m+1| +1 —2m=13
111 -3 m=13 - (1)
and || (31 J+K)+nii+4]- 204 +4j- 2k|=57
b 3l +m+16m-4l —2| +4m=57
b -3l +21m=57P -l +7m=19 - (2)
fromland2;l =2, m=-3
Putting these values of | and min eqn. (a)
3 =2(3i- j+k) +3(i +4j- 2k)=9i +10j- 4k
\ Line of intersection is
F=9i+10j- 4k +t(- 2i +7j+13K)

Example 20: Show that planes TX2i +5j+3k)=0, 7Xi- j+4k)= 12 and r{7i- 5k)+4=0
have common line of intersection.
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Sol. Equation of plane passing through the line of intersection of planes
FX2i+5]+3k)=0 and rx{i- j+4k)=2 is
F>(2?+5]+3|2)+|[F>(?-]+4|2)-2]=0
F><[(2+I )i+(5-1)j+3B+4l )IQJ- 21 =0 . (a)

If the given planes have a common line of intersection then this plane (a) and the
given third plane F>(7]- 5I2)+4 =0 should be identical.

\ =21 =4 | ==2 putting this value of | in Egn. (a)
r >{0f +7] - 5I2]+4 =0 which is the third given plane.
Example 21: Position vector of points P and Q are 5?+7] - 2k and 3i +3j +6k respectively.

The vector A (3i - ]+I2) , passes through P and the vector B, (- 3 +2] + 4I2) passes through Q.

A third vector 2i +7] - 5k intersects vector A and B. Find P.V. of point of intersection.

Sol. Let vector 3i —j + k act along LA and vector —3i+2j+4k act along L,B. P is on L;A and
Qis on L,B and vector.

2i+7j + 4k meets LA in Cand L,B in D. Its direction is CD.

From figure 14 P. vector of C r, =0P+| vector A

P =5i+7]- 2k +1 (37 - ]+I2) and P. vector of D .. (1)
r,=0Q+m
= - 3{ +3j+6k+nf- 3] +2]+4k) - (2)

CD=r,-r, =a(2i +7j- 5k
rom (1) and (2), a(2i +7j- 5k)
= (-8 -3m-3| )iA + (-4 +2m+l )] +(8+4m-| )12

\ 2a=-8-3m-3l,
3 3

P a=- _Em_EI ..(i)

and7a=-4+2m+|, ... (i)

5a=-8-4m+| .. (iii)

from (i) and (ii) 25 m+ 23| =-48 .. (3)
(i) and (iii) 7m+ 171 =-24 . (4)
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From (4)and (3) m=-1,1 =-1
\ OC=r, =5i+7j- 2k- 3i+j- k=2i+8j- 3k
OD=Tt, =-3i+3j+6k+3i- 2j- 4k =]+2k

Example 22: Vectors AB=3i- ]+I2 and CD=-3i+2j+4k are not coplanar and p. vector of

A and C are 6?+7]+4I2 and - 9i +2k respectively. Find p. vector of point P on AB and a
point Q on CD such that PQ is perpendicular on both AB and CD.

Sol.  Study the figure 15. Let r, be P.V. of P.
r, =(6i +7j+4k)+1 (3i- j+k)=(6+31 )i +(7- 1 )j+(4+] )k
Let P.V.of Qber,
r, =(- 9] +2k) +mi- 31 + 2] +4k) = - 3mi +(- 9 +2m)j + (2 + 4k
PQ=r, -1, =-3m+(-9+2mj+(2+4mk- (6+3l )i- (7- | )j- (4+I )k
=i(-6- 3m- 31 )+j2m+| - 16)+k(-2+4m- | )
PQN ABP 3(-6-3m-3l)—(2m+| —16)+(-2+4m-1)=0
\ 7Tm+4l =-4 - (1)
PQ XCD = 0;
\ -3(-6-3m-3l)+22m+| —16)+(-2+4m-1)=0
b 29m+7l =22 . (2)
Solving (1) and (2) m=1,1 =-1
\ P.vectorof Pis 3i +8j+3k, of Q, - 3i- 7j- 6k
Example 23: P vector of two points A and C are 9i - ]+7I2 and 7i - 2]+7I2. The point of

intersection of vectors AB and CD is P. AB = 4i- ]+3I2 and CD is 2i- ]+2I2. If PQ is
perpendicular to AB and CD and = 15, then find position
vector of Q. CAderk

Sol. Let O be the origin and p.vector of P be r from
DOAP

F=OA+AP=9i- j+7k+I (4i- j+3k) ..(1)
From DOCP, T =0C +CP

r=7i- 2j+7k +m2i- j+2Kk)
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From (1) and (2)

() 9+4l =7+2my
()1+] =2+m y
(i) 7+ 3l =7+2n{)

2
From (iii) | ==m
3
. 8
From (i) 9+§m=7+2m

2
r §m= - 2P m=-3 and these satisfy (ii)

g ~ ~

\ OP=F=i+]j+k b Pis(1,1,1)
Let PQ = af+b]+c|2

PQ™ ABP 4a- b+3c—0u a b c

PQ" CDP 2a- b+2c—0% 1 -2 2

1 2 2
\ D.Ratiosarel1,-2,-2 b D.cosineare —,- —,- —
3 3 3
. x-1_y-1_2z-1_ _
P lies on 1 = E__E_r_ﬁ
3 3 3

\ Qis(5+1,-10+1,-10+1)b (6,-9,-9)
\ P.V.ofQis 6i- 9j- 9k

Example 24: Find the equation of the plane which goes through origin and (3, —1, 2) and is
parallel to straight line r =4i +3j - I2+t(f - 4] +7I2)

Sol. Let normal of plane be ai +b] +ck
Plane is F>(af+b]+c|2)=0

It is parallel to straight line i.e. parallel to vector i- 4]+7I2. It means normal is
perpendicular to it.

\ ax1-4xb+7%x=0P a—4b+7c=0 .. (1)
Point (3i - ]+2I2) lies on plane

\ (3i- j+2Kk)Xai+bj+ck)=3a- b+2c=0
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a b ¢

From (1) and (2) = =
-8+7 21-2 -1+12

b a_b_cpa_b _c
-1 19 11 1 -19 -11

\ Planeis ryi- 19j- 11k)=0

Example 25: Find equation of plane through points A (2, 3, —4) and B (1, -1, —3) and parallel
to x — axis.

Sol.  Pointsare A (2i +3]- 4k),B(i- j+3k)
\ Vector AB=-1- 4j+7k
Plane is parallel to AB and x-axis (i +0><] +0 >i2)
Plane is parallel to AB and x-axis (i +0><] +0 >i2)
Normal shall be perpendicular to AB and x-axis
\ Planeis |- (2 +3}- ak)[- T- aj+7k) §| = 0
= [F- (2i +3j- 4|2)H4|2+7]]=0
P rXak+7j)=5

Example 26: Find the point where the line joining 3?+4j+|2 and 5?+]+6I2 crosses Xx-y
plane

Sol. Equation of line is
r=3i+4j+k+1 (2i- 3j+5Kk)
Point Q in x-y plane should be ai +b] . It lies on line.

\ ai+bj=3i+4j+k+I (2i- 3]+5k)

\ a=3+2l,b=4-31,0=1+5| P | ='%
2 1 2
\ a=3-—=—3, b=4+2:_3
5
323 ¢
\ Point of intersection is ?—,—,09
€5 5 g
3, 23-
lLe. —i+—]
5
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Example 27: From a point P (a, b, c) perpendicular PA and PB are drawn to y-z and z-x
planes. Find vector equation of plane OAB

Sol. The plane passes through (0, 0, 0), (0, b, c) and (a, O, c). The equation of plane is
Fodib]+ck)” (i +ck)|=0b Fofpci +aci- abk|=0

é j ku_
Prx+=-—=0
ga b cp

Example 28: Find eqgn. of plane through (5, =2, 3) and * to planes F>(2f+]+|2)=9 and
i +3j- 2k)=4.
Sol. Plane is ™ to two given planes

\ Its normal h =cross product of two normals
= 2i+]j+k)" (i+3]- 2k)
= 5(- i+]+k)
\ Planeis [F- (51- 2] +3Q)4 1+]+k|=0
= r{i-j- k=4

Example 29: Intercepts by a plane on axes are 2, 3 and 1. Find distance of plane from origin.
Sol: Plane goes through (2, 0, 0), (0, 3, 0), (0, 0, 1)

\ Points Ais 2i,Bis 3] and Cis k

AB=-2i+3k, BC=-3]j+k

\ normal  h=(-2i+3k)" (-3]+k)
=3i+2j+6k

Plane s (r - 2i)%3i +2j+6k)=0

r}3i+2j+6k)=6

i (3i +2j+6k) _6

7 7

6
\ Distance of plane from origin is 2 ﬁ. A

Example 30: Origin O is centre of a circle of radius, r. A is a fixed
point on circle and P is any point on tangent at A. OP = a. Show that

b

Fig 15
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rXa=r? and taking a=(x,y) and F=§lg deduce equation of tangent at (x, y) to circle
10
x> +y? =r?
Sol. In the figure, a=F,@ =a and DPOA=(q
\  Txa=0A>0P
= OA [ oP |cosq =r.OPcosq =r.r = r’

_ ., 0
and ax =(x,y)g 1i
Y19

P r’=xx, +vyy,

which is eqn. of tangent at (xy, y) to circle x* + y* = r*
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10.

11.
12.

13.

14.
15.

16.

17.

18.
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Practice Worksheet (Foundation Level) — 4(b)
The equation of line through (2, -1, 3) and parallel to 3i +7]- 2 is ...
Equation of straight line passing through (1, -2, 1) and (2, 3, 4) is
Angle between the straight line r = 2i- k+ t1(3f +4j) and r=i+ ] +k +t2(2f +] +2I2) is
For what value of a, are the points 2i +3j +4k, ai - 3] +5k and - 9] +6k collinear.

For what value of | are the vectors a+| b+3c, a- 2b+3C and 6a+14b +4C are
coplanar.

The point of intersection of lines r =(f+]+|2)+t1(2f- ]+I2) and
r=Qi+]- k)+t,(31 - 2j +4K) is ...

(a) Equation of the plane through (2, 3, —1) and parallel to plane r>(f+]+|2) =3 is..
(b) and its distance from the given plane is ...

Find angle between the line T =2i +3] +k+1 (2i +]+2I2) and plane r%3i - 2]+6I2) =4,
The distance of the plane r>(2i- 2j+k)=3 from (1,-1, 1) is ...

Equation of a plane through origin and through the line of intersection of the planes
i +3j- k)=5 and rXj+2k)=5 is ...

Does the plane F>(f+2]- I2)=3 contain theline r =(2f+]+|2)+| (2?+j+4|2).

The equation of plane containing the lines

r=2i+]- 3k+| (i +2j+5k) and r =37 +7j+ 7k +m(3i - 2j+5K) is...

Find equation of plane which bisects the line joining (1, 2, 4) and (3, 4, 6) at right
angles.

The equation of plane through (2, 3,-4) and (1, —1, 3) parallel to x-axis is ...

Find the equation of plane which goes through origin and point (4, -2, 3) and is
parallel to the line T =4i - 3j +k+t(i +4] +3K)

The equation of plane through (1, 2, 3) and perpendicular to planes r{2i- j+|2)=3
and r>(f— 2}- 2I2)=4 is

Find the equation of plane which cuts off intercepts of 4, =3 and 6 from axes. Find its

distance from origin as well.

Pis (=2, 3,—1) and PM, PN, PT are perpendicular from P on x —y, y—z and z — x plane.
Find the equation of the plane M.N.T.
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19.

20.

21.

22,

23.

24,

25.
26.

27.

28.

29.

30.

31.

32.

33.

34,

The equation of plane through (3, —1, 2) perpendicular to the line of intersection of
planes T i- ]+I2)=5 and F>(2f+3j- 4I2)=10 is ...

The equation of a plane which is parallel to vectors 3?+2]+I2 and f+3]- 2k which
are non parallel and which passes through (1, -2, 4) is

Find the equation of plane which passes through (1, 2, 3), (1, -3, 4) and (2, 1, -3).

The straight line 7 =i+2]j- k+1 Bi+]- 2k) meets the plane T X4i - ]+I2)=10 in P.
P.V.of Pis...

The straight line r=3i- 2]+4I2+| (2i- j+3l2), F=f+3]+5l2+r’rﬁ+l2) meets in P
perpendicular to the line segment (...) and (2, 1, 3) and is at a ... from origin. Equation
of planeiis ...

Show that planes r X3i +4] +2I2) =0 rx3i- ]+3I2) =2 and r >(5] - |2) +2=0 have
common lines of intersection.

Find equation of line of intersection of planes r>(f+4]- 2I2)=39 and r(3i- ]+I2)=5.
Find equation of plane which passes through the line of intersection of planes
FX3i- 7j+2k) = 15 and T {4} +5j- 3k)=12 and pt. (4, -2, 5)

Find equation of plane which bisects angle between planes T X2i - 2]+I2)=0 and
F>(f+2]- 2I2) =0 and passes through (3, -2, -1)

The image of point (3, -2, 1) in a plane is (-1, 3, —4). Find equation of this plane.

Point Ais (2,1, 3) and AB=4i- ]+5I2 straight line CD goes through (1, 3, 4) and has d.
ratios 5, -3, 4. If AB and CD intersect at P, find P.

Planes T X2i - 2] +k)=0 and ri+2j- 2k) =1 lies opposite sides of point (3, -2, —1).
If this point is equidistant from these planes then find value of | .

a and b=4f+3] are two perpendicular vectors in x — y plane. All vectors of x — vy
plane have projection 1 and 2 along a and b respectively. Find these vectors.

[Hint:a = 3i - 4]]

Find vector moment of vectors f+2]- 3k, 2?+3]+4I2 and - i- ]+I2 which actona
particle at P (0, 1, 2); about the point (1, -2, 0).

—

r"b=c b,ra=0 and a*10. If these three statements hold good

simultaneously, then express T in terms of &, b and ¢.

The vertices of a tetrahedron are O, (0, 0, 0), A, (1, 2, 0); B, (2, 0, 1) and C (0, 4, 5).
Calculate angle between faces OAB and ABC.
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35.

36.

37.

38.

39.

40.
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5=3f+]+4|2, b=i-] and ¢ =i+5k. Find angle between a+b and a+c. Find also
unit vector perpendicularto a+b and a+c.

A force F =2f+]- k acts at point A, whose p. vectors is 2i- ] Calculate moment of
force about origin. If force moves from A to B (2?+]), then calculate work done by

force.

a ' b+b”  c+a=ap+bqg+cr where a,b,c are vectors and p, q, r are scalars. If

a, b, ¢ be unit vector and be inclined at q to one — another, then express p, g, r in
terms of .

Position vectors of vertices of a triangle are A (?+]+I2), B (3?- ]+2I2) and C
(4i - 3] +I2) . The angle bisector of angle A meets BC in P. Find position vector of P and
equation of AP.

Position vectors of points P and Q are 3?+4j+5|2 and - 3?+4j+7|2 respectively.
Vectors a =4i - 2} +k passes through P and vector b =- 4?+3j+2l2 passes through Q.
A third vector - 2i - ]+6I2 meets vector a and b in Cand D. Find C and D.

Position vectors of points A and C are 8i- ]+7I2 and f+9]+|2 respectively. Vectors
AB an CD are 4i- 5]+4I2 and 3i- 5]+2I2; AB and CD intersect in P. PQ is
perpendicular to AB and CD and its magnitude is /141 . Find P.V. of Q.



5. Formulae and Concepts at a Glance

Linear Combination of Vectors
The linear combination of a finite set of vectors a, ,3,,....,a, is defined as a vector
r such that r =k,a, +k,a, +.......... +k,a,, Where k, k,,.....k, are any scalars.

n-n’

Linearly Department and Independent Vectors

A system of vectors a, ,a,,......... ,3, 1s said to be linearly dependent if there exists
scalars k, ,k,,.....k, (not all zero) such that k,a, +k,a, +.......... +k.a =0.

They are said to be linearly independent if k,a, +k,a, +.......... +k.a, =0implies
thatk, =k, =.....=k_=

Two collinear vectors are always linearly dependent
Three coplanar vectors are always linearly dependent
Three non-coplanar non-zero vectors are always linearly independent.
Three points with position vectors 3,b,¢,d are coplanar if
Four points with position vectors 3,b,¢,dare coplanar if
| @+l ,b+l c+l d=0owith |, +],+I,+|,=0
C (or Dot) product of Two Vectors
The Scalar product of @and b written as 3 .b is defined to be the number
E |5| cosqwhere qis the angle between the vectors dand bi.e. 3.b= abcosq.
Properties

b = (projection of @ onb ) b = (projection of bon 3 )a

~—~—

a.b =(acosq
ab=00 3,bare perpendicular to each other b i.j=jk=k.i=0
Vector (or Cross) Product of Two Vectors

— -

The vector product of two vectors dand bdenoted by 3" bis defined as the
vector [3 |5| singh , where qis the angle between the vectorsa.band f s a unit vector

perpendicular to both 3and b (i.e., perpendicular to plane of 3and b). The sense of
A is obtained by the right hand thumb rule i.e.,a,band A form a right —handed
screw.

It id evident that |5' 5| =absing.
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Properties

are collinear (if none of 3 or bis zero vector)

Ql
(o}
1]
o
(e}
Ql
Q
=}
o
(o}

~

=ik i=jand j i=-kk j=-ii k=-]

—_—

—
1
~>
M
—
>

Any vector perpendicular to the plane of 3and b is | (5' B)Wherel is a real
a'b

a b

number. Unit vector perpendicular to dand bis +

|5' 5| denotes the area of the parallelogram OACB, where OA=3and OB=b

Scalar Triple Product

It is defined for three vectors 3,b,¢in that order as the scalar (5' B)E =[556],which

can also be written simply as a° b.¢.It denotes the volume of the parallelepiped
formed by taking a, b, c as the co-terminus edges.

i.e.V=magnitude of 3" b.c= [5' B.EJ

Ol

Properties

3" b.c=3.b ¢ i.e. position of dot and cross
can be interchanged without altering the a
product. Hence it is also represented by
labe|.

|abe|= |pcal= [cab]
[kabe|= k|abe]
Vector Triple Product
It is defined for three vectors a,b, ¢ as the vector 3 (5' E)=(5.E)5- (5.5)6
In general 3" (6" ¢)t 5" b) ¢
3 (B' E)z (5' 5)' ¢if some or all of 3,b,¢ are zero vectors or 3 and¢ are collinear.

APPLICATIONS OF VECTORS

(1) Section Formula

Let the position vector of a point P be p and that of another point Q begq. If the
line joining P and Q is divided by a point R in the ratio of m:n (internally or
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~_mg+np

externally), then r = a7np
m-+n

external division take m:n as negative (i.e., either of m or n as negative).

.For internal division take m:n as positive and for

(2) Equation of Line in Vector Form

(i) Equation of the line passing vector through a given point A(é)are parallel
to a vector (B)is given by r=3+| b, where T is the position vector of any
general point P on the line and | is a real number.

(ii) Equation of the line passing through two given points A(é)and B(é)is
given by r =3 +| (5- 5).

(3) Equation of Plane in Vector Form

Following are the four useful ways of specifying a plane.

(i) A plane at a perpendicular distance d from the origin and normal to a
given direction (i)has the equation (F- dAldA=0or F.A=d(fis a unit
vector).

(ii) A plane passing through the point A(é) and normal nhas the equation
(r-3)h=o0.

(iii) Parametric equation of the plane passing through A(é) and parallel to
the plane of vectors (B)and (€)is given by T =3+l b+nth F.(B' E)=[5BEJ

Some Miscellaneous Results

(i) Volume of the tetrahedron ABCD :%[ﬁﬁﬁl

(i)  Area of the quadrilateral with diagonals d,and d, :%|EI1 ’ EIZ|.

(iii) The internal dissector of angle between unit vectors aand bis along the
vectora+b. The external bisector is along 4-b.Equation of internal and
external bisectors of the lines

=3+l b,and 7 =a+nb, (intersecting at A(@)) are given by
0
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Solved Example
Example 1: Find shortest distance between lines
r=(3i- )+ (i+2]j- 3k) and F =(i+]- 2k)+m2i +4] - 5k)
Sol: Here a3 =3i-j,a=i+]j-2k
b, =i+2]j- 3k, b, =2i+4]- 5k

b,” b, =(i+2j- 3k)" (2i +4]- 5k)

i j ok
=1 2 -3=2i-j+0k
2 4 -5

and |b,” b,|=1

a3, -3 =2i+2j- 2k

-21+2j- 2k).(2i- j+0.k
\ sp =t2i+2j- 2).(2i- j+0.k)

Ja+i
-4-2 6
=" p SD.=—
Vs J5

Note: See these lines do not intersect.

Suppose these intersect
\ (3i-9)+1(i+2]-3k)=(i+]- 2k)+m2i +4]- 5k)
b (3+1)i+(-1+21)j- 3l k=(1+2m)i +(1+4mj- (2 +5mk
Equating co-efficient of iA,]andIz
() 3+ =1+2m @
(iiy -1+2l =1+4n’i’,
(i) -3l =-2- 5m|O

+
from (iii) | =2 il

+5m

2
from (i) 3+ =1+2m

Solvingm=+38,| =14
Putting these value in (ii), =1 + 28 = 1 + 32 does not satisfy
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i.e. lines do not intersect.
Example 2: Find shortest distance between straight lines

-1 - - - - -
X _y 2:z 3andx 2:y 4:z 5
2 3 4 3 4 5

Sol: The given lines are
F=(i+2j+3k)+I (21 +3j+4k) and F =(2i +4]+5k) +m{3i +4] +5k)
Now, a,- a, =(2i +4j+5k)- (i+2]+3k)=i+2j+2k
b,” b, =(2i +3]+4Kk)" (31 +4]+5k)

A W -

k
2 4=-?+2]-I2magnitude:\/€
3 5
(3, - 3,).(b,” b,)

\ sp.= 2 A0
|b," b, |

C((+2j+2K).(-T+2j- k)
J6

_-1+4-2 1

RGG

Example 3: Vector a is perpendicular to vector b and vector r is a linear combination of
vectors a,b and a" b.Find T ifr" a=b

Sol: 3,banda’ b are non coplanar
\ r=xa+yb+z(a’ b)
where x, y, z are scalers and a * bb a.b=¢c
Now b=t a=(xa+yb+z(a b) a
b r a=x(a 3a)+y(b a)+za b] a
x.0+y(b” a)+z[(a.a)b- (b.a)a]
b v a=y(b 3a)+z(3a.a)b]=b
Comparing co-efficients, y =0, z|a.a|=1

1 — 1
P z=—7 P r=xa+—
lal

[a.E](a )
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-1 _, -
=xa+—(a" b)
a
Example 4: 3,band¢C are non-zero vectors and [(a° b).€]=|a||b||<|. Then prove
a.b=b.c=c.a=0

Sol: [(3a° b).c] = volume of a parallelelopiped 7
whose coterminous edges are OA, OB, OC (and
OA=3,0B=b,0C=¢)

In the figure (2) volume of parallelopiped is =
area of parallelogram OAKBX height CL Nl/ N ; }
/

= 1@ b)|.€={al.|bsing}{|c|cosq} - .
where f is the angle OC makes with vertical
A K
V= |al|b]|c|sing.cosf X
Fig 2

but given V=a||b||c|
\ sinq=1,cosq=1P a”bandc”b
\ a.b=a.c=c.a=0

Example 5: ABC is a triangle and 5,5 and C are P.V. of A, B and C respectively. Point E

divides AB in the ratio 2 : 3. CE meets median AD in P. Find P. Vector of P in terms of
a,bandc.
Sol. Point E on AB divides AB in the ratio of 2 : 3

o
b p.v.of E= 22 *33

D is mid-point of BC.

L
PV.of Dis 27C

P lies on CE and AD

Equation of CE is

=22

oo

@b +3a-5c0 B D
r:c+|g—;
5 g Fig3
— _ 2— _0 3, 2, — _
:c+I€§a+—b-c9:—Ia+—Ib+(1-|)c
e5 5 g 5 5
Equation of AD is
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P lies on both.
3, 2, — _ _ mb nt
\' Zla+=Ib+(@-1)c=(1-mMa+—+—
5 5 t-Te=@-m 2 2

— 2 n 4
Comparing co-efficients of b EI :E =m=§l

_ 3l 4 5
Co-efficientsof a3 —=1-m=1-—I b | ==
5 5 7

_ 1 1, =
\ P.V.ofPis c+7(2b+3a- 5c)=7(3a+2b +2¢)

Example 6: P. Vectors of points A, B, and C are f+]+l2, 3i- ]+2I2 and 4?+3]- 5I2,
respectively. Find vector BK perpendicular to AC

Sol.

A, i+]j+k;B, 3i- j+2k;C, 4i+3j- 5k

\ AB=2j- 2j+k,AC=3}+2]- 6k
Let BK be perpendicular on AC, let it be
af+b]+cl2

Itis™ AC

\ (ai+bj+ck).(31 +2j- 6k) =0
P 3a+2b—-6c=0 .. (1) Fig 4

K lies on AC and BK.

\ r=i+j+k+l (31+2]- 6k)=3i- j+2k+nfai+bj+ck)

Comparing co-efficients of f,] and k

1+3l =3+mab 3am=9l -6

1+2l =-1+nb P 2bm=4| +4

1-6l =2+nthP —6cm=36l +6

adding (3a+2b—-6c)m=49l +4=0m \Vl=-—
S L PP S 2 a0
vector BKis i+ j+k- E(3I+2j- 6k)- (3i- j+k)
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1 2 - ‘ 2 a0
25(3% +41j+73k)- (3i- j+k)

1 " " A
=- = (110i - 90] +24k)
49

Example 7: vectors OA :2f+3]+6I2 and OB=i- 2]+2I2. C is a point in AB such that OC
bisects angle DAOB. Find P.V. of C.

Sol. OC bisects DAOB in DAOB.

OA =2 +3j+6kb |OA|=7 %
OB=i-2j+2kb |OB|=3 0 \,\/B

\ BC:CA=3:7
P.V.B, i- 2j+2k A, 2§ +3j+6k

i+9j+18k+7i- 14j+
P.V.ofc=6l 9j 18k107| 14j+14k

_13i- 5j+32k
10

1 A N
P.V.of c= —(13i - 5]+32k)
10

~ ~

Example 8: 3 =2i+]- 2k,b =i +jand<T are vectors between 4.8=|¢|, &- 4=2+/2, and angle
3" b and ¢ is 30°. Find |(5' b)’ E|.

Sol. |&-3=2/2b |cP+|af-2ac=8
But 4.8=]¢
\ |[cP+|al*-2|c|=8 ~|al=3

\ |cf-2|c|+9=8P |c|*-2|c|+1=0

\ (|c|-1*=0P|c|=1

T — s T — 1 —, =
Now (a” b) c=|a b|.|c|S|n3O°=E.1.|a b|

i)k
2 b=]2 1 -2=2i-2j+k
11 0
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\ |a"b|=3

\ [@@" b) c]=%.1.3=§

Example 9: a =2i +] +I2,B =f+2]- k and a unit vector ¢ are coplanar. If ¢ is perpendicular

to a,find c.
Sol. |5|=\/€,|B|=\/€, Cis™ to 3 andliesintheplaneof 3 and b b Cis® a3’ b
\' Required vector = M
la” (a” b)]
_ _ Ti
_(a.b)a- (a.a)b N.E.
|a” (@" b)|
5b=3 a.3=6
45°
6:33'—63:35-66:6?+3j+3|2-6?-12]+6|2 .
|3a- 6b]| Fig 6
_-9i+9% 1

(- j+k)

a2 V2

Example 10: A man cycling eastwards at 8 km/hr. Find the wind blown from north. On
doubling his speed, the wind seems to blow from N.E. Find the velocity of wind

Sol. Let i and j represent velocities of man and wind along East and North.
i =8 km/hr velocity of cycle.
—j = apparent velocity of wind.
If xi + yj is true velocity of wind, then xi +yj+ (—i)=—j P i(x=1) +yj=— ... (1)
Speed is doubled i.e. it is now 2i
Now apparent velocity is from N.E. — (i +j)
\ xi+yj—2i=—(i+j)P i(x—2)+yj=—i—j - (2)
Solving (1) and (2) xi+yj=i—]j
i.e. velocity is 8\/5 km/h from N.W.
Example 11: If p=x(¢/" m)+y(m” n)+z(n” /) and [? m ﬁ]=\/§ then evaluate x +y + z in
terms of I,m,n,p.

Sol. p=x(¢"m)+y(m n)+z(n 0
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\ Cp=x[/{m]+y[f mn]+z[ln (]

y[/ m 7]

\ l.p+m.p+n.p=(x+y+2)[¢/ mn]

ol
1

\ (x+y+z)=%(?+m+ﬁ).5

Example 12: The value of p for which angle between a =3p?+5pj+k and b =6i- j- pk is
obtuse and angle between b and z axis is acute and less than p/6 arc

(a) p>%orp<0 (b) O<p<% (©) %<p<1 (d) None of these
a.b _ - " 1
Sol. ——cosg<0P a.b=18p"- 6p<0P O<p<—
lallb] 3
b |.[k| p

angle between b and z axis, — >0 butf < =
|b|.1 6

p—'1>£b p?- 111>0,p>~/111
\p? +37

\' (d) correct

\

Example 13: a=2i- ]+2I2 and B=f+2]- 2I2; and vector ¢ is perpendicular to a. It is

coplanar with a and b also find a unit vector d perpendicular toaand c
Sol. Let € =xi+yj+zk

d=pi+q]j+rk

X vy z
2 -1 2(=0
1 2 -2

(i) 3,b,c are coplanar
\ -2x+6y+5z=0 - (1)
cMa\ 2x-y+2z=0 - (2)
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—=1 =" \ ©=17i+14j- 10z
17 14 -10

. d"toa \ 2p-qg+2r=0 U o
(i) — _ y,d =pi+qj+rz
d™toc 17p+14q-10r=0¥)

X 1 1
\ d=————(2i- 6j- 5k)=—=—(2i- 6j- 5k)
Ja+36+25 J65

Example14: v  p=q pand r ' q=p q,p1 0, g 0 and p,q are non coplanar, p is not
perpendicularto q then r =

(@) P +a (B)p-a (P a+p ()P a+q
Sol. rp=q pbkP (r-q) p=0
Fq=p P (- p) G=0

\ r-p parallelto q, r- q parallelto p
\ r-p=lqand(r- q)=np

For pt. of intersection of these lines
r=p+lg=q+npb | =1,n=1.

\ F=p+g

Sol.

But r.,g=0P |a|2 r=r P (9.9).r- (r.q).r=r
agmnF=5'ab|Fr45'arqan5nm§
b IF|=Ip].1.15/p]|
\ 1§]=1and|F|=|p]|

Example 16: Find all values of | such that (x,y,z)* (0, 0, 0) and
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(i+]+3K)x + (30 - 3] +k)y +(- 41 +5]))z =1 (xi +y]+2zk)
Sol.  Given (i+]+k)x+(3i- 3j+k)y+(-4i +5))z=-1 (xi +yj+zk) =0
P (x+3y-4z- | x)i+(x-3y+5z-ly)j+(Bx+y-12)=0
i, j, k are non-coplanar vectors.
\' (1-1)x+3y-4z=00
x+(-3-1)y+52=0 y
3x+y-1z=0 b

These homogeneous equation in x, y, z shall have infinite solution. (notx=0,y =0, z
= 0 solution) if

1-1 3 -4
1 -(3+l) 5|=0
3 1 -

P (1-1)(-3-)(-1)=-51-1)+3[15+1]-4[1+9+3l]=0
b (1-1)(3l +1%)-5+5] +45+3] —40-12] =0
Pl13+21%2+]1 =0b I (l +1)’°=0

\ | can have two values, 0 and -1

Example 17: E,B,E are mutually perpendicular vectors of equal magnitude. Show that
a+b+¢ isequallyinclined to a,b,c.

Sol.  Givena.b=b.c=c.a=0
\ (@+b+c)=3a’+b?+c?
and if [a|=|b|=|c|=m than a’+b?+c? =3m’
\ (a+b+¢)?=3m’ - (1)

Now 5.(5+5+E)=m\/§m.cosq=5.5+0+0

1
p \/gmzcos =m’P cosq= ——
q q NE)
b.(@a+b+c)=|b||a+b+c|cosf =b.b
p m.\/gmcosq:m2

\ cosq:%b 0
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\ (a+b+¢) is equally inclined to a,bandc

Example 18: Given r  b=c  b,r.a=0anda.b® 0. What are the geometric meaning of
these equation. If the above three holds good simultaneously, then determine vector r in
terms of a,band ¢

Sol. Let A, B, Cand P be points whose vectors are E,B,EandF.
(i) a.b10b 3l 0,b! 0andanot™ b
(ii) rb=c bb (r-¢) b=0

r.c may be zero or parallel to b.But r-c1 0 as P and C are distinct

points (not coincident)\ (- C)is| |b
(iii) r.a=0pb eitherr=0ora=0orr”™a
(iv) 3’ [(r-¢) bl=a" 0=0P 3" [r b-¢ b]=a (" b)-3a (¢ b)=0
P (a.b)r- (a.r)b- (a.b)c+(a.c).b =0
But a.r=0
\ (a.fr=(a.b)c- (a.c)b
- (a.B)E-_(a.E)B
a.b

\
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Practice Worksheet (Foundation Level) — Miscellaneous Exercise

1. Vectors E,B and a+b are unit vectors, then angle between a and b is
p p 2p -p
a) — b) — c) — d) —
(a) 3 (b) p (c) 3 (d) 3
2. In question no. 1 |a- b| is equal to
1
(a) 0 (b) V3 (c) 2 (d) 3

3. The angle between any two diagonals of a cuboid is

(a) cos'lgg (b) cos’ g (c) cos” g\/_g (d) none of these

QI

4. The vertices of a quadrilateral are A, (2, 3); B, (5, 1); C, (6, 4) and D (4, 5) angle
between diagonals is

P P P 2p
(a) p (b) 5 (c) 3 (d) 3

5. The  vector area of  parallelogram whose adjacent  sides are
azi+j+3kb=-2i-3j+kis

(a) 5v/3 (b) 5V6 (c) 6/5 (d) 4+/5

6. ABCD is a parallelogram. E in AB divides AB in the ratio of 1 : 2; DE and AC intersect in
F. Use vector method and find AF/FC.

(a)1:4 (b)1:3 (c)2:7 (d)2:5

7. The three conterminous edges of a right triangular prism are f+2]- 3I2;2f— 3]+4I2
and 3?+5]- |2; Its volume is
(a) 16 sqg. u. (b) 28 sq. u. (c) 23 sq. u. (d) 42 sq. u.

8. two adjacent sides of a parallelogram are f+5]+4l2 and 2i- ]+I2. Unit vectors along
diagonals are:

(a) 5\/_(3.+4,+5k) \/_(. 6i-30  (b) %(3?+4}+5I2),%(6f+]- 3k)

1 N R
(c) —=(3i+4]j+5k),—(i +3k - 6j) (d) none of these
542 Ja6
9. Vectors a- 2b +3¢,- 2a+3b - 4canda- | b +5¢ are coplanar then| is
(a)-3 (b) 5 (c)3 (d)-5
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10.

11.

12.

13.

14.

15.

16.

17.

Volume of parallelepiped whose conterminous edges are
- 3j+k,i+j- k and 3i+2j+3k is:

(a) 30 sq. u. (b) 27 sq. u. (c) 29 sq. u. (d) 26 sq. u.

The vertices of a tetrahedron are (1, 1, 1), (5, -1, 2) (-2, 3, 1) and (-3, -2, 4). Its
volume is

(a) 4 sq. u. (b) %sq.u. (c) %sq.u. (d) %sq.u.

The unit vector perpendicular to vectors - f+2]+2E and i- ]+3E forming a right
handed system is

1 PN e
(a) W(SI +5J+k) (b) W(SI-'-SJ- k)
1 < i
(c) 3\/E(8I+7J- k) (d) \/_(8|+5J- k)

Cis mid point of AB. P is any point outside AB then
(a) PA +PB =PC (b) PA +PB =2PC (c) PA+PB+PC=0 (d) none of these

o

An unit vector in x —y plane which makes an angle of 45° with i + j and an angle of 60
with 3i—4jis

(a)i (b) %(Hj) (c) %(i- j) (d) None of these

[Hint: Let xi + yj be the unit vector, then X’ +y* =1, x +y =1, 3x — 4y = g No real
value of x, y satisfy all the three —d]

a.i=3 then [@" K] . [2j- 3k] =

(@)9 (b) -6 (c)-9 (d)6

(@ b)?+(a.b)?=144 and | a | =4,then | b | =

(a) 16 (b) 8 (c)3 (d) 2

The unit vector perpendicular to - f+2]+2l2 and making equal angles with x and y

axis is
(a) %(zhzj- k) (b) %(- 2i-2j+k)
(c)\/_(2|+3j-2k) (d)\/_( 2i- 3j+2k)
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18.

19.

20.

21.

22.

23.

24,

25.

26.
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A unit vector makes equal angles with vectors, 3i+4j; i+2j+2k and 4i+3k. The
vector is

(a) £ F(17€+11]+9|2) (b) + \/_(17?_ 11§ +9K)

(c) + \/_(17?+11j- 9k) (d) * \/_(17?_ 11j- 9Kk)

3,b and¢ are vectors and a+b+¢c=0 |a|=3,|b|=4,|<|=5 then a.b+b.c+C.3=

(a) 47 (b) =25 (c) 25 (d) 28

3,b,¢ are three non-coplanar vectors than (a+b +¢).[(a+b) (3 +¢)] is equal to
LLT.

(a)o (b) [abc] (c) 2[abc] (d) - [abc]

D, E, F are mid points of sides BC, CA and AB of triangle ABC. O is any point in the
plane of the triangle, then OD+OE+FO =

(a) OC (b) CO (c) DF (d) OA
a.c a.d_

b.c b.d

(a) @ ¢).(b" d) (b) @ d).(b” ©)

(c) (@ b).(c” d) (d) none of these

b=b'¢ (d) [abc] =[bca] =[cab]

3.b=0 and a+b makes an angle of 60° with a then

(a [b|=2|3 (b) [3l=2]b] () IbI=¥3]3] (d) 13l=V/3]b]
Vectors 5=f+2]- 2I2,6=2f+2]+4l2 and é=3f+2]+5|2 then magnitude of

projection of a” Conb is

4
ﬁ (b) E (c) \/—

3,b,C are unit vectors such that a.b =0=2a.c and angle between b and ¢ is 45°, a

(d) /3
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27.

28.

29.

30.

31.

32.

