3D GEOMETRY

X
o
o
o
-
<
s

Textbook booklet with Theories &
Exercises

Short Book
JEE MAIN | . CBSE

WITH SOLUTION BOOK

SUMIT K. JAIN




Math Book

3D Geometry

Textbook Booklet with Theories and Exercises

Short Book
JEE Main CBSE

SUMIT K. JAIN




Page # 2 THREE DIMENSIONAL GEOMETRY (3-D) |

JEE Syllabus :

Direction cosines and direction ratios, equation of a straight line in space, equation of a plane, distance

of a point from a plane.
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A.

DISTANCE BETWEEN TWO POINTS

Let P and Q be two given points in space. Let the co-ordinates of the points P and Q be (x;, y; z;) and
(X5, Y2, Z5) With respect to a set OX, OY, OZ of rectangular axes. The position vectors of the points P

and Q are given by Op = x;i +v;j + 2,k and 0Q = X,} + Y, + 2,k
Now we have pPQ=0Q-0P - = (X2] +Y,] + Z5k) = (X;] +Yyij + Z;k)

= (X = X%Xy) | - (yZ_Y1)’J:_(22_21)|2'

PQ = |PQ|= \/(Xz ~x1)? +(y2 —y1)? + (2o - 21)

Distance (d) between two points (x,, y,, z,) and (x,, Y,, Z,) is

d= \/(Xz = %)%+ (Y2 — Y1) + (2, - 2,)°

SECTION FORMULA

myX; + MyX, myy, + My, m,z, +myZ,
27T 172 2017 12 g = —21 172

= m,+m, YT mp+m, 7 m, +m,

(for external division take -ve sign)

To determine the co-ordinates of a point R which divides the joining of two points P(x,, y,, z;) and
Q(X5, Y5, Z,) internally in the ratio m; : m,. Let OX, OY, OZ be a set of rectangular axes.

The position vectors of the two given points P(x;, ¥;, Z;) and Q(X,, Y5, Z,) are given by

OP =X +V1] + 2k (1) and 0Q =X + V2] + 2k e(2)
m, m,
P R Q
(Xl1y1121) (X21y2122)
Also if the co-ordinates of the point R are (X, y, z), then aq' = Xj + y] +Zg. (3)

Now the point R divides the join of P and Q in the ratio m; : m,, so that

. . . . ﬁ_m1®+m2@

Hence m,PR=mRQ or m,(OR-OP) =m; (OQ-OR) or  m+m,

(MyXp +MyXy) T+ (Myyp +Mayy) ] +(Myz, +myzy)K
(ml+m2)

or Xj+yj+zg= [Using (1), (2) and (3)]

m, X, + MyX, myy, +myy, m,z, +m,z,
= Z =
m+m, ‘Y m,+m, m, +m,

Comparing the coefficients of §,]j, we get x =

Remark : The middle point of the segment PQ is obtained by putting m; m,. Hence the

1 1 1
co-ordinates of the middle point of PQ are E(Xl + XZ)’E(yl + yZ)!E(Zl +2,)
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Ex.1

Sol.

CENTROID OF A TRIANGLE :

Let ABC be a triangle. Let the co-ordinates of the vertices A, B and C be (X, Yy, Z1), (X3, Y2, Z5)
and (x5, Y3, Z3) respectively. Let AD be a median of the AABC. Thus D is the mid point of BC.

Xo+Xg Yo+Yg Zo+2Z
The co-ordinates of D are ( 22 3, 22 3, 22 3)

Now if G is the centroid of AABC, then G divides AD in the ratio 2 : 1. Let the co-ordinates of G be

2.()(2 +X3j+1.x1
2

Xq + Xy + X3 A
X, Y, Z). Then x= ,or x=—1-"2"73
>y, 2) 2+1 X 3

. - 1 l
Similarly y = > (yp+y,tvy3),z= Py (zy + 2, + 23).

CENTROID OF A TETRAHEDRON :

Let ABCD be a tetrahedron, the co-ordinates of whose vertices are (x,, y,, z,), r =1, 2, 3, 4.
Let G, be the centroid of the face ABC of the tetrahedron. Then the co-ordinates of G, are

Xy +Xo +Xg Y1 +Yo+Yy Zy+2Z, + 25
3 3 3

The fourth vertex D of the tetrahedron does not lie in the plane of AABC. We know from statics that
the centroid of the tetrahedron divides the line DG, in the ratio 3 : 1. Let G be the centroid of the
tetrahedron and if (x, y, z) are its co-ordinates, then

X1+ Xy +X
3.M+1.X4

Xy +Xp+Xg+Xgq e 1 1
= 3+1 orx == 4 % Similarly y=y (Yi+Y2+Y3+Ys), Z_Z (zy + 2, + 23+ 2).

P is a variable point and the co-ordinates of two points A and B are (-2, 2, 3) and (13, -3, 13)
respectively. Find the locus of P if 3PA = 2PB.
Let the co-ordinates of P be (x, vy, z).

- PA = \/(x+2)2+(y—2)2+(z—3)2 (1) and PB =\/(x—13)2+(y+3)2+(z—13)2 . (2)

Now it is given that 3PA = 2PBi.e., 9PAZ = 4PB2, ....(3)

Putting the values of PA and PB from (1) and (2) in (3), we get
9{(x+2)2+(y-2)2+(z-3)22=4{(x-13)2+ (y + 3)2 + (z- 13)2}

or 9{x2+y2+22+4x-4y -6z + 17} =4{x2 +y2 + z2 - 26x + 6y — 26Z + 347}

or 5x2+4+5y2+ 522+ 140x-60y +50z-1235=0 or x2+y2+2z2+28x-12y+10z-247=0

This is the required locus of P.
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Ex.2

Sol.

Ex.3

Sol.

Find the ratio in which the xy-plane divides the join of (-3, 4, -8) and (5, -6, 4). Also find the point of
intersection of the line with the plane.

Let the xy-plane (i.e., z = 0 plane) divide the line joining the points (-3,4, -8) and (5, -6, 4) in the ratio
u: 1, in the point R. Therefore, the co-ordinates of the point R are

5u0-3 -6p+4 4u-8
p+l ' p+l o+l

(1)

But on xy-plane, the z co-ordinate of R is zero
(4p-8)/(p+1)=0, orp=2.Hence p:1=2:1. Thus the required ratiois 2 : 1.
Again putting p = 2 in (1), the co-ordinates of the point R become (7/3, -8/3, 0).

ABCD is a square of side length ‘a’. Its side AB slides between x and y-axes in first quadrant. Find the
locus of the foot of perpendicular dropped from the point E on the diagonal AC, where E is the midpoint
of the side AD.

Let vertex A slides on y-axis and vertex B slides on x-axis coordinates of the point A are

(0, a sin 06) and that of C are (a cos 6 + a sin 0, a cos 0) A D
a a 3 &
In AAEF, AF = —C0S845°=—= and FC = AC - AF = 22 - °2
2 22 2J2 22 45°
a _ 3a
:AF.FC——Z\/E-—Z\/E—l.3 -
= Let the coordinates of the point F are (X, y) 5 >X
3x0+1(acosO+asinb) a(sinb+coso)
= X= =
4 4
4x ) 3asind +acos0 4y )
= — =sin0+cosoO ...(1) and y = = —— = 3sin 0+ c0s 0...(2)
a 4 a
2(y —x 6x -2
Form (1) and (2), sin 0 = % and cos 0 = y

2
a
= (y-xP+3x-y)2= 7 is the locus of the point F.

DIRECTION COSINES OF A LINE

If a, B, y are the angles which a given directed line makes with the positive directions of the axes. of x,
y and z respectively, then cos a, cos B cos y are called the direction cosines (briefly written as d.c.’s)
of the line. These d.c.’s are usually denote by 7/, m, n.

Let AB be a given line. Draw a line OP parallel to the line AB and passing through the origin O. Measure
angles a, B, v, then cos a, cos B, cos y are the d.c.'s of the line AB. It can be easily seen that /, m, n,

are the direction cosines of a line if and only if /§ + mj + nj is a unit vector in the direction of that line.

Clearly OP'(i.e. the line through O and parallel to BA) makes angle 180° - «, 180°- B, 180° - y with OX,
OY and OZ respectively. Hence d.c.’s of the line BA are cos (180° - a), cos (180° - B), cos (180° - v)
i.e., are —cos o, —Co0S B, — COS y.

If the length of a line OP through the origin O be r, then the co-ordinates of P are (/r, mr, nr) where /,
m, n are the d c.'s of OP.

If /, m, n are direction cosines of any line AB, then they will satisfy /2 + m2 + n2 = 1.
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Ex.4

Sol.

DIRECTION RATIOS:
If the direction cosines 7, m, n of a given line be proportional to any three numbers a, b, ¢ respectively,
then the numbers a, b, c are called direction ratios (briefly written as d.r.'s of the given line.

RELATION BETWEEN DIRECTION COSINES AND DIRECTION RATIOS :
Let a, b, c be the direction ratios of a line whose d.c.'s are ¢/, m, n. From the definition of d.r.s. we
have //a = m/b = n/c = k (say).Then ¢/ = ka, m = kb, n = kc. But /2+ m2+ n2=1.

1
k2(a2+b2+c?)=1,ork2=1/(a2+ b2+ c2) ork =+ ——v.
(@® +b? +¢c?)
a b
Taking the positive value of k, we get / = , M= ,h = _c
J(@2 +b? +¢?) V(@2 +b? +¢?) (@2 +b? +c?)
-a -b -C

Again taking the negative value of k, we get (= ——————=, m= ,N= .
J@+b?+c?) J@+b?+c?) (@ +b? +c?)

Remark. Direction cosines of a line are unique. But the direction ratios of a line are by no means
unique. If a, b, c are direction ratios of a line, then ka, kb, kc are also direction ratios of that line where

k is any non-zero real number. Moreover if a, b, c are direction ratios of a line, then aj + b] +ck isa

vector parallel to that line.

Find the direction cosines / + m + n of the two lines which are connected by the relation/+ m+n =0
and mn - 2n/ -2/m = 0.

The given relationsare /+ m+n=0o0r/=-m-n ...(1) and mn-2n/-2/m=0 ...(2)
Putting the value of ¢ from (1) in the relation (2), we get

mn-2n(-m-n)-2(-m-n)m=0 or 2m2+5mn+ 2n2=0 or (2m+n) (m + 2n) = 0.

m__1 and -2. From (1) ehaeﬁ—_m_n——m 1 (3)
N 5 . Fr , W ve — . .
Nowwhen ™ - L 3vaven Lo Lo 1 m_n L r_n
owwenn——z,()glvenn—z— =5 1~ 27 an 1- 7
/ m _ n (1? +m? +n?) 1 1 1 -2
ie. 77757 ~ The d.c.'s of one line are ===
ie. 1717 2 \/{12+12+(_2)2} J6 i e 7576’76
) m . L
Again when 5= -2, (3) given P 2-1=1.
f m _n (? +m? +n?) 1 1 -2 1
ihe. 75777 - The d.c.’s of the other line are == 7= .
L2 1 Ji? 22412 V6 6'V6 V6
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To find the projection of the line joining two points P(x,, y,, z;) and Q(x,, y,, ;) on the another

line whose d.c.'sare /, m, n.
Let O be the origin. Then Oop =%, +vy;j + 23k andOQ =%, | +Y,j + 2 k-
PQ=0Q-0P = (X3 = X)i + (V2= ¥1) | + (2, - 2))k-
Now the unit vector along the line whose d.c.’s are /,m,n =/i+mj+ng.
projection of PQ on the line whose d.c.'s are /, m, n
=[(Xy=%Xy) T+ (VoY) ]+ (2Z-2) k1 U5+ mj+ng)=00%-%X)+m(y, -y, +n(z, - z).

a,a, +bb, +c.c,

J@ +b? +c?) (@2 +b% +c?)

The angle 6 between these two lines is given by cos 0 =

If £,, my, n; and £, , m,, n, are two sets of real numbers, then
(£,2 + m;2 + n,2) (4,2 + my2 + ny2) - (4,4, + mym, + nyn,)?
= (myn, - myny)2 + (nyl, — nyéy)2 + (4ym, - £,m,)?
Now, we have
sin20=1-cos?20=1- ({4, + m;m, + n;n,)? = (£;,2 + m,;% + n,?) (4,2 + m,2 + n,2) = (4,4, + m;m, + n,n,)?

2 2 2
n 1 n 14
= (m;n, - myn;)? + (N4, - ny¢,)? + (4ym, - £,m,;)? = rrnl nl + gl nl + £1 rr;'l
2 12 2 '2 2 2
Condition for perpendicularity = (i, + mim, + nyn, = 0.
- : & _b_¢
Condition for parallelism = (=4, m =my N, =n,. = a, - b, - c,

Ex.5 Show that the lines whose d.c.'saregivenby /+ m + n=0and 2mn + 3/n - 5/m = 0 are at right angles.
Sol. From the first relation, we have / = -m - n. ...(1)

Putting this value of /7 in the second relation, we have

2mn+ 3 (-m-n)n-5(-m-n)m=0o0r5m2+4mn-3n2=0o0r5(m/n)2+4(m/n)-3=0....(2)

Let ¢,, my, ny and /5, m,, n, be the d,c,’s of the two lines. Then the roots of (2) are m;/n; and m,/n,.

m mp, 3 m,m, nn,
roduct of the roots = : ="f¢ or =—. ....(3
P LIPS 3 -5 (3)
Again from (1), n = - / —= m and putting this value of n in the second given relation, we have

2m (-¢/-m) + 3/(-¢ - m) - 5/m =0 or3(¢//m)2 + 10 (//m) + 2 =0.

h e 2,40 MMy

m;p my 3 2 3 From (3) and (4) we have =

2 3 -5

= k (say)

Ly + mm, + nn, =(2+ 3-5)k=0.k=0. = The lines are at right angles.
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Remarks:
(a) Any three numbers a, b, c proportional to the direction cosines are called the direction ratios

ie. 3 b ¢ m same sign either +ve or -ve should be taken throughout.

Note that d.r’s of a line joining x,, y,, z, and x,, y,, z, are proportional to x, - x,, y, - y, and

zZ, -z
2 1
(b) If 6 is the angle between the two lines whose d.c’s are /,, m,, n, and /,, m,, n,
cos6= (4, + mm,+nn,
Hence if lines are perpendicular then ¢,/, + m m, + n,n, = 0.
Ly _mg 0
if lines are parallel then 7~ =~ =
P l, my, n, (Xzs ¥a» Z,)
(X1, Y1, Z4)
o mp o m ; :
Note that if three lines are coplanar then |2 M2 N2| = o -
3 M3 ng id.c’s
Z,m,n

(c) Projection of the join of two points on a line with d.c's /, m,n are

(X, = %))+ m(y, -y,) + n(z, - 2))
(d) 1f ¢,, my, ny and /5, m,, n, are the d.c.’s of two concurrent lines, show that the d.c.’s of two lines
bisecting the angles between them are proportional to /; = ¢,, m; £ m,, n; £ n,.

D. AREA OF A TRIANGLE

Show that the area of a triangle whose vertices are the origin and the points A(x;, y;, z;) and

. 1
B(X5, Y5, Z5) is E\/(y122 ~Y221)% + (29X — Z5%9)? + (XqY2 — Xay1)? .

The direction ratios of OA are x;, Y, z; and those of OB are x,, Y5, Z,.

Also OA = \/(x1—0)2 +(y;—0)? +(z,-0)% = \/(xf +y? +22)

and OB = |[(x, ~0)% + (y, —0)2 + (2~ 0)> = (X3 +y3 + 23) -

Xy Y1 Zy

1y +22) JOC +y2+22) A +yE+22)

the d.c.” s of OA are \/(XZ
1

X3 Y, Z,

+y5+25) OG+y3+23) 0G+yi+2)

and the d.c.'s of OB are \/(XZ
2

Hence if 0 is the angle between the line OA and OB, then

sind = \/{Z(ylzz _y222)2} _ \/{Z(Y122 - yzzl)z}

\/(Xf +Y7 +Zf)\/(X§ +y5+125) - OA.OB
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Ex.6
Sol.

Ex.7

Sol.

Hence the area of AOAB

N

.OA.OBsin® [-+ ZAOB = 0]

= — . OA. OB.

JiZ(y:z, -

¥22,)%}

N[

OAOB

= %\/{E(yIZZ ~Y22,)%} .

Find the area of the triangle whose vertices are A(1, 2, 3), B(2, -1, 1)and C(1, 2, -4).
Let A,, A, A, be the areas of the projections of the area A of triangle ABC on the yz, zx and

xy-planes respectively. We have

y1 z;7 1 2 31 Xq
A=1y z 1:1—111=£‘- A=1x
x = 22 32 2 2 1 N T 2|8
y3 z3 1 2 41 X3
1% y1 1] q]1 2 1
A= —| X2 Yo 1|==[2 -1 1
2= 5|72 Y2 2
X3 y31 1 21

=0 . the required area A = \[[AZ+A7 +A7] =

7410
2

sq. units.