1

@2b° 0  (b) %(B' 9 @50 0 (d) v2(6" 0)

3’ (b"c)=(@ b) ¢ then
)
)

Position vector of A and B are @ and b. Points C and D divide AB internally &

(@) b (c

(b) (c”3) b=0

|

,
’

0
0

o

(c)c (a (d) none of these

externally in the ratio of 3 : 2, respectively. Vector CD is

(a) 1—52(5- 3) (b) 1—52(5- b)
© 2a+b) ) Eab +3)
5 5

——_ . — = = 1 - _
a,b,c are non-coplanar unit vectors such that a” (b” c)=—=(b +c), angle between

V2
2 and b is
I.I.T.

3p p p
a) — b) — c) — d
(a) 2 (b) p (c) 5 (d)p
Let a, b, g be real numbers, the points with position vector ai+bj+g2, b?+gAj+aI2
and gf+a]+bl2 on
(a) collinear (b) term equilateral triangle
(c) term isosceles triangle (d) form right angled triangle

1 o o =
The vector E(Zi - 2j+k) is

(a) unit vector (b) is inclined at g with
2i- 4j+3k
(c) parallel to i+]j- %E (d) perpendicular to 3i+2j- 2k
A unit vector perpendiculartoai+ bj+ckandi+j+kis
1 L 1 . .
(a) I—[(b- c)i+jc- a)+k(a- b)] (b) I—[(b- c)i- (a+c)j+k(a- b)]
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33.

34.

35.

36.

37.

38.

39.

40.
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(c) Il[(c- b)i+j(a- c)+k(b- a)l (d) Il[bci+caj+abk]
where | 2=2(a’+b? + - bc—ca-ab)
a and b are components of vector 5 - 2]+6I2 and along and perpendicular to
2i- j+2k,thenbis
1, - o= " 1, - ~ _»
(a) 5(16| - 8j+16k) (b) 5(- i +2j+2k)
1 N ~ O 1 N ~ O
(c) g(-|-2J+2k) (d) 5("+2J'Zk)

a=i+j+k, b=4i+3j+k, c=i+aj+bk and |c|=\/§ and if these are linearly
dependent vectors then

(a)a=1,b=1 (b)a=1,b-1 (cJa=-1,b=1(d) a=+1,b=1
3 and b are two non-zero vectors. a is perpendicular to b of

(a) |a+b|=|a- b]| (b) (a+b).(a- b)=0

(c)(a+b) || (@a=Dh) (d) none of these

a=i+2j- 3k, b=3i- j+2k, c=2i- 3j+k, then angle between (3’ b) and (b” ©) is

(a) cos'lge 43 9 (b) cos'1£
&12V/57 g J57
1 43 . 43
d
(c) cos 15\/5 (d) cos 13\/5
(@a+2b-<c).[(@a- b) (@-b-7)]=
(a) [abc] (b) 2[abc] (c) 3[abc] (d) 4[abc]

Vector ¢ is perpendicular to 2i - 3]+I2 and i- 2]+3I2 and c.[i +2]- 7k] = 10 then ¢
is

(a) 7i+5j+k  (b) 7i- 5j+k (c) 7i+5j- k (d) 7i- 5j- k

The points with position vector 60?+3] , 40?+8] and af+5] are collinear then a is
(a)-50 (b) 30 (c) 52 (d) 40

If p=3i+2j+k and g=4]j- 8k and p" a=q and p.a=-2 then ais
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41.

42.

43.

44,

45,

46.

(m;%ﬁ-ﬁ+b (m;%ﬁ-ﬁ-b
(c) %(Shzjﬂb (d) %(5% 2 +2Kk)

The force F=3f+4]- 2k acts through f+]+l2 and —F acts through 2i- ]- k. The
moment of couple is

(a) - 12i +4]- 10k (b) 12i - 4j+10k

(c) 121 +4]+10k (d) 12 - 4]- 10k

If a.b=3.c and 3" b=2" ¢ then

(a) 3 parallel b-¢c (b) 3 perpendicular (b - c)
(c) either 3 =0or b=t (d) none of these

The unit vector perpendicular to plane through (1, 3, 2), (0, 1, 4) and (-1, -2, 0) is

(145 - 6] +k)

— (14 +6]- k)

(b) \/—

(147 +6]+k) (d) %(6?- 2§+ 3k)

(a) \/—

(c) \/—

3 b=c dand 3" ct=b" d, then angle between (a- d) and (b- ©) is
(a) g (b) g (b) 0 (d) not known

Equation of a plane 5 units away from origin and perpendicular to vector 2f+6]- 3k
is

(a) 7.1 +6]- 3k) =5 (b) r.(2i +6]- 3k) =

(c) F.(-2i- 6]+3k)=35 (d) T.(- 2 - 6]+3Kk) =

The vertices of triangle ABC are A(2, 3, 4) B (4, 5, 5) and C (4, 1, 5). The equation of
internal bisector of angle A is

(mr=%4ﬁ+b (Mr=%4ﬁ+b

(c)r zgl j (d) none of these
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The equation of plane through (5, 2, —3) and perpendicular to planes .(2i - ]+I2) =9
and 7.(i+3j- 5k)+3=0is

(a) 7.(3i- 11j+9k) =10 (b) T.(2i +11j+9k) =9

(c) r.i+11j+7k) =11 (d) 7.(- 2§ - 11j- 7k)=19

The vertices of triangle are (0, 2, 3), (4, 0, 3) and (4, 2, 0). The length of perpendicular
from origin on the plane of triangle is

(a) Rl (b) 12 (c)3 (d) 48
61 61 61

o1 NG NG

A plane is \/5 distance away from origin. It is perpendicular to planes
r.(i- 2j+k)+7=0. Its equation is

(a) T.(31 +4]+5k) =5 (b) F.(31 +4] +5k) =2
(c) 7.(31 +4]j+5k) =10 (d) none of these

The equation of plane which passes through (-1, —1, —1) and through the line of
intersection of the planes T.(i +3j- k)=0 and r.(j +2k) =0

(a) r.(1+2j+k)+4=0 (b) F.(i+2j- k)+2=0

(c) T.(i+2]j- 3k)=0 (d) r.(i+2j+3k)+6=0

The equation of a plane which goes through (5, =1, 3) and is parallel to vectors
i+2j+3kand3i- j+4k is

(a) r.(11i +5j- 7k) =29 (b) F.(11i +5j+7k) =71

(c) T.(5i- 13j+7k)=59 (d) 7.(5i +5j- 7k)=-1

The vector equation of a plane which contains st. lines r =20+ j- 3k +1 (i+2j+5k) is
(a) r.(10i+5j- 4k)=13 (b) r.(20i- 10j- 4k)=28

(c) r.(10i+5j- 4k) =37 (d) none of these

The equation of a plane through (2, —4, 5) and perpendicular to the line of
intersection of planes r.(3i+j- 2k)=2 and r.(2i+3j- 4k)=1

(a) T.(2i +8j- 7k)+63=0 (b) T.(2i- 8j+7k)=7
(c) T.(-2i- 8j+7K)=-7 (d) T.(2i- 8j+7k)=7

The equation of a plane through A (2, 3,-1),B (4,5,2)and C (3,6, 5) is
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55.

56.

57.

58.

59.

60.

61.

62.

(a) 7.(31- 9j+4k)+25=0 (b) 7.(31 +9]j - 4k)=37
(c) 7.(31 +9] +4k) =27 (d) 7.(31- 9j- 4k)=-17
Equation of the plane perpendicular to planes F.(f+]+|2) =3andF.(2f+3]+4l2) =5 and
whose distance from origin is JE is
(a) r.(i- 2j+k) =6 (b) r.(i- 2j+k)=6
(c) r.(i+2j+k =6 (d) r.(i+2j- k) =6
A unit vector perpendicular to plane which passes through P(2, 1,-2), Q(3, 2, 1) and P
(0,-1,-3)is
1 » o« 1« 1 » 1 ~
(@) —=(i+])) (b) —=(-i+]) (c) —=(i-]) (d) —=(j+k)
2 7 2 7
The equation on of plane through (1, —1, 1)and passing through the line of
intersection of planes 1.(3i+j- k)=7and .(i - 2j+4k)=9 is
(a) r.(7j- 13k)+20=05 (b) F.(5i +7j- 13k)+15=0
(c) T.(7}+13k) =6 (d) T.(5i - 7j+13k) =25
Straight lines r=i+2j+k+|(3i+2j-kland r=3i+j+2k+nfai-3j+2k) are
coplanar thena =
(a)1 (b) -1 (c)2 (d)-3

The shortest distance between straight lines r=4j- 3j+2k+I (-i+2j- 3k) and

r=i+]j- 3k+ m5i- 3j+4k) is

6 3 2 12
@ 0 Sz © 37 @ 751

Ais (1, -1, 2) and B is (3, 1, 4). The equation of plane which bisects AB is
perpendicular to AB is

(a) T.(i- +K) =5 (b) F.(i+]- k) =5

(c) r.(i+j+k) =5 (d) r.(i+j+k) =10

The straight line T=(i- j- 2k)+| (2i- j- 2k) meets the plane 7.(2i +2]- k) =10 in pt.
(a) (-5, 3,-6) (b) (5,-3,-6) (c) (5,0, 0) (d)(2,3,0)

The image of the point (1, -1, —2) in the plane T.(2i +2] - |2) =10 is
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41 23 34
a)(-1,1,2 b) —,—,- —
(a) ( ) (b) 5 5" 3
(c) Z—,Z,ﬁ (d) none of these

9 9 9

The image of the straight line r=(i-j-2k)+1 (2i- j- 2k) in the plane
r.i+2j- k)=10is

(a) T =(5i - 3j- 6k)+I (- 21 +25] +10K) (b)

r=(5i- 3j- 6k)+1 (2 +25]+10K)

(c) T =(5i - 3j- 6k)+I (2i - 25] +10k) (d) none of these

The equation of a plane through (3, 2, —2) and (1, -3, 4) and parallel to y axis is

(a) T.31 +k)+7=0 (b) 7.(31 +k)=7

(c) 7.31- k) =11 (d) 7.2 - 3k) =12

Point P is (2, 3, 4) PM, PN and PT are perpendiculars from P on x-y, y-z and z-x planes.
The equation on the plane through M, N, T is

(a) r.(6i +4j- 3k)=0 (b) 7.(6i - 4]+3k)=12
(c) T.(61- 4j- 3k)+12=0 (d) 7.(61 +4]+3k) =24
A plane cuts intercepts of 5, 3 and —2 an axes. Its distance from origin is ...

30 15 30 15
(a) E (b) E (c) E (d) E
The vector equation of a plane passing through 3,bandc is r=aa+bb +gc, then
(@) a+b+g=0 (b) a+b+g=1 (c)a+b=g¢ (d) a’+b*+g* =1
The equation of a plane containing straight lines r- a=tb and - b =sa is
(a) [rab]=0 (b) T.a=3a.b (c)r.a=r.b (d) r.b=3a.b
Vector af+b]+cl2 shall bisect the angle between f+] and ]+I2 if
(a)a=b (b)a=c (c)c=a+b (db=a+c
The point of intersection of planes through (3, 1, =2), (4, 0, 3) and (4, —1, -2) and the
straight line through i+2j+k and 3i- j- 2k is

(a) Ho,- 2 119 (b) (3,1, -12)
e 2 2g
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a7 16 o]
(C) (51 _41 _7) (d) C— —/~ 7+
e3 3 @
_ = _ . =1 = N3_
71. a,b and c are non co-planar unit vectors and a” (b c)=—2b +Tc angle between
aandb is
5p p 2p p
a) — b) — c) — d) =
(a) . (b) . (c) 3 (d) 3

72. p,q,r and s are outward drawn normals of faces of tetrahedron and equal to area of
respective forces in magnitude, then p+q+r+s=

(a) 1 (b) Sum of areas of all four faces
(c)o (d) 4 AG, when Ais vertex G centroid
73. p=i+j+k and g=i+j-k and a,b are two vectors such that p=2a+b and
g =2a+2b; then an angle between 3 and b is
L9 6 &l o ae 76 542 0
(a) cos 18@9 (b) cos 188—9 (c) cos 18% L9 (d) cos™* i:
€9g ellg e 10g 10 4

74. Vectors a=xi+(x+1)j+(x+2)k, b =(x+3)i+(x+4)j+(x+5)k and ¢ =(x +6)i +(x +7)]
+(x +8)I2 are co-planar for
(a)x,0 (b)x>0 (c) for all x (d)x=1only

75. The vector 3?+7]- 4k bisects the angle between ¢ and 3]- 4k then unit vector € is
1. 1. .. 1.
(a) §(4|+3J) (b) §(3|+4J) (c) §(3|- 4j) (d) none of these

76. Vector 5=f+]+l2,5 =2i- ]+2I2, find vector € which is (i) coplanar with @ and b,

(i) perpendicular to @ and (iii) ¢.b=-6
(a) i- 2j+k (b) - i+2j-k (c) 2i-j-k (d) 2i +]j+2k

77. A vector of magnitude 5\/5 is directed along the bisector of angle between
a=7i- 4j- 4k and b=-2i- j+2k is

(a) :g(?- 7] +2K) (b) :g(?- 2 +7k)

(c) :g(z?- j+7Kk) (d) :g(z?- 7i- k)
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79.

80.

81.

82.

83.

84.

85.

86.
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Let vectors p,q and 3a,b, each determine a plane. These two planes shall be parallel
if

o

0 (b) (P b)" (" a)=0
0 (d) (p" a)fa” b)=0

Vectors (9i+3]),(5i +6]),(81 +! j) have their initial point at (1, —1). If vectors terminate
on the same line then | =

(a) 7 (b) 8 (c)9 (d) 10

(@ (p"a)" (a" b)

o |
1

(c) (p"a)" (@

The straight line joining 3?+4]- 5k and i- 2]+3I2 meets the plane y —z in point
(a) 5j+7k (b) - 5j+7k (c) 5j- 7k (d)

- 5j- 7k

The straight line r =ai +3]j - ak +1 (i- b]+|2) shall lie in plane r.(41 - 2]+I2)=

5 5 5 5
a)a=3,b=— b)a=-3,b=— c)a=-3,b=—— da=3,b=—
(a) 5 (b) 5 (c) 5 (d) 5

The locus of a point equidistant from (3, 1, 4) and (5, -2, 3) is

(a) F.(2i +3]- k)+1=0 (b) 7.(2i- 3j- k) =

(c) r.2i +3j+k)=10 (d) £.2i - 3j- k)+6=0

a =2f+]- |2, B=f+2]+l2. What is that vector which lies in the plane of a and b and
whose projection on a is equal to 34/3/2

(a) 3(i+]) (b) 3(i +]+k) () (i- j+k) (d) 3(i +k)
Vertices of a tetrahedron are A (-1, 2, -1).B (1,1, 1), C(2, -1, 2) and D (-2, 4, 1)
angle between faces ABC and ACD is

(@) cos 122 Bt LY (g cos L
e

&243 g \/_ 3g

Vertices of a tetrahedron are A (-1, 2,-1)B (2,1, 2),C(2, -1, 2) and D (-2, 4, 3) angle
between faces ABC and ACD is

a2 7 0 425 0
(a) cos 'C——= (b) cos™ C——=+ (c) cos’ ——(d) none of these
e24/31 g e2v3lg 9 3g
PointsP,Q,R,Sare(1,1,1),(-1,1,1)and (1, 1,-1) and (1,-1,1)

(A) PQRS is
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87.

88.

89.

90.

91.

92.

(a) quadrilateral (b) pyramid (c) plane (d) none of
these

(B) The volume of PQRS is

(a) 2.5 cu.v. (b) % cu. v. (c) %cu.v. (d) none of these

The triangle QRS is

(a) Isosceles (b) right angled (c) equilateral (d) scalene
a body is rotating about a vertical axis through 2i +3] - 2k with an angular velocity of
3i- ]+2I2 the velocity of a point at (4, 3, 4) is

(a) 6i+14]- 2k (b) 6i- 14]- 2k (c) 3i- 7j+k (d) 6i+22]+2k

A right body is rotating about a vertical axis through the point (2, —1, 3). Particles at
points (5, 2, 0) and (3, 3, 2) have velocities 6i- 9]j- 3k and 5i- 3j- 7k angular
velocity is

(a) f+2]+|2 (b) f+]+2l2 (c) 2?+]+I2 (d) none of these
a=i+j+2k, b=4i+3j+8k and c=i+aj+bk are linear dependent vectors, if | c |
=3, then

(a)a=2,b=-2 (b)a=2,b=2 (cja=2,b==%2 (dya=+2,b=2

3=2i+3j- 4k,b =3i - 2]+I2 unit vector perpendicularto a+b and a- b is

@) (5] +14] +13k) b) (51 - 14] +13Kk)
7390 V390
(157 + 4] + 3k) (5 +4]- 3k)

(c) (d)

5v10 52

Vector a whose projection on vector 2i - 2]+I2, - 8?+]+4I2 and i- 2]+2I2 are

23 4 . .
—,— and — respectively is
3'3 3

(a) 3i- 2j+4k  (b) 2i- 3j+4k (c) 37 +2]+4k (d) 27 +3]+4k

Straight lines r=(3i- j+2k)+| (i +2j+k) and r=(i +2]- 3k)+n{3i- j+6Kk) intersect
in

(a) 41+ +3k (b) 4i- -3k () - 4i+]j+3k (d) 3i +4j+k
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If scalar product of 3i- j+k with the unit vector parallel to the sum of i+bj- k and
i- j- k is unity, then

(@)b=1 (b)b=2 (c)b==-2 (db=-1
= . 1 o ~ ~ 2 ~ ~ 1
Vector a makes equal angles with vectors —(3i+4j- 5k), (4i- 3j- 5k)—— and
5v2 5v2
ﬁ(2f+7]- 9I2) and its magnitude is ﬁ , vector a is
(a) 5i- j+5k  (b) i- 5]+5k (c) 7i+]j- k (d) i+]- 7k

Straight lines r=2{+3j+k+| (ai+2j+3k) and r=3i+j+7k+n2i+]j+2k) are
coplanar then a is

3 -7 5 7
a) — b) — c) — d) —
(a) 5 (b) . (c) 5 (d) "
B,E and d are non-coplanar vectors then,
(@ b) (c d)+@ ¢c) (d b)+@ d) (b”T)is
(a) parallel to b (b) parallel to ¢

(c) parallel to a (d) none of these

Straight lines r=(i+j+k)+| (2i- 3j+4k)andr =(a’i+aj+k)+m3i+2j- k) are coplanar,
then

9 9 9 9
aJa=1, — b)a=-1, - — c)a=1, — da=1,-—
(a) s (b) : (c) s (d) s

5=f+]+2|2,b =3j- 2]+I2,c=2f— ]+4I2. Find vector d such that it is perpendicular

toa and b and c.d=-1
(a) %(i- itk (b) %(i+]- K) (c) %(H]- k) (d) %(?- i- k)

A unit vector in the plane of vectors a =f+2] and B=]+2I2 and perpendicular to

c=2i+]j+2k is

1 T 1 PPN
(a) ﬁ(- 5i- 6] +8k) (b) ﬁ(SI +6j- 8k)
1~ ~ - 1 . ~ o »
(c) ﬁ(SI - 6j+8k) (d) ﬁ(SI +6j+8k)
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103.

104.

105.

106.

107.

108.

109.

A unit vector r makes angles g with i, % with j and q with |2, then r and g are
(@) 22+ j+420,2 (b) (i +]+26),

2 "3 V2 "6

1- AR 1 = - A
(©) S(++2j+i,2 (d) /21 20,2

The three coterminous edges of a parallelepiped are f+]+l2, 2?+4]-I2 and

i+ ] +3k . The first two form the base, then height of parallelepiped is

2 3 8 4
(@) - (b) — (c) = (d) =

3 4 V38 38
The distance of point P (-1, =5, —10) from the point of intersection of straight line
r=2i-j+2k +1 (3i1+4]+2k) and plane T.(i- j+k) =5is

(a) V89 (b) V131 (c) 15 (d) 13
Equation of the plane containing straight lines x- p=*q and r- q=I p is

(@) [rpal=0  (b)r.p=p.q (©r p=(p+q’a (dr g=p q

T is a vector such that ¥~ (2i - j+3k)=2i- 11j- 5k. If |r|=\/ﬁ then r =

(a) 3i- j+k (b) i- 3j+k (c) 3i+]j-k (d) i+j- 3k

A (0, 0), B (4, 4\/5) and C (- 4\/5,4) are vertices of a triangle, whose circumcentre is
(a) 2(1- V/3)i +2(+/3 +1)j (b) 263 - )i - 23 +1)]

(c) 2(\/§+1)f+2(\/§- 1)j (d) none of these
a+3b+4c=0and 3 b+b c+c a=I(b” ) thenl =

(@) 6 (b) 8 (c) 10 (d) 4
5=2f+]+2l2,5 =3j- ]+I2, vector T issuch that 3" r=i+4]- 3I2,F.B=3,then ris
(a) i- j+k (b) i+]j+k (c) i+]j-k (d) i-j-k
p and q are unit vectors and angle between them is 45°. The diagonals of a
parallelogram are 3p - 2q and 4p +q. Area of parallelogram is

(a) Zlﬁ (b) Zlﬁsq.u. (c) %sq.u. (d) none of these

O is circumcentre, G centroid, O, orthocentre of triangle ABC. Then OA+0B+0C=

sq.u.
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(a) 20C (b) 0,0 (c) 00, (d) 206G

a=2i- ]+I2and5 =3i+2j- k, then angle between 2a+b and 2b- 3 is

2p p p p
a) — b) — c) — d) —
(a) 3 (b) 5 (c) p (d) 3
Let 5=f+A',B 2i - k then point of intersection of straight lines r" a=b” a and
r"b=a bis
(a) -i-j-k (b) 3i+j-k (c) 2i+j-k (d)i-j-k

1., » = 1 _~ ~ »
Centroid of a Dis E(i +j- k), its circumcentre is E(Zi - j+k), then orthocentre is
(a) i- 2j+2k (b) i +2j- 2k
(c) - 1+2]- 2k (d) - i-2j- 2k

The two diagonals of a parallelogram are 2?+2]+I2 and 2f+6]- 3I2, then angle
between diagonals and acute angle of parallelogram are

(a) cos ae1—39c 1887 0
&2 a2 5

_1ae13('j 1ae5 o]

a2 5

1ae9 o]

a2 5

(b) cos’ g;é——c
(d) none of these

— Y 3 _ _
p,q,r are non-coplanar unit vectors such that p” (q” r)——(q- r) then angle

between p and q is
p p 2p 5p
Lt b) = e d) =&
(a) 3 (b) . (c) 3 (d) .

3 =[5i+3j- 3k],b =(i+5j- 7k), then magnitude of projection of a+b on a- b is

20 16
(a) — (b) (c) — (d)

3 5«/_ 3 5\/_
If p" gq=cand q  c=p, then
(@) p=q=c (b) p,q,c are orthogonal but |b|® 1

(c) p,q,c are orthogonal in pairs and |p|=|c|=1

(d) p,q,c are not orthogonal to each other
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The position vectors of A, B, C vertices of a triangle ABC are f+]- |2, 3?+2]+I2 and

5?+4] -k respectively. The bisector of angle A meets BCin D; P.V.of D is

15i- 11j +k 15i +11j- k
(a) 1ol 1Tk (b) ity B

4 4
157 +11] +k 15i- 11j- k
() —— (d) ———
4 4

a+2b+3c=0 and |a|=3,|b|=2 and |c|=1 then angle between b and ¢ is

_ 20 . 0
(a) cos 188—9 (b) cos 188—9 (c) cos 18629 (d) cos 188—9
e3 g 4 g edg @
a=i+2j- k,b=2i-j- 2k and =37 +2]j- k then projection of 3" € on vector b has
magnitude

()4 (b) O (c) 10/3 (d) 8/3

a.b =0 and a+b makes an angle of 60° with @, then b=

(a) J3a (b) 2a (c) V23 (d) none of these

| M; | is the moment of force 5?+2]+3I2 acting through 2?+3]+4I2 about the point
f+]+|2 and |M, | is moment of force 4i- 3]+I2 acting through 5i- 7]+3I2, about
the point 2i- j+k, then M, [/ M, | =

2130 (d) 246

(a) <1 (b)>1 (c) 7s

Perpendicular from P, (f+2]- |2) meets the plane in M. (3?- ]+4I2) . The equation of

plane is
(a) F.(2i - 3]+5k)=29 (b) .21 +3j+5k) =
(c) .21 +3j- 6k)- 17=0 (d) 7.(2i- 3j- 5k)+11=0

P is any point, r, then [F- 3a-bb- EJ represent
(a) a straight line perpendicularto a- b and b- ¢
(b) a plane through a,b,c

(c) that ,3a,b,c are coplanar

(d) none of these
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For all values of | such that (x,y,z)! (0,0, 0) and (5x + 3j + 2k)x + (=2i + 4j + k)y + (10i
+4j+Kk)z=1 (xi—yj+2)

(@)0,1,9 (b)-1,9,-5 (c) f (d)1,9,-5

a,b,C are coplanar vectors, then

(a)o (b) 1 (c)-1 (d) abc

— 1 »~ ~ o~ = 1 & _a — A
A vector makes equal angles with a=——(i+5j+k), b==(-4i- 3k)and c=]j. Its
3.3 5
magnitude is 4/51 . The vector is
(a) £(5i- j- 5k) (b) (51 +]- 5k)
(c) +(51 +j+5k) (d) 7i+]- k
3 is a unit vector and b is a non zero vector, not parallel to a. If two sides of a
triangle are v/3(3° b) and b - (3.b)3, then the triangle is

(a) equilateral (b) isosceles (c) right angle (d) none of these

The component of vector 8i +k perpendicular to f+2]- 2k is
1 N o O 1 ° ~ O
(a) =(22i- 7j+k) (b) =(22i- 4j+7k)
3 3
1 N o O
(c) 5(26| -7j-7k) (d) none of these
Vectors xf+]+l2,f+y]+l2 and i+]j- zk  are coplanar (x11,y11,z11) then

1 1 1
+ + =
1-x 1-y 1+z

(a) 0 (b) 1 (c) -1 (d) 3

Plane r.(i- 2j+3k)=2 is rotated about its line of intersection with plane
r.(i+2j- k)=6 through 90°. In new position its equation is

(a) 5x+4y—-z=21 (b)5x+4y +z=24 (c)5x—4y+2z=24 (d)

The equation of plane r=(i- j)+! (i+j+k)+n(i- 2j+3k) in scalar product form is

(a) r.(51 +3}- 2k)=7 (b) r.(3i +5]+2k) =10
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133.

134.

135.

136.

137.

(c) r.(5i- 2] +3I2) =7 (d) none of these

Vectors p and q are non-collinear. the value of x for which vectors r.(x- 2)p +q and
s=(2x+1)p - q are collinear is

(a) £ (b) X (c) 1 (d) - L
2 3 4 2

The vector OP =5i+4j+2k turns through an angle of g about O, the origin, passing

through the positive side of j axis on its way. The vector in its new position is

1 ~ A ~ 10 N ~ ~
a) —(20i- 29j+8k b) .|—(20i +29j+ 8k
(a) @( j+8k) ( ),/281( j+8k)
() - Laoi- 17 +8k) (d) - ,/1(10?- 17] +6k)
281 17

If a=x(@a b)+y(b” ¢)+z(c” 3)and [EBE]=% thenx+y+z=

(a) 8aXa+b+c) (b) @Xa+b +7¢)

(b) 8a%a- b- ¢ (d) none of these

The value of p for which angle between §=2p2f+4p]+lz and b=7i- 2]+p|2 is

p

obtuse and angle between b and z axis is acute and <€ are
1 1

(a) 0<p<— (b) —<p<1
2 2

(c) p>%or<0 (d) none of these

Position vectors of vertices of equilateral triangle ABC are A (3 ), B(b) and C(c). If
orthocentre of triangle is at origin then

(a) a+b+c=0 (b) a2 +b*+c*=0

(c)a+b=c (d) none of these

a=-i+j+k,b=2i+k, then vector ¢, satisfying conditions (i) that it is coplanar with b

and a (ii) it is perpendicular to b (iii) that a.c =7, is

(a) - E?+5]+3|2 (b) - 3i +3j+6k
2 2

(c) - 6i+5]+k (d) - i+2j+2k
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138. a+b+c=0, |a|=7,|b|=3,/c|=4 then angle between b and ¢ is

1309.

140.
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p p p
a) — b)0 c) — d) —
(a) 5 (b) (c) p (d) 3
If b.c=0 and b +¢ makes angle 30° with b, then
(a) Ic|=2|b]| (b) [b|=2[c|
(c) |B|=\/§|E| (d) none of these
A unit vector orthogonal to - 2i +3] +5k makes equal angles with x and y axis. Vector
is
(a) —— (2} +4}+5K) (b) —— (31 +3}- K)
3.5 J19
(¢) (51 +5j- k) (d) —=— (57 +5]- 4k)
J51 \/66
r"a=b ar b=a b; a0, a=|b and A is not perpendicular to b, then ris
(@) a-b (b) a+b (c)3a b+a (d)
a b+b
a =f+]- IQ,B =i- ]+I2 and c is a unit vector perpendicular to a and coplanar with
3 and b then a unit vector p perpendicular to both a and € is
1 ~ ~ » 1 . =~ 1 -~ -
(@) ==(2i- j+k) (b) —(i+k () ==(i+j (d)
NG J ﬁ( ) \/E( )
1 .
—(i+k
2(1 )
p,q and r are three distinct vectors of magnitude 2, 2, 4 respectively.
P  (q" r)+q=0 then acute angle between p and r is
(a) cos'lgeig (b) cos'lgég (c) cos'lgég (d) P
e€léeg edg €8 g 10
The equation of line of intersection of planes F.(Zf— 3]+4I2) + 27 and

r.2i+2j+k)- 7=0is
(a) T =(3j- 5k)+t(- 11i +6] +10Kk) (b) T =(i +3])+t(- 11 + 6] +10k)

(c) T =(5]- 3k)+t(- 11i + 6] +10Kk) (d) none of these
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148.

149.
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Shortest distance between lines r=(- f+3]+2l2)+t(3f+4]+|2) and
r=(-i-2j+k)+t,(-i+4]- 2k) is
J17 J21 3.3 -3
(@ — (b) — (b) — (d) ——=
5 5 5 V17

a=i+j+kb=2i- j+2kc=i+3j- k then [@ b) (b" T)a+b+c) is=

(a)90 (b) 6 (c) 54 (d) 24

The image of straight line Tr=(2i+3j- 2I2)+t(- i- 5]+3I2) in  plane
rq{3i+2j-k)+2=0is

(a) F=(i- zj+|2)+;(41?- 3j+20) (b) F=( - 2]+I2)+%t(41f— 3j+5K)

(c) T=(i +2] +I2) +%t(41f +3]+5I2) (d) none of these

P. Vector of points Aand C are 9?+5]+6I2 and 6i- ]- 4k and AB is 4i- 3]+I2 and
CD=- 4f+7] +3k . Point P is on AB and point Q is on CD, if PQ is perpendicular to AB
and CD then |ﬁ| is

(a) v/3 (b) 2

(d) =
5

(c) L
5 NG
A, B, C and D are points 3?+4]- |2,- f+2]- 2I2,- f+2]+2|2 and 2i- ]+I2 respectively,
then lines AB and CD
(a) intersect (b) Do not intersect (c) are skew (d) intersect at infinitely

Shortest distance between lines AB and CD of Q. 149 is

(a) -2 (b) —2_ () -2 (d) 2
J374 J374 J394 J394

a=2i-3j+kb=2i+j- k,c=3i- 2j+4k then, @ b)" c+(c b) a|{a+b+c|is=
(a) 48 (b) 96 (c) 192 (d) 288
Show that the perpendicular distance of point ¢ from line joining a and b is
[b"c+c a+a b

Jo-3

a=2i+2j-k, b=i-2j+2k, c=2i+]- 2k a unit vector parallelto (a3’ b)" C is
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S RE (b)
29

b)vr—

1 PO ~
——(4i-2j+3k)

A/29
1 1 N A oA
- ——(4i- 3j+2k)
29

Vectors (i+/j+nk,i+k and ni+nj+nk are co-planarthen 7/, m, nare

47 +3k) (d)

(a)in A.P. (b)in G. P. (c)in H.P. (d) ¢ +m+n=0

The vector - f+]- k bisects the angle between vectir ¢ and 3i+4j- thencis
2 4 1 I, 1 -~ -~
(a) - 4i-3j-k (b) 5(- 2i- 5j+k) (c) E(ZI +5j- 5k) (d) none of these

1

NE

1

NE

The vector which is equally inclined to vectors (i+]- |2), (i - ]+I2) and

%(-M]HQ) is

(a) 2i- 2j+k (b) 2i+j-k (c) itj+k (d) none of these
(@a+2b-3c){a” b+b c+c )=

(a)2[ab(] (b)O (d)—[abc] (d)—1
E,B,E are unit vectors and each in inclined with other at an angle of 60°, then
(@a+b+¢c) (b" c+c a+a b)=

(@o (b) -1 ()1 (d) none of these

3,b,C are non co-planar vectors and if vectors 5a+b +¢, 6a+2b+k¢ and 3a- b+¢
are co-planar then k =

(@1 (b) -1 (c) 2 (d)-3
Vectors 3,b and T are non-coplanar then vectors b- c- a,a+b+3¢ and b- 2a- 3¢
are

(a) collinear (b) coplanar (c) independent (d) none of these

Equation of line of intersection of the planes 1 %3i - ]+I2) =8 and F>(f+]+2l2) =3is
(a) 3i+j- 2k +1 (3i+5j- 4k) (b) 4i+2j- 2k +1 (3i+5j- 4k)
(c) 2i- j+k+1 (3i+5j- 4k) (d) none of these

P. Vectors point Aisi+j—k, of Bis 3i + 2j + k & Cis 4i — j + k. P divides AB in the rate
of 2 : 3 and Q divides AC in the rate of 3 : 2 internally. Vector PQ is
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(a) =(5i - 8] - 20 () L(s1- 8] +20
5 5
1~ o2

(c) E(SI +8j+2k) (d) none of these

163. Let a=]j- k and c=i+]j+k, then vector b satisfying 3" b+c=0 and a.b=3 is
(a) i-j- 2k (b) i- j+2k
(c) - i+]j- 2k (d) 2i- j+2k
164. Vectors a=i- j+2k, b=2i+4j+k and c=I i+ ]j+nk are mutually orthogonal, then

(I, m=
(a) (-2, 3) (b) (3,-2) (c)(=3,2) (d)(2,-3)
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EXERCISE- ON VECTORS
PART-A

The sides of a parallelogram are 2+ 4j- 5k and i+ 2j+ 3k. Find the unit
vectors parallel to the diagonals.

The vector - i+]- k bisects the angle between the vector ¢and 3i+ 4].
Determine the unit vector alongC.

Find the value of a such that the vectors 2i- j+ k, i+2j- 3k, and 3i+aj+
5k are coplanar.

Find the value of the constant S such that the scalar product of the vector
i+j+k with the unit vector parallel to the sum of the vectors 2i+ 4]- 5k
and Si+2j+ 3k is equal to one.

Let 3, b, ¢ be vectors of length 3, 4 and 5 respectively. Let 3 be
perpendicularto (b + ¢), b to (¢ + 3)and ¢ to (3 + b). Find the length of
the vector 3 + b + ¢.

Find a vector of magnitude +/51 which makes equal angles with the three
vectors

a=i-2j+2k, b==(-47i-3k)and ¢ = j.

gl

Givena =1 +2j+3k,b=-1+2j+k,¢=314+],find aunit vector in the
direction of the resultant of these vectors. Also find a vector ¥ which is

normal to both 3@ and b. What is the inclination of ¥ and ¢.
Ifa=2i-3]+k, b=-1+k,¢=2]- k, find the area of the parallelogram

having diagonals 3 + b and b + ¢

[

If 3, b, ¢ are three non-coplanar vectors, show that

ol
o ol
ol T ol
oI Tl
ol ol
ol ol

=[3 b ¢]?

(V)]
(op]
(ot
N
Ol
ol
(V)]
()

]:

ol
ol
ol
ol
ol

Using vector method, find the ratio in which the bisector of an angle in a
triangle divides the opposite side.
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18.

19.

20.

21.

22.

23.

2 50 P55l
For any two vector 3 and b prove that g%_ _._2— =g a_# -
SR T

Prove that the median to the base of an isosceles triangle is perpendicular to
the base.

Prove, by vector methods that the point of the intersection of the diagonals
of a trapezium lies on the line passing through the mid-points of the parallel
sides (you may assume that the trapezium is not a parallelogram.) [I.1.T-98]

Prove that internal disectors of the angles of a triangle are concurrent. Also
find the position vector of the point of concurrently. [1.1.T-2001]

In a triangle ABC, D divide BC in the ratio 3:2 and E divide CA in the ratio 1:3
The lines AD and BE meet at H and CH meets AB in F. find the ratio in which F
divide AB.

The median AD of a triangle ABC us bisected at E and BE is Produced to meet

ACin F. Prove by vector method that EF = %BF.

In a triangle ABC, D and E are points on BC and AC respectively, such that BD
= 2DC and AE = 3EC. Let P be the point of intersection of AD and BE. Find
BP/PE using vector methods.

s

¢=¢ 3. Hence deduce that if 3, b and
sinA _ sinB _ sinC
GG

If a+b+c=0, show that 3" b=b

¢ represent the sides of a triangle ABC, then

Provethat i (3" i)+ (3  j)+k (3 k)=23.

Prove that (3" b)*=a’b*- (3.b)’=

| T

ol ol
ol wl

ol ol

Given that vectors A, B, C from a triangle such that A=B+ C.Finda, b, c, d
such that the area of the triangle is 5/6 where A=ai+ bj+ck,B=di+3j+
4k, C=3i+j- 2k

Let 4 be a unit vector and b be a non-zero vector not parallel to 4. Find the
angles of the triangle, two sides of which are represented by the vectors

V33" b and b- (5.5)5.
Let A=2i+k. B =i+j+kand C = 4i- 3j + 7k. find the vector R which satisfies
R"B=C"Band R.A=0.
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ABC is a triangle and D, E, F are three points on sides BC, CA and AB
respectively such that BD: DC=2:3, CE: EA=1:2, AF: FB =3 : 1. Using
vector method prove that AD, BE and CF are concurrent.

If 3,b and ¢ be three unit vectors such that 3" (b~ ¢)= %b, find the angles
which 4makes with b and ¢, b and ¢ being non parallel.

PART-B

a) Vector x, y and z each of magnitude V2 make in angles of 60° with each

other. If X" (y  Z)=a, y (z  X)=band X"y = ¢ .Thenfind X, y and Z in
terms of 32, b and ¢

b)If X" y=3,and y 7Z=b, X.b=g x.y=1and y.7Z =1 then find X, y and
Z intermsof 3, band g

Let V be the volume of the parallelopiped formed by the vectors
a=a,i+a,j+ak,b=b,i+b,j+bk, ¢=c,i+c,j+c;k If a, by, ¢, wherer=1, 2, 3,

3
are nonnegative real numbers and & (a, +b, +c,) = 3L, show that V £ .
r=1

[1.1.T-2002]

a) Solve the following system of equations for vectors x and y

Xx+y=3, X y=b,x.a=1

b) Let X,Yand Zbe unit Vectors such that X+Y+Z=3, X (Y" Z)=b,
(X" Y) Z=¢, 55(:%, 5.\7:% and [d|=2. Find X,YandZ in terms of
3,b and¢

Vectors ,&F%= 37- j+k and CC@D= -3i+2j+4k are not coplaner .the position
vector of point A and C are 6i+ 7]+ 4k and - 97+ 2k respectively. Find the
position vector of point P on the line AB and point Q on the line CD such that
I@Q is perpendicular toAC% and E@D both.

The position vectors of the vertices A, B and C of a tetrahedron ABCD are
i+j+k, iand 3i respectively the altitude from vertex D to the opposite face
ABC meets the median line through A of the triangle ABC at point E If the

242

length of the side AD is 4 and volume of the tetrahedron is TZ' Find the

position vector of the point E for all its possible positions. [1..T-96]
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Let 3,b and ¢ be non coplanar unit vectors equally inclined to one another
atanangleof q.If 3" b+b” ¢=pa+qb +r¢ find scalars p, g and r in terms
of g. [1.L.T-97]

The position vector of the points P and Q are 5i+ 7j- 2k and - 37+ 3j+ 6k
respectively. the vector A = 3i- j+ k passes through the point P and vector
B=-31+2]+ 4k passes through the point Q. A third vector 2i+ 7]- 5k
intersect vector A and B. find the position vectors of points of intersection.

The position vectors of two points A and C are 9i- j+7k and 7i- 2j+7k
® . .
respectively. The point of intersection of Vectors AB=4i- j+3k and
® . ® . . ® ®
CD=2i- j+2k is P If the Vector PQ is perpendicular to ABand CD and

PQ =15 units Find the position vector of Q.

Let ABC and PQR be any two triangle in the same plane Assume that the
perpendiculars from the points A, B, C to the sides OR, RP, PQ respectively
are concurrent. Using vector methods or otherwise, prove that
perpendicular from P, Q, R to BC, CA, AB respectively are also concurrent .
[1.1.T-2000]

Let points P, Q and R have position vectorsr; =3i-2j-k, r, =i+ 3j+4k and
r3 = 2i +j - 2k relative to an origin O .find the distance of P from the plane
OQR.

For any two vectors u and v prove that (1 + |u|2) (1+ |v|2) =(1-u.v)+
utv+(u’ v) [1.1.T-1998]
In the parallelogram ABCD the internal bisectors of the consecutive angles B
and Cintersect at P. Use vector method to find DBPC.

If u,v,w be three non coplanar unit vectors with angles between u and vis
a between v and w is band between wand uis g If 3,b,¢ are the unit
vectors along the bisectors of a, b, grespectively , then prove that

3 bb ¢¢’ 5]=i[GV\7v]2secziseCZESecZg [1.1.T-2003]
16 2 2 2

are four distinct vectors satisfying the condition 3 b=¢" d and

" d, then prove that ab+¢c.d? ac+bd. [1.1.T-2004]

183



Formulae and Concepts at a Glance Math-Ordinate - 3D

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

184

Given three non-zero vectors a,b,¢ such that (; b) ¢+ (b ¢) a+
(3~ €) b=0.Show that either the vectors aand ¢ are parallel or bis normal
to the plane containing aand ¢.

Incident ray is along the unit vector vand the reflected ray is along the unit
vectorw . The normal is along unit vector a
outwards. Express w in terms of 3 and v.

w>
s>

Let u and v be unit vectors. If w is a vector
such that w + (w ~ u) = v, then prove that

|(u” v).w|£% and that the equality holds if
and only if u is perpendicular to v.

Given that a is perpendicular to b and p is a non-zero scalar, solve for 7 :
pr+(7.b)a =¢.

a,b,care the position vectors of points A, B, C respectively prove that
(b” €+¢” a+a b)is perpendicular to the plane ABC.

Find the equation of the plane passing through the point A(3,-2,1) and
perpendicular to the vector 4i+7j-4k. If PM be the perpendicular from P(1,2,-
1) to this plane, find its length.

Find the length of the perpendicular from the point -i+2j+5k on the line
passing through the point 3i+4j+5k and parallel to the vector p=21-3j+6k
Find also the position vector of the foot of the perpendicular.

A straight line ‘L’ cuts the line AB, AC and AD of a parallelogram ABCD at
point By, C; and D; respectively. If AB, =1, AB, AD,,=1, ADand AC,=13AC

1 1 1
then Prove that —=—+—.

3 1 I 2
P is any point on the circum-circle of DABC, other than the vertices. H is the
orthocentre of DABC, M is the mid-point of BC. Prove by vector methods that
the line MD is perpendicular to AP.

Consider a triangle ABC, having AD as its median through vertex A. Let P be
any point on the this median using vector methods or otherwise prove that
for every position of point P on AD, area of D APB is equal to the area DAPC.

Let the area of a given triangle ABC be D. Points A;, B; and C; are the mid-
points of the sides BC, CA and AB respectively. Points A; is the midpoint of
CA;. Lines C;A; and AA; meet the median BB; at points E and D respectively If
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D, be the area of the quadrilateral A;A,DE, using vectors of otherwise prove

that b_1
D
OBJECTIVE PROBLEMS
Level-1
1. The position vectors of the point P and Q are p and g respectively. If O is the

origin and R is a point in the interior of DPOQ such that OR bisects the angle
DPPOQ then unit vector along OR is:

a)@ b)g-g c) §+9/§+9 d) none of these
Pl Pl Pl [al/ [lol d

2. The vectors i+, j+k and k+i are:
a) Linearly independent b) linearly dependent
c¢) Can not be discussed d) none of these

3. If F=3{+2]j- 5k, 3=2i- j+k, b=1+3]- 2k €=-2i +]- 3k such that
r=la+nb+qc, then:
a)ml /2, garein A.P. b) I, mgare G.P.
c)l,mgareH.P. d) ml,gareinG.P.

4, A vector a= (x,y,z) makes an obtuse angle with y-axis , equal angles with

b=(y,-22,3x) and ¢=(2z,3x,- y) and a is perpendicular to d=(1,- 1,2). If
|a|=2v2, then the vector a is

a)aaﬁ_zﬁ_zﬁg b)aezﬁ 242 2426
RN Y
@2 242 226
c) - — d) none of these
SERNCREY
5. If [3] =|5| =|5+5| =1, then |5- 5| is equal to :
a) 1 b) NE
c) 0 d) none of these
6. If G=3-b and V=5+5and|5|=|5| =2then [i" V| is equal to:

185



Formulae and Concepts at a Glance Math-Ordinate - 3D

10.

11.

12.

13.

186

(a) 24/16- (3.b)? (b) \/16- (3.b)?
()  24a- @by (d)  +4- [Ebf

If 3andb are unit vectors and q is the angle between them, then |5 +5| <1if

(@) aq=p/2 (b)  aq<p/3
(c) q>2p/3 (d) p/2<q<2p/3

The number of distinct real values of ? for which the vectors - |2 +]j+k,

i-1%j+k and i+]- 1% are coplanar, is

a) Zero b) one

c) Two d) three [ITJEE-07]
Let 3,b, ¢ be the unit vectors such that 3+b+¢=0. Which one of the
following is correct? [ITJEE-07]
a) a b=b ¢=¢ a=0 b) a b=b ¢=c¢ alo

c) a’'b=b"c=3a"¢to d) 3" b,b” ¢,¢” aare mutually perpendicular
The value of a for which the points A, B, C with position vectors
2i- j+k,i-3j- 5k and ai- 3j+krespectively are the vertices of the right

angled triangle with C = p/2 are [AIEEE-06]
a) -2and-1 b) -2and 1
c) 2and-1 d) 2and 1

If(é' 5)’ =3’ (5' E), where 3,b and ¢ are any three vectors such that
3b1 0,3¢1 0 then aand ¢ are

a) Inclined at an angle of p/6 between them

b) Perpendicular

c) Parallel

d) Inclined at an angle of p/3 between them [AIEEE-06]
let a=i-k, b=xi+j+(1-xk and c=yi+xj+(1+x-yk. Then [3bc]
depends on [AIEEE-05]
a) bothxandy b) Neither x nor y c)onlyy d) only x

. |2 S 2
If 3,b, < be the unit vectors then |é- b| +|b- é| +2- é|2 does not exceed

a)4 b)9 c)8 d) 6 [11ITSc.-01]
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14.

15.

16.

17.

18.

19.

20.

21.

22.

The unit vector which is orthogonal 3=3i+2]j+6k and coplanar with
b=2i+]j+k and ¢=i- j+kis

a) 6i- 5k b) 3j- k
V61 J10
2i- 5] 2i +j- 2k
c d) =—— = [ITSc.-04]
) s 3
If a=i+j+k, ab=1and 3 b=]- k, thenbis
a) i- j+k b) 2j- k i d) 2i [1ITSc.-04]

The value of a so that the volume of the paralellopiped formed by the
vectors {+aj+k, j+ak, ai+k

a) B b) 2 c) 1/C8 d)3

If the projection of X along a unit vector 3 be 2 and 3" x+b =X, then vector
component of x perpendicularto a is

23+b+3" b -2a+b+3 b
a) —— b)
2 2
0 a-b+a b d) 3-2b+3 b
2 2
Vectors 3,b,p,g are related as p=a+b, §=a b, pa=1,then 3 is
S B
a)pﬁpﬁq b)p##q
p.p p-p
B -
c)pﬁpﬁq d)q#pﬁq
a.q aq
If 3,b,¢c are the non-coplanar vectors and d is a unit vector then

a)l b) |EBE]| c) [SBE]Z d) none of these
ab=0and 3a+b makes an angle of 60° with b, then

a)ld| =3[  b) b[=23] c) [a]=2[o d) none of these
If [5) =2 and 5| =3 ab=0then (" " (" " b)))

a) 16b b) - 16b c) 163 d) - 163

If 23+3b+5¢ =0then the area of the triangle whose sides are represented by
the vectors 3,b,¢ is

a)o b) 3 c)5 d)8
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23.

24.

25.

188

a=i+j+k and ¥ is the variable vector such that 7.i,Fj and tk are positive
integers if r.a£12 then the number of values of r is
a) cy-4 b) *2C, c) C,y d) none of these

Let V =2i+j-kand W=i+3k. If Uis a unit vector then the maximum value
of the scalar triple product [UVW ] is:

a)-1 b) V10 +/6 c) v/59 d) V60

If a and b are two unit vectors such that a + 2b and 5a - 4b are perpendicular
to each other then the anglebetweenaand b is :

a) 45° b) 60° c) cos'lgé—lg d) cos-1 Y
€3g 87 [}
Level-2

la” (B5+2¢) 6" (c- 23) 2¢” (5~ 36)| Equal to

a) - 18[abc[ b) 18[abe[

c) -2 bb ¢ 3 d) 6]a bb ¢ 3

Let the unit vectors d2and b be perpendicular and the unit vector ¢be
inclined at an angle of ? to both 4 and b. If ¢ =aé+b6+g(é' 6) then
a)a=b b) f=1-2a’

c) o= -cos2? d)b? _1+cos2q

The vector a=xi- 2j+5k and b=1i+yj- zk are collinear if

a)x=1,y=-2,z=-5 b)x=1/2,y=-4,z=-10
c)x=-1/2,y=4,2=10 d)x=-1,y=2,z=5

If 3=i+j+k, b=4i+3]j+4k and ¢=i+aj+bk are linearly dependent vectors
and |c|=C8, then

a)a=1,b=-1 b)a =1, b=+1
cJa=-1,b=+#1 da=+1,b=1

Let aand b be two non-collinear unit vectors. If G=3- (".5)5 and
v=3a bthen

2) [ b) [dl +[a3

) [i[ +[i d) [d]+i.[5+b)
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6.

10.

11.

12.

13.

Let p,q,rbe the three mutually perpendicular vectors of the same
magnitude. If the vector X satisfies the equation
5 [x-9) B]+g [(x- ¥) g]+F [(x- B) F]=0then xis given by

1. . - 1. . .
a) —(p+3d- 2r) b) ~(p+q+F)
2 2
1. . _ 1, - .
c) (p+5g+7) d) ~(2p+5- 7)
3 3
Let 3=2i+j- 2k and b=1+] .If Cisthe vector such that a.¢ =[c||c- d =22
and the angle between (5' 5) and ¢ is 30°, then |(5' 5)' E|=
a)2/3 b) 3/2 c)2 d)3

The magnitude of vectors 3,b,< are respectively 1, 1and 2. 1f 3" (3" ¢)+b=0
then the acute angle between a and c is

a) p/6 b) p/4 c)p/3 d) p/2

Let the vectors 3,b,¢and d be such that (5' 5)(6' EI)=O Let P1& P, be plane

determined by the pairs of vectors a, b and ¢, d respectively. Then angle
between P1& P, is

a)o b) p/4 c)p/3 d) p/2

For three vectors u,v,w which of the following expressions is not equal to
any of the remaining three?

a) (v’ w) b) (v W) o) v.(uw) d)(u v)w

If a=i+j+k ab=2 and 3" b=2i+j- 3k, then

a) 3+b=5]- 4j+2k b) 3+b=3i+2k

c) b=2i- j+k d) b=i-2j- 3k

If 4, b, ¢ are the unit vectors such that 3b=0=4.¢ and angle between b and

¢ is p/3. then the value of |5' b- 3 E| is

a) % b) 1 c)2& d) none of these

Let i be the unit vectors satisfying ¥~ a=b, where |3|=+/3 and |5| =42, then

a) F=2(a+3"b) b) F:§(5+5' b)
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- 2(- -, = S O
c) r=—(a-a b) d)r=—(—a+a b)
3 3

14. A vector a has a component 2p and 1 with respect to the rectangular
Cartesian system. This system is rotated through a certain angle about the
origin in the counter-clock wise sense. If with respect to new system a has
components p+1 and 1, then

a)p=0 b) p=1orp=-1/3
c)p=-1orp=1/3 d)p=lorp=-1

15.  Llet a=i+j+k, b=i- j+2k and ¢=xi+(x- 2)j- k If the vector ¢ lies in the
plane of 3 and b, then x is equals
a)-2 b) 0 c)1 d)4

16.  The vector i+xj+3k is rotated through an angle ? and is doubled in
magnitude, then it becomes 4i+(4x - 2)j+2k . The value of x is
a)-2/3,2 b) 1/3, 2 c)2/3,0 d)2,7

17. 3,b, ¢ are the edges of the cube of unit length and 7 be the unit vector in

s =2 = |2 = =2 .
the cube, then |f” 3 +|r b| +f ¢ is

a)o b) 1 c)2 d)3
18.  If 3,b, ¢ are non-coplaner vectors such that b” ¢=3, 3" b=¢ and ¢” 3=b
then
a) [abc]=1 b) [abc]=1
c)f3 +|5|+|E| =1 d) none of these
19.  If 3,b,¢ and d are unit vectors such that (5' 5)(6' EI)=1 and 3.¢ :% then
[IT-2009, 3]
a) 3,b,¢ are non-coplaner b) b,¢,d are non-coplaner
c) b,d are non parallel d) 3,d are parallel and b,& are parallel
20. Let two —collinear unit vectors 4 and b form an acute angle. A point P moves

so that at any time t the position vector OP (where O is the origin) is given
byacost+bsint. When P is farthest from the origin O, let M be the length of
OP and U be the unit vector along OP. Then [1IT-2008, 3]
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. a+b At . _a-b A

a)u=? — and M:(1+a.bF b)u=? — and M:(1+a.bF
a+b a-b

. a+b At . _a-b A

¢) i=2"2 and M=(1+2ab) d) i=2"2 and M=(1+23b)°
a+b a-b

21. Let the vectors PQ, QR, RS, ST, TU and UP represent the sides of the regular
hexagon.

STATEMENT-1: PQ" (RS+ST)10
because
STATEMENT-2: PQ" RS=0 and PQ ST O

a) STATEMENT-1 is true, STATEMENT-2 is true; STATEMENT-2 is the correct
explanation STATEMENT-1

b) STATEMENT-1 is true, STATEMENT-2 is true; STATEMENT-2 is not the
correct explanation STATEMENT-1

c) STATEMENT-1 is true, STATEMENT-2 is False
d) STATEMENT-1 is False, STATEMENT-2 is true [11T-2007, 3]

22. The edges of a parallopiped are of unit lengths and are parallel to non-
coplaner unit vectors 3, b, ¢ such that ab=b.¢=¢3=1/2 the the volume of

the parallelopiped is [11T-2008, 3]
1 1 3 1

a) —— b) — — d)—

) 5 ) = . )ﬁ
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6.1

6.2

6.3

6. Straight Line

Introduction:

A straight line in a plane divides the plane in two halves. Plane is two dimensional.
In co-ordinate geometry we have seen that perpendicular axes X’OX and Y’OY divide
the plane in four parts called quadrants. But space is three dimensional, length
breadth and height is associated with every object in space.

Co-ordiantes of a point in space :

The space is divided in 8 octants by three mutually perpendicular line X'OX, Y'OY,
Z0Z' called x axis, y axis and z axis respectively. These intersect in O. O is called
origin.

Let P be a point in space. PM is perpendicular from P on x —y plane. PM is distance
of point P from x —y plane. |PM| is z co-ordinate of point from M draw MN parallel
to OY. It shall be perpendicular to OX. MN is distance of the point from x — z plane.
It is called y-co-ordinate of the on it. It is

OT also. ON is perpendicular to z-y plane.

ON = distance of the point from y — z
plane

ON = x co-ordinate of the point P.

\ IfPis(x,vy, z) then 0|2
y J

ON = x, NM =y and PM = z, triangle ONM ; Z

in the plane XOY is right angled at N. OM N v M

is hypotenuse

\ OM?=0ON?+NM?=0ON? + OT? = x* +y? .
Figl

Triangle POM is right angled at M (PM

perpendicular on x —y plane)

\ OP’=0OM?>+PM*=x*+y*+7°

\ Distance of a point P (x, y, z) from origin OP =4/x* +y* +2°

Note : In co-ordinate geometry of two dimension every point in the plane was
represented by an ordered pair (a,b), similarly in space a point is represented by an
ordered triand (a, b,c)

Distance between two points :

A (x1y1z1) and B(x,,y,,2z;) are two points in space. Join AB. AM and BM are
perpendicular on x —y plane from A and B, and AL is perpendicular on BN.

BN =2z,, AM =2,

Point M is (x1 y1) and point N is (x, y,) in x —y plane.
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\ MN?= (% = x1)* + (y2 = ya)?
from right angled triangle ALB’

AB? =(AL) +(BL)* = (MN)* +(BL)*
:|.(X2 ) Xl)z +(V2 ) Vl)z +(Zz - 21)2]

\VAB =y - Xy (vs - vaf +(ep - 2, )

6.4 Section Formula :

To find the co-ordinate of the point
dividing the line joining A(xs, y1, z:) and B B(x,Y,2,)
(X2, Y2, 25) in the ratio of m : n. Let A (x4, y1, Alx,,Y,2,
z,) and B (x,, Y,, Z;) be the two points and
let (X,¥,Z) be the point P which divide AB
in the ratio of m : n. % Z

From A,P,B perpendicular AL, PM and BN v
are drawn on x — y plane. (LMN is one line,
projection of AB on x-y plane) Through P M(x,,y.) N(X,,Y.)
drawn kPT perpendicular to AL and BN. It
is parallel to LMN.

From similar triangles KAP and BPT

n BP BT PT Alx,y.,2,)
m Ak z-1z — — Z Z
—=—=""1P mz,- mz=nz-nz, Y
n BT z,-z y
b mz,+nz, =(m+n)z
mz, +nz X . b N
pz=—2"1 .
m+n Fig 3
e —__mx,+nx; —_my,+n
Similarly x="22" M1 &MY, 7MY,
m+n m+n
Al%,,¥.2,)
. __mX, +nx; my,+ny; my,+n e
\ Pis x =2 1 My, TNy, my,rny,

’ ’
m-+n m-+n m-+n

Corollary 1 : co-ordinate of mid point of A
(Xlr Y1, Zl) and B (XZI Y2, ZZ) are B(xy,y'k,z,)
X tX, yity, ;72,0

’

& 2 2 2 g

D(x.Yaz,)

Clx,y.2.)
Fig 4a
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Corollary 2 : Point dividing A(xy, y1, z1) and B (xy, Y2, z) externally in the ratio of m :
nis émx, +nx, my, +ny, mz, +nz, 0
€ m-n " m-n ' m-n H

Corollary 3 : Centroid of the triangle ABC. When A is (X1, Y1, z1), B is (X2, Y2, 22) and C
is (X3r Y3, 23)1 is

€ tX, Xy Y HY, tys 2,42, 42,0

g 3 7 3 3 H
Example 1 : The vertices of a tetrahedron are (x,, y,, z;), r = 1,2,3,4. Find its centroid.
Sol. In the fig. G is centroid of triangular face

BCD of the tetrahedron.

\' Giis

&, tx;+x, y,tys;ty, Zz+za+z49

8 3 4 3 ’ 3 a B(XUV;,Z‘.)

Alx,y,2,)

D(X:,Y‘L,ZJ]
\ The centre of gravity of tetrahedron is
at G which divides AG1 in the ratio of 3 :

1.
C(%y,¥22s)

\ X co-ordinates of G is Fig 4b
3_m9+1_xl

3 o

3+1

X, X, +X; +X

je L "2 73 74

4
€x; X, tX3 %, v ty, tys ty, Z1"'22"'23"'Z4L:J

g 4 ’ 4 ’ 4 H

Example 2 : Find the ratio in which the surface (sphere) x> + y* + 2> = 504 divides the line
joining the points (12, -4, 8) and (27, -9, 18)

\ Centroid G is

Sol. A (12, -4, 8), B(27, — 9, 18). Let the surface divide AB in the ratio of | :1 atP. Then
co-ordinate of P are.

8271 +12 -9l - 4 18| +8y
¢ o This point must lie on the surface.

81+1 " 1+1 " 1+1H

\ (271 +12) + (9l +4) +(18] +8) =504( +1)

b (729+81+324- 504) 2 +(648+72 +288- 1008)l +(144 +16+64- 504)=0
P 6301°-280=0 b 91*-4=0
\ | =%2/3
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6.5

196

\  The surface divided by AB in the ratioof 2:3and 2 : — 3.
\  Point Ais inside sphere, B is outside sphere.
Direction cosines of a line :

AB is the give line. OP is drawn parallel to AB from origin and equal to AB with OP as
diagonal cuboid has been constructed whose three co terminous edges are OA, OB,
OC are along x, y and z axis.

Let OP make angle a with x-axes. Then OP is the diagonal of rectangle APNO
\ OA=0Pcos a
If P (x4, Y1, Z1) then OA=x, =0P cosa..

(i) If OP makes angle b with y-axis
then from rectangle  TOBP c \
(BPBO=90°) OB = OP cosb =y;
coshb.
T e
(iii) If OP makes angle gwith OZ then Ofs=2r :
from rectangle COMP, OC = z; = OP f
CcosT.
A M

If a straight line makes angle a,b and
gwith x, y and z axis respectively, then cos Fig 5
a, cosb and cos g are called direction

cosines of the line. Generally these are denoted by |, m and n.

I=cosa, m=cosb, n=cosg.

We have seen above that if straight line OP
where P is (x4, y1, z1) makes angle a, b
C N

and g with axes. Then x; =OP cos a, y; =
OP cosb, z; = OPcos ¢

T ~ —
And OP? = x? +y2 +22 el N T
\ (OPcosa)’ +(OPcosb)’ +(OPcosg)? = OP?
P cos’a+cos’b+cos’g=1 LA ™
i.e. sum of the squares of direction cosines Fig 6

is equal to one.

(a) If astraight line makes equal angle with axes then its d.c. are cosa,cosa,cosa
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\ cos’a,+cos’a,+cos’a,=3cos’a =1

\cosa=i

NE)
1 1 1
5B

(b) If cosa,cosb,cos¢ are d.c. of a straight lien AB the d. cosines of straight line BA

d.c. of the straightly line are

are
cos(180- a).cos(180- b),cos(180- g)
i.e. - cosa,- cosh,- cosg.
(c) If Pisany point on the line OAB whose d.c. are |, m, nand OP =r. Then

Pis(x,y,z)thenx=1I, y=mr,z=nr

| <
= | N

(d) fOP=randPis(x,y, z) then d.c. of OP are

’ ’

X

rr
(e) D.c.of x-axis, 1, 0, 0; of y-axis 0,1,0; of z—axis 0,0,1

6.6 Direction cosines of the straight line joining two points :
Let the two points. Let the two points be P(x4, y1, 1) and Q (Xy, Y2, Z;). From P and Q
drop perpendicular PM and QN on y axis. Then M and N are (0,y,0) and (0,y,0)
respectively. And MN = vy, — y; Now drawn QL perpendicular from Q on PM,
PPQL=Db, so that cosh=m.

Now m = cos b = Yoo ¥y where r = PQ P(X.Y.2.)
r z 1
similarly it can be shown that !
, : Qx,,y.,2,)
X, - X Z,-12 ' !
r=cosa=—2—"% n=cosg=—2—2= : :
r I 1
1 |
Hence Direction cosines of PQ are I |
1 1
X=Xy Yoo Y1 5774 0 y .
’ M N Y

PQ ' PQ PQ

Alternate Method — If origin is shifted to P

the new co-ordinates of Q with respect to )
new origin shall be X, = X1, Y = V1, o — 71 Fig 7
Hence direction cosines shall be

X=Xy YooV, 4,24

’

PQ ' PQ PQ

6.7 Direction Ratios :
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Quantities proportional to direction cosines called direction ratios. Thus if a, b, c are
the direction ratios of a straight line whose d. cosines are |, m, n then
I_m_n_\/I2+m2+n2_+ 1

a b ¢ \/a2+b2+c2 _\/a2+b2+c2

_ a me b = c
= ,m= n=
\/a2+b2+c2 \/a2+b2+c2 \/a2+b2+c2

\ If 1,2,2 be the direction ratio of a straight line then by
dividing these quantities.

P I

By v1+4+4 =3, we get d. cosines of straight lien d.c.

6.8 Projection of a line segment:

In fig. 8 straight line AB and CD lie in the same plane. AM
and BN are perpendicular from A and B on CD, meet CD C M N D
in Mand N Fig 8

MN = projection of AB on CD. If angle between these
two lines is . Then MN=AB cos (.

6.9 Projection of a straight line OP (o, origin) on a straight line whose direction
cosines are |, m, n.

Let P be (x4, y1, z1) Let us find the projection of straight line OP on straight line AB.
Through O, draw OQ parallel to AB, Projection of OP and AB shall be equal to
projection of OP on OQ. In fig 9 PM is perpendicular on x — y plane and MN is
perpendicular on OY .

Projection of OP on AB=projection of OP on z
0Q=Sum of projection of ON, MN and MP

on 0OQ /

(~-vector OP=ON+MN+MP) e b s
2
NK is perpendicular from N on OQ and OQ is / X,

inclined at b with OY.

X M

\ projection of ON on 0OQ = OK =y, cosh Fig8
Projection of NM on OQ =x; cosa (/=cosa)
Projection of MN on OQ =z; cosg (n=cos¢)

\' Projection of OP on AB =x; cos @ +Yy; cosb+z; cosg =/x; + my;+ nz;
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6.10

Corollary — From above it is clear that if A is (x4, Y1, z1), B(X2, Y2, Z,) then projection of
line segment AB on straight line whose d.c. are |, m,and n is

(x, - x, Jcosa +(y, - y, Jcosh+(z, - z, Jcos g

i.e. (Xz' X1)|+(V2' yl)m+(zz' Zl)n
Angle between two straight line :

Let OP and OQ be straight line parallel to
the two given lines. D POQ is the angle

between them then; Let |, m4, n; be d.c. of
OP and I, my, nyd.c. 0OQ and B POQ = g

h P(xllvilzl)

Q(XPVZIZZ)

Perpendicular from P on OQ is OM
\ OM is projection of OP on OQ.

\ OM=0P cosq = lx; + myy; +ny 2 X

Lx, m n,z Fig 10

p cosq=ﬁ+—Zyl +- 21
oP oP oP

X z
But —L :|1’£ :ml’_1 =n,
opP opP opP

\' cosg=ll, +mm, +nn,

Corollary 1: If a5, by, c; and a,, b, ¢; are d. ratios of OP and OQ, then d.c. of OP are

a b c a
1 , 1 , 1 and d.c. of OQ are ——2—,
2,2, 2 2,2, 2 2,2, 2 [2 2., 2
\/a1+b1+cl \/al +b] +c} \/a1+b1+cl a, tby +¢;
b, C

’
2 2 2 2 2 2
\/a2+b2+c2 \/a2+b2+c2

a,a, tbb, +cc,

\' cosqg=
Jal +b? +ci\fal b2+
Corollary2: (a) If a;a, + b;b, + cic; = O the straight lines are perpendicular to
each other.
a, _b,

C
=-1  then straight line are parallel.
a, b, ¢

199



Straight Line Math-Ordinate - 3D

Example 3 : The vertices of a triangle are A(3,1, -2), B(5, 3, —1) and C(7, 4, -2) find the d.c.
of the bisector of angle A.

Sol. :

A(3,1,-2)

AB=4/(5- 37 +(3- 1) +(- 1+2)
v

AC=+(7- 3} +(4- 17 +0> =5

B(5,3,-1)

C(7,4,-2)
And bisector of B A meets BCin D. Fig 11
\ BD:DC=AB:AC=3:5

€21+25 12+15 -6-50. ¢é46 27 -11u

\D ) ) a v a—r—
ISSS 8 SH'eSSSSH

6 07 01l _§
Direction ratio of AD are gél—-39,8é—-19,8?—+29 i.e. (22,19,5) d.c. are
e8 ge8 ge 8 g
22 19 5

J870 /870 "/870

Example 4 : Find the co-ordinate of the foot of

Sol. :

perpendicular from P(2,1,3) on the line joining P(21,3)

A(3,2,1) and B(1,3,4).
Let perpendicular from P meets AB in M, and M
divides AB in the ratio of k : 1 AG21) M B(13.4)

ak+3 3k+2 4k+19 Fig 12
Sk+1k+1 k+1 g

\ Co-ordiante of M are

+ O + A +
\ Direction ratios of PM 8&(_3_ zg’gék 2 Oo#k+1

4,0 -k 2k+1 k-ZQ
ek+1 gek+1 68k+1

3Tp (;: , , >
ek+1 k+1 k+1lg

6
%]
Direction ratio of AB,-2,1, 3. PMis * on AB.

\ - 2(1- k)+1.(2k+1)+3(k- 2)=0

P 7k-7=0 \ k=1
\' Mis 83,5,59
8 22p

Example 5 : The projection of a line on axes are, 6,2,3, what is the length of line?

Sol. :
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Let AB the length of the line
\ Projection on x axis=AB./+AB.O+AB.P=AB./=6
andAB.m=2,AB.n=3
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Squaring and adding  AB* (P +m?+n?) =62+22+3*=49
\ AB.I=7 b AB=7

Example 6 : A, B, C, D are points (-2, 3, 4); (-4,4,6); (4,3,5) and (0,1,2) Prove by projection
that AB” CD.

Sol.: A(-2,3,4), B(-4,4,6), C(4,3,5), D(0,1,2). D. Ratios of AB are —2,1-2

212
\ d.c.are - =,=,=
3’3’3

Projection of CD on AB is

- %(0- 4)+§(1- 3)+§(z- 5)

8 2 6

== - 2. _-=0=CDcos90°
5 3 3
\ AB” CD.
Example 7 : If line mates angle a,b,¢,d with four diagonals of a cube, prove that
4
cos’a +cos’b+cos’ g+cos’d=—. .
3
Sol. In the fig the four diagonals are OG, EB, AD and E(0,0,3) D(0,a,a)
CF. Let the side of cube be a, coordinates of
G(ara'a)/ E(0,0,a), B(alalo)l A(alolo) D(Olala)l F(a,0,a) G(a,a,a)
C(0,a,0) and F(a,0,a) 0 0200
1 11 1
D.C.of OG —,—~=,—= of EB —,—, ——= of Ala,0,0) ™
f f V3 V37437 3 x
1 1 ccp L 1 1 Fig 13

&\ll
&
%I
kl

Let the D.C of the line be |, m, n.

|+m+n I+m-n

\ cosa=——,cosh=———
J3 V3

-l+m+n I-m+n

cosd=

COSQ—T, T

\ cosza+coszb+coszg+coszd=§[(l+m+n)2 +(+m-nf+(- m+n) +(- I+m+n)2]

Lot ar]E
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Example 8 : If the edges of a rectangular parallel piped (cuboid) are OA, OB and OC on axes
of reference find, the angles between the diagonals.

Sol.: Diagonals in the fig, are ON, BT, AM and CL ON and CL are diagonal of rectangle
OCNL, AM and BT are diagonal of rectangle
TABM co-ordinate of N (a,b,c) B(0,b,0), T(a,0,c), 2
C(0,0,c) A(a,0,0), M(0,b,c), L(a,b,0) D.R of ON
(a,b,c) of CL (a, b, —¢)

E(0,0,¢) D(0,b,c)

@ +b?- 20 F(a,0,0) “(Ga,b.c)
al+b’+c’ g C(0,b,0)y

D.R of AM (—a, b, c); of BT (a, =b, c) , AGEO0) Y (a,b,0)
- a?- b? Fig 14
cosq =(m)
Example 9 : Show that the straight line whose d.c. are given by equations | + m + n =0 and
2mn + 3nl =5 In = 0 are perpendicular to each other.
Sol.: I+m+n=0bP n=—(/+m)
Given2mn +3n/-5/m=0

b -2m(+m)- 3l(+m)- 5im=0

b 2m?+3%+10lm=0

2
| & |
b 322 +10—+2=0
emg m
I, | 2 | | 10
\ L7 2 == (jjand\ L +-2-=-— (i)
m m, 3 m;, m, 3
1.1 m,m
P %: 13 2 =k \ I,l, =2k,m;m, =3kand

from (ii) I,m, +m,l, =- % m,m, =- 1—:(3k)

=-10k

and n, =- (I1 +m1) and n, =- (I2 +m2)

\ nn, = (Il +m1)(|2 +m2):I1I2 +mym, +1;m, +I,m,
=2k +3k - 10k = - 5k

\ I, +mm, +n;n, =2k +3k- 5k =0

\ Lines are perpendicular.
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10.

11.

12.

13.

14.

15.
16.

17.

18.

Exercise 1(a)

The vertices of a triangle are A(5,4, -2), B(3,2, -3) and C(4,2,0) (a) What type of
triangle ABC is? (b) Find C. G. of this triangle

The vertices of triangle are A(4,2,5), B(2,1,3) and C(5,7,1). Find angles of the triangle.

Find locus of point equidistant from points (2 -1, —3) and (-1,2,1). The locus shall be
plane/straight line / or else?

The projections of a line segment on axes of a straight line going through origin are
4,3 and 5 respectively. Find length of the segment. (b) Find its direction cosines.

Points A(2,4,5), B(0,6,3), C(-1, —2,5) and D(3,2,1) are in space. Find angle between AB
and CD.

The distance of a point from axes are 2\/§, 2\/§and 3\/5 respectively. Find distance
of this point from origin.

A(3,2,0), B(5,3,2) and C(-9,6, —3) are vertices of vertices of triangle ABC. The internal
bisector of angle A meets BC in D. Find co-ordinates of D.

Projection of straight line OP on x —y plane is 5. If z co-ordinate of P be 5. Find OP.
Point P is (3,4,5). Find angles that the projections on axes of OP make with OP.

A straight line is perpendicular to two straight line whose d.r. are 1,3,5 and -2, 4, 3
find d.c. of this line.

If a,b,¢ be angles that half-ray through origin makes with positive directions of axes,

then find value of sin’a +sin’b+sin’g.

Find angle between straight line whose d.c. are given by equations |l+m+n = 0, and
2nl+2Im-mn =0.

Find angle between straight lines whose d.c. satisfy equations. 3/[+m+5n=0 and 6mn—
2n/+5Im=0

The d.c. of two straight lines satisfy equations, |+m=n and 2Im — 3mn + 2In = 0. Find
angle between them.

Point P is (1,3,5), then calculate d.c. of straight line OP.

A straight line goes through (-1,2,4) and (1,0,5) and points A and B are (3,4,5) and
(4,5,3). Find projection of AB on the straight line.

The direction cosines of a straight line are 2, -1, 5, P is a point (3,6,2). Find projection
of OP on the straight line.

The d.r of two straight line are 3,4,5 and 2,6,3. Find the d.c. of the straight line which
is perpendicular to these lines.
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19.

20.

21.

204

OA, OB, OC are three conterminous edges of a cuboid along axes. Show that angle

. . - 10
between the two diagonals is cos 18? —9
e

39

a, b, c are the three conterminous edges of a cuboid, along axes, and a vertex
coincides with origin, a>b>c angle between diagonals of greatest face is

L2a-p 0
cos  G———1, prove.

éZ\/ a?+b’ g

The vertex C of a tetrahedron is (0,0,c) and its two edges OA, OB of length a and b lie
along x and y axis. O is common to the three. G is centroid of D ABC and G; of D OAB.
Find angle between OG and CG,.
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6.11 (A) Equation of a straight line :

Let the straight line pass through A (x4, yi, z1) and P(x,y,z) be any point on it. If
Direction cosine of this line AP be |, m and n, then.

Projection of AP on x-axis =(x—x;).1+0+0
(AP =r) =lr P (x—x)=Ir
Projection of AP ony-axis =0+ (y—-y;).1+0=mr

Projection of APon z-axis=0+0+(z—z;).1=nr

\ XX Ytva 7

| m n

Here as mentioned, r is distance of point (x, y, z) from point (xy, y1, z1) on this line.

X- X - z-12
\ Equation of straight line is I 1=Y Ve L
m n

(B) Equation of straight line through two points:

Let the points be (x4, y1, 1) and (X,, ¥, Z2). Any lines through (x4, y, z1) is

X=Xy _Y-Yy _2-124
| m n

where |, m, n are its d.cs.
But the d.r. joining two points are x, — X1, Y — Y1, Z2 —z; 1 to D. cosines.