A plane is passing through a point P(a, -2a, 2a), a = 0, at right angle to OP, where O is the origin to
meet the axes in A, B and C. Find the area of the triangle ABC.

OP = a? +4a”® +4a®> = |3al.

Equation of plane passing through P(a, -2a, 2a) is
A(x -a) + B(y + 2a) + C(z-2a) = 0.

- the direction cosines of the normal OP to the
plane ABC are proportional to
a-0,-2a-0,2a-0i.e. a, -2a, 2a.

= equation of plane ABC is
a(x-a)-2a(y+2a)+2a(z-2a)=0

or ax - 2ay + 2az = 9a? (1)

Now projection of area of triangle ABC on ZX, XY and YZ
planes are the triangles AOC, AOB and BOC respectively.

. (Area AABC)? = (Area AAOC)? + (Area AAOB)? + (Area ABOC)?

1 e 21 2
=(E.Ao.ocj +[E.AO.BO) +(E.BO.OC]

2 2 2 2 4
_ loala) +[9a.2a] +[2a2a =1,81 & (14142
4 2 2 2 2 4 4 4

9° 3°
= (Area AABC)? = 3 a' = Area of AABC = 2—3a2 =

4

\Z

C(0, 0, 9a/2)

, —2a, 2a)

| B(0, —9a/2, 0)
0o y
A(9a, 0, 0)
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(M

(ii)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

(x)

PLANE

General equation of degree one in x, y, zi.e. ax + by + cz + d = 0 represents a plane.

Equation of a plane passing through (x,, y,, z,)isa(x - x,) + b (y-y,) +c(z-2) =0
where a, b, c are the direction ratios of the normal to the plane.

X 'y z
Equation of a plane if its intercepts on the co-ordinate axes are x,, y,, z, is ottt =1,

X1 Y1 4y
Equation of a plane if the length of the perpendicular from the origin on the plane is ‘p’ and d.c’s of the

perpendicularsas /, m, nis /X + my+nz=p

Parallel and perpendicular planes :
Two planesa, x+b,y+cz+d =0anda,x+b,y+c,z+d,=0are

a b, ¢ a, b

. . o1 -1 _ 71 P e 21— 71
Perpendicularifa,a, + b,b, + c,c, = 0, parallel if a, b, ¢, and Coincident if a, b,

c, _d;
c, d,

Angle between a plane and a line is the complement of the angle between the normal to the plane and

Line : 7

_ =a+Ab _ b.n
the“ne'IfPIane: Fh—d thencos(90—e)=sme=lBl.lﬁl.

where 0 is the angle between the line and normal to the plane.

ax, + by, +cz; +d

Va2 +b% +¢2

Length of the L°" from a point (x,, y,, z,) to aplaneax + by + cz+d =0isp =

dl_dZ

va?+b?+c?

Distance between two parallel planesax + by + cz+d, =0andax+ by +cz+d,=0is

Planes bisecting the angle between two planesa,x + b,y + c;z+d, =0anda,x+byy+c,z+d,=0

ax+by+c,z+d, . a,x+b,y+c,z+d,

JaZ +b2 +c? Ja2+b2+c2

is given by of these two bisecting planes, one bisects

the acute and the other obtuse angle between the given planes.

Equation of a plane through the intersection of two planes P, and P, is given by P, + AP, = 0



THREE DIMENSIONAL GEOMETRY (3-D) | Page # 11

Ex.8 Reduce the equation of the plane x + 2y - 2z - 9 = 0 to the normal form and hence find the length
of the perpendicular drawn form the origin to the given plane.

Sol. The equation of the given planeisx + 2y -2z2-9=0
Bringing the constant term to the R.H.S., the equation becomes x + 2y - 2z =9 ..(1)
[Note that in the equation (1) the constant term 9 is positive. If it were negative, we would have
changed the sign throughout to make it positive.]
Now the square root of the sum of the squares of the coefficients of x, y, z in (1)

= JO?+ (22 +(-2)2 =0 =3.

1 2 2
Dividing both sides of (1) by 3, we have EX+§Y—§Z =3. o (2)
The equation (2) of the plane is in the normal form /x + my + nz = p.

Hence the d.c.'s ¢, m, n of the normal to the plane are and the length p of the

N |-
wIlN
wN

perpendicular from the origin to the plane is 3.

Ex.9 Find the equation to the plane through the three points (0, -1, -1), (4, 5, 1) and (3, 9, 4).
Sol. The equation of any plane passing through the point (0, -1, -1) is given by

alx-0)+b{y-(-1)}+c{z-(-1)}=0or ax+b(y+1)+c(z+1)=0 (1)
If the plane (1) passes through the point (4, 5, 1), we have4a + 6b + 2c =0 e (2)
If the plane (1) passes through the point (3, 9, 4), we have 3a + 10b + 5¢ =0 ...(3)

a b ¢
30-20 6-20 40-18

Now solving the equations (2) and (3), we have A (say).

a=10), b =-14)%, c = 22}.
Putting these value of a, b, cin (1), the equation of the required plane is given by
AM10x - 14(y + 1)+ 22(z+1)]=0 or 10x-14(y+1)+22(z+1)=0 or5x-7y +11z+ 4 =0.

Ex.10 Find the equation of the plane through (1, 0, -2) and perpendicular to each of the planes
2Xx+y-z-2=0andx-y-z-3=0.
Sol. The equation of any plane through the point (1, 0, -2) is

a(x-1)+b((y-0)+c(z+2)=0. ...(1)
If the plane (1) is perpendicular to the planes 2x + y-z-2=0and x-y -z - 3 = 0, we have
a(2)+b(l)+c(-1)=0i.e,2a+b-c=0, ..(2)
anda(l) + b(-1) + c(-1) =0i.e,a-b-c=0. ...(3)
3 1
Adding the equation (2) and (3), we have c = Ea. Subtracting (3) from (2), we have b = - > a.

Putting the values of b and c in (1), the equation of the required plane is given by

1 3
a(x—1)—an+ Ea(z+2)=0 or 2x-2-y+3z+6=0 or 2x-y+3z+4=0.
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Ex.11

Sol.

Ex.12

Sol.

Ex.13

Sol.

Find the equation of the plane passing through the line of intersection of the planes
2x -7y +4z=3,3x -5y + 4z + 11 = 0, and the point (-2, 1, 3)
The equation of any plane through the line of intersection of the given plane is
(2x -7y +4z-3)+ 1 (3x-5y+4z+ 11) = 0. (1)
If the plane (1) passes through the point (-2, 1, 3), then substituting the co-ordinates of this point in
the equation (1), we have
{2(-2)-7(1)+4(3) -3 +2{3(-2)-5(1)+4(3)+ 1} =0 or (-2) +2(12) =0 or » =1/6.
Putting this value of A in (1), the equation of the required plane is
(2x -7y +4z-3)+(1/6) (3x -5y +4z+11)=0 or 15x - 47y + 28z =7.

A variable plane is at a constant distance 3p from the origin and meets the axes in A, B and C. Prove
that the locus of the centroid of the triangle ABC is x™2 + y=2 + z72 = p~2,

Let the equation of the variable plane be x/a + y/b + z/c=1.  ..... (1)

It is given that the length of the perpendicular from the origin to the plane (1) is 3p.

L 11 1.1
3P = \/(1/a2+1/b2+1/c2) g9p2 a2 p? 2 e (2)

The plane (1) meets the coordinate axes in the points A, B and C whose co-ordinates are respectively
given by (a, 0, 0), (0, b, 0) and (0, 0, c). Let (x, y, z) be the co-ordinates of the centroid of the
triangle ABC. Thenx=(a+0+0)/3,y=(0+b+0)/3,z=(0+ 0+ ¢)/3

1

1 1
—a,y=§b,z=—C- a=3x,b=3y,c=3z. ... (3)

i.e.,x = 3 3

The locus of the centroid of the triangle ABC is obtained by eliminating a, b, c between the equation
(2) and (3). Putting the value of a, b, ¢ from (3) in (2), the required locus is given by

1 1 1

+t—S+—>or X2+4+y2+2z2=p2
9p2 9x? 9y2 972 y P

Show that the origin lies in the acute angles between the planes x + 2y + 2z - 9 = 0 and

4x -3y + 12z + 13 = 0. Find the planes bisecting the angles between them and point out the one which

bisects the acute angle.

In order that the constant terms are positive, the equations of the given planes may be written as
-X=-2y-2z+9=0 ...(1) and 4x-3y+ 122+ 13 =0.

We have aja, + b;b, + ¢;¢c;, = (-1).4 + (-2). (-3) + (-2).(12) = -4 + 6 - 24 = - 22 = negative.

Hence the origin lies in the acute angle between the planes (1) and (2)

The equation of the plane bisecting the angle between the given planes (1) and (2) when contains the

X—-2y-272+9 A4x-3y+12z+13
ongnis — Ja+4+4) J(16 +9 +144)

or 13(-x-2y-2z+9)=3(4x-3y+ 12z + 13) or 25x+17y+62z-78=0 ...(3)
We have proved above that origin lies in the acute angle between the planes and so the equation (3)
is the equation of the bisector plane which bisects the acute angle between the given planes.
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The equation of the other bisector plane (i.e., the plane bisecting the obtuse angle) is

 X=2y-2z+9  4x-3y+12z+13
Ja+4+4) J(16+9+144) or

X + 35y - 10z - 156 = 0 ()

the equation (3) and (4) given the planes bisecting the angle between the given planes and the
equation (3) is the bisector of the acute angle.

Ex.14 The mirror image of the point (a, b, c) about coordinate planes xy, xz and yz are A, B and C. Find the
orthocentre of the triangle ABC.

Sol. Let the point P be (a, b, c) = A=(a,b,-¢c),B=(a, -b,c)and C=(-a, b, ¢)
Let the orthocentre of AABC be H = (%, vy, z)

= (x-a)a)+(y-b)(-2b)+(z+c)0=0 = ax - by =a?-Db? ...(1)
Similarly, by - cz = b? - ¢? ...(2)

x-a y-b z+c A(a, b, —)
Also | O 2b -2c | =0 (As A, B, Cand H are coplanar)

-2a 0 2c

H(x)
= bcx + acy + abz = abc ..(3)
for solving (1), (2) and (3),
B(a,—b, c) C(-a, b, c)

a b 0 a>-b> b 0
D=|0 b —|=ah?+bx?+ax?,D, = |b°-c® b —c|=a?(b+ ) - b2

bc ac ab abc ac ab

= Similarly D, = b*(c®* + a%) - a?c*> and D, = c*(a’ + b?) - a’b?

a?(b? +c?)-b%? b?*(c?+a?)-a’c? c?(a’+b?)-a’? J

= Orthocentre is H = , ;
[azb2 +b%c? +c%a® a’h® +b’c? +ca’ a’v® +b’c? +c%a’

F. STRAIGHT LINE

(i) Equation of a line through A(x,, y,, z,) and having direction cosines ¢/, m , n are

X=Xy _Y=¥1_2-2
4 m

and the lines through (x,, y,, z,) and (x,, v,, Z,)

X=X _ Y=Y _2-7%
X=Xy Yo=Y1 Z,-Z4

(ii) Intersection of two planesa,x+ by +cz+d, =0andax + b,y + ¢,z + d, = 0 together represent
the unsymmetrical form of the straight line.

X=Xy _ Y=Y _2-2
12 m n

(iii) General equation of the plane containing the line is

Ax-x,)+B(y-y)+c(z-2)=0 where Ay + bm + cn = 0.
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Ex.15 Show that the distance of the point of intersection of the line

Sol.

Ex.16

Sol.

(iv) Line of Greatest Slope
AB is the line of intersection of G-plane and H is the h

orizontal plane. Line of greatest slope on a given plane, G-plane
drawn through a given point on the plane, is the line /P
through the point ‘P’ perpendicular to the line of A
intersection of the given plane with any horizontal Q

H-plane
plane. B

X-2 y+1 z-2
= = and the plane

3 4 12
X -y + z =5 from the point (-1, -5, -10) is 13.
) ) ) X-2 y+1 z-2
The equation of the given line are 3 = 7 = 12 - r (say). (1)

The co-ordinates of any point on the line (1) are (3r + 2, 4r- 1, 12 r + 2). If this point lies on the plane
XxX-y+z=5 wehave3r+2-(4r-1)+12r+2=5,0r11lr=0,0rr=0.
Putting this value of r, the co-ordinates of the point of intersection of the line (1) and the given plane
are (2, -1, 2).

The required distance = distance between the points (2, -1, 2) and (-1, -5, -10)

= J@+1?2+(1452+(2+102 =  /(9+16+144) = /(169) =13

Find the co-ordinates of the foot of the perpendicular drawn from the origin to the plane 3x + 4y - 6z
+ 1 = 0. Find also the co-ordinates of the point on the line which is at the same distance from the foot
of the perpendicular as the origin is.

The equation of the planeis 3x + 4y -6z + 1 = 0. (1)

The direction ratios of the normal to the plane (1) are 3, 4, —6. Hence the line normal to the plane (1)
has d.r.'s 3, 4, -6, so that the equations of the line through (0, 0, 0) and perpendicular to the plane (1)
are x/3 =y/4 =z/-6 =r (say) e (2)

The co-ordinates of any point P on (2) are (3r, 4r, - 6r) ....(3)

If this point lies on the plane (1), then 3(3r) + r(4r) - 6(-6r) + 1 =0, orr=-1/61.

Putting the value of r in (3), the co-ordinates of the foot of the perpendicular P are (-3/61, -4/61, 6/61).
Now let Q be the point on the line which is at the same distance from the foot of the perpendicular as
the origin. Let (x;, Y4, Z;) be the co-ordinates of the point Q. Clearly P is the middle point of OQ.
+0_ 3 ¥,+0_4 2,+0_6 Q

2 61 2 61 2 61

or x, =6/61,y, =-8/61,z, =12/61. / P /

The co-ordinates of Q are (-6/61, -8/61, 12/61).

Hence we have
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Ex.17 Find in symmetrical form the equations of the line3x + 2y -z-4=0&4x+y-2z2+3=0
and find its direction cosines.

Sol. The equations of the given line in general formare 3x + 2y -z-4=0&4x+y-22+3 =0 ..(1)
Let 7/, m, n be the d.c.'s of the line. Since the line is common to both the planes, it is perpendicular to
the normals to both the planes. Hence we have 3/ + 2m -n=0, 4/+ m-2n = 0.

m n Lo.m n_\/(€2+m2+n2) 1

4+1 —4+6 3-8 B B

Solving these, we get

3 2 5 J9+4+25 438)

3 2 5
the d.c.’s of the line are - J(38) " J38) T J(38)

Now to find the co-ordinates of a point on the line given by (1), let us find the point where it meets the
plane z = 0. Putting z = 0 i the equations given by (1), we have3x + 2y -4 =0,4x+y + 3 = 0.

= y =
6+4 -16-9 3-8

Solving these, we get ,orx=-2,y =05,

X+2 y-5 z-0
-3 2 -5

Therefore the equation of the given line in symmetrical form is

Ex.18 Find the equation of the plane through the line 3x -4y + 52 =10, 2x + 2y -3z =4
and parallel to the line x = 2y = 3z.

Sol. The equation of the given line are 3x -4y + 5z = 10, 2x + 2y -3z =4 ...(1)
The equation of any plane through the line (1) is (3x -4y + 5z-10) + A (2x + 2y -3z-4) =0
or B3+2M)Xx+(-4+20)y+(5-30)z-10-41=0. ...(2)
. . . X_y_2Z.
The plane (1) will be parallel to the line x = 2y = 3z i.e. EZEZE if

4
(3+20).6+(-4+20).3+(5-30).2=0 or x(12+6—6)+18—12+10=Oorx=—§.
Putting this value of A in (2), the required equation of the plane is given by

8 8 16
(3—§jx+(—4—§)Y+(5+4)2—10+?=0 or x-20y+27z=14.

Xx-1 y-2 z-2
1 1 -2

Ex.19 Find the equation of a plane passing through the line and making an angle of 30°

with the planex +y + z = 5.
Sol. The equation of the required planeis(x -y + 1)+ A (2y+z-6)=0=>x+2Lr-1)y+2rxz+1-61=0
Since it makes an angle of 30° withx +y +z =5

1+(2r-+r] 43

= = 2 2 _E32 _
= Ble2r@-y 2 18H=3Vs a2 = AN =52-40+2

S M -4+2=0=20=2% f2)=>(x-y+1)+(2+ ,/2)(2y + x-6) = 0 are two required planes.
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Ex.20

Sol.

Ex.21

Sol.

Ex.22

Sol.

Prove that thelines3x + 2y +z-5=0=x+y-2z-3and2x-y-z=0=7x+ 10y - 8z - 15 are
perpendicular.