X- X - z-1
\ Equation of this lines is S Al £ W L
X=Xy Yo~ Y1 -7

X-X - 7 -
Note : Any point on straight line I 1YV o
m n

z . .
L distance r from (x4, yi, z1) is

Ir + X4, mr+yy, nr+z;.
6.12  Equation of angle bisectors of the angle between two straight lines :

1, m4, n; are d.c. of straight line AOB and I, m,, n,
are d.c. of straight line COD. Both pass through
origin. Let p be a point on OB and point Q on OD
such that OP = 0Q = 1 unit. Mid point of PQ is M
and it shall lie on the angle bisector EF. Similarly
OR = — 1, then mid point of RP shall lie on the
other angle bisector GH.

1, my, ny and 1, my, n, are d.c. of two lines.

\ M s Eél"'lz m, +m, n1+n29
&2 2 7 2 g
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a -, m-m, n-no

€27 2 T2 4
+L, m,+m, n, +n, §
\  D.C. of angle bisector EMF are gél 2 1 2 1 29, and of other angle
e 2 2 2 g
-Lm,-m, n,-n,§
bisectorgd"1 2 1 21 29,
e 2 2 2 g
x-0 _ y-0 _z-0

\ Equations of these angle bisectors are = =
(Il +|2)/2 (ml +mz)/2 (nl +nz)/2

2X 2y 2z 2X 2y 2z
= = and = =
I, +l, my+m, n;+n, -1, my-m, n;-n,

Note : If point of intersection of the given straight line is not origin but (x;, y1, z1) then
equation of angle bisectors are.

Z(X' Xl) Z(V' yl) 2(2' Zl).z(x' Xl) Z(V' yl) 2(2' Z1)

= = ; = =

l, +1, m +m, n +n, -1, m;-m, n;-n
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Sol.

-2 2y-5
Example 10 : Find d.c. of straight line XT =2y 3 andz=1
Given line is X 2:y- 5/2=Z_ 1
-3/2 0
. 9 5
D. ratioare 2,-3/2,0and ,[4+= ==
4 2
2 -3/2 4 3
\ D.C of straight line are —,—/,OID —,-=,0
5/2 5/2 5 5

Example 11 : Find length of perpendicular from P. (1,2,3) on straight line
X-6_vy-7 _z-7

3

Sol. :

2 -2
(32422 +(- 2 =V17
Given line is x-6 _ y-7 __ 27 =rany point on its is
3/J_ zN_ -2/V17
r+6, r+7, r+7
NN

If it is a foot of perpendicular PQ from P on the line, then d.c. of PQ are proportional
to

——r+6-1, 2 —r+7- 2, 2r+7 3—

e\/_ 17 V17 o

P.Q. is perpendicular to given line

.. ) ..
9_ R _ 49:0
'] 17 1 ']

3 ae3 r+5o+ 2 anr

BN N AN ) N

\I-x

1
b —=(9r+4r+4r)+15+10- 8=0

J17
p \/ﬁr+1720 \ r:-\/ﬁ

6-3 -2 2
\ Qis &2 17 +6,—2A17 +7,—=—17 +7
8V17 V17 J17

i.e.Qis(3,59) P PQ=v/4+9+36=7

ceNc

Example 12. Find equation of perpendicular from (1,6,3) on the straight line

2
= _T and also foot of perpendicular.

y-1_z-
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Sol.: Let the straight line through (1,6,3) perpendicular on gives line I —T =—— be

x-1 y-6_12z-3
= = =]
I m n ( )
\ l1+m.2+n3=0P I+2m+3n=0 (1)
Any point on perpendicular line is (II +1,ml +6,nl +3) any point on given line is (k,
2k+1, 3k +2).

If these are the same point (foot of perpendicular) then

Il +1 k;ml +6=2k+1;nl +3=3k+2.
(ii) (iii)

From (i) |:$

From (i) m=2"2 and from (i) n =5 1

\ from (i) k-1 4kI 10 9kI 3—OID k=1

\ foot of perpendicular is (k, 2k+1, 3k +2) b (1, 3, 5) and I—Ig m=- Ii,n=|E
\' Equation of perpendicular line is ol _y_-36 :2'23

Example 13 : Find distance of point (2,4,6) from straight line through (-3, 4, 1) and whose
direction ratios are 2 -2, 1.

P(2,4,6)

Sol.: In the fig. point P is (2,4,6) and AB is straight line
through A(-3,4,1) AN is projection of AP on straight
line AB

AP=y/(- 5 +0?+(- 57 =512

Fig 16
D.C. of straight line AB are

wlr\)
wlm
Wk

AN = projection of AP on AB

2 1
=(2+3).2+0+(6- 1)==5
p+3) 2 +0+(5- 1)}

\ PN=+/(AP)’ - (AN)* =4/50- 25 =5

Note : Question of example 11 can also be attempted in this way.
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-2 -3
Example 14 : Find image of point (1,7,6) in straight line §=VT =272

Sol.: In the fig. LL" is the straight line P is point (1,7,6)
PP’ is perpendicular on LL’ and PM = P’M. Then P’
is image of P in straight line given line is
X_y-2_z-3

2 3 4 * L .................. M ..........

. P(1,7,6)

Any pointonitis 21 ,3] +2,4] +3. Letit be M. D.Rs
of PM (21 -1), (31 —5), (4] -3)

PM A PP’ B 2(21 - 1)+3(31 - 5)+4(4l - 3)=0

(1 - 1)+ 3(a1 - 5)+afal - 3 i
b 29l -2-15-12=0b | =1

\ Mis(2.1,3.1+2,4.1+3)ie.(2,5,7)

X, +1

If P’ is (x4, y1, 1) then =2pb x, =3

2, t

+7 6
le:5|:> Y, =3; =7P z,=8, image (3, 3, 8)

Alternate : Let P’ be (xy, Y1, z1).
D. Ratio of PP’ are (x; —1), (y1—7), (z1 — 6).
PPP ML\ 2(x—1)+3(y1—7)+4(z,-6)=0

P 2x, +3y, +4z, =47 SN (1§
+1 +7 +6
Point 1 ,yl ;Zl is on LU’
2 2
x,¥1 vy, +3 z 3x,-3
\ 2L =11 T -Tp =" ,2, =2%, +2
4 6 8 't 5 T
-30
\ from (i) 2 + 3. &30, 4 (o +2)=47
e 2 g
P 4x,+9x,- 9+16x, +16=94p 29x, =97
33-3_

\ X =3y =T 732,72.3+42=8

\ imageis (3,3,8)

Example 15 : Find the distance of point (1, -2, 3) from plane x—y + =5 measured parallel to
the straight line whose direction ratios are 2, 3, — 6.
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Sol.: Distance is measured parallel to the line

x-1_y+2 _z-3

\ equation of straight line through (1, =2, 3) parallel to it is

2 3 -6
-1 +2 -3 3 6 0
p X L_¥*2_ 273 oint &1 41,21 -2, 81 438,
2/7 3/7 -6/7 e’/ 7 7 @
The distance of this point shall be | from plane. If the point

[ [ 6
§_+19?L- 2989- ey | +3— lies on plane.

e’ ge 7 ge 7 [}

\ $@+19-8éi-29+8‘?§| +3% 5=0

g e’ g e 7 [}

Solving | =1\ distance of point measured parallel to the straight line from plane

isl
-1 +1 z+1 +2 -2 -1
Example 16 : Show that straight line XTo_¥rooz and X =¥y <2 do not
3 4 5 4 3 -2
intersect.
Sol.. D.C. of 1" line are —— i S any point on this straight line is
.- .C. 52 5B 5
ae3| 4l I o
N RN RV
4 3 2
D.C. of 2" line are , - . Any point on this line is
29 429 429

ae 3m 0 If we put I——k and L—t then points on lines

e\/ > o \/ 542 V29

are3k+1,4k—-1,5k -1 and 4t — 2, 3t + 2, -2t + 1. If the line intersect then point

should be common. P 3k+1=4t- 2,4k-1=3t+2 and 5k-1=-2t+1.

Solving 3k +1 =4t - 2,4k -1 =3t + 2, k = 3, t = 3 these values of k and t do not

satisfy.

S5k—-1=-2t+1

\ Lines do not intersect. These are skew lines.

+1 +1 +3 z-2
Example 17 : Find point of intersection of lines SR AL S d XTooy 2
4 -3 3 5 -4
-1 +1

Sol.: let>-=Y"--%
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x+1_y+3 _z-2
5 -4
[3n-1,5n- 3,-4n+2] for point of intersection the two points must coincide

21 +1=3m- 15
vl =2,m=2
®al-1=5m 3%

and it satisfies -3l =-4n+2.

=m then point on it is

\ points [(2I +1),(4l - 1),-3I] and if

\ point of intersection is [5,7, —6]

Example 18: Prove that the straight line whose d.c. are given by relation al + bm + cn =0

f h
and fmn + gnl + hlm = 0 are perpendicular if —+§+—=Oand parallel if

a b c
Jaf +Jbg £ Jeh =0.
éal+bmy
g€ ¢ H

fmn+gnl+hlm=0 )|

Sol.: al+bm+cn=0b n=-

p n[fm +g|]+h|m:O

+bm

b - 9(f m+gl)+him=0

P -agl- bm?f- Imaf- bgml+chim=0

P a gi— +— I ( af +bg - ch)+bf=0 ------ (3)

emg m

if I, my, n; and ,, m, n, are the d.c. of lines then from (3)
I, —Ep Ll, _ mm,
m;m, ag bf ag

Ll, _mm,

and by symmetry My for line to be perpendicular

cbf  cag abh
l,l, +mm, +n,;n, =0 P cbf +cag+abh=0

p i+§+h:0

a b c
(i) for lines to be parallel, roots of equation

(3) should be equal
e. (af+bg- ch)2 - 4abgf =0

b a’f? +b’g? +ch? - 2abgf - 2bcgh- 2cafh=0
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e Jaf +fbg £/ch =0
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10.

11.

12.

13.

14.

Exercise | (b)
Find d.c. of straight line 5x = 3y = 4z.

+1 -2 -3
Point B is unit away from —1, 2, 3 on straight line X 5 = y6 =2 3 find its co-

ordiantes.
Point P lies on straight line joining (1,3,1) and (2,1,5). If z co-ordinates of P be 4, find P.

The vertices of a triangle are A,(2,3,0), B(3,5,2) and C (8,6,2). Find equation of internal
bisector of angle A.

Find equation of straight line which passes through (1,3,5) and (5,3,1).

-2
Ais (5,3,—1) and B(7, -3, 2). Find projection of AB on straight line §=§ =Z—6 .

x-3_y-4 z+5

Find point of intersection of straight lines 2 5 2 and
x-2_y-5_2-3
-3 -3 0
-1 -3 +1 -4 -3 +7
Find equation of angle bisectors of lines X =y =z and X =Y =z

-1 -2 1 -2 2

Find distance of point (3,4,5) from straight line which passes through (-1, 2, 3) and
whose direction ratios are 2, -3, 6.

The direction cosines of three lines are /1, my, ny; [, My, ny; I3, M3, N3 and these are
mutually perpendicular. Find d.c. of a straight line which is equally inclined to these
lines.

x-1_y+1 _z-4
2
is at a distance of 1 unit from point (1, -1, 4).

The equation a straight line is ; Find co-ordinate of a point P which

x-3_y+4 z-5

The straight line meets the plane 2x +y + z = 1 in point..........

-2 2
. . . . . . X _y_z
Find equation of a line through (2, —3, —4) perpendicular to straight lines — :b— =—
a b ¢
and —=Y =2
a, b, ¢

x-1_y-2_1z-3
2 1 -2 3 -6
equations of angle bisector of the angle between them.

The equation of two lines are
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15.

16.

17.

18.

19.

20.

214

-1 -2
Find image of point (1,6,3) in the straight line % =VT :ZT'
-1 -2 -3
Point P is (-2, 3, —4) and PQ is perpendicular to straight line X . =Y . =2 1 at Q.

Find Q.

Find the distance of point (2, —3, 1) from the plane x —y + z = 8, measured parallel to

the straight line whose d.c. are proportional to 2, 2, —1.

x-2_y+3 _z-1
2 -1

[Hint — Line through A(2, =3, 1) parallel to line is . If it meets plane

X-y+z=8inBthen AB is the required distance].

The d.c. of two straight lines are given by equation | —=2m + n=0and nl - 2mn -Im =
0. Find angle between the lines.

-1 +4 -1 z-1
Show that if straight 1* line xto_y_z7% and X_y--_z° - intersect then n =
2 3 -2 3 4 n
-2 -3 +5 -5 z-1
Show that straight line Xte_y-2:-2 and X =Y =z do not intersect.
2 2 1 -3 -2 6
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6.13

6.14

6.15

Shortest Distance between two straight line :

If two straight lines are not parallel and also do not intersect then these lines are
skew lines. They lie in different planes. Thus skew are those lines which lie in
different planes. The problem of finding the shortest distance between two lines
arises in skew lines. The shortest distance between these two lines is the line
segment which is perpendicular to both these
lines.

Let the equation of lines be
-a -b -
X-a&, _y-b, _z2-6 and

I, m, n,
X-8, _y-b, _2-¢ N Qv
g m; M, Fig 18

In the fig Pis (a,,b,,q;) and Qis(a,,b,,0,). MN is perpendicular to both. Let p, q
and r be the direction cosines of shortest distance MN.

\ pl, +gm, +rn, =0
pl, +gm, +rn, =0

\ P _ 9 _ .t
mn, - myn, g - in,  Iim, - l,m,

1
\/(mlnz - mznl)2 +(|2n1 - lin, )2 +(|1m2 - ,m, )2

1
|

and this shall given the value of p, q, r; clearly MN is projection of PQ on it.
\ MN= p(az - a1)+Q(b2 - b1)+r(92 - 91)
Equation of line intersecting two straight lines :

x-a, _y-b, _z-g x-a, _y-b, _z-¢

and
ly m, n, l, m, n,

on line (1) is I +a,,mk+Db,,nk+g,, any point on LI +a,,mk+Db,,n,k+g,. The
line through these points is line intersecting both lines.

Let the two lines be any point

Shortest Distance between two skew straight lines

Skew straight lines do not intersect, neither they are parallel skew straight lines lie
in different planes. But one can find shortest distance between them.

In the figure straight line
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(,isT=7a+lb

l,isr =12a,+lb,

The p.v. of point A on straight line 7, is a,
and straight line is parallel to Bl. Similarly
p.v. of point B on n/, is a, and it is
parallel to vector BZ. Let PQ be straight
line, which is perpendicular to both /;
and 7, then line segment PQ is length of
shortest distance between /; and /.

\ PQisparallelto b,” b,

If A is unit vector along Bl' BZ then

A=t 22

O >
fiy

N

o|| O
N

N

|
Clearly PQ is projection of AB on PQ
(a,- 3,).(b,  b,)
|b, " b, |

(=2
=
N

\ PQ= AB.N=

Note: If two lines intersect then S.D. =0

Math-Ordinate - 3D
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x-1_y-2_z-3

Example 19 : Find shortest distance between lines 3 2 and
x-2_y-4 _z-5
3 4 5
Sol.: Let I, m, n be the d.c. of the shortest distance. S. D. segment is perpendicular to
both lines.
\ 2I+3m+4n=0( Il _ m _ n
3+4m+5n=0} 15-16 12-10 8- 9
I m_n 1 | _m _n
pPp—=—==—_ == =_
-1 2 -1 46 1 -2 1
\ dc areg;e1 219
T &Ve'Ve Ve g
Point on line (1), Ais (1,2,3) and point on line (2), B is (2,4,5).
1 20 1 1
S.D. = projection of AB on it (2- 1).—+(4- 2)8e—g+ (5- 3).— =—
J6 evé g J6 6
. . . . L . x-3 vy _z-3
Example 20. Find the equation of straight line which intersects the lines _:I :T
+3 +3 -3 -3 -6
and X =y_z73 and is parallel to X =¥y 22 .
1 1 2 2 1 3
: . .o X-3_y_z-3 . .
Sol.: Any point A on straight line T:I:T is (I 1 +3,1 1 1+3) any point B of

x+3 y z+3
—=—=——1s1,-31,2,-3
1 1 2 2 2 2
\ D.R. of line joining these points are i.e. ABis | ;-1 ,+6,1 ;- 1,,1 -2l ,+6.The
x-3_y-3_1z-6

line is parallel to
1 3

lamla6 -1, -2, 46
2 1 3

\ 1,-1,+6=2 -21,b | ,-1,=6

and 31 ,- 31 ,+18=2l ,- 4l ,+12b | ,+] ,=-6
\ 1,=0,,=-

Hence points A and B are (3,0,3), (-9, -6, —15)

217



Straight Line Math-Ordinate - 3D

\ Equation of line intersecting the given two lines and parallel to the given line is
x-3_vy _z-3 o x-3_y_z-3
-12 -6 -18 2 1 03
-3 -8 - + + -
X _y _z 3andx 3:y 7:z
-1 1 -3 2
its equations and co-ordinates of points where it meets the lines.

6
Example 21 : Find S.D. between lines also find

Sol.: Let shortest distance segment meets the lines in P and Q, then
Pis (31 +3,-1 +8,1 +3) and Qis (- 3k- 3,2k - 7,4k +6)

\ D.C. of PQ are proportional to 3l +3k+6,-1 - 2k+15,1 - 4k-3. PQ is
perpendicular to both the lines.

\ (3 +3k+6)3+(- | - 2k+15)(- 1)+( - 4k-3).1=0

b 11l +7k=0 (1)
and - 3(31 +3k+6)+2(- | - 2k+15)+4( - 4k- 3)=0

b 7k+2%=0 . (2)
Solving (1)and (2) | =0,k =0.

\ P is(3,8,3)and Qis (-3,-7,6)

\ S.D.= /62 +15%+(- 3)* =-34/30
(ii) D.R. of PQ are Y (6, 15,-3)i.e.2,5,-1

x-3_y-8_z-3
5 1

Equation PQ;

Example 22 : Find equation of line which goes through (2,4,6) and intersects lines
-1 - - - + -

x-1_y 1:z 1andx 2:y 1:z 1.
1 2 3 3 5 4

Xx-2_y-4 _z-6
m n

Sol. Let the straight line through (2,4,6) be

(1)

x-1_y-1_2z-1
2 3

Any point on this line is (II +2,ml +4,nl +6) If this point is on ,
(42-1 _ml+4-1 _nl +6-1

2 3

the

P 2(l +1)=(ml +3) and 3ml +9=2nl +10
1, 1

bl = -
2l- m 3m- 2n

\ 2I-m=3m-2nbP 2|- 4m+2n=0 eeeenn(2)
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If point (II +2,ml +4,nl +6) is on line (2) then
Il +2-2 ml +4+1 nl +6-1

3 5 4
P 5l =3ml +15,4ml +20=5nl +25

by o 15 ,_ 5 _ 15
5-3m’  4m-5n 12m- 15n
P 5- 3m=12m- 15nb 5l- 15m+15n=0
bpI-3m+3n=0 L. (3)
. I-2m+n=0 (1 | m n
Solving Y = =

I- 3m+3n=0rVJ- 6+6 1-3 -3+2
\'I'm:n=0:-2:-1
D.C. 0, - 2/+/5,-1/+/5

-2 _y-4 _z-6
2 -1

Straight line is X

Example 23: Find equation of straight line passing through the point of intersection of lines

+4 +1 +4 +5 -3 y-1_2z-2
X =¥z is X =¥z and which is parallel to X =y -z .
1 1 -2 1 1 3 -2
+4 +1
Sol.: Any point on line XTR_ Y272 (I - 4,1 ,-2| - 1) and any point on straight line

+4 +5
XTEY 270 (n- 4,nm,2m - 5) If the two points are same then this point is

1 1
point of intersection of two lines. | - 4=mn- 4,1 =n,-2l - 1=2r- 5 clearly | =nm;

and -2| - 1=2] - 5 gives | =1

\ point of intersection of lines is (- 3,1,- 3). Line is parallel to 7 3 =—

x-3_y-1_1z+3
3 -2

\ Required lineis

Example 24. Find the ratio in which surface ¥ + y* + 22 = 350 divides the line joining points
(3,-1,2)and (9, -3, 6).
Sol.: The given points are (3, —1, 2) and (9, —3, 6). Let the surface divide the line joining
these points in the ratio of | :1.
ol +3 -3l -1 6l +2

This point is , ,
l+1 | +1 | +

. This should satisfy x* + y* + 2% = 350.
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\ (9l +3f+(- 31 -1 +(6l +2) =(I +1)*.350

P 12(350- 86- 9- 36)+1 (700- 54- 6- 24)+(350- 1- 9- 4)=0

P 2241°+616l +336=0

b 4l2+111 +6=0b (I +2)(4l +3)=0
\ 1 =-21=-3/4

\ Surface divides ABinratio-2:1and-3 :4

Example 25 : Show that the straight line whose d.c. are given by al+bm+cn=0 and

ul’ +vm? +wn® =0 are perpendicular if u(b2+c2)+v(c2+a2)+w(a2+b2)=0 and parallel if
2 2 2

a_+b_+c_:0_

u v ow

+
Sol.: al+bm+cn=0P n=- al+bm

C

2
al+bmo
\ ul® +vm? +wn® =ul®> +vm?* +w -

e ¢ g

b cul® +c’vm? +w(a2I2 +b’m? +2ab|m)w =0

| |
b (czu +wa2)—2 +2abw—+civ+wb? =0
m m

2

LI cv+wb’

m,m, cu+wa’

L, —_ mm,
b’w +c’u

Cutwal by sym. ﬁ

Straight line shall be perpendicular if I3, + mym, + n;n, =0
p (bzw + czv)< + (czu + wa2)< + (azv + bzu)< =0

p u(b2 +c2)+v(c2 +a2)+w(a2 +b2)=0
Straight lines shall be parallel if

root of
(czu +wa2)2 +2abwim +m2(c2v +wb2)= 0

equation
are
2 2 2
a® b ¢
43’b*w? - 4(c2u+wa2)(c2v +wb2)=0 Solving we get — +—+-—=0
u v ow

equal i.e.
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10.

11.
12.

13.

14.

15.

Exercise 1(c)

-3 -5_1z-7 +1 +1 _z+1
x-3_y-5_z2 ang XF1_y*l_z

Find length and equation of S.D. of lines
-2 1 7 -6 1

find also points whose S.D. meets the lines.
Find S.D. between linesx+a=2y=—12zand x=y + 2a =6z - 6a.

x-3_y+1_z-2 x-1_y+3 _z+1

Find S.D. between lines and

-3 4 4 1 2

- + - - + -

Find S.D. between lines x-2 =Y ! =2 3 and x-4 =Y 3 =z 2

2 1 -1 4 3

-2 +3 -4
Find S.D between straight line X=Y_2 gpgXio=¥r22
2 3 4 -1 2 3

x+1 _y+4 z-1
5 4

Find S.D. between straight line 3x—-3 =2y +2 =4z and

Find foot of perpendicular from P(2,1,3) on straight line joining A(1, 2, 4) and B(3,0,5).
-2

Find image of point (-2, -10,8) in the straight line XT ===

x+2 2y-3 _z-4 ic
8 -1

Find value of p if image of point (p, 2, 5) in the straight line

(_3'5/p)

Prove that the four points (5, —1,1); (7, —4,7); (4, —6,10) and (-1, -3, —4) are vertices of
arhombus.

Show that points (3, -2, 4), (-1,4,-2) and (1,1,1) are collinear.

If /1, my, ny and /5, my, n, be the d.c. of two straight lines which include angle q , then

show that actual d.c. of one of the angle bisector between them is
L+, m+m, n, +n,

2cosq/2'2cosq/2' 2cosq/2 '

l;, my, Ny and f,, my, n, are d.c. of two perpendicular straight line. Show that d.c. of straight line
perpendicular to these line is myn, —m;ny, Nyl — nyly, M, —myl,
X_y_zx-2_y-3_z-4

Find distance between parallel lines (a) —=—=— , = =
2 3 4 2 3 4

-2 -3 +5
andX =Y =z

z
b) x= —
(b) 3 1 2 3

N <

Find equation of straight line through (-1, 4, —3) and parallel to line which goes
through (-2, —3,4) and (-5,4, -2), also find distance between these lines
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16.

17.

18.

19.

20.

21.

22.

23.

24,

222

A straight line through point (-2, —6,7) with d.r. 2, 7, =5 is drawn to intersect straight
-5 - + + - -
X _y 7:z zandx 1:y 3:z
-1 1 -3 2
of intersection.

6
lines . Find length of intercept and points

Prove that the equation of straight line through (a, b,c) and at right angle to straight
. X z X z . X-a -b -C
Imes—:L:— and —= y =—i =Y =

L my o L m, n, myn, - myng  In, - ngl,  Iim, - myl,

In tetrahedron OABC, OA? + BC? = OB? + CA?, = OC? + AB?, then show that opposite
edges are at right angles.

Find angle between lines whose direction cosine satisfy equations, 3m + n—1=0, 3Im
+4In-3mn =0.

The direction cosines of two straight lines satisfy equation | + 2m —3n = 0 and I* = 2m?

2 . _1$ 10
+n” =0; prove angle between them is cos "¢C—=+.
ng@ﬂ
P’ and Q" are images of P(2,3,6) and Q(5,3,6) in x-axis. Equation of PQ_is
(@) 2x+3y=22 (b)y+3=0 (c)2x+3z=2 (d) none of these

-3 _y-5_2z-7
X :VZ =1 . ,IfPis (2,1,6) then Q is

(a) (1,3,8) (b) (5,7,6) (c) (3,5,7) (d)(-1,1,9)

PQ s perpendicular on straight line

-2 -3 -9
PQ is perpendicular from P(1,2,0) on straight line Xoe_y- 2.2

. Equation of PQ

3 -6
is
x-2 y-4 z-1 x-1 y-2 z
(a) = = 2 (b) ——=——=—
3 2 -6 3 4 3
x-1 y-2 z Xx-2 _y-4 z
( )_:_:_ (d) =7 =_
6 4 4 3 2 2
Image of P(3,-1,1) in
(a) y axis is ...... (b) z-axis is ...... (c)iny—zplaneis ...... (d) in z-x planeiis ......



7.1

7.2

7.3

7.4

7. Plane
Definition :

A plane is a straight surface such that if two points are taken on it then the straight
line joining them lies wholely in it.

General equation of plane :

Alinear equationinx,y, zis
ax+by+cz+d=0 S ()]
is the general equation of plane.

Plane ax + by + cz = 0 passes through origin. Equation (i) can be written as

Ex+Ey+£z+1:O
d d d

. . . - ab C
which shows that the equation contains 3 co-efficient E,E and a .

Hence a plane can be determined if 3 independent conditions are given.
To prove that general equation of first degree in x, y, z always represent a plane.
First degree general equationinx,y,zis ax+by+cz+d=0 ... (1)
Let P (x4, Y1, z1) and Q (x,, Y», 2,) lie on this locus
\ ax; +by;+cz;+d=0 cveeenenn(2)

ax, +by,+cz; =0 )|
Multiplying (3) by a and adding to (2)

a(x;+axy)+b(yi+ay,)+c(zz+az)+(1+a)d=0

a(Xl +ax2) +b(y1 +ay2)+c(21 +azz)
1+a 1+a 1+a

or +d=0

and it shows that point

ax, +ax +a z,+taz, o . . .
1 2 ,yl Y2 L 2> is also on locus (1) Different values of a shall give
e 1+a 1+a 1+a g

different points lying on straight line PQ.

Every point on straight line joining two arbitary points (here P and Q) lies on the locus,
therefore by definition of plane the locus

\ ax+by+cz+d=0 is a plane
One point form of equation of plane.
Let (x4, Y1, 1) be a point on plane
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ax+by+cz+d=0 weeneennn(1)
\ ax, +by; +cz;+d=0 cvereeenn(2)
and (1)-(2) P a(x—x1)+b(y—vyi) +c(z—2z;)=0
This is the equation of plane which passes through the given point (x4, y1, 1)
7.5 Normal form of equation of a plane :

Let ABC be plane which meets axes, OX, OY and OZ in A, B, and C respectively and let
OP be perpendicular from origin on the plane.

Let direction cosines of OP be cos a,cosb,cos¢;

and let OP = p. c

Then coo-ordinate of P are (pcosa,pcosb,pcos g)

or (Ip, mp, np) if d.c. of OP are |, m, n If Q is any Lp

other point (x, y, z) lying in plane. Then direction 5 5
cosines of straight line P Q are x —Ip, y —mp, z —np.

OPin ™ to plane, therefore, OP* PQ. p A

\ I(x- Ip)+m(y- mp)+n(z- np)=0 Fig 1

Ix +my +nz =p(|2 +m? +n2)=p.1=p
P Ix+my+nz=p

This is the equation of plane in normal form, p is perpendicular from origin the plane,
and |, m, n are its cosines.

(a) the point where perpendicular from origin meets the plane is (Ip, mp, np)
(b) This also proves that equation of any plane is first degree equationinx, y, z.
7.6 Equation of plane - intercept form:

Let a plane cut, intercepts on axes OX, OY, OZ of length a, b and c respectively. If
plane meets axes in A, B and Cthen A is (a, 0,0), B (0,b,0), C(0,0,c)

Let equation of plane be | ;x+ |,y +| ;z+d=0 werenenn(1)
. d
Then from point A | ,a+d=0,l ,=-—
a
. d
From point B I2a+d=O,I2=-E
. d
From point C | ,a+d=0,1,=-—
c

Putting these values of | ;,1 , and | ; in equation (1)
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7.7

- Ex_ Ey_ Ez+d:0
a b c

Putting these values of | ;,1 , and | ; in equation (1)

_gx_gy_gz-{-dzo
a b c
p£+l+£:1

a b c

This is the equation of plane in intercept form.

The general equation of plane can be reduced.

(a) In normal form (b) In intercept form as and when required
(a) General equation of planeis ax+by+cz+d=0 weeeee(1)
Normal form is IX+my+nz—p=0 ... (2)

(1) and (2) are identical

VI2 +m? +n?

a’ +b% +c?

\ l:m:n—
a b

n_-p
c d
I _m_n p_ +1

a b C d 1,az+b2+c2

p is always positive and so we shall take + sign or minus sign of the radical according
as d is negative or positive. If d is positive then

-a _b -C
|= ,m= n=
Va? +b* +¢? Ja? +b? +¢? Ja? +b2 +¢2
d
and p=——
Vva? +b? +c?
. . a
If d is negative then, | = ————=
Vva’ +b? +c?
b C -d

m= ’n: ’p:
Va? +b? +¢c Va? +b? +¢2 Va? +b2 +¢c
\ Normal form of equation ax + by + cz =—d

ax by cz d

is + + ==
\/a2+b2+c2 \/a2+b2+c2 \/a2+b2+c2 \/a2+b2+c2
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7.8

Note
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+d
signs being so taken that =———— s always positive.
va’ +b? +c?
If equation of a plane is 3x— 4y — 7z + 5 = 0 then +/a? +b? +c2 =+/32 +42 +7% =/74
-3x+4y+7z _ 5
Then XTAYTZ

NS

Normal form is -

3 4 7 5
X+ y+ zZ=
N74  NT74 AT74 74
5 is length of perpendicular from origin it
J74 '

(b) Intercept form

ax+by+cz+d=0P ax+by+cz=—d

X Y .z
-d/a -d/b -d/c

d d d
This is intercept form of equation, - —,- — and - — are length of intercepts on axes.
a c

Angle between two plane:

We have seen in 2.5 that in the equation of plane ax +by + cz+d=0a, b, care
direction Rations of its normal.

\ angle between two planes is equal to the angle between their normal.

If planes are a;x+byy+ciz+di=0 )|
a)x + bzy +Cz+ dz =0 (2)
. a, b, ¢
then d.c. of their normals are , , and
Jai+b2+ct yJal +bl+cl fal +b?+C
) b, C

’ ’
2 2 2 2 2 2 2 2 2
\/a2+b2+c2 \/a2+b2+c2 \/a2+b2+c2

a,a, +b,b, +c,c
\ Angle g between them is given cosq=1+ 12 172 17

T [2 2, 2 2 2, 2
\/a1 +b] +c;] \/a2 +b; +¢;

: (a) Planes shall be perpendicular if a;a, + b;b, + c1c, =0

by _¢

(b) Planes shall be parallel if LY
a, b, ¢
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7.9

7.10

(c) Equation of a plane parallel to the planeax +by +cz+d=0isax+ by +cz=
| ,ITR

Some important types of planes:
(a) Equation of y—z planeisx=0
Equation of z—x planeisy=0

Equation of x—y planeisz=0

(b) x=aorx=1| isaplane paralleltoy—zplaney=1 isplane paralleltox—z
plane.
y =1 isa plane parallel to x — z plane.
Z=1 isaplane parallel to y —x plane.

(c) Equation of a plane perpendicular to co-ordiante plates or parallel to axes.
Equation of y—z planeisx=0 P x.1+0.y+0.z=0 ... (2)

Let the equation of the plane which is perpendicular to it (i.e.) perpendicular to y-z
plane (i.e.) parallel to x-axis

ax+by+cz+d=0 L (2)

Plane (1) *(2) P a.1+b.0+c.0=0 P a =0 and this reduced equation (2) as
by+cz+d=0

It follows that equation of plane ™ to x —y plane is ax+by+d=0 and * to x-z plane is
ax+by+d=0

Equation of plane through the intersection of two planes :
Let the two planes be
P=ax+byy+c;z+d, =0 ... (1)
Q=a,x+b,y+c,z+d, =0 v (2)

The equation P+ | Q =0 represents a plane which passes through the intersection of
planesP=0,Q=0i.e. planea;x+ by +ciz+d;+ | (ayx+byy+cz+d,) =0 ............(3)
is the equation of planes which pass through (1) or (2).]

Equation (3) is a linear equation in x, y, z and a linear equation x,y,z represents a
plane.

\" (3)is the equation of any plane passing through the intersection of two planes one
and (2).
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Example 1 : Find the equation of a plane through points (1,1,0), (1,2,1) and (-2,2, -1).
Sol. : Let the equation of plane through (1,2,1)

alx=1)+b(y=-2)+c(z-1)=0 s (1)

Points (1,1,0) and (—2,2,—1) lie on it

\ a0-b-c=0y a b

C
p—=——=—
-3a+0.-2c=0% 2-0 3-0 -3

\" Equation of plane is 2(x- 1)+3(y- 2)- 3(z- 1)=0

i.e.2x+3y—-3z=4
Example 2 : Find equation of plane through (1,2,3) and parallel 3x + 4y — 5z + 15 = 0.
Sol.: Any plane parallel to3x+4y—5z+15=0

is3x+4y—5z=|

point (1,2,3) liesonit\ 3+8-16=1| =-4

\ planeis3x+4y—-5z+4=0

Example 3 : Find the equation of plane through (2,2,1) and (9,3,6) and perpendicular to 2x +
by +6z=9.

Sol. : Any plane through (2,2,1) is

a(x- 2)+b(y- 2)+c(z- 1)=0 cerenenenn(1)
point (9,3,6) lies on it \ 7a+b+5c=0 wereneenenn(2)
Itis » to2x+6y+62=9;2a+6b+6c=0 R ()|

a _ b _ ¢ b 2 _ b _c
6-30 10-42 42-2 -24 -32 40

a_b_c

3 4 -5

\  Equation of plane is 3(x- 2)+4(y- 2)- 5(z- 1):O
3x+4y—-5z=9

Example 4 : Find the equation of plane passing through the intersection of planes x + 2y + 3z
—4=0and2x+y—z+5=0and perpendicular to plane 5x+ 3y +3z+ 18 =0

Sol. : Any plane through the intersection of two given planes is

(x+2y+3z-4)+ 1 (2x+y—-2z+5)=0
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b (1+21 x+(2+1)y+(3-1)z-4+5 =6 erveennen(1)
It is perpendicularto5x+3y+3z+18=0

\ 5(1+21 )+3(21 )+3(3-1)=0

P 10l +3l -3l +5+6+9=0 b | =-2

\ Planeis (1- 4)x+(2- 2)y+(3+2)z- 4- 10=0

i.e. 3x-5y+14=0

Example 5 : O is origin. Find equation of plane through P(2,3, —1) and perpendicular to OP.

Sol. :

OP is perpendicular to plane

\ OPisnormalits D.Rare 2,3,-1
2 3 -1

V14 V14" V14

Equation of plane is I(x- 2)+m(y- 3)+n(z+1):O

\ D.C.are

Where |, m, n are d.c. of normal

z+1)=0

2 3 1
\ planesis ﬁ(x- 2)+ﬁ(y- 3)- ﬁ(

P 2x+3y-z=+14

Example 6 : A plane meets axes in (4,0,0), (0,5,0) and (0,0,3). Find length of perpendicular
from origin on it.

Sol. : Intercept by plane on axesare 4,5 and 3

\ planeis%+§+§=1 P 15x+12y +20z=60

To find the length of perpendicular from origin on it we shall transform the equation
in normal form.

V152 +122 +20% =/769

12 20 60
\ Normal form of plane is Y 2

15x
+ + =
J769 /769 769 /769

60
\ Length of perpendicular from origin on the plane is \/ﬁ .

Example 7 : A variable plane is at constant distance p from origin and meets the axes in A, B

1 1 _16

1
and C. O is origin. Show that the locus of centroid of tetrahedron OABCis —+—+—=—

¥yt p
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Sol.: Let plane be Ix+my+nz =p where p is perpendicular from origin on plane. It meets

axesin A, B,and C, then Aiis EEE,O,OQ,BE%,E,OQ,CE%,O,BQ Centroid of tetrahedron
el ge m ge ng

0ABCis 2 +0+0+0%/4,0+2+0+0%4,D+0+2+0Y4
el g € m g e n g

& p poO ..
i.e. c—,—,—=. Ifitis (x4, y1, z1) then
€4 am ang b, y1, 2
1:£'y1— P 1:1'3 |:L'mzi n:i
4 4dm 4n 4x, 4y, 4z,
2 2 2
But I> +m* +n® =1 LA

1
\' Locus of (xy, y1, z1) is — +
X

Example 8 : Find equation of plane through (3,4,1) and (5, —6, 3) parallel to x-axis.

Sol.: Any plane parallel to x-axis is perpendicular to y —z plane. Let it be

by+cz+d=0 R |

It passes through (3,4,1) and (5, =6, 3)

\ 4b+c+d=0Oand—6b+3c+d=0 b 2= =0
-2 -10 10

1 5 -9
\ from equation (1) | y+5I z- 9l =0
Planeis y +5z=0

Example 9 : A plane meets co-ordinate axes in A, B and C. Centroid of triangle ABC is (3, —4,
1) find equation of plane.

X z
Sol. Let equation of plane be —+%+— =1 where a, b, c are intercepts cut by plane on
a c

axes
\ Ais(a, 0,0)B(0, b, 0), C(0,0,C) Butitis(3,-4,1)\ a=9,b=-12,c=3.