Let ¢;, m;, n, be the d.c.'s of the first line. Then 3/, + 2m, + n; = 0, /; + m; - 2n, = 0. Solving, we get

'€1 _ml_ nl Oré—l_ml n

4-1 1+6 3-2 5 7 1°

Again let /,, m,,n, be the d.c.'s of the second line, then 2/, - m, - n, =0, 7/, + 10m, - 8n, = 0.

my ) lp My
1

. 2
SoNing, o0 7416 2057 2

N2
3

Hence the d.c.’s of the two given lines are proportional to -5, 7, 1 and 2, 1, 3. We have
-52+7.1+1.3=0 .. the given lines are perpendicular.

Find the equation of the plane which contains the two parallel lines

Xx+1 y-2 Zan x—3:y+4:z—1.

2 Y 2 _Zand

3 2 1 3 2 1

The equation of the two parallel lines are

(x+1)3=(y-2)2=(z-0)/1 (1) and (x-3)/3=(y+4)/2=(z-1)/1.....(2)

The equation of any plane through the line (1) is

alx+1)+b(y-2)+cz=0, ....(3) where 3a + 2b + c = 0. ....(4)

The line (2) will also lie on the plane (3) if the point (3, -4, 1) lying on the line (2) also lies on the plane

(3), and for thiswehavea (3 + 1)+ b(-4-2)+c.1=0o0r4a-6b+c=0. ....(5)
a_b c

Solving (4) and (5), we get 8 1 —26°

Putting these proportionate values of a, b, c in (3), the required equation of the plane is
8(x+1)+1.(y-2)-26z=0,0r8x +y-26+6=0.

X-1 y-3 z-2
2 4 3

Find the distance of the point P(3, 8, 2) from the line measured parallel to the

plane 3x + 2y -2z + 17 = 0.

The equation of the given line are (x - 1)/2 = (y - 3)/4 = (z - 2)/3 =1, (say). ..(1)

Any point Q on the line (1) is (2r + 1, 4r + 3, 3r + 2).

Now P is the point (3, 8, 2) and hence d.r.'s of PQ are
2r+1-3,4r+3-8,3r+2-2i.e.2r-2,4r-5, 3r.

It is required to find the distance PQ measured parallel to the plane 3x + 2y -2z + 17 =0 ...(2)

Now PQ is parallel to the plane (2) and hence PQ will be perpendicular to the normal to the plane (2).

Hence we have (2r-2) (3) + (4r-5)(2) + (2r) (-2) =0o0r 8r-16 =0, 0orr = 2.

Putting the value of r, the point Q is (5, 11, 8) = \/[(3_5)2 +(8-11)2+(2-8)°] =+/(4+9+36)=7.



THREE DIMENSIONAL GEOMETRY (3-D) | Page # 17

Ex.23 Find the projection of theline3x -y +2z=1,x+ 2y -z=2ontheplane3x + 2y + z = 0.

Sol. The equations of the givenlineare3x -y +2z=1,x+2y -z = 2. (1)
The equation of the given plane is 3x + 2y + z = 0. . (2)
The equation of any plane through the line (1) is(3x -y +2z2-1)+ A(x+2y-2-2)=0
or B+AM)x+(-1+20)y+(2-A)z-1-22=0 ...(3)

3
The plane (3) will be perpendicular to the plane (2), if 3(3+ A)+ 2(-1+20)+1(2-2)=0o0ri = - 3

Putting this value of A in (3), the equation of the plane through the line (1) and perpendicular to the

3 3
plane (2) is given by [3_ij+(—1 -3)y + (ZJFEJ z-14+3=0o0r 3x-8y+72z+4=0. ....(4)

. The projection of the given line (1) on the given plane (2), is given by the equations (2) and (4)
together.

4 2
X
Note : The symmetrical form of the projection given above by equations (2) and (4) is S _ 5 _
11

x-1 y+1 z-3
-1 4

Ex.24 Find the image of the line inthe planex + 2y + z = 12

Sol. Any point on the given lineis 2r + 1, -r - 1, 4r + 3. If this point lies on the planes,

then2r+1-2r-2+4r+3=12=r=

N | o

7
Hence the point of intersection of the given line and that of the plane is [6,—?13j .

Also a point on the line is (1, -1, 3).

a-1 B+1 y-3
1 2 1

A

Let (o, B, y) be its image in the given plane. In such a case

= a=A+1,B=21-1,y=1i+ 3. Now the midpoint of the image and the point (1, -1, 3) lies on the

)

wl~

A A 10 8
plane i.e. [1+?7“_l3+5j lies in the plane = A = 3 Hence the image of (1, -1, 3) is (g

7
. oo x-6 YT 72-13 x5 Y5 713
Hence the equation of the required line is 10 _—35 25 Or 2 = 2 = 0

3 6 3
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Ex.25

Sol.

Ex.26

Sol.

Find the foot and hence the length of the perpendicular from the point (5, 7, 3) to the line

(x = 15)/3 = (y - 29)/8 = (z - 5)/(-5). Find the equations of the perpendicular. Also find the equation
of the plane in which the perpendicular and the given straight line lie.

Let the given point (5, 7, 3) be P.

The equations of the given line are (x - 15)/3 = (y - 29)/8 = (z - 5)/(-5)= r (say). ...(1)
Let N be the foot of the perpendicular from the point P to the line (1). The co-ordinates of N may be
taken as (3r + 15, 8r + 29, - 5r + 5). ..(2)
the direction ratios of the perpendicular PN are
3r+15-5,8r+29-7,-5r+5-3, i.e.are3r+ 10, 8r + 22, -5r + 2. ...(3)
Since the line (1) and the line PN are perpendicular to each other, therefore
3(3r+10)+8(8r+22)-5(-5r+2)=0 or 98r+196=0 or r=-2

Putting this value of r in (2) and (3), the foot of the perpendicular N is (9, 13, 15) and the direction
ratios of the perpendicular PN are 4, 6, 12 or 2, 3, 6.

the equations of the perpendicular PN are (x - 5)/2
Length of the perpendicular PN

(y-7)/3=(z-3)/6. ...(4)

= the distance between P(5, 7, 3) and N(9, 13, 15) \/(9 -5)2 +(13-7)2+(15-3)% = 14.

Lastly the equation of the plane containing the given line (1) and the perpendicular (4) is given by

x-15 y-29 z-5
3 8 -5
2 3 6

=0

or (x-15)(48 +15)-(y-29)(18+ 10)+(z-5)(9-16)=00r 9x-4y-z=-14=0.

Show that the planes 2x - 3y - 7z =0, 3x - 14y - 13z = 0, 8x - 31y - 33z = 0 pass through the one
line find its equations.

2 3 -7 0

The rectangular array of coefficient is g -14 -13 0

31 -33 -0
2 3 -7 2 -1 1
We have, A, = |3 -14 -13|=|3 -11 -4 by C, + C,, C, + 3C
47 |8 —31 33| |8 —23 -9 (by G =2 )
0 0 -1
|5 7 4| _-_ _ - + -
> 3 e 1(70 - 70) = 0, (by C, + 2C,, C, - Cy)

since A, = 0, therefore, the three planes either intersect in a line or form a triangular prism.

2 30
Now A5 = g —éi 8 = 0 Similarly A, = 0and A, = 0,

Hence the three planes intersect in a common line.

Clearly the three planes pass through (0, 0, 0) and hence the common line of intersection will pass
through (0, 0, 0). The equations of the common line are given by any of the two given planes.
Therefore the equations of the common line are given by 2x - 3y - 7z =0 and 3x - 14y - 13z = 0.

Yy _ Z or X _X_ Z
~21+26 -28+9 -59 5 -19°

X
the symmetric form of the line is given by 39_98 =
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Ex.27 For what values of k do the planes x-y+z+1=0,kx+3y+2z-3=0,3x+ky+z-2=0

(i) intersect in a point ; (ii) intersect in a line ; (iii) form a triangular prism ?

-1
3
k

WX
RN
W

Sol. The rectangular array of coefficients is

|
N

Now we calculate the following determinants

1 -11 0O -1 0
Ay = k 3 2|=|k+3 3 5 (adding 2nd column to 1st and 3rd)
3 k 1 3+k k k+1
0 -1 0
=(k+3)|1 3 5 |=(k+3)(k+1-5)=(k+3)(k-4).
1 k k+1
1 -1 1 0O -1 0
A,=|k 3 -3|=/k+3 3 0 |=(k+ 3)(k-2), (adding 2nd column to 1st and 3rd)
3 k -2 3+k k -2
11 1 0O 1 0
A,=|k 2 3|=|k=-2 2 -5 (adding (-1) times 2nd column to 1st and 3rd)
31 -2 2 1 -3

= —{(k - 2) (-3) + 10} = 3k - 16,

-11 1 0 11
andA; =(3 2 3= 0 2 3| =-5(k-2) (adding 3rd column to 1st)
k 1 -2 k-2 1 -2

(i) The given planes will intersect in a point if A, # 0 and so we must have k # -3 and k = 4. Thus the
given planes will intersect in a point for all real values of k other than -3 and 4.

(ii) If k = -3, we have A, = 0, A; = 0 but A, # 0. Hence the given planes will form a triangular prism if
k =-3.

(iii) If k = 4, we have A, = 0 but A; = 0. Hence the given planes will form a triangular prism if k = 4.
We observe that for no value of k the given planes will have a common line of intersection.

Ex.28 Find the equation of the line passing through (1, 1, 1) and perpendicular to the line of intersection of
the planes x + 2y -4z =0and 2x -y + 2z = 0.

Sol. Equation of the plane through the lines x + 2y -4z =0and 2x -y + 2z =0 s
X+2y-4z+21(2x-y+22)=0 ...(1)
If (1, 1, 1) lies on this plane, then -1 + 34 =0

= A = —,sothat the plane becomes 3x + 6y - 12z +2x -y +2z2=0 = X+y-2z=0 ....(2)

Wk
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Ex.29

Sol.

Also (1) will be perpendicularto (2) if1+20+2-1-2(-4+2\) == A= 3
= Equation of plane perpendicular to (2) is5x -y + 2z = 0. ...(3)
Therefore the equation of line through (1, 1, 1) and perpendicular to the given line is parallel to the

x-1 y-1 z-1
5 -1 2

normal to the plane (3). Hence the required line is

Alternate:

X z
Solving the equation of planes x + 2y -4z = 0 and 2x -y + 2z = 0, we get 6:—_10:—_5 ..(1)
Any point P on the line (1) can be written as (0, =104, -52).

Direction ratios of the line joining Pand Q(1, 1, 1)is (1, 1, + 102, 1 + 52).

Line PQ is perpendicular to line (1) = 0(1)-10(1+100)-5(1+50) =0

_ oL 15 -8 (082
= 0-10-100L-5-25x=0 or 1250+ 15=0 = = 125 ~ 25 = P= '5'g

-2

o ] 1 _ ] x-1 y-1 z-1
Direction ratios of PQ = _lgv? . Hence equations of lien are = = .

5 -1 2

X-3 y-8 z-3 x+3 y+7 z-6

Find the shortest distance (S.D.) between the lines 3 11 '_3 5 2
Find also its equations and the points in which it meets the given lines.

The equations of the given lines are (x - 3)/3 = (y - 8)/-1 = (z - 3)/1 = r; (say) ..(1)
and (x + 3)/(-3) = (y +7)/2 =(z-6)/4 =, (say) ...(2)

Any point on line (1) is (3ry + 3, -r; + 8, r; + 3), say P. ...(3)

any point on line (2) is (-3r, - 3, 2r, = 7, 4r, + 6), say Q. ..(4)

The d.rs of the line PQ are (-3r, - 3) - (3r; + 3), (2r, = 7) = (-r; + 8), (4r; + 6) = (r; + 3)
or -3r,-3r;—-6,2r, +r;-15,4r,-r; + 3. ...(5)

Let the line PQ be the lines of S.D., so that PQ is perpendicular to both the given lines (1) and (2), and
sowehave 3 (-3r,-3r;, -6)-1(2r, +r; -15)+ 1. (4r,-r; +3)=0

and -3(-3r,-3r; -6)+2. (2R, +r; -15)+4(4r,-r; +3) =0

or -7ry-11r, =0and11lr, + 7r; = 0. Solving these equations, we getr; = r, = 0.
Substituting the values of r; and r, in (3), (4) and (5), we have P(3, 8, 3), Q(-3, -7, 6)

And the d.rs of PQ (the line of S.D.) are -6, -15, 3 or -2, -5, 1.

The length of S.D. = the distance between the points P and Q = [(-3-3)% + (-7 -8)% + (6-3) =34/30 -

Now the line PQ of shortest distance is the line passing through P(3, 8, 3) and having d.r's -2, -5, 1

x—3:y—8:z—30rx—3_y—8:z—3'

and hence its equations are given by 5 5 1 5 5 1
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Ex.30

Sol.

Ex.31

Sol.

A square ABCD of diagonal 2a is folded along the diagonal AC so that the planes DAC, BAC are at right
angles. Find the shortest distance between DC and AB.

ABCD is a square of diagonal 2a, so that AC = BD = 2a. Let D

0O, the centre of the square, be chosen as origin of co-

ordinates and the diagonal CA be taken along x-axis. Hence I

<V

the co-ordinates of the vertices A and C are

(a, 0, 0) and (-a, 0, 0) respectively.
Now as given in the problem, the square is folded over B
along the diagonal AC so that the planes DAC and BAC are
at right angles. This implies that the lines OB and OD become
at right angles. Also OA is perpendicular to the plane DOB.
Hence the lines OA, OB, OD are mutually orthogonal. Let us 1D(0,0,)
now take OB and OD as y

and z axes respectively. (—2,0,0)
. The co-ordinates of B and D are (0, a, 0) and (0, 0, a) C = > X
respectively. Sl A(*,0,0)
/ B(0,2,0)
) x-a y-0 z-0 by
The equations to AB are = a = o (1)
. x-0 y-0 z-a
The equation to DC are = == ... (2)

0 a

The equation of any plane through DC and parallel to AB [i.e. through the line (2) and parallel to the
x-0 y-0 z-0
a 0 a
a -a 0

line (1)] is =0orx(a?)-y(-a?)+(z-a)(-a2)=0orx+y-z+a=0 ...(3)

The S.D. between DC and AB
= the length of perpendicular from a point (a, 0, 0) on AB [i.e. (1)] to the plane (3)

a+0-0+a 2a

T (7 3

Find the condition that the equation ¢(x, y, z) = ax? + by? + cz? + 2fyz + 2gzx + 2hxy = 0 may represent
a pair of planes, passing through the origin

Since it passes through the origin, let it represent the planes

(,x+my+nz=0 (1) and /,x+m,y+n,z=0 --(2)

= ax*+by*+cz?22fyz+2gzx+2hxy=(/,x+my+nz)(/,x+m,y+n,z)=0
comparing the coefficients of x?, y?, z?, yz, zx and xy of both sides, we get,

(i l,=a, m m,=b;n n,=c¢;

mn,+m,n =2f;n, /,+ n/ =2gand/ m,+/,m =2h ...(3)
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Ex.32

Sol.

04 (5, 0O lp 1 O
consider the product of two zero determinants [My Mz 0| = 0 and m 0l =9
N ny, nz M
04 fy O] |, ¢, 0 2090 £4My + LMy f4Np + LNy
i.e. Mg my O|xmy my O| =Qor| ¢(Mmy+fom  2mm, MmN, +Myny | =0
Ny Of [ny (o + 0,0 My +mon; 204N,
putting the values of 7, /,, m, m, ...... etc. from (4), we get
2a 2h 2g a h g
2h 2b 2f |=0orlh b f| =0 ie,.abc+2fgh-aff-bg?-ch?2=0
2g 2f 2c g f c

which is the required condition for ¢ (X, y, z) = 0 to represent pair of planes passing through origin.

Prove that the product of distances of the planes represented by

o(a,b,c)
— 2 2 2 = i
dx,y,z) =ax®?+by?+cz2+2fyz+2gzx+2hxy=0from(a, b, c)is \/Zaz+42h2—22ab

Let the equation of two planesbe o, x + B,y +y,z=0and o, x + B,y +y,2=0

So, that ¢(x, y, z2) =(a, x + B,y + v, 2) (e, x + B,y +y,2) =0 (1)
Comparing the coefficients, we get o, a, =a, B, B, =b,y,v,=c¢
B,v,+B,y,=2F; Yo, +yv,0, = 2g;0p,+B,0a =2h

Let p, and p, be the perpendiculars distances of the point (a, b, c) from the two planes then

o,a+pb+vy,C oa+p,b+y,c
Va2 +B2 492 | | ol +p2+v2

P, P,

(0‘10‘2a2 + [31]32b2 + “/1“/202)(0‘1[32 + B0y )ab + (Byy, +Byya)oc + (o4y, + a,y5)ac
\/a1a2 + Bfﬁg + Vf“/z + (0C1BZ + 0‘152) + (B1Y2 + V1Bz) + (Ylaz + 0‘1?’2)

a.a’+b.b?+c.c?+2hab+ 2fbc + 2gac o(a,b,c)

Ja? 07 467+ 3 (0, +Bro)? — 20,00, BiP] ‘ V> 8%+ > [4n? - 2ab]

o(a,b,c)
= PP = \/Zaz +aZh2 —ZZab
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Ex.33 From a point (1, 1, 21), a ball is dropped onto the plane x + y + z = 3, where X, y-plane is horizontal

Sol.

and z-axis is along the vertical. Find the co-ordinates of the point where the ball hits the plane the
second time. (use s = ut - 1/2gt? and g = 10 m/s?)

Since it falls along the vertical, the x-y coordinates of the ball will not change before it strikes the
plane =  If Q be the point where the ball meets the plane 1t time, then Q=(1, 1, 1)

Speed of the balls just before striking the planeis \/2x10x20 = 20 m/s.

Now let 6 be the angle between PQ and normal to the plane = cos 6 = \/5 = C0s 20 = Y sin 20 =

1 1 22
3
Now component of velocity in the direction of z-axis after it strikes the plane

T 20
- _ in |20 ——|=——
= 205|n£ 2] 3 m/s
P(1,1, 21)

Hence in ‘t’ time the z-coordinate of ball becomes

1o toee1- P e
- —10l—-—— x = - —_— -
3 2 3 @

v

The component of velocity in x-y plane is

20x2v2 4042
3 3

T
20 cos (29_5) = 20 sin 20 =

40

40
Using symmetry, the component along the x-axis = 3 & the component along the y-axis = 3

4
Hence x and y coordinates of the ball after t time = 1 + 3 t

40 40 20
= after t time the coordinate of the ball will become [1+?t,1+?t,1—?t—5t2)

80, 20
Its lies on the plane ?t—?t—ﬁz =0 =20t-52=0 = t=4

163 163 —317
= coordinate of the point where the ball strikes the plane the second time = 3 ' 3" 3
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[ EXERCISE - | I SINGLE CORRECT (OBJECTIVE QUESTIONS) ]

1. If the sum of the squares of the distances of a
point from the three coordinate axes be 36, then its
distance from the origin is

(A6  (B)3v2  (©)2V3  (D)6y2

2. The locus of a point P which moves such that
PA? - PB? = 2k? where A and B are (3, 4, 5) and
(-1, 3, -7) respectively is

(A)8x +2y+24z-9+2k?’=0

(B)8x + 2y +24z-2k*=10

(C)8x +2y +24z+9 + 2k?=0 (D) None of these

3. Aline makes angles a, B,y with the coordinates axes.
If o+ B = 90°, then y equal to
(A)O (B) 90° (C) 180° (D) None of these
4. The coordinates of the point A, B, C, D are

(4, a, 2), (5,-3,2), (B, 1,1)& (3, 3, - 1). Line AB
would be perpendicular to line CD when
A)a=-1,p=-1 B)a=1,p=2
(CQa=2,p=1 D)a=2,p=2

5. The locus represented by xy + yz =0 is
(A) A pair of perpendicular lines

(B) A pair of parallel lines

(C) A pair of parallel planes

(D) A pair of perpendicular planes

6. The equation of plane which passes through
(2, -3, 1) &is normal to the line joining the points (3,
4, -1) & (2, - 1, 5) is given by
(A)x+5y-62+19=0 (B)x-5y+6z-19=0
(CO)x+5y+3z2+19=0 (D)x-5y-6z2-19=0

7. The equation of the plane passing through the
point (1, - 3, -2) and perpendicular to planes
X+2y+2z=5and3x+ 3y +2z=38,is
(A)2x -4y +3z-8=0 (B)2x-4y-3z+8=0
(C)2x-4y+3z+8=0 (D) None of these

8. A variable plane passes through a fixed point
(1, 2, 3). The locus of the foot of the perpendicular
drawn from origin to this plane is

(A) x> +y?>+2°-x-2y-3z=0
(Byx?+2y?+3z2°-x-2y-32=0
(CO)x®°+4y?2+92° +x+2y+3=0
(D)X*+y?+22+x+2y+3z=0

9. The reflection of the point (2, -1, 3) in the plane

3Xx-2y-z=9is
26 15 17 26 -15 17
W (777 ® 777

15 26 -17 26 15 -15
o777 o777

10. The distance of the point (-1, -5, -10) from the
X-2 y+1 z-2
3 4 12

point of intersection of the line,

and the plane, x -y +z =25, is
(A) 10 (B) 11 (C) 12 (D) 13

11. The distance of the point (1, -2, 3) from the
plane x - y + z = 5 measured parallel to the line,

X_¥y_2z .
2 3 -6°
(A)1 (B) 6/7 (©)7/6 (D) None of these

Xx-1 y-2 z-3
1 2 3

12. The straight lines and

Xx-1 y-2 z-3

2 2 -2
(A) Parallel lines
(C) Skew lines

are

(B) intersecting at 60°
(D) Intersecting at right angle

13. If plane cuts off intercepts OA =a,0B=b,0C=c
from the coordinate axes, then the area of the triangle
ABC equal to

1 1
(A) Ex/bzc2 +c’a’ +a’h®  (B) , (bc + ca + ab)

© %abc (D) %J(mcf(c—a)z +(a-b)?

14. A point moves so that the sum of the squares of
its distances from the six faces of a cube given by
x==%x1,y==%x1,z= % 1is 10 units. The locus of the
point is

A x> +y2+z2=1
O x+y+z=1

(B)yx?+y2+22=2
D)x+y+z=2

15. A variable plane passes through a fixed point
(a, b, c) and meets the coordinate axes in A, B, C.
Locus of the point common to the planes through
A, B, C and parallel to coordinate plane, is
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a,b.c

(CO)ax+by+cz=1

B§+X+E_1
()a b ¢

(D) None of these

16. Two systems of rectangular axes have same origin.
If a plane cuts them at distances a, b, cand a,, by, ¢,
from the origin, then

1 1,12 1. 1.1
(A) @2 "p2 " ¢? a b? c?

1 1 1 1 1

ot .1

B) % ——5+—= +
(B) @2 "pz " ¢2 a2 b2 ¢?

(C)a% + b? + c? = a? +b? +¢?

(D) a® - b? + c® = a? +b? +¢?

17. Equation of plane which passes through the point

Xx-1 y-2 z-3
3 1 2

of intersection of lines and

Xx-3 y-1 z-2
1 2 3
point (0, 0, 0) is

(A)4x + 3y + 5z =25
(C)3x+4y +5z=49

and at greatest distance from the

(B)4x + 3y + 5z =50
(D)x+7y-5z=2

18. The angle between the plane 2x -y +z =6 and a
plane perpendicular to the planes x + y + 2z = 7 and
X-y=3is
(A) n/4 (B) n/3 (C) n/6 (D) n/2
19. The non zero value of ‘a’ for which the lines
2X -y +3z2+4=0=ax+y-2z+ 2 and

X-3y+z=0=x+ 2y +z+ 1 areco-planar is

(A) -2 (B)4 (©)6 (D)o
20. If the lines ~=Y =2 X1 _y=2_2-3 .,
. e|nesl—2—3, 3 —_l— 4 an
X+k y-1 z-2 fth

3 2 h are concurren en

1
(A)h=-2,k=-6 (B)h=7 k=2
1

(C)h=6k=2 (D)h=2k=73

21. The coplanar points A, B, C, D are
(2 - X, 2/ 2)/ (2/ 2 - \/ 2)/ (2/ 2/ 2 - Z) and (11 1/ 1)
respectively. Then

1 1 1
(A);‘L;J“;:l B)x+y+z=1
1 1 1

© 1-x" Ty *1-, =1 (D) None of these

22, The direction ratios of a normal to the plane
through (1, 0, 0), (0, 1, 0), which makes an angle of
n/4 with the plane x + y = 3 are

(A) (1, 42, 1) (B) (1, 1, 4/2)

(©) (1,1, 2) (D) (2, 1,1)

23. Let the points A(a, b, c) and B(a’, b’, ¢') be at
distances r and r’ from origin. The line AB passes
through origin when

A i’ — E — g B ! + bb! + ! —_ !
()ab c (B) aa cc' =rr
(C)aa’ + bb' + cc’ = r?> + r?2 (D) None of these

24. The base of the pyramid AOBC is an equilateral
triangle OBA with each side equal to 4\/5, ‘0’ is the
origin of reference, AC is perpendicular to the plane of

A OBC and |E| = 2. Then the cosine of the angle

between the skew straight lines one passing through
A and the mid point of OB and the other passing
through O and the mid point of BC is

1 1 1
(A) - 2 (B)O (®) /6 (D) 2
25. In the adjacent figure ‘P’ is any arbitrary interior
point of the triangle ABC such that A
the lines AA,,BB,,CC,

are concurrent at P.

PA; . PB, . PC,
Value of AA, BB, CC,

B A, C
(D) None of these

is always equal to
(A)1 (B) 2 (©)3
26. Let L be the line of intersection of the planes
2x + 3y +z=1and x + 3y + 2z = 2. If L makes an
angle a with the positive x-axis, the cos o equals

1
(O)1 (D) 2

1 1
WG B
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27. If a line makes an angle of — with the positive

directions of each of x-axis and y-axis, then the angle
that the line makes with the positive direction of the
z-axis is
A z D z
(M) 5 (D) 5

Y Y
(B) 3 (©) 2

+1 y-1 z-2
1 2 2

28. If the angle 6 between the line

and the plane2x -y + ﬁz + 4 = 0issuch thatsing =

The value of A is

A= B Q-3 D) >

A -3 (B ©-Z (D) 5

29. A line makes the same angle 6 with each of the x
and z-axis. If the angle B, which it makes with y-axis
is such that sin? p = 3 sin? 0, then cos?6 equals

(A)2/3  (B)1/5 (C) 3/5 (D) 2/5

30. Distance between two parallel planes 2x +y + 2z =8
and4x+2y+4z+5=0is

(A) 3/2 (B) 5/2 (C)7/2 (D)9/2

31. A line with direction cosines proportional to
2, 1, 2 meets each of the lines x =y + a = z and
X + a = 2y = 2z. The co-ordinates of each of the
points of intersection are given by

(A) (3a, 33, 3a), (@, a,a) (B) (3a, 2a, 3a), (a, a, a)
(C) (3., 23, 3a), (a, a, 2a) (D) (2a, 343, 3a,), (24, a, a)

32. A tetrahedron has vertices at
0(0,0,0),A(1,2,1),B(2,1,3)and C(-1, 1, 2). Then
the angle between the face OAB and ABC will be

19 17
(A) cos™? (gj (B) cos™! (Ej

(C) 30° (D) 90°
) XxX-2 y-3 z-4
33. The lines = = and
1 -k
Xx-1 y-4 z-5 | if
K 5 1 are coplanar i
(A)k=0or-1 (B)k=1or-1
(C)k=0o0r-3 (D)k =3 o0or-3

34. Thetwolinesx =ay +b,z=cy + dand
x=ay+b,z=cy+ d will be perpendicular, iff
(A)aa’+bb’'+ccc+1=0

(B)aa’'+ bb" +cc’'=0

O (@a+a)b+b)+(c+c)=0
(D)aa"+cc+1=0

35. The equation of plane which meet the co-ordinate
axes whose centroid is (a, b, c)

y 2z Xy

(A)—+ +E=1 (B)5+b+3=°
5 y, 2z _ 5 y,z_1
(C) —+= +C_3 (D) —+= bto=3

36. Let O be the origin and P be the point at a distance
3 units from origin. If D.r.'s of OP are (1, -2, -2), then
co-ordinates of P is given by

(A1, -2,-2 (B) 3, -6, -6

(C) 1/3,-2/3, -2/3 (D) 1/9, -2/9, -2/9

37. Angle between the pair of lines

X-2 y-1 z+3 X+1 y-4 z-5
1 5 -3 -1 8 4
(A) cos 9@ (B) cos 9@

ZJE]

4
(C) cos™? [EJ (D) cos™! [E

38. A variable plane is at a constant distance p from
the origin and meets the axes in A, B and C. The locus
of the centroid of the tetrahedron OABC is

(A)x2+y2+z22=16p>2
1,1,1.16
(B) X2 Y2 72 p
1.1 .1
(®) 2 yz ,2 = 16 (D) None of these

39. ABCis atriangle where A= (2, 3,5),B=(-1, 2, 2)
and C(%, 5, p). If the median through A is equally
inclined to the axes then
(A)Ar=p=5

(CO)r=6

(B)rA=5pn=7

=9 (D)r=0,u=0
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40. A mirror and a source of light are situated at the
origin O and at a point on OX, respectively. A ray of
light from the source strikes the mirror and is reflected.
If the D.r.s of the normal to the plane are 1, -1, 1,
then D.C.'s of the reflected ray are

1
(A) 3

wlN
WINW|IN

w(N
—~
W)
—
|

1
€ -3~

41. The shortest distance between the z-axis and
thelineg, x+y+2z2-3=0,2x+3y+4z-4=0is
(A)1 (B) 2 (©3 (D) None of these

X-2 y+1 z-1
3 2 -1

42, The lineg, intersects the curve

Xy = ¢%, z = 0 then cis equal to

1
(A) £1 (B)ﬂ:§ (C)+,/5 (D) None of these

43. The equation of motion of a point in space is

X = 2t, y = -4t, z = 4t where t measured in hours and
the co-ordinates of moving point in kilometers. The
distance of the point from the starting point O(0, 0, 0)
in 10 hours is

(A) 20 km (B) 40 km

(C) 60 km (D) 55 km

44, Minimum value of x*> + y? + z2 when ax+by+cz=p is

P p? 2

z
W @Yy @5 @0

45, The direction cosines of a line equally inclined to

three mutually perpendicular lines having D.C.'s as 7,
m,, ny; £,, My, N, ; f,, My, N3are

(A) ly+0l,+05, M+ M, + Mg, N+ 0, + 0N,

bi+0,+0; m+m,+mg N +N, +Ng

®~Bm T B B
©) i+l +0; Mmp+m,+mg N +N, +Ng
3 ’ 3 ’ 3

(D) None of these

46. The co-ordinates of the point where the line joining
the points (2, -3, 1), (3, -4, -5) cuts the plane
2X+y+z=7are

(A) (2,1,0) (B)(3,2,5) (©)(1,-2,7) (D) None ofthese

47. If the line joining the origin and the point (-2, 1, 2)
makes angle 6,, 6, and 65 with the positive direction of
the coordinate axes, then the value of
cos 26, + cos 26, + cos 26, is

(A) -1 (B) 1 (C) 2 (D) -2

48. The square of the perpendicular distance of point
P(p, g, r) from a line through A(a, b, c) and whose
direction cosine are ¢, m, nis

(A) £{(g-b) n~(r-c) m)* (B) ={(q + b) n~(r+c) m)?
(C) ={(g-b) n + (r-c) m)?> (D) None of these
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[ EXERCISE - 1l IMULTIPLE CORRECT (OBJECTIVE QUESTIONS)]

1. Equation of the plane passing through A(X;, vy, Z;)

"X _Y7V¥2 2725 o

d, d; ds

X
and containing the line

X=Xp Y-Yy1 Z-Z4
Xo=X1 Yo—Y1 Zo-7p| =

() dy dy ds 0

X=Xy Y=Y Z-2p

X1=X2 Y1—Y2 Z1-221 =

1 dy ds

(B)

x—-d; y-d, z-dj

(SRR Y1 Z1 | =0
X2 Yo Z3
X y z

(D) [ X1=X2 Y1—Y2 Z1-Z| =0
dq dy ds

2. The equation of the line
X+y+z-1=0,4x+y -2z + 2 =0 written in the
symmetrical form is

x+1 -2 z-0 X
(n) ==L (8) 7=

1 -2 1 1

N

x+1/2 y-1 z-1/2 b Xx-1 y+2 z-2
1 -2 1 2 -1 2

(©)

3. The acute angle that the vector 2j-2j+k makes
with the plane contained by the two vectors 2j + 3] —k

and i-j+2k is given by

NE
(D) cot™ (y2)

et (3
(©) tan"(y2)

4. The ratio in which the sphere x> + y? + z?> = 504
divides the line joining the points (12, -4, 8) and
(27, -9, 18) is
(A) 2 : 3internally
(C) 2 : 3 externally

(B) 3 : 4 internally
(D) 3 : 4 externally

5. The equations of the planes through the origin which

Xx-1 y+3 z+1
2 -1 -2

are parallel to the line and

5
distance § from it are

(A)2x+2y+z=0
(CO)2x-2y+z=0

(Byx+2y+2z=0
(D)x-2y+2z=0

6. If the edges of a rectangular parallelopiped are
3, 2, 1 then the angle between a pair of diagonals is
given by

6 3 2
(A) cos'= (B) cos'= (C) cos‘17 (D) None of these

7 7

7. Consider the li 2_¥_ 2 d Xy 2 th
. Consider e|ne5235an123 e
equation of the line which
. . Xy _Z
(A) bisects the angle between the lines is §=§ =§
. . Xy Z
(B) bisects the angle between the lines is I:E ==