Equation of plane is X. i+E=1
9 12 3
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Example 10 : A variable plane is at a constant distance p, from origin and it meets axes in A,
B and C. Through A, B and C planes are drawn parallel to co-ordinate planes. The locus of
their point of intersection is X2 +y 2+ 22 = p ™. Prove:

Sol.: Let the plane be Ix+my+nz=p weeeennn(1)
L, m, n are d.c. of normal of plane.
It meets axes in A, Band C

\ ais 20,08 8is 8,202 cis g%,o,EQ
el g e mg ng

Equation of plane through A parallel to y —z plane is x =$ and planes through B and
C parallel to co-ordinate planes are y=£,z =E. To find the locus of point of
m n

intersection, we have to find a relation in x, y, z and p. from this equations,. l.e. |, m
and n has to be eliminated. From equation of planes.

I=E,m =P and n=E
X

Yy Z

2 2 2
and>+m’*+n*=1b p—2+p—2+p—2=1
z

x
<

\ Locusisx2+y?2+z%=p>

Example 11 : A variable plane through a fixed point (a, b, c) meets the axes in A, B, C show
that the locus of point of intersection of planes, through A, B and C parallel to co-ordinate
planesis ax™ + by ™ +cz'=1

Sol. : Equation of planes through (a,b,c) is I(x - a)+m(y - b)+n(z- c)=0

Where I + m? + n? = 1, It meets axes in A, B and C

da+mb+nc 0 _é latmb+nc _{ 5 latmb+ncy

\ Ais ?I—,O,OL»J Bgo,—,OL»J and gO,O—Lfl

S | i) m i} n H
la+tmb+nc _la+mb+nc

Equation of planes parallel to co-ordinate planes are x =

ly ’

| m
la+mb+nc
Z:—

n

al b _ bm c_ cn

= —= —=
x al+bm+nc y la+tmb+nc z la+tmb+nc

b —1+b -1+ -1
adding E+—+£=1 P x L =1
X y a 1
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10.

11.

12.
13.
14.
15.

16.

17.
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Exercise 2(a)

The equation of plane parallel to 5x — 3y + 4z + 8 = 0 and passing through (1, -1, 2) is

The equation of plane passing through the point of intersection of planes 3x + 4y + 5z
+6=0and 5x—3y+4z+1=0and the point (2, 4, -3) is ..........

A plane passes through P(-2,2,1) and is perpendicular to OP, O is origin. Then the
equation of planeis ........

The equation of plane through (4,5,1), (3,9,4) and (-4,4,4) is ....

Find the equation of a plane through (2, —3,1) perpendicular to 4x — 3y + 2z—-8=0 and
X+y—2z+7=0.

A variable plane moves so that the sum of reciprocals of its intercepts on three axes is
constant. Show that it passes through a fixed point.

The equation of the plane which passes through (2, —3,1) and is perpendicular to the
line joining the points (3,4, —1) and (2, -1, 5) is ....

The equation of a plane bisecting the line joining (4, —2,5) and (6, 4, —3) perpendicular
is ....... (Hint — see AB is normal of plane)

The angle between the planes 2x-y+z=0andx+y+2z=3is .....

The equation of plane through (2,3,6) and (-2, 2,1) and perpendicular to plane. 3x-
4y+2z=11.

Find the equation of plane which passes through (-2,3, -3) and (1, —1,3) and parallel
to y-axis.

Find the equation of plane through (2, —3,4) and (—1,2,3) and parallel to z — axis
Find angle between planes 3x+4y—5z=7and 2x+2y+z+3=0

Find length of perpendicular from origin on the plane 3x + 4y—12z-39=0
The plane 4x — 6y + 9z = 18 meets the axes in A, B and C.

(a) Find centroid of triangle ABC (b) find centroid of tetrahedron OABC.

The two system of rectangular axes have the same origin. A plane cuts axes at
distances p;, q; and r,; at distances p,, g, and r, from origin prove:

1 1 1 1 1 1
Stotg =5t o5tS
Pr a9 P 4 K

[Hint : Perpendiculars dropped from origin on the two are equal, same]

The plane goes through (4,3,2) and (1,5,4) and is parallel to the line joining (5,3,2) and
(-1,1,5) find it.
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18. Find equation of plane which goes through of planes 2x +3y—5z=2andx-4y+z+6
=0 and perpendicular from origin on it is \/E .

19. Find equation of a plane through points (2,3,2) and (2,2,3) when it is at a distance of 4

from origin.

Sol.: Let planebelx+my+nz=4 wevenenene(1)
And P+m?+n’=1, points (2,3,2), (2,2,3) are on plane
\ 2+3m+2n=4( P m-n=0P m=n

Y 4- 5n
2|+2m+3n:_4%and 2+5n=4Db |=
2
P +m?+n’ =g‘4_ 5n9 +n’ +n* =1
e 2 g
P 33n°- 40n+12=0
b (11n- 6)(3n- 2)=0
2 2 1 6 6 7
\' n=—m=—,J==or n=—,m=—,n=—
3 2 3 11 11 11

\ planeisx+2y+z=120r6x+6y+7z=44
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Position of a point with respect to a plane :
Let the plane be ax+by+cz+td=0 weenenn(1)

Let A (x4, Y1, 1) and B(xy, Va2, 2,) be two points. The points can be on the same side of
plane or these can be on opposite sides of plane.

Let AB meet plane in Cand C divided AB in the ratioof k : 1

Then Cis 8@(1+kxz 'y1+ky2 ,Zl+k229
e 1+k 1+k 1+k g

If C divides AB internally then k shall be positive, and if ¢ divides AB externally then k
shall be negative.

Since C lies on plane

TR0, e Ty 0, gty 0,
e k+l g e k+1 g e k+1 g

d=0

b a(x, +kx, )+b(y, +ky,)+c(z, +kz,)+d(1+k)=0
p k(ax2 +by, +cz, +d)+(ax1 +by, +cz, +d):O

\ k= Patby, ez bd )
ax, +by, +cz, +d

(a) If Aand B are on the same side of plane then k is negative and from (2)

ax, +by, +cz, +d and ax, +by, +cz, +d should have the same sign.
(b) If Aand B are on opposite side of plane k should be positive.

ax, +by, +cz, +d and ax, +by, +cz, +d should have positive signs.
Perpendicular distance of a point from a plane:

Let ax + by + cz + d = 0 be the plane, P (x4, y1, z1) be the point. Equation of plane in
normal formis Ix + my + nz = p. Then in fig. ON =

p. Plane parallel to this plane and passing ¢

through (x4, y1, z1) is IX + my + nz = p’ = Ix, + my; c
+nz;
Distance of (x4, y1, z1) from plane is PQ = p’— p iR —_
and PQ = OM - ON = (Ix, +my, +nz,)- p. x5
(0] y
(b) the plane ax + by + cz + d = 0 in normal form
is a X+ b y+ g
X
2 + 2 + 2 2 + 2 + 2
\/a b +c \/a b +c Fig 2
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7.13

7.14

7.15

c d
z+ =0
Ja+b2+c? Al +b2+C
+by, + -d +by, +cz, +d
\ |engthofperpendicularis=ax1 Y. 7C8 _ax, toy, +cz,
Jal+b2 4+ al+b i+ Ja? +b? +¢c?

Note : If (x4, Y1, 1) and (x,, Y2, Z2) are two points on the opposite sides of the plane
then ax; + by; + cz; + d and ax; + by, + cz, + d will be opposite sign. Hence their
perpendicular distance from the plane for shall be of opposite signs.

Distance between two parallel planes.

It is equal to the distance of a point on one plane from the other. OT is equal to
difference of lengths of perpendicular from origin on the two planes.

(a) If planes are on the same sides of origin then p; and p, shall have the same signs
distance p;~p;.

(b) If planes are on opposite sides of origin then p; and p, shall have different signs.
Distance between them = p;~(—p,).

Equation of bisector of the angle between two planes.

Let the two planes be a,x+b,y+c,z+d, =0, and a,x+b,y+c,z+d, =0. Bisector
planes are locus of a point, which is equidistance from the two planes. Let (a,b,¢) be
the point, then

a,a+tb,b+c,g+d, _, 22 +b,b+c,Q

2 2, 2 - 2 2, 2
\/a1+b1+c1 \/a2+b2+c2

\ Locusis 2% +b,y+c;z+d,; _ 29X +b,y+c,z+d,

Jai +b3 +c] a3 +b3 +c]
These are equations of two bisector planes. One bisects the acute angle between the
two planes, while other bisects the obtuse angle between them.

(a) If two equation planes are so written that constant terms in both are positive or in
both negative (i.e. of the same sign), then + sign in the equation (above) gives that
equation of the bisector of that angle in which origin lies.

Bisector of acute angle or obtuse angle.

(a) Bisector of acute angle shall make angle less than of 45° with either plane. If it is
more than 45° then it is bisector of obtuse angle.

(b) It origins lies in the acute angle between the planes, then than the angle between
the normals of planes shall be obtuse, hence value of cosq shall be negative
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a,a, tbib, +cyc,

=-ve e (2)
2. ,12, 2 [2.,,2. 2
\/al +bi +c3 \/az +b; +¢;

(c) If origin lies in obtuse angle between the planes then angle between their
normals shall be acute and

aaa
_ 23 e e (2)

3 a4y}
Conditions (1) and (2) shall decide. Whether origin lies in acute angle or obtuse
angle between the planes.
Equation of a straight line :
Two planes if not parallel then they intersect in a line.
\ astraight line can be represented by two equations of the two planes together.
a:X + byy + ¢y +d; = 0 = ax + byy + ¢,z + d, represents a straight line.

This equation of a line can be transformed into the symmetrical form equation of a
straight line.

Let I, m, n be the d.c. of the straight line then
a,l[+bm+c,n=0
a,l+b,m+c,n=0

[ m n
and\ = = .(a)
bic,- b, ¢a,-ca  ab,- ab,

This (a ) gives the direction cosines of the straight line. Now to find the point on line,
we generally put z =0 in both the equations and then solve them for xand y.

X = b,d, - b,d, _3d; - ad, .

’ ’ = 0
a,b, - a,b, a;b, - a,b,

an example shall clearify the process.
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Example 12 :
Put in symmetrical form the equation of straight line.
X+y+z+1=0,4x+y—-22+2=0
Sol. : Give straight line is
X+y+z+1=0, 4x+y—-2z+2=0
Let |, m, n be the direction ratio of straight line

\ [+m+n= 0u | m n
4l+m- 2n= o% T2-1 4+2 1-4

376 -3 1 -2 1
Putting z = 0 in equations, then
x+y=-1 {0 3x=-1,x=-1/3
ax+y=-2p\ y=-1+1/3=-2/3
\ Equation of straight line in symmetrical form is

x+1/3 _y+2/3 z
1 -2 1

-2 1
Its direction cosines are

FEE

Example 13: Find the angle between the linesx -2y +z=0=x+y—-zand x+2y +z=8x +
12y + 5z=0

Sol.: Line x—2y+z=0=x+y—2z
Let I, m, n be the direction rations of straight line
\'I-2m+n=0{ P 2I-m=0P m=2
[+m-n=0 gandn=2m- I=4l-1=3|
\ D.R. 21,31 i.e.1,2,3
x+2y+z=0 ['jp l, +2m, +n, =0

Line No. 2
8x+12y+52=0p 8l +12m, +5n, =0

L _m _ n L _my

= = p
10-12 8-5 12-16 -2 3 -4
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If angle between lines is g then

Il +mm, +nn,; _2-6+12 8

JZ+mZen P +mien? V14429 V14429

cosqQ=

8

6 g

q—cos'1ae 8

g 40
Example 14 : Find distances of points (1,2,3) and (3,0, —1) from planes 3x+ 4y — 52+ 1=0
are the points on the same side of plane?

Sol. : Equation of plane3x+4y—-5z+1=0

Constant term positive.

3+8-15+1 -3
Distance of (1,2,3) fromit a, = =

542 542

9-5+1 1
Distance of (3,0,1) from it d, =——=—=—=_. The points are on opposite sides of
52 W2

3.1

5242

Example 15 : Find the locus of a point the sum of squares of whose distances from planes x
+y+2z=0;x 2y +z=0is equal to the square of its distance from the plane x =z

plane. Distance are -

Sol. : Let the point be (x, y1, 1), then

\ &, ty, 7 02.4_89(1' 2y, tz, 62 _& -7 02
g \/_ - g \/_ - —g -
3 g e 6 g e N2 g

\ Locusis2(x+y+z)*+(x—2y+2z)%=3 (x-2)%;

\ 2[x*+y? + 22+ 2xy + 2yz + 2zx] + [X* + 4y* + 2° — Axy —Ayz +2xz] = 3x* + 322 — 6x2z
=} 6y’ +12x2=0 b V2 +2xz2=0

Example 16 : Find the equation of planes bisecting the angles between planes x + 2y —2z=3
and 3x—4y + 12 z +1 =0 and specify the one that bisects acute angle.

Sol. Given planes X+2y—2z-3=0
3x—4y+12z+1=0

+2y-2z-3 3x-4y+12z+1
The equation of two bisecting planes are XToy- & =+ X y13 2

P 13x+26y-262-39:i(9x-12y+362+3) planes are 2x+ 19y-31z = 21 and

11x+7y+5z =18. Now if angle between planes x + 2y — 2z — 3 = 0 and bisector plane 11x
+7y+5z-18=0is g then

238



Math-Ordinate - 3D

Plane
cosq= 11+14-10 15
34195 3\/195

J2V195 V195 10ﬁ approx = b approximately < 1

195 395 40 672 2

\ g >45°P this bisector plane bisects obtuse angle between planes.

2\/_ \/_

\  Bisector of acute angle is 2x + 19y — 31z =21

. a b C .
Example 17 : Show that the equation + + =0 represents a pair of planes.

Sol.:

Y-z zZ-X X-Y

A second degree equation in x, y, z containing terms X, yz, z Xy, Yz, zX represents a

pair of planes if it can be expressed as product of two linear functions of x, vy, z
condition forit is

abc +2fgh- af? - bg?- ch? =0

Where a, b, c are co-efficient of ¥, y2 and 7* respectively and 2f, 2g, 2h are co-efficient
of yz; zx and xy respectively.
Now given equation is a + + =0
y-z -z X-y
b a(z- x)(x- y)+bly- z)(x- v)+( 2)(z- x)=0

P a(zx-zy X +xy)+b(yx 2-zx+zy)+c(yz Xy-z +zx) 0

b ax? +by? +cz’- (b+c- alyz- (c+a- b)zx- (a+b- c)xy=0

+c- +a- +b-
HereA:a,B:b,C:cF:-b ¢ a’G:c a b:o and H:_a b

C .
applying

condition.

1 .2 .2 2
bc- —lb+c- +a-b)latb-c)- -b - =
abc 4( c a)(c a )(a c) ag > g - cg -

= 4abc - (Zab- b’ - a +c2Xa+b- c)- a(b2 +c’ +a’ - 2ab- 2ac+2bc)
- b(c2 +a’ +b’ - 2bc- 2ab+2ac)- c(a2 +b” +c® +2ab - 2ac- 2bc)

=4abc - (a2b+ab2 +c’b+cb? +a’c+ac’-at-b -3 - 2abc)

- (ab2 +ac’ +a’- 2a%- 2a2c+2abc)- (bc2 +ba® +b* - 2b%c- 2ab? +2abc)
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- (a2c+b2c+c3 +2abc - 2ac’ - bcz)

= (6abc - 6abc)+ (Zazb - 2a2b)+ (Zab2 - 2ab2)+ (Zczb - 2c2b)+ (Zcb2 - 2cb2)+ (Zazc - 2a2c)
+(2a2c- 2a2c)+(a3 +b*+c®-a’-b’- c3)=0

\ The given equation represents a pair of planes.

Example 8 : Find equation of plane through points (1,3,5) and (3, —1,4) parallel to straight
lint3x—-2=4y—-2and2y-1=3z-1
-2/3 _y-1/2 y-1/2 _z-1/3

1/4 ' 1/2 1/3

X
Sol. Given straight line is

X- 2/3:y- 1/2 z-1/3
1/3 1/4 1/6

p i.e.d.Rare4, 3, 2.

Let equation of plane be a(x - 1) + b(y - 3) + C(z - 5) =0

Point (3, -1,4) lies on it \ 2a-4b-c=0 wereneenenn(1)
Plane normal ~ to straightline \ 4a+3b+2c=0 R (7))
b o
From(l)and(Z)———=—|e a:b:c=5:8:-22
-8 22

\ Planeis 5(x- 1)+8(y- 3)- 22(z- 5)=0
i.e.5x+8y—-22z+81=0

Example 19 : A variable plane is at a constant distance p from origin and meets axes in A, B

and C. Show that locus of centroid of DABCis x 2 +y 2 +z %2 =9p™2
Sol.: Letlx+my+nz=p beplane, P+ m?+n’=1
u &P U & nu ép p pu
\ A|s ~B,Z0,—,0 centroid is z—,—
80 m H 80 u &31"3m’ nl‘jl

\ if centroid is (X,y,Z) then similarly
i:Rp |:£_|D %:il’ and%:?,_mé:?,_n
3| 3Xx X p Y P Z p
.2 2 2 2 2
A0 9!I +m® +n ) 9
\ (;';“-ég +g:: +(§“%9 = > ==
exg Yo €z19 p p

Locus, X2 +y2+22=9p"
2x-1_3y-4 _z+4
4 2

Example 20 : Find the distance of point (5, —3, 3) from straight line

measured parallel to plane x + 2y + z = 10.
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Sol. :

Equation of plane parallel to the given plane x + 2y +z=10isx+ 2y +z= | . It goes
through (5, =3,3) P 5-6+3=2=|

\ planeisx+2y+z=2 (1)

2x-1 3y-4 z+4
If the straight line Xz = y4 =2 meets this plane is Q then PQ is the required

distance.

-1/2 _y-4/3 _z+4
4/3 2

Straight line is X

x-1/2 y-4/3 z+4
3 4 6
x-1/2 y-4/3 y-4/3 3 1 4l 6l
= = and point on it is —+—
SRCCNCC INGEN I

10 28l 80 2e6l
should be on plane (1) g, Tt —t_Tte—- 4——2
eveél Zz ex/ 61 3g ex/

b

3 14 46
\ PointQis =+=,—+—,—- 4P 1,2,-3
6 26 36

\ Distance :\/(5- 1P +(- 3- 2P +(3+3) =77

Example 21 : A plane cuts intercepts OA = a, OB = b, OC = c on axes. Find area of triangle

ABC.
z
Sol. Let Ax. Ay. Az be the projection of the area of
triangle on plane x =0,y =0and z = 0. Ax = area 3
1 1 1
of DCOB = —bc and Ay==—ac,Az=—ab. c
2 2 2
- b
\ area of D ABC = G 5 :
1
2 2 2 _
\/(Ax) +(Ay)* +(Az2) —Ex/bzc2 +c’a’ +a’h’ A
X
Example 22 : Find shortest distance between straight Fig 3
line3x -9y +5z2=0=x+y—zand 6x+8y+3z—-13=x+
2y+z-3
Sol. : First straight lineis3x—9y+5z=0andx+y—-z=aletitsd.c. be a;, b;and ¢,

\ 3a1-9b1+5c1=0[,jID a_b _¢
a, tb,-¢, =0 % 4

-1
8 12
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Ifz=0then3x-9y=0,x+y=0 P x=0,y=0,
\ equation of this straight line in symmetrical formis —=—=— ceereenenn(1)

2" straight line is 6x + 8y + 32 =13, x + 2y +z =3

Let its d.c. be a,, b, ¢,

\ 6a,+8b, +3c, =00 _ a,
a, +2b, +¢, =0 % 2 - 4

andifz=1then 6x+8y=10,x+2y=2solvingx=1,y=%

-1 -1/2 -1
\ Straight line is Xz =Y / =z T )|

-3 4
Let |, m, n be d.R of the shortest distance lines
\ 2I- 3m+4n=0( I _m_n

Il m n 2 -7

p—=—=— v d.c. are
17 2 -7 \/34 V342342
oA A o 2 ®e-7 0
S.D.=(1- O)'+¢=- 0=m'+(1- O)h'=(1-0 +¢-- 05—+(1- 0)c—F—=—"+
(- o0y ol oi=(-0) - o e
®e1l
g\/342g
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10.

11.

12.
13.

14.

15.

Exercise 2(b)
Prove that points (5, -2, 3) and (3,3,3) are equidistant from plane 5x + 2y—7z+ 9 =0.
(a) Find distance between parallel planes, 2x—2y+z+1=0and 4x—4y +2z+5=0.
(b) Find distance between planes 2x + 3y—6z=15and 4x+ 6y—12z+21=0

Show that point (1, 1, 1) lies between planes 2x + 3y — 6z + 12 = 0 and 4x + 6y—
12z=49.

Find direction cosines of the straight lien 3x + 2y —z—-5=0=4x+y—2z+ 5 and put it
in symmetric form.

Find the equation of line of intersection of the planes 2x—y +2z—10=0and 6x + 3y —
2z + 15 =0 in symmetrical form.

Find the incentre of the tetrahedron formed by planes x =0,y =0, z =0 and plane x +
2y +2z=1.

[Hint — The three face of tetrahedron are y —z, z — x and x — y planes so incentre shall
be (a, a, a) such that distance of (a,a,a) from fourth face x + 2y + 2z — 1 = 0 is equal to
radius a]

Find the equation of plane bisecting the angle between planes 3x — 4y + 12z = 26 and
X + 2y — 2z = 9 not containing origin.

Find the equation of plane passing through the intersecting planes x + 3y + 6 = 0 and
3x—y—4z =0 when its perpendicular distance from origin is unity.

1 1
(a) of the two planes 2x + 2y —z + 6 = 0 and E+§y +z+1=0, which is nearer to
origin.
(b) Find equation of line of intersection of these plane symmetrical form.

Find the equation of plane through the intersection of planes 2x — 2y + z+5=0 and x +
2y+2z-7 = 0 perpendicular to x-y plane.

Find the equation of plane which bisects the acute angle between planes 2x —y + 2z =
3and 2x—2y+z=6.

Show that 6x” + 4y — 10z° +3yz + 4zx — 11xy = O represents a pair of planes.

Find the points of intersection of thisx+y-1=0=y+z-5and 2x+y+z-3=0=x-—
3y +z+4.

Find point of intersection of straight linesx+y+z-6=0=2x-3y+4and 2x—-y+z-—
3=3x—-y—z+2.

Find the shortest distance between the line5x—y—-z=0=x—-2y+z+3 and 7x — 4y —
2z2=0=x—-y+z+3.
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16.

17.

18.

19.

20.

21.

22.
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Find shortest distance between the straight line x+y—4=0 =y+z-5 and 2x + y+z—5=0= x—
3y+z+1.

Find the equation of straight line through (3, 4, —1) parallel to planes 2x + 3y + 4z=5
and 3x+5y+4z=6

Find the equation of a plane through points (2, 0, 4), (-1, 2, 1) and parallel to line

-3 _3z+5
ZX:y—: z
2 3

x+2 2y+3 _3z+4
4

measured

Find the distance of point (-2,3, —4) from the line

parallel to plane 4x + 12y—3z+1=0.

The plane 2x + 3y + 6z — 4 = 0 meets the axes in A, B and C. Find the incentre of
tetrahedron OABC.

Find equation of straight line through (0,—1,3) parallel to planes 2x —y + 3z = 8 and 3x
+y—2z=7.

Show that the origin lies in the acute angle between planes x + 2 y + 2z = 9 and 4x—
3y+12z +13= 0. Find equation of that angle bisecting plane.
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7.17

7.18

7.19

7.20

Angle between the line and a plane:

Let the plane P = 0 be ax + by + cz + d = 0 and straight line be X_le =Y Va2t h
m n

Let it make angle g with the plane. In fig. AB is the line, AC is any line in the plane. AN
is normal of plane.

The line shall make angle (90°—q) with the normal
of plane.

al+bm+cn

\ cos(900 - q)—

= =sinq
x/a2 +b% +¢? \/I2 +m? +n?

(a) If line is parallel to the plane, then sing=0 i.e.
al+bm+cn=0

(b) Line shall be perpendicular to the plane if $= b =<
m

Condition for a line to lie in the plane:

x-a_y-b_z-¢

Let plane be ax + by + cz + d = 0 and straight line be . The line

m n
shall be in the plane if every point of line lies in the plane.

Ir+a,mr+b,nr+¢ is any point on the line and for different values of r we can get all

the points of line. The points lie in the plane then
a(ir+a)+b(mr+b)+c(nr+g)+d=0

b (aa +bb+cg+d)+r(al+bm+cn)=0

This relation proves that every point of line shall lie in the plane if
aa +bb+cg+d=0and al+bm+cn=0

These are the required two conditions for lines.

Line of greatest Slope :

Plane ABCD intersects the horizontal plane of c

ground in AD. PQ is a line in the plane ABCD. If it :

is perpendicular to AD then only it is the line of ]

greatest slope. Therefore in an inclined plane the &f\r‘/_‘_’f_‘_‘_‘_‘_‘_‘_‘_‘_‘ _________ RS
line of greatest slope is that line which is N e
perpendicular to the line of intersection of the SRS A S IR IR n R
inclined plane and the ground plane. AT
Coplanar lines Fig 5

To find the condition that the two given lines are coplanar.
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X- X - z-1
Let the lines be 1Y Va o L cereeeeeenn(1)
1 m, ny
X- X - z-1
And XX =¥ Vo _27 % nn(2)
l, m, n,

The lines shall be coplanar if they lie in the same plane.

Equation of plane containing lines (1) is a
(x=x1)+b(y=y1) +clz—2z,) = .(3)

Where al;+bm;+cm;=0 L (4)

The plane (3) shall contain line (2) if

alxa—x1) +bly2—vy1) +c(za—2)=0 ... (5)
And al, +bmy,+cn, =0 S (5}
If we eleminate a, b, ¢ from equation (4), (5) and (6) we shall get the required
condition.
X=X Yoo VYV1 Z7 7
\' Conditionis | |, m, n, |=0 ceeee(7)

1, m, n,
This is the condition for the two straight line to be co-planer.

Note : If we elemiante a, b, ¢ from (3), (4) and (6) we shall get the equation of the plane
containing the lines

X-X, Y-y, 2-12,
Planeis| I, m, n, |=0 cereene(8)

l, m, n,
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-3 -4 z-5
Example 23 : Prove that straight line X 5 =Y 3 =2 2 lies in the plane 4x + 4y —5z=3

Sol. : (i) Line should be perpendicular to normal of plane (ii) point (3,4,5) must lie in the
plane. If these two conditions are satisfied, the straight line then shall lie in plane. (i)
D.R of straight line are 2, 3, 4 and of normal of plane are 4,4,-5=0

(i) point is (3,4,5) and 4.3 + 4.4 -5.5 — 3 =0 Both conditions satisfied Straight line lie
in plane.

-a +2 -3
x“a_-y =z shall in plane

Example 24 : For what value of a and b, the straight line

5 -b
Ax+2y+3z+1=0
Sol.: D.R. of straight line 2, 5, —b and of normal of plane 4,2,3 for straight line to lie in
plane.
24+52-3b=0 P b=6

point (a, =2, 3) of straight line should lie in plane

\ 4a+2(-2)+33+1=0b a=-6/4

3
\' For straight line to lie in plane a=- E'b =6.

-3 +1
Example 25 : Find angle between plane 4x — 3y + 5z = 8 and straight line XT =VT =i1
. .o x-3 _y+1 x
Sol.: Plane 4x —3y + 5z =8, D. R of normal, 4, -3, 5 straight line T :T =—1 d.R of
line, 2, 2,-1
42+(-3)2+5(-1)_ -3 _ -1
If gis the angle, then sing= = = for acute angle
d a J9+/50 35V2 542
g=sin 21 0
&5v2 g

x-1_y+2 _z-3
6

intersect the plane 2x + 3y—6z+ 20 =0.

Example 26 : Does straight line

Sol.: For straight line intersect the plane, there should be a common point. On straight

x-1_y+2_z-3
5 6

2(sl +1)+3(6l - 2) - 6(4l +3)=-20

line ,(5I +1,6l - 2,4l +3) is any point. For it to be on plane too
Note : Lineis not parallel to planeas 2° 5+3” 6- 6 41 0. Line intersect the plane.

Example 27 : A plane is parallel tox —1 =2y — 5 =\ 2z and 3x = 4y — 11 = 3z — 4 and passes
through (2,3,3). Find its equation.
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-1 -5/2
Sol. : Given lines are AL / =2 (2)
1 1/2 1/2

And X _VY- 11/6:z- 4/3

(2)

1/3 1/4 1/3

Equation of plane through (2,3,3)isa(x—2)+b (y-3)+c(z—-3)=0 ... (3)

. 1 1
Itis parallel to (1) \ a+=b+=c=0

2 2

. 1 1 1 _
It is parallel to (2) ga +Zb +§c =0. The equation are 2a+b+c=0
And 4a+3b+4c=0

abcpabc

4-3 4-8 6-4 1 -4 2

\ equation of planeis 1.(x- 2)- 4ly - 3)+2(z- 3):O
P x-4y+2z+4=0

Example 28: Find equation of a plane containing the line X+31 = y-23 =z 2 and the point
(0,-7,3).
Sol. : Let the required plane be ax+by+cz+d=0 ... (1)
It contains line x+1 =¥ 3 =z 2
-3 2 1
\ -3a+2b+c=0 wveeenn(2)
and -a+3b+2c+d=0 vereeenne(3)
Plane (1) shall pass through (0, -7,3)
If -7b+3¢c+d=0 L. (4)
From (3) —(4) -a+10b-c=0 .. (5)
-3a+2b+c=0 een(2)
a__b __ ¢ jab_e
10+2 3+1 -2+30 3 1 7
\ from (3) -3+3+14+d=0 P d=-14
\ planeis 3x+y+72-14=0
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Example 29 : With the given axes the straight line % =Y =§ is vertical. Find d.c. of the line

of greatest slope in the plane 2x + 3y — 3z = 18.

Sol.: Since —=—— —% is vertical, the horizontal at plane is 3x — 2y + z = 0 through origin.

Given planeis 2x + 3y — 3z = 18. Let |, m, n be the d . rations of the line of intersection
of horizontal plane and given plane.

\' 3-2m+n=04G_ | m n

Let 5, my, ny be d.R. of line of greatest slope.\ - 3l, +11m, +13n, =0
Line liesin plane P 2|, +3m, - 3n, =0

ly __m _
-33-39 26-97 -9-22

L _m _n
-72 17 -31
- 17 -31
\ D.C.are , ,
V6434 " \6434 "\6434
-3 _y-4_z-9
Example 30 : Find the equation of plane through X 5 =Y 3 =2 s parallel to x-axis.
Sol. : Plane parallel to x axesis ay+cz+d=0 weeneennn(1)
x-3 7-4 z- L
Line =" liesinit

\ 3b+5c=0b c:-gégb
e5g

and point (3,4, -9); 4b+9c+d =0

b d=-4b- 9c=-4b+2 b="p
5 5

\ b:c:d=b:-§bzzbb 5:-3:7
5 5

\ Equation of planeis5y—3z+7=0

Example 31 : Find the equation of a plane through (1, 0, —1) and (3,2,2) and parallel to line x
-1= u :ﬁ
2 3
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Sol. : Let the plane through (1, 0, —1) be a(x- 1)+by +c(z+1):O — )|
x-1 _Y- 1 _Z- 2
-2 3
\ a-2b+3c=0 . (2)

It is parallel to

Point (3,2,2) liesinit\ 2a+2b+3c=0 weereenenn(3)

\ planeis4(x—1)-y—-2(z+1)=0
P 4x-y-2z-6=0

-1 -2 -3 -2 -3 -4
Example 32 : Prove straight line X 5 =y =z and X =Y =z

are coplanar,
3 4 3 4

Find point of intersection too.

Sol. : The 1 line passes through (1,2,3) and its d.r. are 2,3,4. The 2™ line passes through (2,
3,4) and its d.r. are 3,4,5. These shall be coplanar if

111
D=[2 3 4/=0,0=(15-16)- (10- 12)+(8- 9)=-1+2-1=0
3 45

\ lines are coplanar
x-1 y-2 z-3
Equation of planesis | 2 3 4 =0
3 4 5

b -(x-1)+2(y-2)- (z- 3)=0
P x-2y+z=0
To find point of intersection any point of line (1); 2| +1,3| +2,4] +3
and any point of line (2)is; 3l ; +2, 41 ; +3, 5| , +4
For point of intersection —
21 +1=31,+2 Pl +1=l,+1P | =I,
31 +2=41 143
4] +3=5| ,+4p 4l +3=5| +4p 5| +4p -1=|

\ point of intersection is (-1, -1, —1)
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-1 -1 _z-3
Example 33 : Prove that the lines Xz :y3 =Z4 and4x—-3y+1=0= 5x—3z+2are

coplanar. Find point of intersection also.

Sol.: Letl, m, nbed.r. of 2" line then 4l- 3m+0n=0,5/+m.0- 3n=0

I m n_ | m n
__p__

9 12 15 3 4 5
planesare, 4x—3y+1=0,5x—3z+2=0

1 2
P x=0y==,z2=—
3 3
1/3 z-2/3
point is 8%— ——stralghtllne =Y / =z / and x; —
3 3g 3 4 5

b1-0=1,2-2=2,3- 2=
3 377 3

w |~

~N

\D==2 3 4 :i[(sx(- 1)- 5(- 2)+7(8- 9)]=0
5

\  Lines are coplanar any point of these lines are 2l +1,3| +2,4] +3and
3m,4n+1/3,5m+2/3 point of intersection.

2l +1=3m U 1 2
Solving | =-1,m=- = and this satisfies 4l +3=5nm+—
3l +2=4m+1/ % 3 3

\ point of intersection is (-1, -1, -1)
Example 34 : Ax, Ay and Az are projections of area A on three co-ordinate axes, then prove
A? = (Ax)" +(Ay) +(Az)
Sol. : Let cosa,cosb,cosg be the d.c. of the normal to the plane area A.

\ a =angle that plane makes with y —z plane

\ Ax=Acosa

Similarly Ay = Acosb, Az=A cos C

\ (Ax) +(Ay) +(Az) =A? (cos2 a +cos’b +cos’ g)= A’

Note : Equation ax® + by? + cz® + 2fyz + 2gzx + 2hxy = 0 shall represent two planes if abc +
2fgh —af* —bg?—ch*=0.

2. And angle between these planes is
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2\/f2+g2+h2- bc- ca- ab

tang=
d atb+c

3. The two planes gives by this equation shall be perpendiculara+b+c=0
Example 35 : Find image of point (2, — 4, 5) in the plane x — 2y + z = 3.
Sol. : Equation of planeisx—-2y+z=0

D.R.of normalarel,-2,1

\ Equation of line perpendicular to plane and passing through given point P (2, —4,5)

x-2_y+4 z-5
1 -2

=| (say)any pointonitis(l +2,-21 - 4,1 +5)

If this perpendicular line meets plane in M. then M is (I +2,-2| - 4, +5)
And\ | +2-2(- 2l - 4)+( +5)=3.
P 6l =-12 Pl =-2

\' Mis (0, 0, 3). If P’ is image of P in plane then P’ lies on PM produced and M is mid
point of PP’. If P" is (x4, y1, Z1) then

X, +2 _ z,*+5

-4
ob xlz-z,yl2 =0b y, =4, =3p 7, =1
\ imageis(-2,4,1)
-1 -2 z-3
Example 36 : Find image of line X3 :y4 =25 inthe planex—-y+z+2=0
-1 -2 z-3
Sol.: Straight line X3 :y4 =25 co-ordinates of any

point on line (31 +1,41 +2,5] +3). If this point lies
in given planex—y+z+2=0.Then3| +1-4] -2
+5]1 +3+42=0 P | =-1.This point P on plane is
(=2, =2, =2) In fig. AP is line, B is image of A in the
plane. PB is image of line in the plane. B is image of
A in the plane. Therefore AB is perpendicular to the
plane and M is mid point of AB.

Fig6
D. R. of normal of plane are 1,-1,1 &
-1 -2 -3
\' Equation ABis Xooyro_z =(m
-1 1
n+1+1 -m+2+2 n+3+3
\ Bis(n+1,-n+2,m+3)and Mis S . —, on plane
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Example 37 : Find projection of line

Sol. :

m m o m 8

V- B0 s -0p m=- 2

2 2 g 2 3
| pis &5 14 10
é 3'3'3g

+2 _ y+2 _ x+2
-5/3+2 14/3+2 1/3+2

Equation PB is

x+2 _y+2 _z+2
1/2 20/3 7/3

X+2 _y+2 _z+2
3 40 14

b

x+1_y+2 _z+3
3

onplanex—2y+3z-4=0.

Plane

In question a straight line (fig AB) and a plane P, is given. Projection of straight line L;
(AB) on plane is straight line L,. L, lies in the plane P; and also in the plane

perpendicular to it, and which contains straight line L;.

Thus L, is line of intersection of plane P1 and the plane perpendicular to it and
contains straight line L;. Equation of planeisx—-2y+3z—-4=0 weeee(1) @nd let the

plane containing straight line

x+1_y+2 _z+3
2 3 4

be ax+by+cz+d=0 eeeen(2)
Point (-1, —2, —3) of straight line shall lie on it
\ -a-2b-3c+d=0 )

D.R. of normal of plane are a, b, c and it is perpendicular to given plane.

\a-2b+3c=0 ... (4)

D.R. of straight line L,, are 2, 3and 4
\ 2a+3b+4c=0 .. (5)

from (4) and (5) % =2 -C =k(say)

\ from(3) -17k +4k +21k+d=0pP d=-8k
Hence the plane is 17x- 2y-7z- 8=0

Projection L, is line of intersection of planes x -2y +3z=4and 17 x—-2y—-7z-8=0.

Letits D. R. be |, m, n then
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|- 2m+3n=0 u | m n

17|-2m-7n=0% 10 29 16
1
x-2y=4 4 X~ 7,

17x- 2y=8fvjy:_ 15
4

-1/4 _y+15/8 _ z
20 16

Now if z=0, then

Projection of L,, straight line L, is

Example 38 : A variable plane makes intercept on axes, the sum of whose squares in
constant equal to k®. Show that locus of foot of perpendicular from origin on it is

(X'Z+y'2+z'2)(xz+y2+zz)=k2

Sol. : Let the variable plane be XYty (1)

a b c

a, b, cvariablesand a®>+b?>+ *=k*given . (2)

!DIH

D'|H
O |-

’

The d.c. of normal of plane are

.. . . X
Hence from origin equation of normal to the planes is — = Y

1/a 1/b 1/

point on normal is

nlﬂ

-
b’

)] | =

:L (X1, Y1, 1) lies on plane (1)

\ xlz—b a=— , similarly b =
Z;

a Xy

~<|ﬂ

2 2

X z X z
\ _1+y_1+_1:1|:) _1+y_1+_1:]_

a b ¢ r r r

\ r=x?+yl 42 .(3)

r2 r2 r2
and a’ +b>+c> =k’ b —+—2+——k2
X1 Vi

ae111<'j

2
\ r ) *"—? =k

X1 y1 Ly
Putting value of r in it from (3)

\ Locus is (x> +y2 +22)? (x 2 +y 2 +2%) = k*

Let it be the foot of perpendicular (x4, y1, z1)

=r(say) any

Example 39 : A plane parallel tox—1=2y—-5=2z and 3x =4y — 11 = 3y — 4 passes through.