(C) passes through origin and is perpendicular to the
givenlinesisx =y = -z
(D) None of these

8. The direction cosines of the lines bisecting the angle
between the lines whose direction cosines are

{y, my, n; and ¢,,m,, n, and the angle between
these lines is 0, are

li+0, m+m, n;+n,

A% 6" o
cosE CcOoS — cosE
(B) li+ 1, ’m1+m2,nl+n2
2cosg 2COSQ 2COSQ
f,+0, m,+m, n,+n
(C) 1 2, 1 21 1 2
sing sing sing
2 2 2

(D) ly+0, mg+m, N +n,
Zsin9 2sin— Zsing
2 2 2
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X z
9. The equation of line AB is > =_L3 :E' Through a

point P(1, 2, 5), line PN is drawn perpendicular to AB
and line PQ is drawn parallel to the plane 3x + 4y + 5z =0
to meet AB is Q. Then

52 78 156
49" 49’ 49

(A) co-ordinate of N is [

Xx-1 y-2 z-5
3  -176 -89

(B) the equation of PN is

(C) the co-ordinates of Q is (3,_%,9]

Xx-1 y-2 z-5
4 -13 8

(D) the equation of PQ is

10. The planes 2x -3y -7z =0, 3x - 14y - 13z =0
and 8x -31y-33z=0

(A) pass through origin (B) intersect in a common line
(C) form a triangular prism (D) None of these

11. If the length of perpendicular drawn from origin
on a plane is 7 units and its direction ratios are
-3, 2, 6, then that plane is

(A)-3x+2y+62-7=0 (B)-3x+2y+6z-49=0
(C)3x-2y-6z-49=0 (D)-3x+2y-6z-49=0

12. Let a perpendicular PQ be drawn from P(5, 7, 3)
Xx-15 y-2 z-6
3 8 -5

to the line

Then

(A)Qis (9, 13, -15) (B)PQ =14

(C) the equation of plane containing PQ and the given
lineis9x -4y -z-14=0

(D) None of these

when Q is the foot.
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[ Exercise -1 |

SUBJECTIVE QUESTIONS ]

1. Show that points (0, 7, 10), (-1, 6, 6) and (-4, 9, 6)
form an isosceles right angled triangle.

2. Prove that the tetrahedron with vertices at the
points (0, 0, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0) is a
regular tetrahedron. Find also the co-ordinates of its
centroid.

3. Find the coordinates of the point equidistant
from the point (a, 0, 0), (0, b, 0), (0, 0, c) and
(0, 0, 0)).

4. Find the ratio in which the line joining the points
(3,5, -7) and (-2, 1, 8) is divided by the y-z plane.
Find also the point of intersection on the plane and
the line.

5. What are the direction cosines of a line that
passes through the points P(6, -7, -1) and

Q(2, -3, 1) and is so directed that it makes an acute
angle a with the positive direction of x-axis.

6. Find the angle between the lines whose direction

cosines are givenby ¢ + m+n=0and 2 + m?=n2

7. Show that the foot of the perpendicular from the
origin to the join of A(-9, 4, 5) and B(11, 0, -1) is the
mid point of AB.

8. P and Q are the points (-1, 2, 1) and (4, 3, 5). Find
the projection of PQ on a line which makes angles of
120° and 135° with y and z axes respectively and an
acute angle with x-axis.

9. Find the equation of the planes passing through
points (1, 0, 0) and (0, 1, 0) and making an angle of
0.25 n radians with planex + y - 3 = 0.

10. Find the angle between the plane passing through
point (1, 1, 1), (1, -1, 1), (-7, -3, -5) & x-z plane.

11. Find the equation of the plane containing parallel

) 3-y z-2
I|nes(x—4)=T=T and (x-3)=A(y+2) = pz.

12. Find the equation of image of the line
X-1 y-2 z+3
9 -1 -3

in the plane 3x - 3y + 10z = 26.

13. Find the distance between points of intersection of

x—1_y—2_z—3&
2 3 4 5 2

Xx-4 y-1
= =Z

(i) Lines

(ii) Lines 7 = (i + j- k) + (31 - ) & F = (41 —K) + p(2i + 3k)

14. Find the equation of the sphere described on the
line (2, -1, 4) and (-2, 2, -2) as diameter. Also find
the area of the circle in which the sphere is intersected
by the plane2x + y -z = 3.

15. Find the plane = passing through the points of
intersection of the planes 2x + 3y -z + 1 = 0 and
X +y -2z + 3 = 0 and is perpendicular to the
plane 3x - y - 2z = 4. Find the image of point
(1, 1, 1) in plane =.

16. Find the equation of the straight line which passes
through the point (2, -1, -1); is parallel to the plane
4x +y + z + 2 = 0 and is perpendicular to the line
of intersection of the planes2x + y =0,x -y + z.

17. If the distance between point (a, 5a, 10a) from
the point of intersection of the lines

F=(2i —j+2k)+1(2i + 4] +12K) and
plane 7 =(i—j+k) = 5is 13 units.

Find the possible values of a.

18. The edges of a rectangular parallelepiped are a,
b, c; show that the angles between the four diagonals
+a®+b*+c?

H -1 - - — - - -
are given by cos
a% +b?+c?

19. Find the equation of the two lines through the

x—3_y—3_5 ;
5 _1 la an

origin which intersect the line

angle of =/3.
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20. Find the equation of the projection of line
3x-y+2z-1=0,x+ 2y -z-2=0onthe plane
3x+2y+z=0.

21. Find the acute angle between the lines

x—l_y+1_5& X+1 y-3 z-1

where / >m>n
Y4 m n m n /

and ¢, m, n are the roots of the cubic equation
x3 + x% - 4x = 4.

22. Let P(1, 3,5) and Q(-2, 1, 4) be two points from
which perpendiculars PM and QN are drawn to the x-z
plane. Find the angle that the line MN makes with the
planex +y +z =5.

23. If 2d be the shortest distance between the lines

X+E—1 —05—5—1' = 0 th that
b e T P X = ac - Yy = en prove tha
1 1 1 1
— =+
d> a? b? c?

o x=-1 y-2 z+3
24. Prove that the line 5 = 3 = 1 lies in the

plane 3x + 4y + 6z + 7 = 0. If the plane is rotated
about the line till the plane passes through the origin
then find the equation of the plane in the new position.
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[ Exercise —1v |

ADVANCED SUBJECTIVE QUESTIONS ]

X+2 y-3 z-K
1 2 3
and the x-y plane at A and B respectively. If

1. A line cuts the y-z plane

Y
Z/AOB = E , then find k, where O is the origin.

2. Find the volume of the tetrahedron with vertices
P(2,3,2),Q(1,1,1),R(3,-2,1)and S(7, 1, 4).

3. A sphere has an equation |F_;§1|2 +|F_6|2 =72

where 3 =i+3j-6k and b=2i+4j+2k. Find

(i) the centre of the sphere
(ii) the radius of the sphere

(iii) perpendicular distance from the centre of the

sphere to the plane 7 = (2i +2j—k) = -3.

4. Find the equation of the sphere which is tangential
to the planex - 2y - 2z =7 at (3, -1, -1) and passes
through the point (1, 1, -3).

5. Let PM be the perpendicular from the point P(1, 2, 3)
to the x-y plane. If OP makes an angle 6 with the
positive direction of the z-axis and OM makes an
angle ¢ with the positive direction of the x-axis,
where O is the origin, then find 6 and ¢.

Xy z-1
6. Prove that the line —==-=——1—- lies in the plane
1 1 -2
X +y + z = 1. Find the lines in the plane through the
point (0, 0, 1) which are inclined at an angle

1
cos™! (ﬁ) with the line.

7. Find the equations of the straight line passing
through the point (1, 2, 3) to intersect the straight
linex+ 1=2(y-2)=2z+ 4 and parallel to the plane
X+ 5y +4z=0.

8. Find the equations of the two lines through the

Xx-3 y-3 z
==———=— atan

2 1 1

origin which intersect the line
le of —
angle of .
gle ol 3

9. Find the distance of the point P(-2, 3, -4) from the

X+2 2y+3 3z+4
3 4 5

plane 4x + 12y -3z + 1 = 0.

line measured parallel to the

10. Find the equation to the line passing through the
point (1, -2, -3) parallel to the line
2X+3y-3z+2=0=3x-4y + 2z - 4.

11. Find the equation of the line passing through the
point (4, -14, 4) and intersecting the line of
intersection of the planes 3x + 2y -z =5 and

X — 2y = 2z = -1 at right angles.

12. letP=(1,0,-1);Q=(1,1,1)andR =(2, 1, 3)
are three points.

(@) Find the area of the triangle having P, Q and R as
its vertices.

(b) Given the equation of the plane through P, Q and
R in the form ax + by + cz = 1.

(c) Where does the plane in part (b) intersect the
y—axis.

(d) Give parametric equations for the line through R
that is perpendicular to the plane in part (b).

13. Find the point where the line of intersection of
the planes x - 2y + z = 1 and x + 2y - 2z = 5,
intersect the plane 2x + 2y + z + 6 = 0.

14. Feet of the perpendicular drawn from the point
P(2, 3, -5) on the axes of coordinates are A, B and C.
Find the equation of the plane passing through their
feet and the area of AABC.
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15. Find the equation to the line which can be drawn
from the point (2, -1, 3) perpendicular to the lines

x—lzy—2:z—3andx—4:X:z+3
2 2 2 3 2 1

16. Find the equation of the plane containing the

) .o X=1 y+2 z )
straight line T: 3 :E and perpendicular to the

planex -y +z+2=0.

17. Find the value of p so that the lines

x—lzy—p:z+2and§:y—7:z+7
-3 2 1 1 -3 2

same plane. For this value of p, find the coordinates
of their point of intersection and the equation of the
plane containing them.

are in the

18. Find the equations to the line of greatest slope
through the point (7, 2, -1) in the plane

X — 2y + 3z = 0 assuming that the axes are so placed
that the plane 2x + 3y - 4z = 0 is horizontal.

X+6 y+10 z+14
5 3 8
of an isosceles right angled triangle whose opposite
vertex is (7, 2, 4). Find the equation of the remaining

sides.

19. The line is the hypotenuse

20. Find the equation of the line which is reflection
X-1 y-2 z+3

-1 -3
3x -3y + 10z = 26.

of the line in the plane

21. Find the equation of the plane containing the line

5 3 2an parallel to the line 5 5 2
Find the also the S.D. between the two lines.
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[ EXERCISE — V I

1. (i) Find the equation of the plane passing through
the points (2, 1, 0), (5,0, 1) and (4, 1, 1).

(ii) If P is the point (2, 1, 6) then find the point Q
such that PQ is perpendicular to the plane in (i) and
the mid point of PQ lies on it. [JEE 2003, 4]

. Xx-1 y+1 z-1 Xx-3_y-k_z
2, If the lines > =3 -2 and T =3 =71
intersect, then k equals [JEE 2004(Scr.)]
(A)2/9  (B)9/2 (©o0 (D) -1

3. Let P be the plane passing through (1, 1, 1) and
parallel to the lines L; and L, having direction ratios
(1, 0, -1) and (-1, 1, 0) respectively. If A, B and C
are the points at which P intersects the coordinate
axes, find the volume of the tetrahedron whose vertices
are A, B, C and the origin. [JEE 2004, 2]

4. (a) A variable plane at a distance of 1 unit from
the origin cuts the co-ordiante axes at A, B and C. If
the centroid D (x, y, z) of triangle ABC satisfies

the relation i2+i2+i2 =k , then the values of k is
X y z
(A) 3 (B) 1 (©) 1/3 (D)9

[JEE 2005 (Scr.), 3]

(b) Find the equation of the plane containing the line

2x—y+z—3=O,3x+y+z=5andatadistanceof1/\/€
from the point (2, 1, -1). [JEE 2005 (Mains), 4]

5.(a) A plane passes through (1, -2, 1) and is
perpendicular to two planes 2x - 2y + z = 0 and
X -y + 2z = 4. The distance of the plane from the

point (1, 2, 2) is [JEE 2006, 3]

(A) 0 (B) 1 (C) V2 (D) 22

(b) Match the following [JEE 2006, 6]

Column-1 Column-II
(A) Two rays in the first quadrant P 2
XxX+y=|alandax-y=1
intersects each other in the interval
a € (agp, »), the value of a; is
(B) Point (a, B, y) lies on the plane (Q) 4/3

X+y+z=2 Let

a=ai+Bj+7K - kx (k xa) =0, then y equal

JEE PROBLEMS ]
1 0 N .

© j(l—yz)dy + I(yz -)dy| (R) !x/ﬁdx + Lde
0 1

(D) In a AABC, if
sinAsinBsinC+cosAcosB=1, (S) 1
then the value of sin C equal

(c) Match the following [JEE 2006, 6]

Column-1 Column-II
— . a1
tan 1| — =1, then tant equal
%) 2 [Zizj P) 0
(B) Sides a, b, c of a triangle ABC
are in A.P. and cos 6, = bic’ Q 1
b c JE
cos 0, = m,COS 03 = a+b (R) 3
0 0
then tan? 71 + tan2 ?3 equal
(C) Aline is perpendicular to (S) 2/3

X + 2y + 2z = 0 and passes
through (0, 1, 0). The perpendicular
distance of this line from the origin is

6.(a)Consider the planes 3x - 6y — 2z = 15 and

2x +y-2z=05. [JEE 2007, 3+6]
Statement-I : The parametric equations of the
line of intersection of the given planes are

X =3+ 14t,y =1+ 2t, z = 15t.

because

Statement-II : The vector 14} + 2] + 15 is parallel
to the line of intersection of given planes.

(A) Statement-I is true, Statement-II is true;
Statement-II is correct explanation for Statement-I
(B) Statement-1 is true, Statement-II is true; Statement-II
is NOT correct explanation for Statement-I

(C) Statement-I is true, Statement-II is False

(D) Statement-I is False, Statement-II is True

MATCH THE COLUMN
(b) Consider the following linear equations
ax+by+cz=0
bx+cy+az=0
cx+ay+bz=0
Match the conditions/expressions in Column-I with
statements in Column-II.
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Column-II

(P) the equation
represent planes
meeting only at a
single point.

(Q) the equation
represent the line
X=y=2z

(R) the equation
represent identical
planes

(S) the equation
represent the
whole of the three
dimensional space.

Column-1I
(A)a+b+c=0and
a2+ b2+c2=ab+ bc+ca

(B)a+b+c=0and
a2+ b2+ c2xab+bc+ca

(C)a+b+c=0and
a2+ b2+ c2=2ab+ bc +ca

(D)a+b+c=0and
a2+ b2+ c2=ab+ bc+ca

7.(a)Consider three planes
Pix-y+z=1
P x+y-z=-1
P;ix-3y+3z=2

Let Ly, Ly, L3 be the lines of intersection of the planes

P, and P5, P; and P; & P, and P, respectively.

Statement-I : At least two of the lines L, L, and L,

are non-parallel.

because

Statement-II : The three planes do not have a

common point.

(A) Statement-I is true, Statement-II is true;

Statement-II is correct explanation for Statement-I

(B) Statement-1 is true, Statement-II is true; Statement-II

is NOT correct explanation for Statement-1

(C) Statement-I is true, Statement-II is False

(D) Statement-I is False, Statement-II is True

[JEE 2008, 3+4+4+4]

Paragraph for Question Nos. (i) to (iii)

. . CX+1  y+2  z+1
(b) Consider the lines L, : 3 =1 = 5
L X-2 y+2 z-3
21~ 2 7 3
(i) The unit vector perpendicular to both L; and L, is
py STk gy 1= 7i+5K
B ™ Jes ® 55
c —i+7j+5k 5 7i-7]-k
© 5 N T

(ii) The shortest distance between L; and L, is

Ei4 4 17
mo  ®F Oz ©z5

(iii) The distance of the point (1, 1, 1) from the plane
passing through the point (-1, -2, -1) and whose
normal is perpendicular to both the lines L, and L, is

2 7 13 23
NEs B O O

8. (a) Let P(3, 2, 6) be a point in space and Q be a
point on the line 7 = (i — j+ 2k) + p(-3i + ] + 5k) . Then the

value of u for which the vector p_Q’ is parallel to the

planex -4y +3z=11s [JEE 2009, 3+3+4]

w5 ®-; ©F (0) -3

(b) Aline with positive direction cosines passes through
the point P(2, -1, 2) and makes equal angles with the
coordiantes axes. The line meets the plane 2x+y+z=9
at point Q. The length of the line segment PQ equals

(A) 1 (B) V2 © V3 (D) 2

(c) Let (x, y, z) be points with integer coordinates
satisfying the system of homogeneous equations
3Xx-y-z=0&-3x+2z=0,-3x+ 2y +z=0Then
the number of such points for which x2+ y2 + z2 < 100
is

9. Equation of the plane containing the straight line

X z

E=%=Z and perpendicular to the plane containing
ahtlines X =Y 2 g X_Y_2.

the straight lines 372 2and4 573 is [JEE 2010]

(A)x+2y-22=0
(CO)x-2y+z=0

(B)3x+2y-2z=0
(D)5x+2y-4z=0

10. If the distance between the plane Ax -2y + z=d
-1 y-2 z-3
2 3 4

X
and the plane containing the lines

X-2 y-3 z-

4 .
3 2 c s J6 , then |d| is [JEE 2010]

and

11. If the distance of the point P(1, -2, 1) from the
plane x + 2y - 2z = o, where a > 0 is 5, then the foot
of the perpendicular from P to the plane is [JEE 2010]
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8 4 7 4. 41
(A 3373 ®) 3733
1210 2_15
@133 3 D3 732
12. Match the statements in Column I with the values
in Column II [JEE 2010]
Column-1 Column-II
(A) A line from the origin meets the lines P) -4
8
x-2 _y-1_z+1 & X3 _y+3_z-1
-2 1 2 -1 1
at P and Q respectively. If length
PQ = d, then d?is
(B) The values of x satisfying Q o
-1 -1 in-Y 3
tan “(x+3)-tan " (x-3)=SIn (EJ are
(C) Non-zero vectors 3, p and ¢ (R)y 4
satisfy 3.p =0, (p - a)-(p+c) =0
and 2|p+cl| =Ip-al, If a= up+4c,
then the possible values of p are
(D) Let f be the function on [-x, =] given by (S) 5
9x (X
f(0) = 9 and f(x) = sin(;}ls'”(g]
2 (m .
for x # 0. Then the value of ;J._ f(x)dxis (T) 6

13. The point P is the intersection of the straight line
joining the points Q(2, 3, 5) and R(1, -1, 4) with the
plane 5x - 4y - z = 1. If S is the foot of the
perpendicular drawn from the point T(2, 1, 4) to QR,
then the length of the line segment PS is [JEE 2012]

1
O Bz (©2 (D23

14. The equation of a plane passing through the line
of intersection of the planes x + 2y + 3z = 2 and

2
X -y + z = 3 and at a distance ﬁ from the point

(3,1, -1) is [JEE 2012]

(A)5x-11y+z=17

O x+y+z=.,3

(B) J2x+y=3/2 -1
D)x-2y=1-2

. . x-1 y+1 y4

15. If the straight lines > T Tk T3 and
X+1 y+1 z
——— = —— = — are coplanar, then the plane(s)

5 2 k
containing these two lines is (are) [JEE 2012]
(A)y+2z=-1 B)y+z=-1
Qy-z=-1 (D)y-2z=-1
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Answer Ex-I SINGLE CORRECT (OBJECTIVE QUESTIONS)
1.B 2.C 3.B 4. A 5.D 6. A 7.A 8.A
9.B 10.D 11. A 12.D 13.A 14.B 15. A 16. A
17.B 18.D 19. A 20.D 21. A 22.B 23. A 24.D
25. A 26. A 27.D 28.D 29.C 30.C 31.B 32. A
33.C 34.D 35.C 36. A 37.B 38. A 39.C 40.D
41.B 42.C 43.C 44.B 45.B 46. C 47. A 48. A

Answer Ex-Il MULTIPLE CORRECT (OBJECTIVE QUESTIONS)
1. AB 2. AB 3.BD 4. AC 5. AD 6. ABC 7.C 8.BD
9. ABCD 10. AB 11.BC 12.BC

Answer Ex-III SUBJECTIVE QUESTIONS
2.(1/2,1/2, 1/2) 3.(a/2,b/2,¢c/2) 4.3:2;(0,13/5,2)

5.(2/3, -2/3, -1/3) 6. 60° 8.2-242
9.x+y* fpz=1 10. /2 11. 11x -y -3z =35

x-4 _y+1 _z-7 5 2, 2 o . 317n
12, s - -1 3 13. /26 14. X" +y" +2z°-y-2z-14 =0, >4

12 -78 57 x-2 y+1 z+1
15.7x+ 13y +4z-9=0; [117 1171117] 16. T 13 " 9
80 X y z.x y z
17:0="1 g3 19. =" 5512
Xx+1 y-1 z-1 4 4

21. cos*

22.sin‘1@ 24.x+y+2z=0

©|

11 9 -15
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Answer Ex-1V ADVANCED SUBJECTIVE QUESTIONS
9 . (3T o) s (39
1. 5 2. 1/2 units 3. (i) 5 (i) > (iii) 5 unit

4. x> + (y - 5)2 + (z - 5)2 = 81 5.0 = cos 3 and ¢ = cos_1i
N 5

g X1 y-2_2-3 g f-Yy_z X _Y¥Y_2 9, L
T2 T 2 T 3 "1 2 19171 2 )
10, X2t y*2 _z+3 11.x=2t+2;y=2t+1landz=-t+3
s 13 17 LX = iy = and z =
12 2 by 222y [030] gy o2 ¥l 203 45,2, -4
'(a) 27 ( ) 3 3 3 =4 (C) ’2’ ’ ( ) 11 ~10 2 '( ’ ’ )
1. 2434 X 2y prea= = it 15, X2yl 2-3
.2 3 _5— , Area = 2 Sg. units . 11 ~10 2
X-7 y-2 z+1
16.2x+3y+z+4=0 17.p=3,(2,1,-1); x+y+z=0 18. = =
22 5 -4
19 X=7_y-2 z-4 x-7_y-2 z-4 20 Xx-4 y+1 z-7 21 v+ 27 -1 =0 2 unit
"3 6 2 ' 2 -3 6 T9 -1 g SmXT A Tam = o
Answer Ex-V JEE PROBLEMS
1. (i) x+y-2z=3; (ii) (6,5, -2) 2. B 3. 9/2 cubic units

4. (a)D; (b)2x-y+z-3=0and62x + 29y + 192-105=0

5.(a)D; (b) (A)-S, (B)-P, (C)-Q, R, (D)-S; (c) (A)-Q, (B)-S, (O)-R

=]

.(@)D; (b) (A)-R; (B)-Q; (C)-P; (D)-S 7.(a)D; (b) (i) B; (i) D; (iii)C
8.(a)A; (b)C; (c) 7 9.C 10.6 11. A

12. (A)-T; (B)-PR ; (C)-Q ; (D)-R 13. A 14. A 15.B,C
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THREE DIMENSIONAL GEOMETRY (3-D)

EXERCISE - |

Sol.1

Sol.2

Sol.3

Sol.4

Sol.5

Sol.6

Sol.7

B

Given 2x2 + 2y2 + 222 = 36
= x2+vy2+22=18
Distance from origin

=x2+y?+2%2 =J18=3,2

C

PA2 - PB2 = 2k2
(x=-3)2+(y-4)2+(z-5)2-(x+1)
~(y-3)2-(z+ 7)% - 2K2

= 8X+2y+24z+9+2k?2=0

B
a+ B =900
a=90-8

cosa=sinp

cos?2a =1-cos?p
cos?a + cos2p =1 ..(1)
& cos? o + cos?2p + cos?y =1
cos2y=0 = y=900°

A
AB = (1,-3-0,0)
CD = (3-8,2,-2)

AB 1 CD
(3-B)+2(-3-a)+0=0
B+20+3=0

D

(xy +yz)=0

x+z=0and y=0
Two perpendicular plane.

A

Normal vector of plane
=(2-3,-1-4,5+1)=(-1,-5,6)
Equation of plane

-Xx-5y+6z2=Kk

passes through (2, -3, 1)
-2+15+6=k= k=19

-X -5y +6z=19
X+5y-62+19=0

A
N
X+2y+2z=5 ni=(1, 2, 2)

3x +3y +2z2=8 no =(3,3,2)

Sol.8

HINTS & SOLUTIONS

— —
Normal vector of plane = n1 X ni

=-27+47+3k

w = =
w N o
N N X

Equation of plane
-2X+4y-3z=Kk

passing through (1, - 3, -2)
k=-8

-2X+4y-3z=-8
2X-4y +8z2-8=0

A

Let N be foot of poerpendicular = («, B, y)
N(a‘l BI Y) (0]

A(1, 2, 3)

Equation of plane willk be

oX + By +yz=k
passing through (1, 2, 3)
> k=o+ 2B+ 3y

oX+ By +yZz=a+ 2p + 3y

this plane passes through (a, B, y) also
aZ +B2+ 2 =+ 2B + 3y

X2 +y2+23-x-2y-32=0

Sol.9

20 —11 19
N 7

N =

B

N (o, B, 7)

3x-2y-z=9

«-2_p+l _y-3 _,
3 -2 -1

a=3r+2,p=-22-1,y==-A1+3
N point lies on the plane
3Br+2)-2(-22+ 1) - (-2 +3)=9

2 P(2, -1, 3)

4 A

777
PP =
; - P1=2N-P N
(26 15 17
=P 77
P' (a, b, c)
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Sol.10D
X-2 y+1 z-2
3 4 12
Use pases through P(2, -1, 2)
point P
So P,I of line and plane is P (2, -1, 2)
(-1,-5,-10) so PQ =13
Sol.11 A
a-1 B+2 y-3 —a
2 3 -6

a=22+1,b=31-2,y=-61L+3
(o, B, 7) lieonthe planex +y +z=5

1 P(2, -1, 3)
=> A= 7 ':,:'
d
2 -11 E i
7" 7 "7 (2, 3, -6)
_ _ ¢
d=PQ=1 Qa,B,1)
Sol.12D
x-1 y-2 z-3
1 2 3
x-1 y-2 z-3
&5 =T =3

Both lines poasing through same point
(1, 2, 3) that they intersect each other

at point P.
I (1.2) +(2.2) + (3.(-2))
Angle cos 6 = Ji+4+9J4+4+4 ~
o= &
)
Sol.13 A

1 - >
Area = > | ABx AC|
y
4

B(0, b, 0)

>X
A(a, 0, 0)

c(0, 0, ¢)

= 5 |(_al bl O) X (_al OI C)l

1
= ) \/azb2 +b2c? + c2a?

Sol.14B
Let Point P (o, B, v)
Given that
(a-1)+(a+1)2+B-1)+(Pp+1)2+
(y-1)2+ (y+1)2=10
202+ 2p2+ 2y2+6=0
a2+ B2+y2=2 = x2+y2+2z72=2

Sol.15A
Let the Eq" of plane

X Y 4
—+ o+ - =1
a B Y

passes through (a, b, c)

a + +
a P
common point will be (a, B, v)
so locus

a_b
Tyt

N |0
Il
[y

Sol.16 A
Let the equation of planes

X Yy Y 4

Z X
g+b+E=1&g+E+a=1
perpendicular distance from orign will be
same
P =P,

I
i 1 1|/=]/1 1 1
\/az+b2 2 \/a%+ta%+cf
1 11111
a2 "2t Ta Tt
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Sol.17B
x-1 -2 z-3
. yl =22
X-3 y-1 z-2
1 - 3 T 3 =pun....(2)

Variable point on line (1) & (2)
Gr+1,A+2,20+3)&(u+3,2u+1,3u-2)
3A+1=p+3
A+2=2u+1

2 +3=3pu+2

2L +3=3p+2

2 +3=3u+2

By solvingA=1,p=1
Intersection point (4, 3, 5)
Equation of plane

4x + 3y + 5z =k

passes through (4, 3,5) =
4x + 3y + 52 =50

k =50

Sol.18D

N
2x-y+z=6n =(2,-1,1)
normal vector of other plane

ik
- n ~ A
r12=1 2=2i+2J—2k
1 -10
- -
ni.N2 -
anglecos6= ., - | =0 39:5
[ ni||n2]|
Sol.19 A
i j k
= 1 -3 1 2 ~
n1—1 2 1=—5|+5k
[
~ 2 -1 3 A . .
= =-2i+(2+ + (2 +
n, 2 1 1 2i+(2+3a)j+(2+a)k

p (0, -5, -3) ; R(O, -1/5, -3/5)
For compaire lines

[P—Q> ﬁl ﬁ2]=0:>a=—2

Sol.20D
X_Y_zZ_ -
1 =3 3 A = point (&, 2, 31)
Xx-1 y-2 z-3
3 -1 4 M

— Point (3M + 1, -M + 2, 4M + 3)

Xx+k y-1 z-2 _t

3 2 h
= Point (3t -k, 2t + 1, ht + 2)
If all three lines are concurrent

A=3u+1;2h =-u+2;3x=4u+3

A=1=p=1
3t-k=1; 2t+1=2 k—l t—l
s TeTET 2 T2
ht+2=3
ht=1= h=2
Sol.21 A
A(2-x,2,2)B(2,2-vy,2)C(2,2,2-2)
D(1,1,1)
A_>B=(XI_YIO)I'A_E:=(XI 0/ _2)1
N
AD = (X_ll _11 _1)
If A, B, C, D are coplanar points then
- =d =
[AB AC AD]=0
x -y O
1
x 0 -2_45 1,21
x-1 -1 -1 x Y oz
Sol.22 B
IAC| =2
lal =1lbl =13 -bl =42
la -¢cl=2
[B_é 5+E]
2 2 (b-23).b+c) 1
CoSO = ~= = = = - =
b Jordl  p-29p+d V2
2 2
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Sol.23 A
A (a, b, ¢) B(a’, b’, c’)

N
Line AB =(a,b,c)+A(a’"-a,b’-b,c" -¢c)

=(a+2ra’,b+ b, c+ Ac’) -A(a, b, ©)
It will passes through origin when
a+ra’'=b+ib’'=c+2ac’'=0

L a_b_c
al - bl - Cl
Sol.24 D
IACI=2;1al=1lbl=1a-bl=4y2
la - pbl=2
b .)(b+¢
—-al.
2 2
COS 0 = —— ——
E_é b+c
2 2
_ p-23)b+g)
\B—zaHB—a\
1
put all the values cos 6 = ﬁ
Sol.25 A
Assume P is centroid
Sol.26 A
ij ok )
Direction of line= 2 3 1| =37 -3J+3k
1 32

3
0.D. (x-axis) = ﬁ = ﬁ

Sol.27D

1
€=c05a=ﬁ

1
;.J,=COS[3=3

P2+ m2+n2=1

nN=0=cosy=0 =y=

r
2

Sol.28 D
Direction of line = (1, 2, 2)

normal vector of plane = (2, -1, /i)

- 2-2+2Jn 1
SNO= Hiaravari+a 3
4 =5+1
.5
"3

Sol.29 C

cos2 0 + cos2 B + cos?0 =1
2cos?2 0 =1 - cos?2 B = sin2p
2c0s? 6 = 3sin?0 = 3 - 3 cos?0

cos?2 6 = 3/5
Sol.30C
2x+y+2z=8 (1)
2x+y+22=—§ .(2)
5
Distance = 8+§ -2 7
Ja+1+4 2x3 2
Sol.31B
X=y+a=z (1)
X+a=2y=2z . (2)

we have option (B) & (C)
but ifwe look at option B
it will satisfy the given equation

Sol.32A

Angle between two faces is equal to the
- -

angle between the normals n1 and n».

-

n1 — normal of OAB

N
n2 = normal of ABC

ijk
- _ - -
ni = 0A XoB =1 21
213

=51-J-3k ..(1)
d — |2
n2=ABxAC=|1 -1 2
1

=1-55-3k ...(2)
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Y
. 31.;2 _19 o _1£ 3=¢ = vy=3cC
TR
nzfin2 X Y Lz _ X, Y Z_
3at3p =t a3ty T3
Sol.33C
Sol.36 A
X-2_y=-3_z-4, D.R. of OP = (1, -2, -2)
1 1 -k’ y
P
x-1 y-4 z-5
k — 2 1
A2, 3, 4) B (1,4, 5) 3
D.R.(1, 1, -k) D.R. (k, 2, 1)
-1 1 1
Coplanarthen =| 1 1 -K -9 0 X
2 1
= k=0o0ork=-3 2
Sol.34 D D.C. of OP = [l—_z—_zj
x=ay+b,z=cy+d 333
andx=ay+b’,z=ch+d . . 1 -2 _2
e s Vector 0P = [OP| (3773 "3
a C =(1,-2,-2)
-b' -d'
and XT =y = ZC, Sol.37 B
poerpendicular then a=(1,5-3)
aa’+1+cc’=0 b =(-1,8,4)
Sol.35C a.b
Let the equation of plane : €S8 ="3116
y
1 Sol.38 A
Ley the equation of plane
B(0,,0)
5 + l + E= 1
a b o
N
>X B(0, b, 0)
A(a,0,0)
C(0,0,7)
‘ 2 A(a, 0, 0)
X
—+ -+ - =1 (1
a B Y (1)
C(0, 0, ©)
%=a = o= 3a
given that p =
L




Solution Slot - 3 (Mathematics) |

Page # 6

1 N 1 N 1 1 )
or 5 + 5 + &5 =
a2 b2 c2 2 (1)

Let centroid (u, v, w)

1
u=Z = a=4u
b
V=Z = b =4v
c
W=Z = C=4w
1 1 1 1
+ + =5
160> T 16v2 T 16w?  p?
i+ 1 N 1 16
u2 2 WZ_D2

Sol.39C
A (21 3/ 5) B(_ll 2/ 2) C(}\’I 5/ 4)
A(2, 3, 5)
B(-1,2,2) ™M C(»,5,4)
A-17 p+2
mi~2 2" 2

D.R> of median through A :

k—1_21_3,u+2_5
2 2 2

A-51 pu-8
2 2" 2
As thje median through A is equally inclined

to He axis
D.R.'s will be and equal to k.