(2, 3, 3). Find its equation.
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-1 -5/2 -11/4 z-4
Sol. : Straight lines are A / =? ; X Y / =z . If a, b, c are d.r. of
1/2 1/2°1/3 1/4 1/3

1 1
normal of plane then, a+Eb +-c=0P 2a+b+c=0
c

101 1 b
Za+>b+>c=0P 4a+3b+4c=0 222 ¢
3° 4 3

Plane is a(x- 2)+b(y- 3)+c(z- 3):O

X-2-4y+12+2z2-6=0
X-4y+2z2+4=0
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10.

11.

12.
13.

14.

15.

16.
17.
18.

19.
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Exercise 2 (c)

Find the equation of the plane through P(2,3,6) and perpendicular to OP. Where O is
origin.

Find the length of perpendicular from origin on the plane. Which cuts off intercept of
5,—4 and 3 from axes.

Find the equation of the plane which goes through (3, 2, —1) and is perpendicular to
the line joining (-2, 4, 1) and (-4, 2, -3).

Find the equation of plane which bisects the join AB and is perpendicular to AB. A is
(3,4,1) and B(-5, 2,-3).

Find the equation of the plane which passes through (3, 1, -1), (2, -2, -2), (0, 3, 3).

Find the equation of the plane through (1,3,5) and parallel to the plane x—3y + 2z +5
=0.

From a point P (a,b,c) perpendicular PM and PN are drawn to y —z and z — x planes
respectively. Find the equation of OMN plane.

Find the equation of plane which passes through the line of intersection of planes 3x —
2y =0and 5z—-3y =0 and is perpendicular to plane 4x + 5y —3z = 8.

Show that the four points (1, -1,0), (2, 1, -1), (1,1,1) and (3, 3, —=2) are coplanar.

Find the equation on of plane through (-1,0,1) (3,5,7) and perpendicular to plane 3x +
4y -5z = 11.

Find the equation of plane which passes through (3,1, —2) and is perpendicular to
planes 2x+2y—z+5=0,3x+6y—2z+12=0.

Find the distance of point (-2, =3, —4) from the plane x + 2y —2z+ 12 =0.

Find the equation of plane which passes through the straight line x + 2y —z+5=0=
3x + 4y + 2z and the point (2,-1,3).

A variable plane at a constant distance 3p from origin and which meets the axes in A,
B and C. Find the locus of the centroid of the plane.

Find the equation of plane which passes through (-2,1,3) and (4,3,5) and is parallel to
z-axis.

Find equation of plane through (2,2,1) and (1, -2, 3) and parallel to x-axis.
Find the distance between parallel planes 4x + 4y —2z—-3=0and 2x+2y—z+11=0

The distance of the point (1, —2,3) from the plane x —y + z = 5 measured parallel to
the line whose direction ratios are 2, 3, -6 is ........

Find the point where the line passing through points (2, —-3,1) and (3, -4, -5)
intersects the plane 2x +y+z=7
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20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Find the equation of the perpendicular from point (1, 6, 3) on the line

-1 z-2
X=¥y- - :ZT , find also the foot of perpendicular.

The equation of a line through (3, 2, —1) parallel to planes 2x + 3y + 4z = 5 and 3x + 5y
+4z=10.

A plane parallel 2x — 1 =3y — 2 = 2z and 3x = 4y — 12 = 3z — 4 and passing through
(1,-1,1) is ....

P point is (1,3,6), A(2, —1,3), B (3,1,2) perpendicular from P meets AB on PN
co-ordinate of N are.

Find angle between planesx+y—z=4and3x+4y—-5z=7

X-2_y-3_z-

5
1 and plane 2x -3y +z=5.

Find angle between straight line

x-3_y-4 _z-

5
Prove that straight line 3 2 lies in the plane 4x + 4y —5z—-3 =0.

-1 -3
Straight line X 3 = = 2 lies in the plane ax + 2y — 2z — 5 =0, find value of a
and n.

-1 -2 _z-3
Prove that straight line Xz :y3 =Z4 and 4x + 3y + 1 =0=5x -3z + 2 are

coplaner. Find their point of intersection.

x-1_y-3_1z-2

Find distance of point (3,8,2) from straight line 2

, measure parallel
to the plane 3x + 2y—2z+15=0

x+4 y+2 z+3
5

Find image of straight line inthe planex+2y—-3z=0.

Find distance of point (-1, -5, —10) from the point of intersection of straight line
x-2_y+1 _z-
3 4

and the planex—-y+z=5.

-1 -2 +1 -2 +1 -3
x-1_y-2_z ang X0 2_y+l_z

Find point of intersection of straight line .
-4 2 2 -1 -2

Put equation 2x + 3y — 4z =0 = 2x — 2y + z + 5 of straight line in symmetric form.

x+1 _y-2 _z-
-3
with the planes 3x+4y—2z=10and x+2y—z+7=0.

3
The equation of a straight line is . Find its points of intersection
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35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45,
46.

47.

48.

49.
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x-1_y-2_1z-3
4 -5

Find shortest distance between straight lines and

x+1 _y-3_1z-2
1 -2 3

Find image of (3,-2, 1) in the plane 4x + 2y +z = 0.

x-2_y+1 _z-1

Find image of (1,3,5) in the straight line . 1

-3 - - - + -
X _y 1:z 5andx 2:y 3:z 1
-3 1 5/2 -1

Prove that

are co-planer. Find equation

of plane too.

According to position plane 4x — 3y + 7z = 0 is horizontal. Find equation of line of
greatest slope through the point (2,1,1) in the plane zx + y— 5z = 0.

Find angle between plane and the straight line. Plane is 2x — 2y + z = 6, straight line

Find equation of projection of the straight line 3x —y+2z-1=x+2y—-z—-2=00n
the plane 3x + 2y + z = 0 in symmetric form.

x-2_y+1 _z-1
-2 1

Find equation of projection of the straight line of plane

4x—-3y+2z=0.

Find equation of planes bisecting the angle between planes 3x — 4y + 2z = 17 and
4x + 2y — 3z + 9 = 0. Which plane bisects the acute angle.

Find equation of plane bisecting the angle between planes 6x + 2y — 3z + 7 = 0 and
3x + 6y + 6z = 10 when origin lies in the angle.

Show that equation 2x2 — 3y —4z2 + 7yz — 2zx + xy = 0 represents a pair of planes.

A plane meets axes, A, B and C and OA, OB, OC are 3, 4 and 5 respectively. Find area
of triangle ABC.

Plane 3x + 2y — 4z = 0 is horizontal and plane x — 2y + 3z = 0 is inclined at it. Find
equation of line of greatest slope through (4, —1, —2) of inclined plane.

With the given axes, the straight line %=L3 =§ is vertical. Find d. rs of the line of
greatest slope in the plane 3x — 2y + 4z = 16.
x-1_y-2_1z-

3
Find projection of straight line onthe plane x + 2y +2z=17.

3
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50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

-1 -2 _z-4 +2 +4 z+3
If straight line AR =z and X =y =2
2 3 4 3 -2 a

are coplanar, then find a,

and the plane.

The equation of plane through points (1,1,1), (-1,3,5) and (2, -3, 1) is
(a)4x+3y—-2z=5 (b) 8x+ 2y +3z2=13

(c) 3x +5y—2z=-10 (d) None of these

Angle between planes 3x + 4y + 5z=p and 2x + 3y +6z=15is :

1 P 1

_ ., 48 ., 48 ., 48
a) cos’ — b) cos c) cos d) cos T ——
(@) 15 (b) 3576 ) 5./58 (d) 35¢2

Equation of plane parallel to 3x — 2y + 6z = 14 and at a distance of 2 from it in positive
direction is:

(a)3x—2y+6z=28 (b)3x—-2y+62z=0
(c)3x—2y+62=42 (d) None of these

Equation of plane parallel to 2x + 3y —z + 9 = 0 and through (4, 6, -3) is
(a) 2x+2y-2z=17 (b) 2x+2y—z+17=0
(c)2x+2y—-z+17=0 (d) None of these

Equation of plane through (3,0,1) and (4,8, 12) and perpendicular to plane x +y -z =8
is

(a) 19x+ 12y + 72 =64 (b) 19x—12y—-7z+104=0
(c)19x—12y +7z=64 (d) none of these

The plane through points of intersection of planes 2x + 3y + 4z =7 and 3x —2y+4z=9
and perpendicular to plane 2x + 2y —z =3 is:

(a) 11x-3y +16z=34 (b) 19x— 15y + 82 =13
(c)11x—-3y+16z2—-34=0 (d)none of these
A plane meets axes in (5,0,0), (0,2,0) and (0,0,3). Length of perpendicular from origin
on planeis:

30 10 5 3
(a) E (b) 7 (c) g (d) Z
x-3 _y- 2 _z- 2

2 -3

(@) (2,-2,-4) (b) (=2,2-4) (c) (=2,2,-4) (d) (2,-2,4)

Image of point (4,6,8) in straight line is:

Image of point (3,-2,4) in the plane 2x + 3y +z=18 is :

259



Plane

60.

61.

62.

63.

64.

65.

66.

67.
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(a) (11, 10, 8) (b) (4,7, 6) (c)(7,4,6) (d) (-1, -
8,2)
Equation of the plane through (3,1,2) and (-1, 3, 5) and parallel to x-axis is:
(a)5y+z-7=0 (b)3y—2z+1=0
(c)3y+2z-19=0 (d)5y-—z-3=0

A plane meets axes in A, B and C. Centroid of triangle is (2, —3,5). Equation of plane is

@) 2- Y42y (o) X+Y_ 2 =4
6 9 15 6 9 15
(c)3x—2y+z=18 (d)5x—3y+2z=0

A plane passes through P (3,5,7) and is perpendicular to OP (O, is origin). Find
equation of plane.

(a)3x+5y+7z2+83=0 (b) 3x + 5y + 72 = 83

(c)3x+5y+7z=17 (d)3x—5y—7z=25

Image of point P (3,4,5) in plane 1, is (1, 0, —-1). If d.c. of normal of plane be
proportionalto | , | +11 +2, then equation of plane is :

(a)x-2y-3z +8=0 (b)x+2y+3z=12

(c)x+2y+3z=15 (d)x+2y—-3z=8

Equation of plane through (3, -2, 4) and through the intersection of planex +y—z=8
and 2x+3y—5z=2is:

(a)2y—-5z+22=0 (b)x—y+z=9
(c)x-3z+14=0 (d) none of these

Shortest distance between planes 2x + 3y + 6z=15and 4x + 6y + 12z=10s :
5 10 15

a) — b) — c) — d) none of these

(a) - (b) - (c) ; (d)

A and B are points (2, -3, 4) and (-2,3,5) planeis 2x + y—2z + 15 =0.
(a) points are on different sides of plane.

(b) Points are the same side of plane.

(c) Point Ais nearer to plane as compared with B

(d) Segment AB is perpendicular to plane.

Plane §+§ +é =1 meets the axes in A, B and C area of DABC is:

(a) 6 (b) 12 ()3 (d) 9
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68.

69.

70.

71.

72.

Equation of plane through (1, 0, 2) and (3, 1, —3) and parallel to straight line

i:l:_ is

2 2 1

(a) 11x+12y+2z=15 (b)11x +12y+2z—-15=0
(c) 11x—12y -2z =27 (d) 11x+ 12y +2z=15

The straight linex—y+z+1=0=4x+ 4y + 22— 2 in symmetric form is

x+1/5 +6/5 z x-1/5 -6/5 z
(a) =y =z (b) =y -z
3 2 5 -3 -2 5
(c) x-1/5 =Y 6/5 =z (d) None of these
-3 2 5

x-3_y+1_z-2

The straight line meets the plane 2x—y+z=4in:

1 -2
(a) (- 7,- 6,12) (b) (2,1,- 1) (c) (3,1,- 1) (d) none of these
-2 -1 +1
Image of straight line X 1 =Y 1 =2 3 inthe plane8x+y+3z=141is:

x-4 y+3 _z+5 (b)x-4_y+3_z+5

(a)
3 3 7 3 -3 7

x-4 y+3 z-5 x-4 y-3 z+5
= = (d) = =

(c)
3 -3 7 -3 3 7

Statement — | : The point A (3,1,6) is the image of point B(—1,3,4) in the plane x —y +z
=5.

Statement Il : The plane x —y + z = 5 bisects segment joining A(3,1,6) and B(1,3,4)

(a) Statement lis true, Statement Il is false

(b) Statement | is false, Statement Il is True

(c) Statement lis true, statement Il is a correct explanation of statement |

(d) Statement | is true, statement Il is not a correct explanation of statement |
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8.1

8.2

8. Sphere

Definition :

Sphere is the locus of a point in space whose distance from a fixed point is always
the same constant. The fixed point is called the centre of sphere and the fixed
constant distance, is radius of the sphere.

Equation of Sphere :

Let C, (a,b,c) be the centre of the sphere and r the radius. If P is any point (x, y, z) on
the surface of sphere then

\ PC=r P PC?=r?
\ (x-a) +(y-b) +(z- c)’ =r? (1)

This is the required equation of sphere. If the centre of sphere is origin then its

equation is x? +y? +2z% =r?

Expanding (1) x> +y* + 22— 2ax— 2by—2cz +a’ +b’> + =1 .. (2)
In this equation —

(1) co-efficients of X2, y?, 2 are equal (unity)

(2) Thereis no term of xy, yz or zx.

(3) The equation is second degree equationin x, y, z.

\' General equation of sphere can be written as

X +yr+22+2ux+2wy+2wz+d=0 .. (3)
If we compare it with equation 2, then

u=-a,v=-b,c=-w,d=a’+b’+c*r’
\ Centre of this sphere is (- u,-v,-w) and d=a? +b? +c? - r? P r=+a’+b?+c’- d

radius = Yu? +vi+w? - d

Equation of sphere on the line joining two points as diameter.

Let point A be (x4, y1, 1) and B be (x5, y», ;) and let P be any point (x, y, z) on the
sphere whose diameter is AB.

\ PA s perpendicular to PB.
The direction ratio of PAare x—x;, y—Vy1, z—2z;; and of PBare x—xp, Y — V2, 2 — 2,
PA™ PBP (x- xl)(x- x2)+(y- yl)(y- y2)+(z- zl)(z- zz):O. This is the required

equation of the sphere.
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Example 1 : Find the equation of the sphere which passes through (4,1,2), (0, - 2, 3), (2,0,1)
and (3,4,0).

Sol.: Letspherebe x’+y?+2z* +2ux+2vy + 2wz +d =0

Point (4,1,2) \ 21+ 8u+2v+4w+d=0 ... (1)
Point (0,-2, 3) \ 13+0-4v+6w+d=0 ... (2)
Point(2,0,1) \ 5+4u+2w+d=0 ... (3)
Point (3, 4, 0) 25+6u+8v+d=0 ... (4)
(1)-1(2) 8+8u+6v-2w=0 ... (5)
(2) - (3) 8—4u—4v+4w=0 . (6)
(4)-1(3) 20+2u+8v-2w=0 ... (7)
(7) - (5) 12-6u+2v=0 . (8)
(6)—2x(7) 48+12v=0b v=-4

\ from (8) 6u=12+2v=12-8=4

\ u=2/3

from (7) 2w=20+4/3-32=-32/3 P w=-16/3
16 64

\ from(1) 21+—-8- —+d=0P d=3
3 3
\' Equation of sphere is
4 32
x> +y?+22 +—x-8y- —z+3=0
3 3
p 3(x2 +y? +z2)+4x- 24y - 322+9=0

Example 2 : Find the equation of the sphere which passes through (1, -3, 4), (1, -4, 2) and
(1,-3, 0) and whose centre liesonx+y+z=0

Sol.: Letthe spherebex*+y*+ 2%+ 2ux+2vy +2wz+d=0 (1)
Point (1,-3,4):26+2u—-6v+8w+d=0 (2)
Point (1,—4,2):21+2u—-8v+4w+d=0 (3)
Point (1,-2,0) :5+2u—-4v+d=0 (4)

(2)- (3) 5+2v+4w =0 ()

b -11+6v=0
(3)- (4) 16- 4v+4w:orvJ

11
\ v=—=
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11
and\ 5+—+4w=0bP w=-—=
3 6

13

Centrelieson x+y+z=1

11 13 _2

\ ~u-v-w=1b -u=1+—- —=—

6 6 3

—
c
I
1
wI|nN

4 22 11
from(4) 5- —- —+d=0bP d=—
3 3 3
\' Equation of sphere is
11 13 11

4

2,22

X +y +z°- —x+—y- —z+—=0
Y 3 3y 3 3

p 3(x2 +y? +z2)- 4x+11y- 13z+11=0

Sphere

Example 3 : A sphere goes through (1, 0, 0); (0, 1, 0) and (0,0,1) and its radius is as small as
possible. Find its equation.

Sol. :

Let equation of the sphere be

X2 +y?+2 +2ux+2uy 2wz +d=0 L (1)
+d
point (1,0,0) 1+2u+d=0b u--$é1—9
e 2 g9
td s
point (0,1,0) 1+2v+d=0b \,:-&ug
2 g
+d
point (0,0,1) similarly 1+2w+d=0Db w—-gé_g
e %]

radius R of sphere R* =u® +v* +w? - d

(d+1) b R—*/_,/d2+2d+1- ¢

L2
1 8
\/_ d?+= d+1—\/_ E%H_Q
e 3g 9
. 1
R shall be minimum when d=- 5
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\ Equation of sphere 3(x2 +y? +zz)- 2x-2y-2z-1=0

Example 4 : Find the equation of sphere whose center is (3, 6, —4) and which touches the
plane 2x- y-2z+1=0

Sol.: Sphere touches the plane 2x- y- 2z+1=0

\ perpendicular from center on it = radius of sphere

6-6+8+1
=22 - =3
3

\

Equation of sphere (x- 3)* +(y- 6)* +(z+4) =32
P x?2+y’+2z%- 6x- 12y +82+52=0

Example 5 : A plane passes through a fixed point (a, b, c). Show that the lines of the foot of
perpendicular from origin on the plane is sphere.

Sol.:  Equation of plane through (a, b, c) is
Ix- a)+m(y- b)+n(z-c)=0 .. (1)
I, m, n are direction cosines of normal of plane

\' Equation of perpendicular from origin on the plane is

any point on this perpendicular is
Ir,mr,nr b (xl,yl,zl)

If this is the foot of perpendicular on plane then it must lie on plane.

r r r
\ Llocusx(x—-a)+y(y—b)+z(z—<c)=0
X’ +y*+z22—ax—by—cz=0

Second Method : In the fig, Ais (a,b,c) P (a,b, ¢) is foot of perpendicular OP* AP
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D.R.of OPare a,b,¢

D.R.of AP are (a- a,b-b,g- c)

\ a(a-a)+b(b-b)+g(c- c)=0

P a’+b’+¢ -aa-bb-cg=0

Locus of P X +y*+z22—ax—by—-cz=0

Example 6 : The center of a sphere c is (-4, 2, 3) and it
touches y axis. Find the equation of sphere.

Sol.:  Centre of sphere, c (-4, 2, 3)
It touches y axis at A, then Ais (0, 2, 0)

\ radius AC= +/16+0+9 =5

Equation of sphere is
(x+4) +(y- 27 +(z- 3 =25

x2+y2+zz+8x- 4y-62+4=0

Sphere

Fig1l

Example 7: Find the equation of the sphere which passes through (4,1,1) and touches x—v;,

y —z and z —x planes.

Sol.: Sphere touches all the three co-ordiante planes P

its center is at equal distance

form planes. If this distance is a then center of sphereis(a,a,a). Its equation s :

x> +y?+z° - 2ax- 2ay- 2az+d=0 ...
It passes through (4,1,1)

\ 18-12a +d=0

And distance of (4,1,1) from center =a

\ (@a- 4y +(@-1)1+(@-1)=a’

b 2a’-12a+18=0 b (a-3)=0

\ a=3; from(2)d=-18 +36=18

\ sphereisx*+y*+2°—6x—6y—6z+18=0

Example 8 : A point moves such that the sum of squares of its
distances from 6 faces of a cube is constant. Show that its

locus is a sphere.

Sol. Let center of cube be origin and its face parallel to co-

ordinate axes. Let side of cube = 2a.

-a+t




Sphere

Math-Ordinate - 3D

\ Equation of opposite faces of the cubesarex=a,x=—a,y=a,y=—a,z=a, z=-
—-a.

Let (x, y, z) be the point\ Locus is
(x-a) +(x+a)f +(v- af +(y+a) +(z- o)’ +(z+a) =k’
P 2(x2 +y? +zz)+ 6a’ =k?

2
P x*>+y®+z> +3a’ L

which is equation of sphere.

Example 9 : Find the equation of sphere circums cribeing the tetrahedron whose faces are x

:O,y:

Sol. :

0, z=0 and A A

a b c
The forces are x=0 .. (1)
y=0 .. (2)
z=0 .ee(3)
XY 2o (8)
a b c

The point of intersection of any three faces shall give a vertex of tetrahedron.

Point of intersection of (1), (2) and (3) (0,0,0)
Point of intersection of (1), (2) and (4) (0,0,c)
Point of intersection of (1), (3) and (4) (0,b,0)
Point of intersection of (2), (3) and (4) (a,0,0)

\ equation of sphere through these points is

x> +y?+z% - ax- by- cz=0

Example 10 : A plane passes through a fixed point (a, b, c) and meets the axes in A,B and C

C

a b
show that the locus of the center of the sphere is —+—+—=2

Sol. :

268

X Yy z

The sphere passes through O,A,B,C, i.e. it goes through origin, so sphere is
\ x2+y? +27 +2ux+2vy +2wz =0

It meets axes in x> +2ux =0 X=-=2u

b (- 2u,0,0),(0,- 2v,0)(0,0,- 2w)

Equation of the plane through these points is
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X Y, 7

-2u -2v -2w

But it goes through (a, b, )

\ i+i+i:2
-u -V - W

(- U,- V,- w) is center of sphere

a b c
\ Locus of the center of sphereis —+—+—=2

X y z

Example 11 : A sphere of constant radius k passes through origin and meets the axesin A, B
and C. Prove that the foot of perpendicular from origin to the plane ABC lies on the surface

(XZ +y2 +ZZ)Z(X-2+y-2+Z-2):4k2
Sol.: Letthe spherebex*+y*+z2*—ax—by—cz=0 S )

1
It meets axes in (a,0,0), (0,b,0) and (0,0,c) and its radius r =E\/a2 +b*+c?

The equation of plane is X210 (2)
a b c
1
Given 6=k =E\/a2+b2+c2 b a?+b?+c? =4k? ene(3)
. 111 .
D.C. of normal of plane are proportional to —,E,—, hence equation of normal
a c

(perpendicular) from origin is

L e (8)
1/a 1/b 1/c
a |l 16, . o - o
\ —,E,—+ is any point on this line distance | from origin. Let this point be (x4, y1,
a Co

z,) where the normal meets the plane.

\ x,=—,y;,=—, 7, =— ceeeene(5)

and 214 ¥14%1 o9 from (2)
a b ¢
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=x2+y? +22 =| S (5}

and from (3) and (5)

I
—+—+— =4k’
2 2 2
X1 Y1 74y
or Iz(x'l2 +y;2+z;2)=4k2 S )

and from (6) (xi +y2 +zi)z(xi2 +y;? +zi2):4k2

\  Locus of foot of perpendicular from origin to plane is

(XZ +y2 +ZZ)Z(X—2 +y-2 +Z-2):4k2
Example 12 : Show that the locus of center of sphere which passes through (1,2,3), (-2,1,4)
and (3,—1,2) is a straight line. Find this equation of straight line in systematic form.
Sol.: Let(xy, y1, z1) be the center of sphere

\ Equation sphere x* + y? + 2> = 2x;x — 2y1y — 22:z +d = 0

Point (1,2,3) lies on it

\ 14 -2x,— 4y, — 62, +d =0 e (1)
point (-2,1,4) —-4x+2y,+8z;,=d+14 ... (2)
point (3,-1,2) 6x;—2y;+4z;,=d+21 ... (3)
(1) is 2x, +4y, +62,=d+14 ... (1)
(1) = (2) 6%y + 2y — 223= =7 3]
(3)-(2)10x, -4y, — 4z, =—7 weeeene(B)

\ Centre lies on straight line
6x+2y—2z+7=0=10x—-4y-4z+7 ... (6)

If I, m, nare d, R of this line then

6/+2m-2n=10 p 10l-4m—-4n=0
I

_:m:L p l:ﬂ:l
-16 4 -44 4 -1 11

For point, put z =0 in equation (6)

ex+2y=-7

10x- 4y =-7
Solving x= 21 y= !
22’ 11
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Equation of straight line in symmetric form is

x+21/22 y+7/11 =z
4 -1 11
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Exercise 3(a)

1. Find equation of sphere whose centeris (a—b, a+ b, a) and radius a.

2. Centre of a sphere is (\/g,- \/5,\/5 ) and radius /10 . Find its equation.

3. The ends of a diameter of a sphere are (-1,2,3) and (2, —1,2).Find its equation.

4. The ends of a diameter of sphere are (a+b,2a+b,a+2b) and
[(a - b),(2a- b),(a- Zb)] . Find its equation.

5. A sphere passes through (1, -3,4), (1, =5,2) and (1, —3,0) and its center lieson x +y + z
=0 find its equations.

6. Find equation of sphere which goes through origin and cuts off intersects of length a,
—b and c from axes.

7. A sphere goes through (3,0,0), (0,3,0) and (0,0,3) and its radius is as small as possible.
Find its equation.

8. A sphere touches plane 3x + 2y — 6z — 4 = 0. If its center be (6, —2,4), then find its
equation.

9. Find equation of sphere whose center is (2a, — a, a) and which passes through (6a, —
43, a).

10. A sphere touches x —axis, If its center be (6, -2, 3) find its equation.
11. A sphere touches y-z plane. Find its equation if its center be (4, —2,3).
12. Find equation of sphere which passes through (7,9,1), (-2, -3,2), (1,5,5) and (-6,2,5).

13.  The straight line joining origin to center of sphere is inclined at 120°, 45° and 120°
with the axes and is of length 8. Find equation of sphere if is radius is5.

14. Find equation of sphere which passes though (2,0,1); (-2,-4, 3) and (0,1,4) and whose
center lies on the straight lien 5y + 2z = 0 = 2x — 3y.

15. The plane 3x —4y — 2z = 12 meets axes in A, B and C. Find equation of sphere through
0O,A,B,C.

16. One end of diameter of sphere is X* +y> + 2 =2x + 4y —6z — 7 = 0 is (-1, 2, 4. Find the
other end.

17. Find equation of sphere which circumscribed the tetrahedron whose faces are

YoZogZ X g X Y g X Y, 2,

34 "4 2 723 72 3 4
18. Find radius of sphere which touches planes 2x+ 2y—z+ 6 =0and 4x + 4y-2z+ 15 =0.

+1 z-1
19. The center of sphere is point of intersection of straight lien X_yr-_z- - with the

plane x + 2y —z—4 =0 If radius is 5. Find equation of sphere.
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20.

21.

22.

23.

24,

Find equation of sphere which passes through origin and the points of intersection on
axes by a plane whose normal form origin is of length 3 and its inclination with axes
180 1220 1280
are angles cos “¢=+,c0s C—%C0s C—+.
e3g e3g e3g
A plane passes through a fixed point (3,4,5) and is variable. It meets axes in A, B and
C. Find locus of center of sphere through O,A,B and C.

x-3 _y+1_z-2 x-4 y+5_z-3

Centre of sphere lies on straight lien and and
-2 1 3 -6 2
its radius is 3 units. Find points of intersection of sphere on these lines.
. . . . . . Xx _y+1 z-1
The center of a sphere in point of intersection of straight line EZT :T and

x+1 _y+1 _z-7

5 1 and it touches the plane 2x + 2y — z + 9 = 0. Find its equation.

Show that sphere ¥ + y* + 22 —4x —2z+ 4 =0and X' + y* + 22 —8x + 4y -4z + 20 =0
touches each other.
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The section of a sphere cut by a plane.

Let a plane P cut a sphere S. Then set of points common to both sphere and the
plane is called plane section. This plane section is always a circle.

Let the plane cut the sphere and P be any point on plane section. CP shall always be
equal to r (radius of sphere, for all positions of P on sphere and plane. CN is
perpendicular on the plane from center of sphere. CN = p.

The plane section on cantains the line QNP
DCNP=90° and\ (NP)* =r?- p?
P NP :\/r2 - p2 =a constant as r and p are constants

\ locus of P is circle whose center is N and radius NP = +/r* - p* . Therefore plane
section is always a circle.

The section of the sphere by a plane which passes through the center of sphere is
called great circle. Its radius is equal to the radius of sphere.

Any sphere through a given circle:

From the above discussion it is clear that

if x> +y® +2” +2u,x +2v,y +2w,z+d, =0 is a sphere
andax+by+cz+d,=0 eeeen(1) is a plane
then (a) is equation of circle and

X4y + 22 +2ui+2viy+2wiz+di+ | (ax+by+cz+dy)=0  ..(1)
is the equation of the sphere which passes through the circle (a).

It follows that if S = 0 is sphere and P = 0 is plane that cuts the sphere the equation
of other spheres that pass through this circle sectionare S+ | P=0,I T R

Sphere through the point of intersection of two sphere.

Let the two sphere be
L =X HyP 422 +2ux+2v,y +2w,z+d, =0
, =x>+y? +2° +2u,x+2v,y +2w,z +d, =0

NowS, +1'S, =x?(1+1 )+y?(1+1 )+22(1+1 )+2x(u, +1 u,)+2y(v, +1 v,)
+2z(w, +1 w, )+(d, +1 d,)=0

and it represents a sphere.
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8.6

\ Equation of the sphere which passes through the points of intersection of two
sphereS;=0and S; =is S, +1 S, =0.

Two sphere always intersect in a circle
The points of intersection of two sphere S;=0 and S, =0 satisfy S; =S, =0

ie. 2(u1 - u2)+2(v1 +v2)+2(w1 +w2)+d1 - d, =0 and this is the equation of a plane
and the section of sphere by this plane is a circle. Therefore the points of
intersection of two spheres lie on a circle.
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Example 13 : Obtain the radius and centre of the circle x* + y* + 22-2x—4y + 42 =9 = 0, x-2y
+z+8=0.

Sol.: Centre of given sphere is (1, 2, —2) and radius
R=41+4+4+9 =3«/§ p = length of perpendicular
1-4-2+8 3
from center C on the plane =——F+=—=— C
N

\ radius of circle r =4/R* - p?
S
9 _J11

= (18- — =3—— Fi
6 6 ig3

The equation of line through (1, 2, —2) perpendicular on plane is

x-1_y-2_1z+2
1 -2

.Any pointonitis | +1,-21 +2,1 -2

It must satisfy equation of plane\ | +1+4] - 4+] - 2+8=0
1
Pel=-3pPIl=-=
2

center (- 1/2+1,42,-1/2,- 2)
54

\ Centreis gé,?,,- 29
e2 2g

Example 14 : Find the plane in which the circle of spheres x* + y* + 22 = 2x + 4y —6z + 12 = 0
and x> +y* + 22+ 6x — 7y —z — 12 = 0 lies. Find also the sphere through this circle and passing

through (1,1,1).
Sol.: Equation of planeisS; —S,=0
i.e. -8x+11y- 5z2+24=0 ... (2)
Equation of sphere through circle
x> +y2+2% - 2x+4y- 62+12=0, 8- 11y +5z- 24 =0 is
x> +y? +2% - 2x+4y- 62+12+| (8x- 11y +5z- 24)=0
It goes through (1,1,1)
\ 3-2+4-6+12+1(8-11+5- 24)=0
P 11- 22| =0 b1 =1/2
\ Sphere required is

z(x2 +y2+z2 - 2x+4y- 6z+12)+8x- 11y +5z- 24 =0
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P 2(x2 +y? +zz)+4x- 3y-7z=0

Example 15 : Show that the equation of sphere though Q x> +y* +z” - 2x- 3y +4z+8=0

=x?+y* +2° +4x+5y- 62+2 and having its center on plane 4x =5y —z =3 is X +y* + * +
7x+9y—-11z-1=0

Sol. :

The plane in which circle lies is S; =S, =0

P -6x-8y+10z+6=0b 3x+4y- 5z- 3=0
Sphere through given circle is
x> +y? +2% - 2x- 3y +4z+8+| (3x+4y - 5z- 3)=0 Centre of this sphere is

-3l 3-41 -4+519

8 2 2 2 g

Centre lieson plane 4x—5y—z=0

\ 4(2- 31 )-5(3- 4l )+(4- 51 )=6

P 3l =9 \' | =3

Equation sphereis x* +y* + 22— 2x -3y + 4z + 8 + 9x + 12y — 152—3=0

ie. X+yr+22-7x+9y—-11z=1

Example 16 : Show thatcircle X’ +y* + 2> =y +22=0,x—y+2+2=0

Sol :

X +y?+22+x-3y+2z-3=0 2x—-y+4z=1
lies on the ...........

Equation of the two spheres through the given circles are x> +y* + 22—y + 2z + | (x—
y+2-2)=0and X’ +y* + 22 +x—3y+z—-3+ m(2x—y +4z—-1) =0.

If the two sphere are the same then co-efficient of x, y and z in the two must be
equal

ie. | =1+2m; i 1+ =3+m; (i) 2+ =1+4n (iii)

from (i), (i) 1+2n=2+n P n=1, and | =3, and this satisfy the third
2+ =1+4n

\ the circles lie on the same sphereis x> +y*+ 22—y + 22+ 3x-3y+3z2-6=0

P x>+y*+2°+3x—4y+52-6=0

Example 17 : Find the equation of the sphere passing through the circle ¥ + y* + 22 = 5, x +
2y+ 3z = 3, and which touches the plane 4x + 3y = 15.

Sol. :

Equation of sphere through circle is x> + y* + 22 =5+ x + 2l y+3l z =31 =0
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I 3|
Centre of sphere - —,-| ,- —

2

Radius = /12/4+12+912/4+3] +5

1
:E\/14|2+1zl +20

plane 4x + 3y — 15 = 0 shall touch sphere if perpendicular on it from center = Radius

-21 -31-15 _1
p —Y 1412 +12] +20=-1 -3

\ 4(1 +3)>=1412+121 +20 b 5l?-6l - 8=0

4
b (I -2)(sl +4)=0b | =2, =<

\ sphereisx*+y*+2z> +2x+4y+6z—-11=0.

And 5(x2 +y? +z2)- 4x- 8y - 12z- 13=0

Example 18 : Find the equation of the sphere whose great circle is X + y> + 22 + 7y — 22+ 2 =
0,2x+3y+4z=8.

Sol. :

278

The equation of sphere through the circle is X + y> + 22+ 7y —2z+ 2+ | (2x+ 3y +
4z7-8)=0

X4y +22+2] x+y(7+3] )+z(-2+41 )+2-8] =0

7+31 41 -29
Centre of sphere is 8? l,- - r 0
e 2 2 g

This is also center of greatest vcircle. It must lie on plane
21+9l  -16l +8
b -2| - + .

P -291 -29=0pP | =-1

-8=0

\  Sphereisx’+y’ +z°—2x+4y—6z+10=0
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8.7 Equation of tangent to sphere at a point on it:

Let sphere be, S, =x*+y”> +2° +2ux+2vy +2wz+d=0..... (1) and Let (x, y, z) be
the point P on it.

\ Xi +yi +Zi +2ux, +2vy, +2wz, +d=0 weeeee(2)

any straight line through (x, y1, 1) i.e. through P

X2X% Y Y 274, (|2+m2+n2:1) ...... (3)
| m n

If (3) meets sphere (1) in points then the distances of point of intersection from P
are given by

(I +x, P +(ml +y, P +(nl +z, P +2u(ll +x,)+2v(ml +y,)+2w(nl +z,)+1 =0
(I2 +m, +n2)| 2420 I(x, +u)+2I m(y, +v)+2l n(z, +w)+x2 +y2 +22 +

2ux, +2vy, +2wz, +| =0

P 12+2| [I(x1 +u)+m(y, +v)+n(z, +w)] =0 ......(4)

Now (I =0) gives P,

For the straight line to be tangent the other value of | should also be zero

\ 1(x, +u)+m(y, +v)+n(z, +w)=0 SN ()

from (3) 1= 22 m=Y" Y1 122" %
k k k

\ from (5) (x —xq) (X; +u) + (y—vy1) (y1+Vv) +(z—21) (z2+W) =0

P xx, +yy, +zz, +ux+vy +wz =x; +y: +22 +ux, +vy, +wz, adding
ux, +vy, +wz, +d on both sides.

XX, +vyy, +zz; +u(x+x1)+v(y +y1)+w(z +zl)+d =0

This is the equation of tangent at (x4, y1, z1).

Note: The tangent plane at any point of the sphere is perpendicular to radius
through that point.

The tangent plane to a sphere is perpendicular to the radius through the
point of contact.
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Example 19 (a) : Find equation of tangent plane of sphere x* + y* + z* + 2x + 3y+ 4z + 2=0 at
point (1, -2, -3).

(b) Find equation of tangent plane to sphere x> + y* + 22 —4x + 2y — 6z + 5 = 0, parallel to
plane 2x + 2y —z =0.

Sol.: (a)Givenplanex* +y’> +z%+2x+3y+4z+2=0

Tangent at (1, -2, -3) (x.1)+y (-2) + z.(-3) + (x + 1) +% (y=2)+2(z-3)+2=0

1
p ZX-Ey- z-6=0 P 4x-y-2z-12=0

(b) Equation sphere x* + y* +z2> — 4x + 2y — 6z + 5 = 0 centre (2, -1, 3) radius

R=+4+1+9- 5 =3 Plane parallel to the given planeis 2x +2y—z+ | =0

It shall be tangent palne if perpendicular from center (2, —1,3) on it = radius 3
4-2-3+|

ie. ————=3P | =10 \ tangent planeis2x+2y—z+10=0.

Example 20 : Show that the plane 3x + 2y — 6z + 8 = 0 touches the sphere X* + y* + 22-2x—4y
+2z-3 = 0. Find point of contact.

Sol.: Equation of sphere is x> + y* + 22 — 2x — 4y+ 2z — 3 = O centre (1, 2, -1)

r=1+4+1+3=3

Length of perpendicular from centre (1, 2, —1) on the plane 3x + 2y -6z + 8 =0, if p
3+4+6+8

V9+4+36

\ given plane is tangent plane.

then p= =3 =radius of sphere

x-1_y-2_z+1
2 -6

Point of contact line ™ to plane through center is

3 2 6
\ anypointonit = +1,=| +2-—=| -1
7 7 7

Radius =3\ for point of contact | =3 =radius

33 6 18
Point of contact is 7+1,—+2,- 7- 1.

Example 23.: Find equation of sphere inscribed in a tetrahedron whose faces are x = 0, y=0,
z=0,and x+2y+2z=1
Sol.: The faces of tetrahedron will be largest tangent places of sphere inscribed.

Centre of sphere shall be (a,a,a ) and radius =a (if plane meets axes in positive
direction). Perpendicular from center on plane shall be equal to radius.
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at2a+2a-1 1
\ f=ab 2a=1b a=E

e 16 .18 @ 16 _a&dd
\' Equation of sphereis ¢x- == +¢y+—+ +¢i- =+ =¢-~
€ 20 e 29 e 20 e2g

1
e Xt +yr+i—x—y—z+ E:O.
Note : If plane was x + 2y + 2z + 1 = 0, then center would have been (-a, —a, —a) and

thena=1/8.

Example 24. : Find equation of sphere through the center x* + y* + z° = 1; 2x + 4y+ 5z = 6 and
touching the plane z = 0.

Sol.: Equation of sphere the rough the circleis ¥ +y* + 22 =1+ | (2x+4y +52—-6)=0

"’

5 6 2512
centreis 8? [ ,-2] ,- EI 9 r=\/5|2+ 2 +6l +1;z=0 istangentto plane P 2 co-
e
. . 5
ordinate of center is - EI =r

25 25| 2

\ 222=5)24 +6l +1 P 512+6l +1=0P | =-1,-1/5

Sphereare X’ +y?+2° = 2x—4y—-5z+5=0and 5 (xX* + y* + 22) -2x —4y—-5z+1=0

Example 25 : A circle of radius unity is drawn in the plane x = 0 and its center is (0,2,3). Find
equation of sphere whose section by x = 0 is this circle and which passes through (2,2,2).

Sol.: Equation of circleis x* + (y=2)*+(z—3)*=1,x=0
e X’ +y’+22—4y—62+12=0,x=0
Equation of sphere through this circle is
X +y +2—4y—-62+12+ | x=0
It passes through (2, 2, 2)
\ 12-8-12+12+2] =0 Pl ==2
\ Sphereisx’+y*+z*—2x—4y—6z+12=0
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10.

11.

12.

13.

14.

15.

16.
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Exercise 3 (b)

Obtain the radius and center of the circle x> + y* + 22 =2y —4z - 11 =0 x + 2y + 2z — 15
=0.

The plane 4x + 4y — 2z = 2 cuts the sphere ¥ + y* + 2% — 4x — 6y — 12 = 0. Find radius
and center of the section.

Prove that circle. x¥* + y* + 22 =2x + 3y + 42 =5 =0, 5y + 6z + 1 = 0, X* + y* +2°-3x + 52 — 4y
—-6=0, x+2y—7z=0lie on the same sphere. Find equation of sphere.

Find equation of sphere through circle x* + y> +2> = 9, 2x + 3y + 4z = 5 and passing
through (1,2,3).

Find equation of sphere through the circle x* + y* +z> -4x + 6y —12 =0, 3x -4y + 62 = 4
and passing through origin.

A circle center (2,3,0) and radius 1 is drawn in plane z = 0, find the equation of sphere
passing through the circle and point (1,1,1).

Find equation of sphere which goes through (4,1,0), (2, —3,4), (1, 0, 0) and touches the
plane 2x +2y—-z=11

If tangent plane to the sphere x> + y* +z2° = a2 make intercepts p,q,r on axes, then

prove t, 1.t
pZ qZ rZ aZ -
Show that sphere x> + y* + 2> = 25 and x* +y* + 2> — 6x — 4y — 12z + 45 = 0 touches

externally, find point of contact.

Find equation of sphere whose great circle is X + y> + 22 — 2x + 4y + 62 = 2, 3x + 2y — 62
=3.

Find equation of sphere whose great circle is X* +y* + 22 —8x — 6y + 22 + 1 = 0, 2x + 2y
—-z=24.

Show that sphere x* + y> + 2 = 64 and x> + y* + 2% — 12x + 4y — 6z + 48 = 0, touché each
other. Find point of contact.

Show that plane 2x + 2y + 2z = 21 touches the sphere x* + y* + 22 — 4x — 6y + 82 + 4 = 0.
Find point of contact.

Find equation of sphere through x* + y* + z2 = 1, 2x + 5y + 4z = 6 and which touches
the plane z=0.

Find equation of sphere which goes through (1,1,0), (0,1,1), (1,0,1) and touches the
plane x+y+z=0

Find equation of sphere which touches co-ordinate planes and lies in first octant and
passes through (1,9,4)
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17.

18.

19.

20.

21.

Find equation of sphere which lies in seventh octant and touches axes and the plane
2x+3y+6z+24=0

The plane - §+%+§=1 meets axes in A, B and C respectively. Find equation of

sphere which passes through origin and A, B and C.

Find equation of sphere passing through circle ¥ + y* +22 =5, x =2y + 2z + 5 = 0 and
touches plane3x+4y+5=0

A sphere cuts axes in A, B and C. Centroid of triangle ABC is (2, —4, —1); find equation
of sphere through (0O,A,B,C), O is origin.

Find equation of tangent plane of sphere x*+y*+z*+2x—4y + 6z + 5 = 0, parallel to
3x 2y +6z=15.

Plane 3x + 2y + 6z + 7 = 0 is tangent to a sphere whose centre lies on
-2 + - + + -
X _y 1:z 1andx 1:y 2:z 3

1 1 3 3 1

. Find equation of sphere.
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Angle of intersection of two sphere :

Angle of intersection of two sphere is the angle between their tangent planes at the
point of intersection.

Since radii of spheres to the common point of contact are perpendicular to the
respective planes. Therefore angle between the radii is equal to the angle between
these planes, therefore if r; and r, be radii, d distance between centers then angle
between radii is given by

cosq= (rl2 +r7 - dz)/Zrlr2

Condition for Orthogenal cutting:

Let sphere be

x> +y? +2° +2u,x +2v, +2w,z+d; =0

x> +y? +2° +2u,x +2v,y +2w,z+d, =0

H — 2 2 2 f — 2 2 2
radius r, —\/u1 +v; +wj - d; center (- U - Vy,- W1) radius r, —\/u2 +v;+w;-d,,

center (- Uy,- V- wz) angle between radii is 90°
\ d?=r}+r

2 2 2
\ (Ul' Uz) +(V1' Vz) +(W1' Wz)
uptvitwi-dy g+ wl - d,

P 2(”1”2 vV, +W1W2) =d, +d,
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Example 26 : Show that two spheres.

Sol.:

x> +y2+22 +6y+22+8=0, x> +y? +z* +6x+8y+4z+20=0 cut orthogoanlly.
Find their plane of intersection also.

u=0,vi=3,wi=1,u,=3,v,=4,w,=2d,=8,d,=20
2 (uyuy + vivy + Wy W,) = 2(0+12+2) = 8 +20

\' sphere intersection orthogonally.

Equation of plane is S, —S; =0

6Xx+2y+2z+12=0P 3x+y+z+6=0

Example 27 : The spheres of radii r; and r, cut orthogonally, prove that the radius of

common circle is

Sol.:

nh
e+l
Let the two sphere be X’ +y* +2° =r? cerenenna(1)
And X2 +yt+22 424x + 2y + 2wz +d =0 R )|

Radius of second sphere = r, =Ju> +v> +w’-d ... (3)

And center is (—u, —v, —w) the two cut orthogoanlly
2(u10+v10+w10)=d+(r12)=0
\d-rf=0 (4)
The common circle shall lie on the plane.

S;—51=0; 2(ux+vy+wz) +d +vZ =0 (wd=r?)
=} ux+vy+wz+rZ =0 ) (wd=r?)

If p = ON = perpendicular distance of (5) from center of sphere S; = 0 i.e. from
(0,0,0) then

2 _ rn4 _n4 _ r4
VW ViHd v+

with  the help of (3) and (4). Radius of common circle,

4 2.2
2_2 2_2 n _nhv
F=h-P=h-5 575 7

n+np nThn
r.r
2,.2
r2+r
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Example 28 : Prove that a sphere which cuts the two given sphere S; =0, S; = 0 at right
angles will cut | ;S, +1 ,S, =0 at right —angle for all values| ; and | ,.

Sol.: Let S=x?+y>+z* +2ux+2vy +2wz+d=0
S, =x> +y? +7° +2u x+2v y+2w,z+d; =0
S, =x* +y* +2> +2ux +2v,y +2w,z+d, =0
S cuts S; and S, orthogonally
\ 2(uu, +wv, +ww,)=d+d, creeneene(1)
2(uu2 +vwv, +ww2):d +d, verenennn(2)
Sphere | ,S, +1 ,S, is

(I L+l 2)(x2 +y? +zz)+2x(| U, +l 2u2)+2y(l v+ 2v2)+22(l W, +l 2w2)+| d; +1,d,=0

| u,+1.u | v, +1 v | ow, +1 . w | .d,+1.d
DX2+y2+ZZ+2X( 1¥1 22)+2 (11 2 2)+ZZ( 11 2 2)+( 1Y 22)
1+|2 |1+|2 |1+|2 |1+|2

(3)
Sphere S will cut sphere (3) orthogonally if

éu(l WYy zuz) V(I WVt 2V2) W(I Wy zwz)
2a + +
é L+, L+, L+,

d+(| 1d1+I zdz)
+1

[ ) ey @y

I 1 2

Now L.H.S. of (4)

20, 20,

[uu, +vv, +ww, |+ [uu, +vv, +ww, |

Il IZ 1 2

I, |
= d+d, [+ 2__(d+d,) from (1) and (2
|1+|2[ 1] |1+|2( 2) () ()
+I2d+|1d1+|2d2

2 R

Lidi 128, e is. of (a)
[, +1,

=d+

\ relation satisfied for all values of | ; and |,

\ The sphere S = 0 which cuts sphere S; = 0, S, = 0 orthogonally shall cut sphere
[ ,S, +1,S, =0 orthogonal.
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Example 29 : Find equation of sphere which passes through the points (0,3,0) and (-2, -1, —
4) and cuts spheres x> +y* + 2 + x— 3z =2 = 0 and 2(x* + y* + z%) + x + 3y + 4 = 0 orthogonally.

Sol.: Given sphere X +y*+22+x-32-2=0 SN | |

1 3
u =—,v,=0,w, =-—,d, =-2
1 2 1 1 2 1

1 3 4
2 2 2
Xty +z°+—x+—y+—=0 o2
y XtV (2)
1 3

u=—,v,=—,w,=0,d, =2

2 4 2 4 2 2
LetS=0,x*+y2+ 2%+ 2ux+2vy + 2wz +d =0 S )

be the equation of required sphere.

It passes through (0,3,0) 9+6v+d=0 crveenee (4)
And through (-2, -1, -4) 21-4u-2v-8w+d=0 S {2}
\ from (5)—(4) 12-4u-8v-8w=0

P u+2v+2w=3 wreereennnn (6)

Sphere S =0 cuts orthogonally the spheres (1) and (2)

a 3 0
2c—u- —w==d+|(- 2
\ gzu ZWQ; +( )
P u-3w+2=d ... (7)

3 &
and Zaéu+—v9:d+2
84 4 g

b 1u+§v- 2=4d weeneenne(8)
2 2

1 3
from (7) and (8) EU+EV- 2=u-3-w+2

P u-3v-6w+8=0 . (9)
from (4) and (7) u+ébv-3w+11=0 ... (10)
from (6) and (9) 5v+8w-11=0
from (10) and (9) 9v+3w+3=0

Solving v=-1,w=2 and from (6) u=3+2- 4=1
And from (4) d=-9- 6v=-9+6=-3
\ sphereisx*+y*+2°+2x—-2y+4z-3=0
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Example 30 : Find angle of intersection between the sphere x* + y* + 22 —4x -2y — 6z -2 =0
and x* +y*+ 22 +8x—-8y—10z-7=0

Sol.: Given sphere are X +y +22—4x-2y-62-2=0
Center (2,1,3),r;, =4
Other sphere  x*+y*+2°+8x—8y—10z-7=0
Center (-4, 4, 5), r,=8

Distance d between centersis d :\/(- 6)2 +(3)2 +(2)2 =7

rtr - d _16+64- 49

\ cosq=
2nr, 2438
-31 . 106
——P g=cos 18(;3—9
eb4

64 [}

Example 31. : Find a if sphere x> + y* + 22 =6x -4y —4z+1=0and X’ +y> + 2 —ax + 6y + 2z + 3
=0 cut each other othgonally.

Sol.: Spherex*+y?+7z°—6x—4y—-4z+2=0
u=-3,v=-2,w,=-2,d =2

and sphere x’ +y> + 2 —ax+ 6y + 22+ 3 =0

a
u, =- E,vz =3,w,=1,d,=3

43
Orthogonally cutting Ze—a+(- 6)- 2-=3+2b a=7

u
g2 H
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10.

Exercise 3 (c)
Find the angle of intersection of sphere :
x? +y2 +2% - 6x- 2y +2z+2=0
x? +y2 +7% - 2x- 4y- 62+10=0
Find angle of intersection of the sphere x?>+y?+z’-4x-2y+4z=0 and
x> +y2 +2> - 4x- 8y- 42=12
Find the condition that spheres a(x2 +y? +zz)+2px+2qy+2rz+l =0 and
b(x2 +y? +zz)= nf may cut orthogonally.

Find the equation of the sphere through the circle x*> +y? +z% - 2x+3y- 42+6=0,
3x 4y +5z 15=0 which cuts sphere x* + y* + 2>+ 2x + 4y — 6z + 11 = 0 orthogonally.

Find the angle of intersection of the spheres

x? +y2 +2% - 4x+2y-4=0

x> +y?+2% - 10x+2y- 82+26=0

Prove that sphere x> +y2+z% - 2x+4y+62+5=0 and
x> +y?+z% - Ax+6y- 4z- 1=0 cut orthogonally.

If sphere x*> +y?+z°- 6x+8y-2z+5=0 and x*+y>+z°- 2ax+4y+6z+3=0 cut
orthogopnally, find value of a.

If sphere x> +y* + 2 —6ax + 8ax + 8ay —4z—-6=0, X +y* + 2 —dax -6y +20z+2=0
cut orthogonally, then find the value of a.

If a sphere passes through (3,0,2), (-1,1,1), (2, -5,4) and its center lies on 2x + 3y + 4z
— 6 =0 find its radius.

The plane 2x — 3y + 6z =5 = 0 touches the sphere. ¥* + y* + 22 — 2x — 4y + 4z = 0, find
point of contact.
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Miscellaneous Exercise

P is a point on straight line 2 x = \/Ey =2z such that OP = 8\/5,

(a) Find projections of OP on axes.

(b) Find projection of OPony—1z, z—x, x—y planes.

(c) Find angle OP makes with x —y plane.

(d) 0Q is another straight line x =%y =%z and 0Q = 9. Find angle POQ.

(e) Find equation of angle bisector of acute angle POQ.

(f) Find equation of plane POQ.

(g) Find equation of plane perpendicular to OP and passing through (3, 2\/_, -
5)

(h) if this plane (g) meets axes in M, N, R, Find centroid of DMNR.

(i) Find equation of sphere OMNR.

1] Find equation of tangent plane of this sphere at origin.

(k) Find section of sphere OMNR by plane MNR center and radius of circle.

(n Find projection of OP on OQ.

(m) Find image of P in OQ

(n) Find equation of planes parallel to plane OPQ and at 5 unit distance from it.

(o) Find equation of PQ.

(p) Find centroid tetrahedron OMNR.

The three coterminous edge of a cube are along OA, OB, OC. Find equation of
diagonal through B.

2x-1 _3-2 -4 3x-2 -3
x-1_ y_z ang X2-y_z-3

Find the angle between straight lines
2 3 2 2 1

The vertices of a triangle are A (1,2,3); (-1,0,1) and C(1,1, —1). Find angle B.

The vertices of a triangle are A (1,2,3), B(4,0, —3) and C (3,4,5). The bisector of angle A
meets BC in D. Find co-ordiantes of D.

Find the ratio in which line joining (2,4, —5) and (3, -5,4) is divided by (y-z) plane
internally.

Find the projection of straight line joining (3,4,5) and (4,5,3) on the straight line
joining (-1,2,4) and (1,0,5).

O s origin, P is (3,4,5) and Q(2, a, -2 ) find a if OP is perpendicular to OQ.
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9.

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

21.

22.

23.

24,

25.

The straight line through (a,b,c) parallel to x axis is ..........

The equation of straight line through (-1,2,3) and perpendicular to plane 2x + 3y + z +
7=0is.....
-2 _y-3_z-

4
Find equation of plane through line X4 =3 = s which is parallel to z axis.

O, is origin, P is (a,b,c). Find equation of plane perpendicular to OP.

-2 -3
Pis (2,5,4) and straight line AB is EZVT :ZT PN is perpendicular on AB. Find N.

Find equation of a line which is parallel tox +y + z=6 and 2x —y + 3z = 10 and passes
through (1,2,3).

x-2_y+1 _z-

1
Find straight line 5 3 lies in the plane 4x + 2y —bz = 3. Find a and b.
a

-3 +1 -2 -5 -3 -1
X2 VT2 272 g X2 =Y 22 2

Find point of intersection of straight line
3 -5 1 1 4

Find image of point (3,4,5) in the planex +y +z=0.
Find distance of point (4, 1, 1) from the straight linex+y+z-4=0=x—-2y—-z—-1.

x-1_y-2_z-1
-1

andz=0

Find angle between straight line

x+1_y-12 z-
-5 -2

Find points in which straight line meets the curve 11x* — 5y° + 22
=0

x-3_y-8_1z-3 Xx+3 _y+7 _z-6

Shortest distance between lines and is.....
-1 1 -2 2 4
Distance of point (1,2,5) from plane 2x — y + z = 1 measured parallel to straight line
XY - % s
1 -1 -1

Find equation of plane parallel to y axis and which passes thorugh point (2,3,4) and (3,
5,-6).

Find equation of a plane perpendicular to plane 2x — 3y + 6z + 8 = 0 and which passes
through the line of intersection of planes.

X+2y+3z—4=0and 2x-y—-z+5=0.

A plane meets x =0 where x =0, 2y — 3z =5 and meets z =0, where z=0, 7x + 4y = 10,
find equation of plane.
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26.

27.

28.

29.
30.

31.

32.

33.

34.

35.

36.

37.

38.

39.
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The perpendicular from origin to a plane is of length 2 and makes angles a,b,¢ with
cosa _cosb _cosg

axes. Find equation of plane if
-1 4 8

The straight line joining origin to center of a sphere is inclined at 60°, 60° with x and y
axes respectively and its length is 4. If the radius of sphere be unity, then the equation
of sphereiis....

Find equation of sphere through circle xX* + y* + 22+ 7 =0, 3x — 2y + 6z + 14 = 0 and
passing through origin.

Find equation of sphere whose great circle is x> +y* + 22+ 10y -4z =8, x +y + z = 3.

2x — 2y +z + 12 = 0 is tangent plane of sphere ¥ + y* + 22 — 2x — 4y + 2z — 3 = 0. Find
point of contact.

One end of a diameter of sphere ¥ +y* + 22 —6x — 12y -2z +37 =0'is (4, 8, —1). Find
other end of diameter.

Two spheres with radius a and b respectively cut orthogonally. Find radius of common
circle.

Find angle of intersection of spheres X + y* + 2> = 25 and X* + y* + 2% — 6x — 8y — 24z
+25=0

-4 -1

The straight line 3 = = » touches sphere x* + y* +z> — 6x — 2y — 10z +26 =0.
Find point of contact.

Plane 2x + 2y —z — 5 = 0 meets the sphere x> + y* + 22 — 2x + 4y — 4z — 7 = 0 Prove that
center of section circle is (3,0,1).

Point Aiis (-1, -2,3) and B is (4,2,5) projection of AB on straight line —=— e is:

(a) 35 (b) 28 (c) 15 (d)5

A straight line is inclined at 60° with z — axis and at 45° with x-axis. Its inclination with
y axis is:

(a) tan* /15 (b) tan* <3 () tan™ (/3 ) (d) g
Straight lines2x—1=3y+1= | Xx- 1 and 3x+ 1 =2 — 5y = 3 — 2z are perpendicular to
each other, then| is:

(a)3 (b) -5 (d)5 (d)7

A plane meets co-ordinate axes in A, B and C so that the centroid of tetrahedron
OABCis :

(1,-3/2.-2). The equation of planeis :
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(3)1+X-E:1 (b)i+l_£:1
6 4 6 8
(c) 6x—4y—-3z=24 (d) none of these

40.

41.

42.

43.

44,

45,

46.

1-76
Point P is 8‘%,- 5,?9, Ais (2,1,3) B(4,2,1) perpendicular from P on AB meets AB in
e a9

M, co-ordinates of M are:

& 2.0
(a) (3,0,3) () &,-219
€3 3 g
a0 5 59
c)c—,—,—~ d) none of these
€ 65303 (d)

Angle between planes §+§- z=1and 2x+2y+z=5is:

(a) cos'lgeig (b) cos'lgeig

e2lg &2lyg
(c) cos'lgé—Gg (d) none of these

e2lg

- - +
Angle between straight line X 23 =Y 15 =2 23 and plane 2x—y—-2z=0is:
p p p

a)o b) — c) — d) —
(a) (b) 5 (c) p (d) 3

x-3_y+1 _z-4
-1 -3

(a) (4,-21) (b) (2,2,6) (c) (5,-3.-2) (d) none of these

The straight line

meets the plane 3x + 4y — 2z = 2 in point :

-4 +1
x-4_y _z+1
-2 3

(a)(11,1,0) (b) (15, 3, 2) (c) (1,11, 0) (d)(7,5,3)

The image of point (3, =5, 4) in the straight line

Equation of a straight line through (2,3, =5) equally inclined to axes are :

x-1_y-3_z-5
2 3 5

(a)x—2=y-3=z+5 (b)

Xx-2 _y-3 z-5
(C) = =

(d) none of these

2 -2 2
Lines XY -2 and x-1:y-2:z-3 are:
-1 -2 3 2 3 4
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47.

48.

49.

50.

51.

52.

53.

54.
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(a) parallel (b) perpendicular
(c) skew (d) intersect in a point

A plane is parallel to x — z plane and perpendicular from origin on it is 6; equation of
planeis :

(a)x+z=6 (b)y+z =6 (c)y+6=0 (d) none of these

A plane is parallel to 3x — 6y + 2z = 8 and its distance from point (2, 1, —4) is 4. Its
equation is

(a)3x—6y+2z2+34=0 (b)3x—6y+3z+4=0 (c)3x—6y+2z+22=0
(d)3x—6y+2z—22=0

Equation of a plane perpendicular to planes3x -y +z=0,x+y+z=0and \/E units
away from origin is :

(a)x+y+2z+6=0 (b)2x+y+2+6=0 (c)x+y—-2z+6=0 (d) x —y -
2z+6=0

Plane through line of intersection of planes x —y +2z-3 =0, 2x —y -3z =0 and
through point (4,- 3, 2) is :

(a) 11x-3y—-34z+15=0 (b) 11 x—-3y+34z2-15=0
(c)11x+3y—14z+15=0 (d)5x—-7y—z-39=0

x-1_y-2_1z-3

The center of a sphere lies on a straight line at a distance of 6

1
from (1,2,3). If its radius is 4, then its equation is :
(@) x*+y*+2°—10x—8y—14z+74=0 (b)x*+y*+22+6x+22=6
(c)x*+y*+2°—10x+142+58=0 (d) none of these

The co-ordinate of the foot of perpendicular from origin on plane are (2,3,1) equation
of plane is :

(a)2x+3y+z-14=0 (b) 2x-3y+z=14
(c)2x+3y+z+14=0 (d) none of these

A sphere lies in the 1% octant and touches all axes and its distance of center from
origin is 3\/5 . The equation of sphereiis :

(@)X*+y’ +22+6(x+y+2)+18=0 (b)x*+y*+22=9
(c)x*+y* +22 -6 (x+y+2)+18=0 (d)x2+y2+zz—6\/§(x+y+z)+54:0

The plane 2x + 2y —z — 1 = 0 cuts sphere x* + y* +2° — 4x — 6y — 12 = 0. Radius and
center of section circle is :

(a) 4;(0,1,1) (b) 3;(0,1,1)
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55.

56.

57.

58.

59.

60.

61.

62.

63.

(C) 4 (11 - 11 _1) (d) 4(11 _11 1)
The equation of sphere which passes through origin and (1,1,1), (-1, 1, 0) and (0,1, -1)
is:

1
@)3(C+y?+2)+x+7y—2=0 (b)x2+y2+zz—§(x+7y+z)=0

(€)3(X*+y*+2) +x—7y+2=0 (d) none of these
Spheres X’ +y* + 22 = 2x+ 2y + 4z =3 =0 and x> + y* + 22 — 4x — 2y + 62 — 2 = O intersect

at an angle of

1885 0 >0 1890 p
i b i i d) —
(a) cos 812 (b) cos 88 (c) cos 824 (d) 4

The equation of a sphere which goes through origin and touches sphere x> + y* +z> — x
+3y+2x—3=0at (1, 1,-1) is:

(@)X +y>+ 2> —4x+ 6y +52=0 (b) x> +y>+22+2x—4y+2=0

(c)2 (X*+y*+2%) —3x+y+4z=0 (d)2 (x*+y*+2%) -3x-y+4z=0

Spheres x> +y> +2° — 16x — 6z + 48 = 0 and x> + y* + 2 — 8x — 8y — 12z + 52 = 0 cut each-
other at an angle of

p p p p
a) — b) — c) — d) —
(a) 5 (b) p (c) 3 (d) .
Show that straight line X2_33 = y_z > - 2_26 touches sphere x* + y* + 2> + 2x — 8y + 82 —
16 = 0 the point of contactis :
(a) (6,7,8) (b) (9,9,10) (c) (3,5,6) (d)(-3,1,2)

Plane 2x + 2y —z — 5 = O cuts sphere x* + y* + 22 —=2x + 4y -4z — 7 = 0. Centre of section
circle is :

(a) (3,0,1) (b) (0,3,1) (c) (-3,2,-7) (d) (1,2,1)
Points A, B and C are (3,0,1), (5,2,2) and (0,2, =5) respectively. Projection of AB on AC
is:
8 8 4 6
(a) 7 (b) g (c) 7 (d) 7
Points A, B and C are (-1, 2, -2), (3, 1, -1) and (3,4,2) respectively/ CM is
perpendicular on AB co-ordinate of M are :
(a) (-3,1,1) (b) (-3,-1, 0) (c)(3,1,-1) (d) (3,1,1)

x-2_y+2 _z-1
-1 2

is:

The image of (—1,2,4) in the straight line
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65.

66.

67.

68.

69.

70.
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(a) (21514) (b) (21 - 51 -4 ) (C) (_2/ 51 _4) (d) (_215/4)
The image of (2, —3,4) in plane 3x + 2y —4z =13, is
(a) (8r 11 _4) (b) (11814) (C) (41 _811) (d) (81 _11 _4)
The point P lies on the straight line joining (2,4,3) and (4,3,1). If z co-ordinate of P be
5 andPis:
3
8 8 50 50

(a) & ,=,22 (b) E3,22

e3 3 3 e 30
(c) gé— - 10 59 (d) none of these

e3 3 "3 @

-1_y+2_2z-3 -1_y+2_2z-3
AL AP and 2 =2=YT2-2 is :

The angle bisector between lines

-5 4 1 -4 -1

x-1_y+2 _z-3 x-1_y-2_vy-3
(a) = = (b) = =

14 - 35 7 12 8 10

x-1 y+2 z-3 x-1 y+2 z-3
(C) = = (d) = =

4 5 17 3 -3 -5
Points A (=2,3,4), B(2, -3, —4) are such that D APB = 90° always, locus of P is :
(@)X +y*+2°=29 (b)x* +y>+22—2x+4y+29=0
(c)x*+y’ +2°—2x—6y—8z+4=0 (d) none of these

Distance of the point (3, —2, 1) from straight line through (1, 1, —1) and having d.rt. 2,
-2,1is:

2 4 5
a)l b)— c) — d) —
(a) ( )3 (c) 3 (d) 3
+1 -2 -3

M, mid point of AB is (-1,2,3) and straight line AB is XTooy 5 =272 ifAB= 10,
then point Ais :

74 149 a 4 1490
( ) il el (b) SN R

e 33 3g e3 3 3

e 13 16 40 a3 16 40
(& =,22% @& 20

& 3'3'3g eé3 3 3gp

A corner of a cuboid is at origin and its edge are 5, 4 and 3 unit long along OX, OY and
OZ. One end of its one diagonal is at origin and one end of other diagonal is on z axis
angle between the two diagonolas is :
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71.

72.

73.

74.

75.

76.

77.

0 0
(a) cos'l?ﬁj (b) cos'1§6—ﬁj
25 5 25 5
6 .
(c) cos'laqz—\/ij (d) cos'lgég
& esg

x-1_y-2_z+3a x+2 _y+2 _z-1

Shortest distance between straight lines nd

4 1 -2 2 -1
is
14 60 16 70

z-2 _y-5/2 x-1

Centre of a sphere lies on straight line 2x =4y = — 2z and 5 > and
its radius is 3 units. Its equation is :
27 27
(a)x2+y2+zz+2x+y—22=7 (b)x2+y2+zz—2x—y—22=7
2 2 2 27
(c)x"+y +z —2x+2y—z:7 (d) none of these
+1 _y-3 _z+6 -2 _y+1_z-4
Straight lines XTooy =z and X SR A are:
-3 4 1 -2 -2
(a) skew (b) coplanar (c) parallel (d) perpendicular

The co-ordinates of center of a sphere are roots of equation x* + 5x* + 2x — 8 = 0 taken
in increasing order and radius is geometric mean of these roots. Sphere is :

(@)X +y +22+8x+4y—22+17=0 (b) x> +y*+ 22 —2x+4y +82+17=0

(c)x*+y* +22+8x—4y+22+17=0 (d) none of these

The equation of plane through the line of intersection of planes 3x + 2y + 4z = 3 and

x-2_y+1 _z-3 .

2x—-3y—6z = 7, parallel to straight line is:

2 -1
(a)6x—5y+10z—27=0 (b) 13y +26z+15=0
(c)13x+51=0 (d)x+2y+1=0

Straight linesx=ay +b, z=cy + d and x=my + n, z = py +q shall be perpendicular if :
() am—-cp-1=0 (b)an+cq+1=0
(c)am+cp+1=0 (d) ap+cm+1=0

A sphere passes through origin. Plane 2x —2y —z=0and 2x -2y —z + 18 = 0 are its
tangent planes. Equation of sphere is :
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78.

79.

80.

81.

82.

83.

84.

85.

86.
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(@)X’ +y>+2°—4x+4y+22=0 (b) X +y>+22—6x+2y—2z =0
(c)x*+y* +22+4x—-2y—-2z=0 (d)x*+y*+22—=3x+5y-2z=0

If straight line 4 = 0 is a diameter of sphere S; = 0 then number of diameter
perpendicular to this diameter of sphere S; =0 are :

(a) one (b) 4 (c) many but not unlimited (d) infinite

The distance of point (1,3,5) from plane 2x — 3y + 6y = 3 measured in direction parallel

x-1_y-4 x+1

to straight line is :

-2 2

20 10
a) — b)3 c)5 d) —
(a) - (b) (c) (d) 3
Find I : m : n if straight lines
x-2 y-1 _z+1 x+1 _y-1 z-7 x-3 y+1 z-3

= = , = = , = = are concurrent.

I m n 2 -1 -2 1 -2

(aJ1:-2:4 (b)4:(-2):1 (c)2:-3 :4 (d)11:-10:20

Points are A (3,4,5), B (4,7,9). Sum of the projections of AB on axes is :
(a) 15 (b) 24 (c)8 (d)o

Points are A (4,5,2), B(9,1, 1—21 ), C(2,3,5), D(-3,7, g) thenABCDis:

(a) parallelogram (b) Rhombus (c) square (d) ordinary
quadrilateral

x+1 _ y+1 _z-3 ]

The plane which contains straight line
-3 -2 -2 1 1

(a)2x+3y+2z+9=0 (b) 3x+2y—-5z=1 (c)x+2z-5=0(d)4x—-3y+11=0
The sphere whose great circles is x> +y* + 22 = 2x + 4y —62—-36 =0, 3x + 4y —20=0 s :
(@)X +y +22-8x—4y—-62+4=0 (b)x*+y*+2> +8x—4y+62+8=0

(c)x*+y* +22—8x+4y+62—-4=0 (d) none of these

The angle between spheres x> + y> + 22 — 2x + 2y + 42— 3d = 0 and x* + y* + 2’~4x—y + 62

—-2d=0is cosgé—gg, thendis:
€24 g

(a) 3 (b) 2 (c) 1 (d) -1

Find condition that spheres x* + y* + 22 — 2ax + 8y —2z—2b =0 and x> + y> + z* + 4x — 6y
+2bz + 4a = 0 cut orthogonally

(a)a+2b=0 (b)3a—4b=0 (c)a+2b=0 (d)a=-3
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87.

88.

89.

90.

91.

92.

A circle with center (2,0,4) and radius is drawn in y = 0, plane. The equation of sphere
which passes through this circle and point (2, 1, 2) is:

(@)X +y? +22—4x+4y—-82+11=0 (b)x*+y*+ 22 —4x—4y—82+19=0
(c)x*+y’ +2%+4x+4y—82-5=0 (d) none of these

z = 0 is horizontal plane. Plane 3x + 4y — z = 0 goes through point P (2, —3, —6). Find
equation of line of greatest slope through P :

x-2 _y+3 _z+6 (b)x-Z_y+3_z+6

(a) = =
3 4 25 3 -4 -25

x-2 _y+3 _z+6

© 4 -3 0

The equation of sphere through circle xX* + y* + 2 = 4 x + 2y + 2z + 6 = 0 and touching
x=0is:

@)X +Yy +22+x+2y+22+2=0 (b)x*+y*+22—x—-2y—-2z+2 =0
()X +y*+22+2x+4y +42+8=0 (d) none of these

Plane x — 3y + 4z = 0 is horizontal equation of line of greatest slope through point (1, —
2,-4)its plane 2x+3y—z=0is:

x-1_y+2 z+4 (b)x-l_y+2_z+4

@) —==¥""= =Y<-
1 1 5 -3 1 -3

x-1_y+2 z+4

© -4 1 -5

(d) none of these

The d.c. of two lines are given by equations 3= m+ n=0and 3/m + 5/n + nmn =0
angle between lines is :

(a) cos’ g, 19 (b) cos 188_—9

705 evls g

(c) cos” 9—9 (d) none of these
evél g

Locus of center of sphere passing through (1,0,0), (0,2,0) and (2, 3, 4) is a straight line
whose equation in symmetric form is :

41 31 47 31
X - y' X+ — y+7
(@_10-"10_2 (b) 10" 10_2
4 -5 4 -5
41 31
X+— +— 7
() —10=-_ 10_-% (d) none of these
-8 -4 s
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93. The straight line §=—=§ is parallel to plane L;, which contains the straight line

X-2_y-3_z+4

find equation of L; :

4 3 -6
(a)9x+16y+14z-10=0 (b)9x+16y+14z+86=0
(c)9x+16y+14z+122=0 (d) none of these

x-1_y+1 _z-4

94. The straight line 5

makes with plane z=0an angle:

(a) cos'lggg (b) cos'lgé—g (c) cos'1£ (d) none of these
e’o e’ g 7

95. Equation of a sphere inscribed in a tetrahedron whose faces are x=0,y =0, z=0 are
3x+2y+62+9=0 is:

(a)x2+y2+zz+x+y+z+%:0 (b) X’ +y>+ 22 +4x+4y+42+8=0

(c)x*+y* +22 —x—y—z+ %:0 (d)x*+y*+22—4x—4y—42+8=0

96. 3x+4y-5z+4=0and3x+4y—-5z—-36 =0 are tangent plane of a sphere whose centre
x-2_y+1 _z+2

lies on straight line . Equation of sphere is :

4
(@)X +y +22+6x+2y+11=0 (b) x> +y*+ 22 —6x—6y—22+11=0
(c)x*+y*+22—6x+6y—22+15=0 (d) none of these

97. 3x+4y+2=0,2x+2y+z—-2=0and 3x + 6y + 2z —4 =0 are three tangent planes of
a sphere, and center lies on x + y—z -1 = 0, equation of sphere is :

(@)X +y* +2°—4x—6x—-82+13=0 (b) x> +y*+ 22 +4x—6x—82+13=0
(c) x* +y* + 22 —2x — 4y — 62— 2 = 0 (d) none of these

98. A (4,6,8), B(2,4,7) and C(6,3,2) are vertices of triangle ABC. Equation of angle bisector
of DBACis:

x-4 y-6_2-8 x-4 y-6_2-8
= = (b) = =

(a)
8 23 25 20 5 11

x-4 y-6_12z-8
4 11 13

(c)

(d) none of these
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x-2_y+3_z-1
-4 3

99. The angle bisector of obtuse angle between the straight line and

x-2_y+3_z-1
4 -1 1

is:

z-2 _y+3 z-1 Xx-2 y+3 z-1
= = (b) = =

25 17 14 -5 -7 4

(a)

Xx-2 y+3 z-1 x-2 y+3 z-1
= = (d) = =

(c)
9 -5 14 1 -3 2

x+1_y-3_z+4
2 1

100. The straight line

(a) meets x—y plane in point ..........
(b) Projection of this straight line on x- y plane is ......

(c) Angle that line makes with x—y planeiis ..........

(d) Intersects the straight line

x-1 y-1 _z-3 .
3 = = in point ........

2
(e) Angle between these two linesiis .............
(f) Equation of plane containing these two lines is .........