>Ai=6andp=9

Sol.40D
The DC's of incident RAy arew (1, 0, 0).
Let the D.C's of reflectd ray be (A, m, n)

\(glmln) M(l, _11 1)

AN (1,0,0)

= The D.R.'s of the normal to polane of
mirroris (-1, m, n)
(-1 ~m _n
1 -1 1
f=A+1, mMm=-X,n=2A
2+m2+n2=1
(A+1)2+22+22=1
322+20=0
A =-2/3

12 -2
D.C's of reflected Ray 3373

122
or {73733

Sol.41B
iJ ok
. : 112 Ao oA
dirmofline =15 3 4 =-27 + ¢

DR'& = (-2, 0, 1)

(g xfp) X g = (=27 + R) X | = 2]
= distance = 2

Sol.42C
x—2_y+1_z—1_k
3 2 0 -1
(3r+2,20-1,1-2)
z=0 = r=1
Xy = c2
GBGr+2)(2r-1)=c?
putr=1 = c2=5 = c==% 5
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Sol.43C
Distance = {x2 +y? + z2

= J2t)? + (4t)? + (4t)>

= 6t t=10
Distance = 60 km

Sol.44 B
Let the point P(x, vy, z)
Asking minimum value of OP?2
= 1" distance of origin from plane

d P d? i
= Y :> = —=
vaZ +b% + c? za?
Sol.45B
Since three lines are mutually

perpendicular
0, + mm, + nyn, =0 ; (05 + mym,
+n,n; =0
(300 + mymy +n3n, =0
Also 2+ m2+n2=1;02+m2+n2=1;
(0, + 05+ £3)2 + (M + n, + my)?
+ (n; + n, + ny)?
= (0,2 + 20,2 + 20,052 + 250, 0,
+ 230,05 + 23050,) = 3
= (L, + 0, + £3)2 + (M, + m, + my)?
+(n, +n,+my)2=3
Hence direction cosines of OP are

(fl-i-fz +f3 my + My + M3 n1+n2+n3j

N - T <
Sol.46 C
Equation of lines :
Xx-2 y+3  z-1
3-2 -4+3  -5-1
Xx-2 y+3 z-1 z-1 =
1 -1 -6 -6

Points (A + 2, -A -3, 6L + 1)
Point will be on given plane

20+ 2)+ (-2 =-3)+ (-6 +1) =7
>A=-1

Intersection point (1, -2, 7)

Sol.47 A
Direction ratio's of line = (-2, 1, 2)

N (=212
Direction cosine's = 33’3

-2 1
COSH =—-, C0SO, = = ; COSO; =

3 3
C0s260, + C0s20, + C0s20,
= 2 [cos?0, + cos?0, + cos?65] - 3

4 1 4
=2—+—+_ —3:—1

3

3 3 3
Sol.48 A
X-a y-b z-c _ .
7 = m - Point (p, q, r)
P(p, q, 1)
d
e —
(a, b, 0) d'c's
(¢,m,n)

Let ?1 =(p-a) ?+(q—b)3+(r—c)3

- _ % 5 ~
ro =/i+ml]+nk
- -
ri.rz
coso =,
[ri|r2]
4) -
also d=|ri]|sinod
*> -
d2 =|r1]%sin%
-
= |71 12 (1 - cos20)
- -
. (r1.rz)?
=lr 12| > - 5
Iri Pl rz |
- -> o
d>=lr1?-(r1.rp)?

=[(P-a)2+(q-b)?+ (r-c)?]
-[¢(p-a)+m(q-b)+n(r-c)l?
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EXERCISE - |l HINTS & SOLUTIONS
Sol.1 A,B o
I T
A(Xy, Yy Z4) Normal vector =2 3 -1/=5(1,-1,-1)
5
R(r) 1 -1 1
—
g 22201
(d;, d, ds) cos (90 - 0) = 5B =B
B(XZI YZI 22) 1
sine="7> = cotf=
- = - \/5
[ARABP]=0
Sol.4 A,C
X=X1 Y-Y1 Z-Z4 L 1
X2 =Xy Y2-Y1 Z2-Z1j_ g !
d; d, ds P(12,-4,8) R Q(27,-9,18)
2700+12 -9a+4 180 +8
X=X Y-Y2 Z-2p a+l " a+l " a+1l
or de—Xz Y1d—Y2 Zld—Zz =0 Put R in given sphere
! 2 3 270 +12Y (-9a+4Y) (18a+8Y
=504
Sol.2 A.C a+1 a+1 +1
ol. , .
4 _ _ = o = 2/3 internally
X+y+z-1=0&4x+y-22+2=0 o = —2/3 externally
putz =0
x+y=1 Sol.5 A,D
4x+y=-2>x=-1,y=2
Point (-1, 2, 0) x-1 _y+3 _z+1
2 1 -2
iJ ok o >
Direction =1 1 1 Direction of line b = (2, -1, -2)
41 -2 =
(A) Normal of plane n =(2,2,1)
A ~ R - =
=i(-2-1)-] (-2-4) +k (1-4) b.n=4-2-2=0
S n A - d
=-3i+6]J-3k =-3(1,-2,1) (B) b.n=2-2+4=4
Equation of line in symmetrical form N
x+1 y-2 z-0 (©) b.n=4+2-2=4
1 -2 1 > o
(C) will also satisfy (D) b.n=2+2-4=0
Sol.3 C,D Sol.6 e(gcz "
A 7 7
90—% oG =(3,2,1)
0 ﬁ = (31 _21 1)
n—0 (31211)(31_211)

Cos a = \/ﬁ \/ﬁ

/ c05a=7:>a=c05‘17
Similarly ratate the length 2 get all angle.
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Sol.7 C

X=y=-2

DR'S (1,1,-1)=0
=(2,3,5).(1,1,-1)=0
2(1,2,3).(1,1,-1)=0

Sol.8 B,D

DC'S =

Sol.9

(1 +05) T+ (Mg +mMy)j+(ng +ny)K

\/(/1 +,€2)2 + (ml + m2)2 + (n1 + n2)2

151 = (6 + 0,2 +(my +my)2 + (0, +n,)?

= 2+20005 +mm, +nyn,

Cos 6 = ¢4/ +mMym, +NyN,

0
lal = V2+2coso = >

2 cos =

angleisnt -0

.0
7l = +v2+2cosp = 2sin B

A,B,C,D

(22,-32.,61)
YA
A B (21 _31 6)

P(1, 2, 5)
PN = (21 -1, -3% + 2, 61 — 5)

PN . (2, -3,6) =0
220~ 1) +3 (31 +2)+6(61L-5) =0

_ 26 2 -79 156
Ty = N1%9"729 a9
Equation of PN
x-1 y-2  z-5
2.-1  -3.-2 6L-5

26

Putk—ﬁ
Xx-1 y-2 z-5
3  -176 -89

Let a point Q(2u, -3y, 6p)

PQ will be 1" to normal vector of given
plane.

{(2“’ _1)1 (‘3H - 2)/ (6P- - S)I (31 4, 5)} =0
32p-1)+4(-3u-2)+5(6p-5)=0

3
:>p.=§

-9
o[375)

Equaton of PR

x-1 3 y-2 z-5
2u-1 " -3u-2 = 6p-5

3
Putp.=5

Xx-1 y-2 z-5
4 ~ -13 8

Sol.10A,B

2x-3y-7z=0

3x-14y -13z=0

8x -31ly-33z=0

Above three planes are passing thorugh
origin.

and passes through common line.

Sol.11 B,C

(328 _, (3256
n== 7 == 71717

3x 2y | 6z
B A T

-3Xx+2y+62-49=0

and — -4 - 5 =7

3Xx-2y-6z2-49=0

Sol.12B,C

Leta pointQ (31 + 15,81+ 2, =50 + 6)
PQ = (2r» + 10, 81 -5, =51 + 3)

332 +10)+8(8L-5)-5(-5L+3)=0
9r+30+641L-40+25L-15=0

981 =35

_35
~ 98
and plane equation 9x -4y - 14 =0

» = PQ =14 (B)
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EXERCISE - Il HINTS & SOLUTIONS

Sol.1 A (0, 7, 10) ; B(-1, 6, 6) ; C (-4, 9, 6)

1 _
AB=+1+1+16 =418 So (¢,,m,, n,) = (3,0, 2} .
AC=416+4+16 =9 } AB = BC so isoceles A.

BC=49+9+10 =418

[ary

N

(o 1 _LJ 0
(ermzrnz)— ’\/E’ \/E ; 06 =060

Sol.2
0+0+1+1 0+1+0+1 0+1+1+0
G= 4 ! 4 ! 4 Sol.7 Equation of line joining A& B
X+9 y-4 z-5
— l,l,l 50 - 4 " 6 = ( (Let)
2°2°2

Let a point C oin the line is
(=201 -9,4r + 4,61+ 5)

Sol.3 Point equidistant from the points is center Now Co (where O is origin)

of tetrahedron.
coO =(-20L-9,41 +4,6)L +5)
Sol.a o , 1 & CO- AB =0(Q CO is Lrto line)
ol. '
(3,5,-7) P (-2,1,8) = 4001 + 180 + 161 + 16 + 361 +30 =0
-200+3 a+5 8a-7 l=—l
a+l "a+1’ a+1 2
So point C = (1, 2, 2)
—20 +13 —0=o0=3/2 which is also the mid point of A & B.
o+
13 Sol.8 cos2a + cos?p + cos?y =1 ;
P (01?2] where p= 1200, y = 1350
1 1 -3 -
Sol.5 QP = (4, -4,-2)=2(2,-2,-1) So(f,m,n)=|5"5">5 |, =d (say)
So direction Ratio of line = (2, -2, -1)
2 -2 -1
direction cosine = [5'?'?} > 5> po.d
Projected PQon d = ﬁ= 2 - 2\/5

Sol.6 /+ m+n=0&¢2+ m2=n2(given)
¢ = (m +n) putin IInd relatiin

Sol.9 Let the equation of plane is
Ax+By+Cz+1=0

. 0 " _0
Hm (Hmen=0 using points (1, 0, 0) & (0, 1, 0)
= /+n=0 = T=_—1=6 A=-1&B=-1

m ¢ n 12+ m? +n? 1

0o 1 1 [2 12 2 &angle; = =

V4 +1 +0 \/_ \/E \/12+12+C2.\/§

B 2 +m? +n? _ 1

Vo2 412 4 /2 V2 = C==%x
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— — i
Sol.10 Leta (1,1,1); b (1,-1,1)&c (-7, -3, -5)

normal of the plane

- - -

ni=(b-a)x(b-¢c)
-
& ny, =(0,1,0)

an Ie—E
ge=7

: . x-4 y-3 z-2

Sol.11 Equation of L, : T 4 T
o X=3_y+2 _z .

&oflL,: 1 - _a —5(. || lines)

Equation of any plane through L,
alx-4)+b((y-3)+C(z-2)=0 ...(i)
wherea-4b + 5c=0 . ()
also (3, -2, 0) lie oin plane (i)
using (ii) & (iii)
a+5b+2c=0 ...(iii)
a_b _c¢c

11~ -1~ -3

So Equation of plane 11x -y - 3z = 35

Sol.12 Line and plane are parallel.
So image of (1, 2, -3) about the plane
3x -3y + 10z = 26
is (4, -1/7)
So equation of line is

Xx-4 y+1 z-7

9 =~ -1 =~ -3

x-1 y-2 z-3 _
Sol.13 > =3 =3 o

p(a+ 1,30+ 2,40 + 3)

(Sp+4,2u+1,1)
20+ 1=5u=4
3a+2=2u=1

4do+3=p

a=-1

P(-1,-1,-1)
Similarly

Pol of other two lines

Q(4I OI _1)
PQ - |36

1
Sol.14 Certre [Olz,lj

Diameter= (2 + 2)2 + (1-1-2)? + (4 + 2)? =+/61

_ 61

T2
Eg" of sphere

61

12
(x—0)2+[Y—Ej +(z-1)2= 7]

=>x2+y?+22-y-22-14=0
Sol.15n1:2x+3y—z+1=0;ﬁ>1 =(2,3,-1)

n,iX+y-22+3=0; ny =(1,1,-2)
Let the equation of the required polane :
n=mn, + An, (i)

& normal of 5 plae is(2+x,3+x,—1—2x)=ﬁ

alsofim,: 3x-y-2z=4; n3 = (3,-1,-2)

- - 5
& n . n3 =O:>7\.=—g

Putin (i) planeis 7x + 13y +4z-9=0

Sol.16 Line of intersection of planes
2x+y=0&x-y+z=0

Sol.17 Point of intersection of line & plane
=(2,-1,2)
using distance formula
80

a=-1, —

" 63
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Sol.18 Angle between diagonals
AY

(0, b, 0)

> X
(a, 0, 0)

sol.1g X =Y - %
a b c

lines will be coplanar so

=0=a+b+c

o5 60° = | 2a+b+c |
B |a2+b2+C2\/€|

2b2 + 2c2 + 5bc =0
(b+2c)(2b+c)=0
b=-2c or b=-¢/2
a=-c or a=¢c/2

Sol.20 Equation of plane through given line’s
Bx-y+2z-1)+Mx+2y-z-2)=0...(I)
This is perpoendicular to

3Xx+2y+z=0 ... (i)
2

Soir=- 5

Putting this in (i) ;

3Xx-8y+7z+4=0 (1))

using (ii) & (iii) equation of line.

/m+mn+n/

2 2

Sol.21cos 6 =[5
/< 4+m +n

using the given equation

4
— -1 | —
6 = cos (9j

Sol.22M(1,0,5) &N (-2, 0, 4)
Equation of MN

x-1 y-0 z-5
3 0 1

angle between line & plane is

_ (3,0,1).(1,1,1)
SING= 32,12 12,12 12

= 0 =sin! (%J

Sol.23x=0: L + =1
b c

is a line in (y — z) plane with y intercept
‘b’ & zintercept ‘c’.
X z
= i 1
y=20; 2

is a line in (x — z) plane with
x intercept ‘a’ & z intercept *-c’.
So using distancer between two skew lines

1
2

1

1 1
=5 + + .
a2 b2 c2

Sol.24 Now plane passing through origin

Normal of plane = axb
(11 2/ _3) X (21 _31 1)

75 -77 -7k

=-7(1+31+K)
so Eq" of plane is
XxX+y+z=0
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EXERCISE - IV HINTS & SOLUTIONS
Sol.l1 LetaPoint(A—2,21 + 3,30 +K) Sol.5 M(1,2,0)
Iny—zplanex=0=2x1=2 op =(1,2,3)
A (0, 7,6 +Kk)
Inx—ylanez=0=1=-k/3 oM =(1,2,0)
_ 3 3
B(?k—Z, 2k 3,0j cose:ﬁ:e:cosﬁﬁ
2k L
9
k== X y z-1
2 —_ = = —
Sol.6 1 1 5

a =DR’S =(1, 1, -2) Fixed point P(0, 0, 1)

Sol.2  pQ =(-1,-2,-1
ol.2 pQ =( ) x+y+z=1; §=(1,1,1)

PR =(1,-5,-1) R.a=1+1-2=0
pS = (5,2, 2) & point P satisfy the plane
= line lies is the plane.
olme—l 56 PR PS] = - X z-1
volume = g [PQ PR PS] =3 Let the line ~ = ¥ =
a b C
Sol.3 (i
0 ?) 1 + (/= 3F + (2 + 6 + (x= 27 + (y— 47 0= ¢ = | X
X — +(y— + (z + + (X — +(y-— Ccos :\/g: > > >
+(z-2)2=72 \/a +b° +c \/g
=>X+y?+22-3x-T7y+4z-1=0 squareing
3 7 3c2+2ab=4c(a+b)y ... ()
Center (5 S ,—2) let the point is plane (1, 0, 0)
= condition of copalanarity
3 2 /5 2 5 1 8 -1
.. — 21 __3 2_6 a Cc =0 ... 2
0= |3-1) +[3-3) ~e-o 15 @
Solve (1) & (2) and get (a, b, ¢)
33
2
x-1 y-2 z-3
(i)  plane:2x+2y—-z+3=0 Sol.7 a b ¢
d:|2(3/2)+2(;/2)+2+3|:5 X+1 y-2 z+4

2 1 2
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Lines are coplaner.

or~rT

NN Y
NN O

anda+5b+4c=0
from (1) & (2)

3
a—k,b—k,c——ik

x-1 y-1 z-3
k — k _3
-=k
2
x-1 y-1_z-3
2 2 -3
x_y_z
b ¢

. 2a+b+c |
c0s60" = ‘\/az +b? +c2\/g‘

= 2b2+2c?2+5bc=0
=>((b+2c)2b+c)=0

b=-2c or b =-c/2
a=-c a=c/2

-y _Zz X _
T _2c ¢ o c/2 "~
y__2=2 XxX_Y
2 T 1 or 1721

=0= 7a-10b—-2c =

0.....(1)

(2

0N

Sol.10

Sol.11

— 9 5L+8
PQ = [37\., 27\, —E, J

3

A= (4,12,-3)

PQ.A=0=1=2
. 1
= 61__16
m-( zj
— 17
distance = |PQ| = >

Direction of line

i j ok
=[5 3, S =-67 13517k

Xx-1 y+2 z+3
-6 -13  -17

line :

x-1 y+2 z+3
6 13 17

or

x-4 y+14 z-4
b

direction of intersecting line = ny; * n, = (-6, 5, -8)

Put z = 0 in both the planes

3x+2y=5 K=l v=1
X—2y=-1 LY
P(1,1,0)

. x-1 _y-1 z-0
Another line 6 - & 8
—-6a+5b—-8c=0
both lines will be coplanar

a6 b c8
— 5 — _ _
= 3 _15 4 =0 =4a=3c
4 10
|fa—k,C—§k,b—?k
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Sol.12 (a) Sol.14 A(2, 0, 0); B(0, 3,0); C(0, 0,-5)

normal of plane = Ag % AC

=(-15,-10, 6)
Equation of plane
-15(x—2)—10(y—-0)+6(z—-0)=0

PQ =(0,1,2) pR =(1, 1, 4)

@xﬁ:2f+2ﬁ_|2

1l 57 =% 3 z
Area= — ‘PQXPR‘:— X,y -
2 2 2 "3 7!t
(b) 1
2(x—1)+2(y—0)—(z+1)=0 Area= = |aAB * AC|
2x+2y—-z-3=0
_19
Ex+E lz—1 2
3X73Y )
©) i 3 k
Sol.15 directionofline={2 2 2
x=0,z=0 321
y=3/2
[030j =-2F +4j -2
point { %5 equation of line
(d) X—2:y+1:2—3

o i -2 4 -2
dir of line will be along the normal of plane

z-2 y+1 z-3

x-2 y-1 z-3

= = 1 -2 1
2 2 -1
Sol.13 Direction of intersection line i 3 k
= fiy % fiy Sol.16 Normal of plane = % ::1” ?

put z = 0 in both planes
x—2y=1 x=3,y=1 =2 +3j+k

X+2y=5 equation of plane

point (3, 1, 0) 2x—=1)+3(y-2)+1(z-0)=0

2x+3y+z+4=0

- -1 -
Iine:XB:y :ZO

2 3 4
iable point (22 + 3, 3% + 1, 4% 2 53
variable point ( ’ 42) Sol.17 coplanar = % _37 % =0 =p=1
220 +3)+ 23+ 1) +4L+6=0 P-
= A=-1
-1 _
point (1, -2, —4) xtoyl.oze2,
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Sol.18

Sol.19

g KoY 7 _z+7
1~ -3 "2 °*
—3+1l=p (D)
20 +1==-3u+7 (2)
A—2=2u-7 - (3)

A=-37 & p=16/7

(161 -17
Point of intersection 7 ’ 7/ 7

=(7,7,7)
= (11 11 1)

j
_|-3 2
Normal of plane = | = 3

NE= X

Equation of plane (x—-1)+(y—-1)+(z+2)=0

X+y+z=0

Ay = (1,-2,3) ; Ay = (2,3, -4)
Directionof line = ny; x (R * ny)
= (-44,-10,8)

x-7 y-2 z+1
-44 ~ -10 8

Let the DR’s of AB = (a, b, ¢)

5a+3b +8c
cos 45° =
\/a2 +b% 4+ ¢c? V96
C
450
459
A_I B
(7,2,4)
48(a?+ b?+c?)=(ba+3b +8c)* ... Q)

condition of coplanarity

7+6 2+10 4+14

a b C =0

5 3 8

13 12 16

a b c|_

c 3 g8 =0 ... 2

Solve (1) & (2) &geta, b, c

Line & plane are L"to each other
image of (1, 2, -3) in the plane is foot of L
(o, B, 7)

a-1 B-2 y+3
3 -3 10

A

N(3% + 1, =34 + 2, 101 — 3)
= 3(3) + 1) — 3(=3\ + 2) + 10(10A — 3) = 26

5 1 N
_1_12
N[Z 2 j
ipr
P+P

=N = P'=2N-P

= P'=4,-1,7)
equation of line

9 -1 -3
ijk
Normal of plane = % g i =21 - 4j+ 4k

plare will passes through (1, 0, 0)
= 1x-1)-2y+2z=0
X—2y+2z=1
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EXERCISE - V HINTS & SOLUTIONS
Sol.1 (i) Let the equation of plane be
ax +by +cz+d=0 (1) n=(1,1,1)
(1) passes through (2,1,0),(5,0,1)&(4,2,1) Equation of plane
_d d ) X +vy+z=d passesthrough (1,1, 1)
> a=—5;b=-5,;c=35d d=3
3 3 3 X+y+z=3
= X+y-2z-3=0 ...(2) .
(ii) P (2’ 1’ 6) A (3I OI O) ! B(OI 3[ O)I C (OI OI 3)
0(,—2_[3—1_’}/—6_ 1 3 0 0 27 9
1 T 1 T 5 T Volumeof OABC= = |0 3 0 = == >
a=A+2;p=A+1,y=-2L+6 0 0 3
P(2,1,6 . .
( ) cubic units.
Sol.4 D
= (a) Let X + Y+ Z =1 be the variable plane
'N(a, B, v) a b c
! SO
i
|
:p' 1
Point N lie on plane (2) 1 1 1| =1
A+2)+(A+1)-2(-2A+6)-3=0 St St
=>Ai=2 a” b c
N (4, 3, 2) a(a, 0, 0) B(a, b, 0) C(0, 0, ¢)
2N=P+ Pl = PL=2N-P abc
=(8,6,4)-(2,1,6) Centroid G of AABCis G (E’E’Ej
=(6I 5/ _2)
w=a.,.0b _c¢
Sol.2 B —3,y_3, =3
x-1 y+1l z-1
= = =1 ..(1) 1 1 1
2 3 4 & S+ 53+ 3 =1
a’ b2 c?
X-3 y -k z
TszIzH w.(2) 1 1 1
) ) = S+ 2+ 3 =9
General pointon (1)is(2A+ 1,30 -1,40+ 1) X y z
andon (2)is (u+ 3, 2u+ k, n) So k=9
SO2A+1=p+3
3r-1=2u+k (b) Reqd. plane n, + An, = 0
4+ 1=ypn 2x-y+z-3+1(3x+y+z-5)=0
9 BGr+2)x+(A-1D)y+(A+1)z
So after solving we get k = 3 -5.-3=0 ...(1)
Distance of plane (1) from point
IR 5 1 —1)is =
Sol.3 Direction of plane = L; X L, (2,1,-1)is J6
i j ok
=11 0 -1 =7+43+k :|6x+2+x—1—x—1—5x—3|=i
11 0 G +2210-12+0 e VO
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= 6(L-1)2=1122+121L+ 6

- 2y
= ir=0, 5

The planes are
2X-y+2z-3=0
and 62x+29y +19z-109=0

- -
Sol.5 (a) n; =(2,-2,1) Ny =(1,-1,2)
Lk
Normal vectorof n =2 -2 1
1 -12
=-37-37-0k
n =(-3,-3,0)
So plane will be
-3x -3y =k
passes through (1, -2, 1) =1k=3
-3x-3y=3
X+y+1=0
1+2+1 i
R | TR
(b) (A) Solving the two equations
_lal+1 _lal-1
=21 >Oandy——aJr1 >0
whena+1>0wegeta>1
= 3, =1 (S)
- =
(B) a =(oBv)=> a.k =y
k x(kxa)=(k.a)k - (k-k)a

=ylz —(ali\ +B’J\'+ylz)

:>on?+[33=6 = a=0,p=0

at+tB+y=2 >y=2 (P
1 1

© |Ja-yDdy| 4 |2 -y
0 0

1
_ofa-yhay o 2
5 3

(©)

Jl.\/:dx_‘_ TVI—xdx -2 le—XdX
0 -1 0
1 4
=2J.\/;dX=§ (Q)
0

(D) sin Asin Bsin C + cos Acos B
< sinA sin B + cosA cosB
<cos (A-B)
cos(A-B)=>1

= cos(A-B)=1= sinC=1

-, 1 1
(A) t=i§,tan 1(2—2J
=§tan [4i2—1+1j

= Y [tan'(2i+1)-tan '(2i-1)]
i=1
=[(tan"13-tan"! 1)+(tan"15-tan"13)+.....
..... + tan~! (2n+1) - tan~! (2n-1) .... «]
t=tan!(2n+1)-tant1

2n

lim 1=
tan 1+(2n+1)

N—oo

,_,.
Il

_ lim_PM _
tant oo mr 1 (Q)

(B) We have

0, _ b+c-a
2 b+c+a

1—tan29—3 c
Also cos 65 = 2 _
1+tan29—3 a+b
0 a+b-c
223 _49a7v 7%
= tan 2 a+b+c
01 03 2b 2
2 — 4+ 22 - - - Z
tan > tan > 3b 3 (S)
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Sol.6

(C) Line through (0, 1, 0) and L" to plane
X+2y+2z2=0

1 2 2
Let P(%, 21 + 1, 2)) be the foot of L" on
the straight line then
AMl+(R2r+1)24+2(20) =0

2
= k——g
25 -4
Pl79'9" 9
. /4+25+16 J5
n = —_— = —
1" distance 81 3 unit.

(R)

(a) 3x-6y-2z=15&2x+y-2z=5
forz=0wegetx=3,y=-1

Direction vector of planes are

(3,-6,-2) & (2,1, -2)

then the D.R.'s of line of intersection of
planeis (14, 2, 15)

x-3 y+1 z-0

14 2 15
statement-2 is correct.
abc
) b= cal--L@aib+o
cakb 2

[(@a-b)2+ (b-c)?+ (c-a)?

If a+b+c=0 and a2 = zab
= D=0 and a=b=c
= Equation represents identical planes

(A)

(B) D = 0 = Equation will have infinite

many solution

ax+ by =(a+b)z

bx+cy=(b+c)z

(b2 - ac)y = (b? - ac)z

y =2z

= ax+by+cy=0

D ax=ay > X=y > X=y=2
(© D=0

= Planes meeting at only one point
(D) a+b+c=0

a2 = zab
= a=b=c=0

Sol.7

(b)

(a) D
Given equations are
X-y+z=1

X+y-z=-1

X-3y+3z=2
The system of equations can be put in
matrix from as

Ax =B
1 -1 1 1
11 -1] -1
1 -3 3 2

_ _2 Rz—)Rz—Rl
0 -2 2 ||z 1 |R3>R3-Ry

1 -1 1 X 1
~10 2 =-2]y -2
0 0 O z -1

Ry > R; + R,

Which is inconsistent as p(A : B) = p(A)
= The three planes do not have a common
point.

= Statement-2 is true.

Since, planes P,, P,, P; are pairmise
intersection, then their lines of intersection
are parallel.

Statement-1 is false.

ij ok )
B 1 2 =-i-73+5k
12 3
H it vector will b —i-7)+ 5k
ence ecto e=——_r= "
nce unit vector wi 5\/5

(ii) Shortest distance

B A+2)(-1)+(2-2)(-7)+C(A +3)5

53

17
=53
(i) Plane is given by
-(x+1)-7(y+2)+5(z+1)=0
=>X+7y-52+10=0

[1+7-5+10] 13

distance = | \/ﬁ | = \/ﬁ
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Sol.8 (a) A
Any point Q on the line
Q={(1-34),(n-1), (5u+2)}

R
PQ ={-3p-2,p-3,5u-4}
Now 1 (-3u-2)-4(u-3)+3(5u-4)=0

_1
=Hn=7
(b) C
1 1 1
D.C. of the line are ﬁ, ﬁ, —3

Equation of line
- 1 1 1
r=(2,-1,2)+Ax ﬁr_31_3

where ) is the distance.
variable point on lie is

Which lies on the plane 2x +y +z =9

=>r=43 [C]
(€) 3x-y-z=0
y=0
-3x+z=0 and z = 3x
-3x+2y+z=0
=> X2+ y2+272=x2+ 272
= 9x2 + x2 10x2 < 100
= x2<10 =x=0,%1,£2,£3 [7]
Sol.9 C

Planel:ax+ by +cz=0

NN

containing line X_Y_
glines =3 =

2a+3b+4c=0
Plane 2 : alx + bly + clz
plane containg lines

(D)
=0 is 1" to

XxX_Y_2 xX_Y_=z2
354723945573
3a’+4b'+2c'=0
and 4a’'+2b'+3c'=0
a' b' c'

12-4  8-9 6-16
= 8a-b-10c=0 (i)
Equation of plane 1 : x -2y + z=0 [C]

So0l.102/+3m+4n=0

3/+4m+5n=0

( _m _n

-1 2 -1

Equation of plane will be
a(x-1)+bly-2)+c(z-3)=0
-1x-1)+2(y-2)-1(z-3)=0

-X+2y-z=0

XxX-2y+z=0

1di

\/€=\/€ = |d| =6
Sol.11 A

Distance of point P(1, -2, 1) from plane
X+2y-2z=dis5=a=10

1 y+2 z-1
T2 =2
Q=(t+1,2t-2,-2t+1)

Equation of PQ XI =t

5 5

PQ=5 = t= -;(ng
84 -7
:>QE 313/3

Sol.12 (A) Let the line

X_Y_z intersect the lines

a b ¢

=> a+3b+5c=0

and3a+b-5c=0

= a:b:c::5t:-5t: 2t

on solving with given lines we get points
of intersection P = (5, -5, 2) and

10 -10 8
QE 31 3 I3

PQ2=d2=6

3

o (x+3)-(x-3) , 3
tan —1+(x2—9) = tan 2
6 3 _i4

T x2_8 4 = X=
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Sol.13 A
- o
(€) 2 =ub +4¢ =m(|b [)2=-4b.c - .
N Line 1 :y4 = =2 (Let)
- >

and |b|2+ b.¢ - a.c =0

dso (A + 2,40+ 3,1+ 5)
Againas2|b + cl=1b- al Line on plane 5x -4y -z =1

50+10-16L-12-A-5=1
Solving and eliminating B)? and -12. =38

4 1 13

eliminating | a |2 r=-2/3 so P[3,3, 3j

We get (2u2 - 10u) |b|2=0 =pu=0,5
for foot of perpendiuclar of T(2, 1, 4)
A4r+2,A+1).(1,4,1)=0
Fsin9(x/2) L+16L+8+A1+1=0
I sin(x/2) dx r=-9/18 = A1=-1/2

-7

D) 1= & [f ==
(D) 1= [f(dx = 3
o So R(3/2,1,9/2), distancea =1/,

2 Tsin9(x/2)
= Sin(x/2) Sol.14 A
X+2y+3z-2)+Ax-y+z-3)=0

T+)x+@2-VDy+(A+3)z-(2+31)=0

0

Let§=e = dx = 2do
[(1+2).3+Q-M1-(A+3)-2+31)| 2
- =
"2 o Ja+)2 +@-2)2 +(n+3) V3
8
I=; -[ sinp d0 2
=32 +4n+14 = 3
8 nj'z (sin96 —sin70)
I=- sin® :—l_ZM _Z
32414 3
(sin76 — sin 50) [sinS@—sinej =302+ 4\ + 14
sino sin© A=-7/2
) (x+2y+3z-2)-7/2(x-y+z-3)=0
Sin 6d9 ~5x+1ly-2z+17=0
sin 5x - 11y +z =17
16 *f2 Sol.15B, C
=— j(cos96+c0569+cos46+cosze)de ol. ’
T
T
2 00
g ™2 2 k 2/=0=> k=12
= [ o 5 2 k
0

use the value of k for finding the equation
n/2

_16 sin86 N sin60 _ sin 40 _ sin 20 +§[6]0"f2 of planes
8 6 4 2 T

= .
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