(g) If this plane intersects axes in A, B and C then equation of sphere through
0O,A,B,Cis

(h) Perpendicular from origin on plane ABC s ..........
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Practice Worksheet (Competition Level)

-1 _y+3_z+1

Let a plane passes through origin and is parallel to the line X 1T,

. . .5 .
such that distances between plane and line is 3 .Then the equation of the

plane is:
a) 2x +2y +z=0 b) x-2y-2z=0
c) x+2y+2z=0 d) 2x-2y+3z=0

A line is drawn from the point P(1,1,1) to intersect the plane x+2y+3z=4 at Q.
The locus of the point Q is:

- + - +
a)__y_s_ﬁ b)i:y_S_ﬁ
-2 1 -2 1 1
)x=y=1z d) None of these
The plane 1:%:—:1 meets the axes in points A, B and C. The co-ordinate
a C

of the orthocentre of triangle ABC are:

. & a’ b ¢ 0
§a+b+c'a+b+c'a+b+cg

b) ® a-l b-l C-l 9

- - 27 - _ _3 7 . _ o =

a 2+b 2+C 2 a 1+b 2+C 3 a 2+b 2+C 2 =
a’bc b’ac c*ab 0

) ’ ’ =
éb ¢’ +c’a’ +a’h? 'b’c® +c’a’ +a’h’ ‘b’c? +cfa’ +ath’

d) b a’c? c a’b’ )
’ ’ =
éb ¢’ +c’a +a2b2 b’c’> +c%a’ +a’b’ 'b’c’ +c’a’ +a’b’

The number of arbitrary constants that the general equations to the straight
line in space contain is:

a)2 b) 4 c)5 d) 6
Theplanesx=cy+bz,y=az+cx, z=bx+ay passthrough one line if :

(a, b, c are unequal)

a) bc +ca + cb = abc b)a’+b*+c?+ab+bc+ca=0

c)a’+b*+c3-3abc=0 d)a’+b”> +c?+2abc=0
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10.

11.

304

A plane makes intercepts OA, OB, OC whose measurements are a, b, c on
the axis OX, OY, OZ. The area of DABCis

1
a)%(ab+bc+ca) b) %(a2b2+b2c2+c2azﬁ

c)%abc(a+b+c) d)%(a+b+c)(ab+bc+ca)

The distance of the point (1, -2, 3) from the plane x —y + z = 5 measured
parallel to the line 2 =Y =%
2 -6

a) 1 b) 2 03 d)%

The straight lines whose direction cosines are givenbyal+bm+cn=0, fI?
+gm”+h n’=0 are parallel to:

a)i+§+h:0 b)3+9+£:0
a b c f g h
2 b2 2
c)i2+%+12:0 d)a_+_+c_:O
a® b ¢ f g h

A variable plane at a distance of 1 unit from the origin cuts the co-ordinate
axis at A, B, C. If the centroid D (x, y, z) of triangle ABC satisfies the relation

iz+i2+i2=K.ThenthevalueofKis:
Xy oz
1
a)3 b) 1 c)g d)9
- + - - -
If the lines = 1_yrl_z 1:I , and x_3:y_k:£:| , intersect. Then the
3 4 1 2 1

value of k is:

3 9 -2 -3
a) - b) = c) — d) —
)2 )2 ) 9 ) 2

A plane mirror is placed at origin whose direction ratios of the normal are 1, -
1, 1. If a ray of light coming along the positive direction of x-axis strikes the
mirror and gets reflected.Then the direction cosines of the reflected ray are:
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122 -1
a) PN b) T
333 3

3 33’3

wIN
wIN

-1
C) —,
) 3

’

12. If (4k,, ki, 1) and (4k,, ky?, 1) are the two points lying on the plane in which
(2,3,2)and (1, 2, 3) are the

mirror image to each other.Than kk; is equal to:

-3 -5 - -9
a) — b) — c) — d) —
) 2 ) 2 ) 2 ) 2
13. if the plane x—y + 2z + 1 = 0 intersects the plane parallel to x-axis and

passing through (1,1,1), ?g%g atanangleq.Then tanq
o

a) V2 b) /3 c) N7 d)
J11
14. Maximum distance if any point on 4x*+ 9y* = 36 from the plane x + 2y + z + 1
=0is:
a) \3 b) 2 c) V7 d) V6
15. Sum of reciprocals of intercept cut off by a plane containing
X*1_y-3_2%2 4 (-4, 4, 1), on the axis is:
-3 2
1 3
a)l b) — c)2 d) —
) ) 49 ) ) 49

16. If the plane passing through the line of intersection of ax + by = 0 with xy
plane is rotated about the ~ same line through 60° and equation of the new

planeis ax + by + k+/a® +b* .Z = 0.Then k is:

a)2 b) V3 c) /5 d) V6
17. If (p, g, v) is any point on the plane x+y+z+3 = 0. Then least value of
(b- 27 +(a- 3 +(c- o) is:
a) 343 b) 43 c)3+2 d) v2
a_y- b _z-¢ _z

18. If lines X;) and 5:1—5 (a+b+c?0) are coplanar,then
C a

C a
lines are always

a) Perpendicular b) Coincident

c) intersecting at angle q (0<q«<p/2) d)can’t be predicted
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19.

20.

306

If the line x=y=z intersect the line sin A.x + sin B .y+sinC.z+2d?, sin 2A.x

+sin2B.y+sin2C.z=d”. Then sing.sing .sin%is equal to: (where A+B+C=A)

1
= b) = - d) —
a)16 )8 C)32 )12

In a three dimensional co-ordinate system P, Q and R are images of a point
A(a, b, c) in xy-plane, the y-z plane and the z-x plane respectively. If G is the
centroid of the triangle PQR then area of the triangle AOG is:(O is the origin)

a)0 b) a’+b%+c? c) % (a’+b%+c?) d)None of these
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SECTION - I (Total Marks : 21)
(Single Correct Answer Type)

This section contains 7 multiple choice questions. Each question has four choices
(A), (B), (C) and (D) out of which ONLY ONE is correct.

47. Let (xo, Yo) be solution of the following equations
(2X)|n2 - (3y)ln3
3Inx — 2Iny

Then xq is
1 1 1
(A) g (B) 3 (C) > (D)6

Sol. (Q)
)™=y (i)
-y, (ii)
b (logx)(log3)=(logy)log2

b |0gy:%g(|;g3) .............. (Ill)

In (i) taking log both sides
(log2) {log2 + log x } = log3 {log3 + log y}

(log2)’ +(log2)(logx) = (log3) +M from (iii)
log2
b (log2) - (log3) =W(Iogx)lD - log2=logx
og
P x _1 P x, _1
2 2

48. Let P:{q:sinq- cosq:\/zcosq} and Q={q:sinq+cosq:\/§sinq} be two sets.

Then

(A) Pl Q@ and Q-P! & (B) QEP

(C) PEQ (dp=Q
Sol. (D)
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49.

Sol.

50.

Sol.

51.

308

In set P, Sinqz(\/z+1)cosq|:) tanq:\/i+1

In set Q, (ﬁ- 1)sinq=cosqlD tanq=L= 2+1b =Q

V2-1
let a=i+j+kb=i+]j+k and €=i- j- k be three vectors. A vector V in the

- = N ~. 1 .
plane of a and b, whose projection on ¢ is ﬁ' is given by

(a) i- 3j+3k (b) - 37- 3j+k
(c) 3i- j+3k (d) i+3]- 3k
(C)

v=la+nb

= (f+j+|2)+n{f- ]++)

Projectionof v on €

ve_ 1 |0 emgie( - mie( emif- )1
V3 V3 V3

At m=2,v=3i- j+3k

Vin3 xsinx?

The value of ¢ f ydx is
J%sinxz +sin(|n6- xz)

1.3 1 3 3 1 3
A) —In— B) —In— C) In— D) =In—
()42 ()22 ()2 ()62
(A)
x> =tb 2xdx =dt

In3 i In3 i -
|:l 5 sint 4t and |:l 5 sm(ln6 t)‘

212 sint+sin(|n6- t) 212 sin(ln6- t)+smt

1!n3 1 3
21== 31dtb I==In>.
In2 4 2

A straight line L through the point (3, - 2) is inclined at angle 60° to the line
3x +y=1.If Lalso intersects the x-axis, then the equation of L is



Math-Ordinate - 3D IIT JEE 2011

Sol.

52.

Sol.

53.

(A) y++/3x+2-343=0 (B) y- 3x+2+3y3=0
(C) V3y- x+3+243=0 (D) /3y +x-3+24/3=0

(B)
-3 y=+3x+1
\Q), 1) /“

m+4/3

1-\/§m

p m+\/§=i(\/§-3m) 60°
P 4m=0bP m=0

or2m=2\/§ID m=\/§

\  Equation is y+2=+/3(x- 3)

p \/gx- y- (2+3\/§=0)

Let a and bbe the roots of x> — 6x — 2 =0, witha >b.Ifa,= a and a"- b"

(31“2)

for n > 1, then the value of 310 23 is
23,
(A)1 (B) 2 (C)3 (D) 4
(C)
a,=a"-b"
a’-6a-2=0
Multiply with a® on both sides
b a-6a’-2a®=0 (i)
Similarly b -6b°-2b*=0 . (ii)

(i) and (ii)
b a®- b 6(a’- b*)=2la’- b?)

a;p- 2a
P a,- 6a, =2a, P %:3
9

Let the straight line x = b divides the area enclosed by y (1 —x%), y = 0 and x
=0 into two parts R; (0 <x < b) and R; (b < x <1) such that R, - R, :%. Then

be equals

3 1 1 1
(A) Z (B) E (c) g (d) Z
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Sol. (B)
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SECTION - Il (Total Marks : 16)
(Multiple Correct Answers Type)

This section contains 4 multiple choice questions. Each question has four choices
(A)I (B)I (C) and (D) out of

which ONE or MORE may be correct.

54.

Sol.

55.

Sol.

56.

Let f:R® R be a function such that f(x +y) = f(x) + f(y), " x,yl R. If f(x) is
differentiable at x = 0, then

(A) f(x) is differentiable only in a finite interval containing zero
(B) f(x) is continuous" x1 R

(C) f(x) is constant " xT R

(D) f(x) is differentiable except at finitely many points

(8,C)

f'(x) —lim f(x +h) - f(x)

£0)=0 .4 lim "

b Iim@:f'(o):k(say)
b f(x)=kx+cb f(x)=kx(" f(0)=0)

The vector(s) which is/are coplanar with vectors i+j+2k and i+2j+k, and
perpendicular to the vector i+j+k is/are

(A) j-k (B) - i+] (C)i-] (D) - j+k

(AD)

Any vector in the plane of i+j+2kand i+2j+k s
F=( +2mi+(1 +2mj+(2 +mk

Also, F.¢=0b | +nm=0 =) [FEBJ=O

Let the eccentricity of the hyperbola :—i- y_z =1 be reciprocal to that of the

ellipse x> +4y* =4 . If hyperbola passes through a focus of the ellipse, then

2 2
(A) the equation of the hyperbola is X? y?:1(8) a focus of the hyperbola

is(2,0)
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Sol.

57.

Sol.

312

(C) the eccentricity of the hyperbola is \E (D) the equation of the

hyperbola is x* — 3y* =3

(8, D)
. X2y
Ellipse is ?+1—2:1
1? =22(1- ez)b e=£
2
\ eccentricity of the hyperbola is 2bp :azge‘i_ 19 3p2=2a?
V3 e3 o

Foci of the ellipse are (\/3,0) and ( \/3,0)

Hyperbola passes through (\/3,0)

%=1b a>=3 andb’=1
a

\ Equation of hyperbola is x* = 3y* = 3

. , 2 .0
Focus of hyperbola is (ae, 0) ° 88\/5 <~ 0% (2,0)
e 3 o
Let M and N be two 3 x 3 non — singular skew symmetric matrices such
that MN = NM. If P" denotes the transpose of P, the M°N* (MTN)™ (MN ~
)T is equal to

(A) M? (B) - N? (C)—Mm? (D) MN
()
MN = NM

MZNZ(MTN)—I (MN~ l)T
MZNZN—I(MT)—I(N—I)T.MT

=MN. (M) T (NYH)™MT =- M2N(M)HNT) M|

=+ M’NM*N'M"=-M.NMM™* N'M =-MNN~' M = -M?

Note : A skew symmetric matrix of order 3 cannot be non-singular hence
the equation is wrong.



Math-Ordinate - 3D IIT JEE 2011

SECTION-III (Total Marls : 15)
(Paragraph Type)

This section contains 2 paragraphs. Based upon one of paragraphs 2 multiple
choice questions and based on the

other paragraph 3 multiple choice questions have to be answered. Each of these
questions has four choices (A), (B),

(C) and (D) out of which ONLY ONE is correct.

Paragraph for Question Nos. 58 to 59

Let U1 and U2 be two urns such that U1 contains 3 white and 2 red balls, and U2
contains only 1 white ball. A fair

coin is tossed. If head appears then 1 ball is drawn at random from U1 and put
into U2. However, if tail appears then

2 balls are drawn at random from U1l and put into U2. Now 1 ball is drawn at
random from U2.

58. The probability of the drawn ball from U2 being white is
13 23 19 11
A) — B) — C) — D)—
()30 ()30 ()30 ()30
Sol. (B)
H® 1 ball from U; to U,
T® 2 ball from U; to U,

E : 1 ball drawn from U,

P/W
from
& & & (o] = 0 &Cc ? (o]
o =L@ 0l @ 16,186, 01,8, 10 1. @, 20 23
285 g2 &5 2g 2 &C, 4 2 &C, 35 2 ¢, 35 30

59. Given that the drawn ball from U2 is white, the probability that head
appeared on the coin is

17 11 15 12
(A) 25 (8) 3 @ () =

Sol. (D)
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60.

Sol.

61.

Sol.

62.

314

le.,,2-10
o2H 0_ P(W/H)" P(H) 285 "5 25 12
Wy P(W/T)P(T)+(W/H)P(H) 23/30 23
Paragraph for Question Nos. 60 to 62
a9 7
Let a, b and c be three real numbers satisfying[a b c]g8 2 7H=[O 0 0]
& 3 78

If the point P(a,b,c) with reference to (E), lies on the plane 2x +y+z=1,
then the valueof 7a+ b + cis

(A)O (B) 12 (€)7 (D)6
(D)
a+8b+7c=0 & 9a+2b+3c=0 & a+b+c=0

Solving these we get

B=6ab c=-7a

Now 2x+y+z=0 b 2a+6a+(- 7a)=1b a=1,b=6,c=-7

Let w be a solution of x> — 1 = 0 with Im(w) > 0. If a = 2 with b and ¢

3 1 3
satisfying (E). then the value of —+—+— is equal to
ying (E) 7 o 15€d

w
(A)-2 (B) 2 (C)3 (D)-3
(A)
A =2, b and c satisfies (E) p B=12,c=-14
3 1 3 3 1 3
—_t—t—=—t—+—
wowow w ow?ow
Let b = 6, with a and c satisfying (E). If a and b are the roots of the

=-2

N

. . ¥l 10 .
quadratic equation ax> + bx + c=0then & ¢—+==% is
nzoga bg

(A) 6 (8)7 () % (D) ¥
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Sol. (B)
ax’+bx+c=0b x*+6x—7=0
P a=1b=-7
Yo 10 ¥4 14
af—t+t-x=ac ;
n-ogd Dbg n08l 7g
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SECTION-IV (Total Marks : 28)
(Integer Answer Type)

This section contains 7 questions. The answer to each of the questions is a single
digit integer, ranging from 0 to 9.

The bubble corresponding to the correct is to be darkened in the ORS.

63.

Sol.

64.

Sol.

65.

316

Consider the parabola y* = 8x. Let D, be the area of the triangle formed by
A .0

the end points of its latus rectum and the point Pgi,zg on the parabola,

and D, be the area of the triangle formed by drawing tangents at P and at

D.
the end points of the latus rectum. Then —+ is:

DZ
(2) L—"
A (2,4)
y2=8x=4.2x "
B(0,2 b2
DLPM ., (0,2) (%4,2)
DABC N\ (2,0)
b -
D, M
x=-2 (2,-4)
Let f( sm?an 1gesing 00 , where - E<q< P . Then the value of
ecoqu 4 4
d .
flq))is:
T )
(1)
2 sinq 60 ~®p po
singtan™! * ,where gl ¢t —,—=
g e\/COSZC]% q e 4 4g

singian'laehsmq 99
8 \2cos’ q EE,
= sin(sin'l(tanq))= tanq
d(tanq) _

d(tanq)

Let f:[1,¥)® [2,¥) be a differentiable function such that f(1)=2. If
6:5‘(t)dt=3xf(x)- x* forall x> 1, then the value of f(2) is
1
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Sol.

66.

Sol.

67.

(6)

65f(t)dt =3xF(x)- x* b 6f(x) =3f(x) + 3xF (x)- 3x?

dy . dy 1
bx—-y=x"P —=-Zy=x e, |
dx Y dx xy ()
N
LF. =0 =es

——L. —y=1b —gy,—2=1
xdx x2 dxgy X g
Integrating

l=x+c

X

Putx=1,y=2

P 2=1+ch c=1b y=x’+x
b f(x)=x*+xp f(2)=
Note : If we put x = 1 in the given equation we get f(1) =1/3
The positive integer value of n > 3 satisfying the equation
1 1 1

= +
2P0 ae3po

Slngng. smg n B smg n g

(7)

Sinﬁ- SinB %SlanOS p95”'\ p
1 1 1 5,7 hn n__1 g _
3 2 3 2 3
sinB sin—p sin—p sinEsin—p sin—p sinBsin—p
n n n n n n n n

p sin£=sinﬂb £+£=pb n=7.
n n n n

Let al, ay, a3, ...... a100 be an arithmetic progression with a; = 3 and

S, —aa,,1£p£100 For any integer n with 1£n£20, let m =5n. If S ™ does

not depends on n, then a; is.
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Sol.

68.

Sol.

69.

Sol.

318

(9)

a1, @2, A3, eeeee a100 IS an A.P.
p

a, =3,5,=aa,1Ep£100
i=1

5
s s, ?n(6+(5n-1)d)

S S %(6-d+nd)

% isindependentofnof6-d=0Pp d=6.
If zis any complex number satisfying |z—3 — 2i| < 2, then the minimum
value of |2z- 6 +5i] is

(5)
5 C(3,2)
Length AB=E
P minimum value =5 (0,0) B(3,0)
A(3,-5/2)
The minimum value of the sum of real

—! — -3 8 10
numbersa™, a™ 3a~ a®and a'®and a >0
is
(8)
a-5+a-4+a-3+a-3+a-3+a8+a10+13

8

1

Minimum value = 8.



Answers

Practice Worksheet (Foundation Level) — 2 (a)

1)c 2)b 3)d 4)a 5)a 6)c
7)b 8)c 9)d 10) a 11)c 12)c
13)a 14) c 15)d 16)d

Practice Worksheet (Foundation Level) — 2 (b)

- = _ 5-—3_ R 1 5 7
1) 2a- b+4c 2) ba+—b+—C 3) a+2b+c 8)-—a=—,b=—
2 2 3 2 4
15) 7 17)p=1,9=3 18)b=2,a=%2
Practice Worksheet (Foundation Level) -3 (a)
?+2430 ; . 1
1) cos™* —\E: 2) cos 1(?—49 4)-6,2, 5. 13
15 4 &21 g J17
aee-10 ,94-2430 1380 2 & o
6) cos 183—9, cos™! —\/_: 7) cos 1?9 9) =(3i- 2j+6k)
é73 g 5V3 5 é4g 7
1, .- - ~ 148
10) P 11) =(62i- 11j+20k) 12) ==
2 9 7
9, _~ 343~
13) —i+zj+ik 16) P 21) b, d 22)d
2 2 2
23)c 24)d 25)c 26) a
27)c 28) c 29)c 30) a
Practice Worksheet (Foundation Level) — 3(b)
1 PPN A 1 ~ ~ A
1)0 2) —(3i+5j+4k) 3) +—(i +5j+3k)
542 35
10 S
7) cos &2 8) - 77 +]+3k 9) /621 sq. units
ev3g
10) 53 sg. units 11) J6 sg. units 12) 122, direction 4i+5]- 3k
13) 44/5, direction 2i - k 14) 60+/2 direction - 4i+5]j- 3k 15) 7i- 19j- 11k

17) (i) 1 = 3j + 2k, —6i + 4j — 3k. (ii) /14 , 7, /51 . (iii) %\/ﬁ
19) (i) a+l b, (ii) 1 (@" b) or | (b~ @) (iii) (a- b)orl (a- b)" (@a+b)
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21)d 22)d 23)b 24) ¢
25)b, c 26) b 27)d 28)c
29) a 30)d 31)b 32)d
33)a 34)c 35)a 36) a
37)b 38)a 39)b

Practice Worksheet (Foundation Level) — 3(c)
5
1) 5cu. u. 2) 3 cu. u. 3)6 4)0

5)x-13y+11z=0 7)2 ¢ mn+{ m-mn+/n+1=0 8)p=-lordor-3

9) ¢? = 4a® + 10ab + 25b° 10) -36 12) ii(zf +4j- 5Kk)
245

o 2p

13)3 14) +(i+2j+3k) 17) 5 18) 0
8

19) k or —k 20) 21) 5 22)-2[a b ]
23)d 24) b 25) b 26)a
27)0 28) 0

Practice Worksheet (Foundation Level) — 3(d)

~ ~ ~ 1 1 A A

1) 16i- 7]- 15k;28 2) = |— 3) 90(i +] 4) 366
) j ) >\ 153 ) 90(i + j) )
5) 241+ 4K), —— (i 4 +K) 7) 881 +3]+50) 11) P

SNEY 7 3
12) +£(2i +2j+k) 13) S 14) | -1

2 4

16) zj — yk 17) | (- 23i + ] +4k) 18) p?
19) g==(5i- j- 5k) 20) 3=3i+2j+8k,b =2i+2j- k

Practice Worksheet (Foundation Level) — 3 (e)

1) %(?- 25+ 24) 2) (i) 0, (i %E, (i) 3 (iv) zero 3) 1 (73 §+30)
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4) 50(+/3 +1) 7)27 8)a=1 9) b- (T_X‘T)E
d
10) 3942 11) +—1 (- 2§+ +3Kk) 12) - 9i - 8j+7k
V14
1 1 -~ - - - L R s T I Sy
13)1 14)5 15)-§(Z|-J-2k) 16) a 18) a=2i+3j-k, b=i-4j+3k
19) cos'lgeig 21) - 21 +6]- 10k 23) 2P
ev3g 3
___ ab 0
25)r=xa+|_|2 24) /51 26) |X|
d
27) 1 (- 3}- 2k) 28) p=x= abd , g=-—2cosdabd
(1- cosq)(1+2cosq) (1- cosq)(1+2cosq)
1 _ - __p q
30) zero 31) x=——=(p+q+r), y=—, z2=—
NE) NEREENE]
33) izi[275- 96F+7za],v=i[35+24F +8q] z:i[95+72F- 2q]
39 39 39
34)a 35)a 36)a 37)b 38)b 39)a
40) b 41) c

Practice Worksheet (Foundation Level) — 4(a)
1) ¥=1- 2] +3k+t(3} +4]+5k) 2) T=2i- j+2k+t(i- j+4k)
4) T+j+k,(1,1,1)

10) r=i+2j+3k +t(3i - 4j+5k)+sQ2i- 2j+k) 11) r=i- j+k+t(i- 3]) +s(-3]- 2k)

1 N ~ ~ N ~ ~ N A A
12) 5(10i - 15j+7K) 13) 47 +2]j+4k,(4,2,4) 14) 47 +2]+k,(4,2,1)
15) 3i+3j+k;(3,3,1) 16) 2i+2]j+4k,(2,2,4) 17) (3, -2, 1)
18) T =5i- 2j+4k- t(3i- 2j+4k) +s(4i- j- k) 19)t=1,s=1

20) r=2i-j- k+t(i +3] +5K) +5(3] - ]+5I2) point is not on plane
Practice Worksheet (Foundation Level) — 4(b)

1) 7=2i- j+3k+t(3i +7j- 2k), r" (31 +7j- 2k) =- 19] +13j+17k
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Miscellaneous (Objective)

2) F=i-2j+k+t(i+5]+3Kk),

3) cos'l‘éeig
e3g

PN 1
7) r>(i+j+k)=4l_
V3
10) 710} +5]- 4k)=
12) ¥%10i +5]- 4k)=
15) TX2i +]- 2k) =
17) TX3i- 4] +2K)
19) ¥Xi +6] +5k) =
21) ¥§31i +]+5k) =48
24) v{i- 2j+2k) =
27) ¥47i- 2j- k)=
29) T4} - 5]+5k)+6=0
33) - 2i +6j- 10k
a3
36) cos™!

_I

(7]

38)p=gq=r=[abc]

39) (a) %(27?- 14 +13k)

40) C; (- 51 +8]- 7k;D,- 7i+7]+9k)

o)
I, +——(-i-5j+k
+3\/§(| j+k)

Math-Ordinate - 3D

v ((+5j+3k) =-11i- 2j+7k
4)a=1 5)1 =— 6) 5i- j+3k
L&/185 0 2
8) sin’ § : 9) —
5 3
11) yes

13) r{i+j+k) = 14) T X7] +4k) =

16) TX4i +5]- 3k) =

12
=12 and —

J29

18) T X- 3i +2]j- 6k)=12,r X3i -

2j+6k)+12=0

20) vqi- j- k)+1=0

22) 4i+3j- 3k 23) i- j+k

26) T=5i+7]- 3k+| (- 2i- 7] +13k)

28) T{3i- k)=

30)(6,0,8)  31)l =10 32) (2i- )

34) '=—5,_(E tg) 35) cos’ g ('j
(a- b) ev105 g

37) (a) i +2]+4k, (b) 2 units
(b) T =(i+]j+k)+t(19] - 22] +5k)

41)P.V.Q,  14i+8]- 2k

Practice Worksheet (Foundation Level) — 5 - Miscellaneous

1)c 2)b
7)c 8)a
13) b 14)d
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Math-Ordinate - 3D Miscellaneous (Objective)

19) b 20)d 21)a 22)c 23)c,d 24)c
25)a 26)d 27)b 28) a 29)d 30)b, a
31)a,c,d 32)a,c 33)b 34)d 35)a 36) c
37)c 38)a 39)c 40) b 41) a 42)c
43) a 44) c 45) b 46) a 47)c 48) a
49) c 50) c 51)a 52)a 53)d 54) a
55) b 56)c, b 57)a 58) b 59) a 60) c
61)b 62) b 63) a 64) b 65) d 66) c
67) b 68) a 69) d 70)a 71) a 72)c
73) c 74) c 75) b 76) b 77) a 78) c
79) c 80) b 81)d 82)b 83)a 84)a
85) (i) b (ii) b (iii) c 86) a 87)c 88) d 89) a
90)d 91)a 92)b 93)c 94)d 95) ¢
96) a 97)b 98)a, b 99) ¢ 100)d 101d
102 a 103 c 104 a 105) b 106) d 107) a
108) c 109)d 110) b 111)c 112)c 113) b
111) ¢ 114) ¢ 115) ¢ 116) ¢ 117) a 118) ¢
119) ¢ 120) a, ¢ 121) a 122) ¢, b 123)d 124) a
125) a 126) c 127) b 128) b 129) b 130) c
131) b 132)a 133)a 134)d 135) a 136) a
137) b 138) c 139)c 140) b 141)d 142) c
143) c 144) a 145) c 146) a 147) c 148) b, ¢
149) a 150) c 151) 152)d 153) b 154) a
155) c 156) b 157) a 158) a 159) a,b 160) ¢
161) b 162)c 163) c

Practice Worksheet (Foundation Level) — 6(a)

1)5x—-3y+4z =16 2)8x+y+9z+7=0 3)2x—-2y-z+9=0
4)5x—-7y+11z+4=0 5)4x+10y+7z+15=07) x+5y—6z+19=0
8)x+3y—4z=4 9) 60° 10) 22x + 7y =19z + 49 = 0
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Miscellaneous (Objective) Math-Ordinate - 3D

.
11) 2x-2z+1=0 12)5x+3y-1=0 13) cos &2
esv2g
26 316
14) 3 15) (a) ‘é‘i,- 1,—9(b) ‘(?il- —,—9 16)x—3y+2z=1
e2 3g e8 4 2g
17) 10x—3y+18z-67=0 18)4x—5y—3z2+10=0
Practice Worksheet (Foundation Level) — 6(b)
2)12 4)x+3_y-7_£_ 3 -2 5 )x-5/4_y+15/2_i
2'14 3 -2 5383838 1 -4 -3
41 1 1961 1 10
6) &=, =, U 22U 9205+ 14y +102=195 8) 2x+y—22+3=0
&2 2HE 8'8H
1 1 X _y+3 _ z
9)(a) —x+—y+z+1=0 b) —=——=— 10)3x—-6y+17=0
)()2 5V ()14 TR ) y
11)4x—3y+3-9=0 13) (-1, 2, 3) 14 (1,2,3) 15) (1/4/75)
20 -3 _y-4 _z+1
16) ——— 17) X 2=¥Y" 2.2 18) 16x + 3y — 142 + 24 = 0
V194 -8 4 1
1 +1 z-
19) 7 200(1,1,1)  21) X=YFL_Z75 o) a5k 17y 4622278
2 1 -13 -5

Practice Worksheet (Foundation Level) — 6(c)

60
1) 2x+3y+6=49 2) — 3)x+y+2z=3
J769
4)4x+y+2z+3=0 5) 10x-7y+11z-12=0 6)x—3y+2z=0
X Yy 2
7) 2+Y . Zog 8) 45x —33y + 52=0 9)dx—y+22=0
a b c
10)49 x—38y—2+50 =0 11) 2x+y + 62 +5=0 12) 4
1 1 1 1
13)x +4y—62+20=0 14) —+—+—=— 15)x-3y+5=0
yv: 2 p
25
16)y+22-4=0 1) 2 18) One
-1 _y-6_z-3 -3 y-2 z+1
19) (1,-2,7) 20) 22 =Y"2 22" 2 (1 35) P P
o -3 2 -8 4 1
178 12 6
22)x-2=0 23) & 170 24) cos &2
&3'3'3 &5v6 o
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Math-Ordinate - 3D Miscellaneous (Objective)

25) sin"*(2/7) 27)  a=3,n==— 28) (-1,-1,-1)

29) 7 30) = = 31)13

32) (4,-2,1) 33) =1 -=° 34) (- 4,5,-1),(2,-1,7)
1 2 2
7 20,49
35) —— 36) &2, |—=2 37) (0, -3, —4)
J189 97 7 79
-2 y-1 z-1
38)16x+7y—11z=0 39) X2y 1 :21 40) Line is parallel to plane.
+4/1 -2 - +1
a1) X 4/15 _y-2/5_ z 42) X 3_y+l1_ z
11 -9  -15 7 2 -11

43) x + 6y — 5z + 26 =0, 7x — 2y — z = §, first bisect acute angle
44) 75x + 60y + 152-7=0

46) %Jﬁ 47) "5'54 = yzl = +1§ 48) 38,- 35, 46
49) x-1_y-5_2-3 50)a=E,3x+2y—3z+5=0 51)b
-2 5 -4 3

52)b 53)b 54)a
55) ¢ 56) a 57)a
58) a 59) ¢ 60) b
61) a 62) b 63) b
64) 65) b 66) b
67)c 68) a 69) c
70) a 71) a 72)d

Practice Worksheet (Foundation Level) —7(a)
1. x*+y*+2°- 2x(a- b)- 2y(a+b)- 2az+a*+=0
2. x2+y2+22-2\/§x+2\/§y-2\/§z=0
3. X°+y’+z°-x-y-5z42=0
4, x2+y2+22-2ax-4ay-2az+6( 2-b2)=0
5. x*+y?+z°-2x+6y-4z+10=0
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Miscellaneous (Objective)

6.

7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

318

x> +y?+z° - ax+by- cz=0

x* +y?+2%- 2x- 2y- 2z- 3=0

(x- 6 +(y+2) +(z- 4F =

NN

x* +y? +z° - 4ax +2ay - 2ax- 19a* =0
x> +y?+2° - 12x- 6y +82+36=0

x> +y?+2° - 8x+4y-62+13=0

x* +y? +z° +8x- 14y +18z- 79=0
x> +y? +22 +8x- 82y +82+39=0
3&2+y2+zﬂ+4x+8y-1h-11=0

X +y®+2° - 4x+3y+62=0

(3,-6.2)
2 2 2
X2+y2+22_ _9)(- _9y- _9220
2 3 4
1
4

X’ +y? +2> - 4x- 4y- 4z=13
2(x? +y? +22)- 18x - 9y- 92=0

i+i+§:2
X vy 2z

ad6 11 13pee 2 25 106
31_ 112 \~ 11310 d — - — - wC -,
( ) ( ) an 87 7 7 gg 77 7@

x* +y®+2% - 6x- 2y- 10z+19=0

Math-Ordinate - 3D



Math-Ordinate - 3D Miscellaneous (Objective)

Practice Worksheet (Foundation Level) — 7 (b)

1) (1,3,4), r= /7 2)r=4,center (0,1,1) 3)x*+y’+z"—2x-2y-2z—-6=0
4)3 (x> +y*+7°)—2x—-3y—-4z-22=0 5)x*+y>+z°—13x+ 18y—182=0
6) x> +y>+2°—4x—6y—52+12=0 7) X +y*+2° +6x—34y-347-7=0
5 10 300
9) 891—,—,—9 10) 7(x* +y* +2°) — 2x +36y +182—-26 =0
677 7¢
-16 24 1 .
11) X +y> + 22— 12x— 10y + 42 + 49 = 0 12) @8 710 240 45 @O 19 70
677 '7g €33 3g
2 4 1
14) X +y* + 7P —=x-y- —z+==0
) X" +y PLR AL

X +y*+2°—2x-5y—4z+5=0
15)x° +y* + 22 —x—y—-2=0 16) X° +y* +2° =14 (x +y +2) +98 =0
17) (3x+4)°+ (3y +4)* + (32 +4)° =16, (x+6)°+(y+6)°+(z+6)°=36
18)x° +y* +7° +3x—4y—5z=0 19) X HyT 22 Ay 245 =0
X +y2+z° +x-2y+2z=0
20) x> +y* + 727 —6x + 12y +32=021) X’ +y* + 2> —4x + 2y — 223 =0

Practice Worksheet (Foundation Level) — 7 (c)

. 20 B 0
1) cos 12(? 29 2) cos 1?9 30 ant =bhl
e 39 e9g

4)x* +y*+2z°—13x+19y — 252+ 100 = 0

5P 7a=-1 8a=3,a=-1 9) V14 10) &2 2 40
2 3 €7 7 7g
Practice Worksheet (Foundation Level) - 7 - Miscellaneous
+ 0
1) (24428442 (b) 4V6,8446 (o) g (d) cos'lg3 zﬁ: (e)
%)
X__ Yy _z
5 3J2+4 7
5
(f) (2- ZﬁXX- z)+y=0 (8) x + \/Ey+z=0 (h) g,gé:
%)

(i) +y2+22=2x— /2y -22=0 (j) V2(x +2)+y=0
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B 4230 3 4
(k) circle center —,£,—: radius — () —(3+2\/5)
4" 44y 2 3
m B2 12[ 482- 8 64+12120
i o 9 3
-3 -6 -6
(n) 2- 22 )x- 2)+y£5y25- 1612 =0 (o) X-3 =¥ 8- 2
42-3 2 42-6
(p) 29
92 2\/_ 2g
] ] 5 o
) X-a-y 2@ 3) cos'lgd—g 4) cos & =_2
1 -1 1 ed9¢g e3\/§ﬂ
321 26 2
5 @3 21 260 6)2:3 7) < 8)1
£10°10"10 g 3
- +1 -2 z-
9)y—-b=z-c=0 x—a=1|,I1R 10)X SR 3
2 3 1
125 75
11) 3x +4y-18=0 12) ax+by+cz=a’+b*+c’ 1)691———9
$147 14 g
-1 _y-2_z-3 5
1) 7 2=Y" 222 15) a=>,b=3 16) (4,2,-3)  17) (=5, —4, -3)
4 -1 -3 4
3
18) 2\ﬁ 19) tan’ 9—9 20) (1,2,3), (2,-3,1)  21)3+/30
7 &VS g
22)24/3 23) 10x + 2 = 24 24) 27 x- 16y - 172 +74=0

25) 7x +4y—62=10, 26)x—4y—8z+18=0

27) X+ V2 + 22— Ax—Ay—4+/32+19=028)2 (X +y> +722)—3x +2y—62=0

29) x> +y* +7°—4x+6y—82+4=0 30) (-1, 4,-2) 31) (2,4,3)

32) % 33) g 34) (1,2,3) 36) (a) 37) (b,c) 38) (c)
39) (c) 40) (c) 41) (a) 42) (b)

43) a 44) (a) 45) (a) 46) (c)

47) (c) 48) (a,d) 49) (c) 50) (a)

51) (a) 53 (c) 54) (a) 55) (b)
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56 (c) 57) (c) 58) (a) 59) (d)

60) (a) 61) (a) 62) (c) 63) (b)

64) (a) 65) (c) 66) (a) 67 (a)

68) (a) 69) (c) 70 (b) 71 (d)

72 (b) 73 (b,d) 74 (a) 75(b)

76 (c) 77 (a) 78 (c) 79 (b)

80 (a) 81 (c) 82 (b) 83 (c)

84 (a) 85 (c) 86 (d) 87 (b)

88 (a) 89 (a,c) 90 (c) 91 (a)

92 (b) 93 (a) 94 (c) 95 (a)

96 (b) 97 (a) 98 (c)

99 (b)100 (a) (7,11,0) (b} 8~/2 ©sint &9 (@) [ 11,-7,-9] (e) cos 1 T2
e3g &3v22 g

5 5 5
(f)4x—3y—-2z+5=0 (@)X +y +2°+5x— —y—=2=0 (h) ——
3772 V29
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About the BOOk ISBN-81-87870-38-7

The book has been designed keeping in mind the present trend of IITJEE
and other competitive examinations. For smart students who are raring
to ride on the tides of this adventurous lITIEE, here is a unique book to
satisfy their appetite! The book presented henceforth has been crafted
whilst keeping in mind the present trend and style of the examination. 97798187 "870387

The examination style has changed over the years and as such students

need to prepare themselves accordingly. The book tries to explain the concepts in such an easy and
comprehendible manner that a student will not have to go any further than this. Every lesson has been
elaborated with related illustrations, core objectives and solved examples (subjective). Apart from
objective questions, subjective answers have been included in order to lend an in-depth
understanding. In order to help the student grasp the fundamentals, we have made it a point to
illustrate and elucidate things starting from scratch. This will enable the student to get a better
understanding of the topic.

About the Authors
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Gochar, Chamouli, has taught Mathematics to Intermediate Classes upto
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During this period he wrote three Mathematics books for Intermediate
classes - Algebra (1968), Co-ordinate (1976) and Dynamics (1971). He also
worked as Deputy-Secretary, Intermediate Board for 2 years and dealt
services for one year at Head Quarters, Allahabad. Also had the privilege for
setting board paper continuously for 5 years. After retirement in June 1982,
© he remained in constant touch with the subject and coached students for
- competitive examinations. After through study he has written these books
: for the benefits of students preparing for competitions.

Lalit Yadav, a graduate in engineering from world famous University of
Roorkee (Now IIT-Roorkee), has been into shaping the future of students for
past 15+ years and has gained expertise in mathematics. Having the
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through challenging math curricula for competitive examinations, he has
designed lesson plans and provided data driven instruction in mathematics
as Head at many Institutes in North India providing coaching to the students
for lIT-JEE examinations.
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