WVYDO

Control Systems, Robaotics and Manufacturing Series

Robot
Manipulators

Modeling, Performance
Analysis and Control

Edited by Etienne Dombre
and Wisama Khalil

Sle=




Modeling, Performance Analysis and Control of Robot Manipulators



This page intentionally left blank



Modeling, Performance
Analysis and Control of
Robot Manipulators

Edited by
Etienne Dombre
Wisama Khalil




Part of this book adapted from “Analyse et modélisation des robots manipulateurs” and
“Commande des robots manipulateurs” published in France in 2001 and 2002 by Hermés
Science/Lavoisier

First published with revisions in Great Britain and the United States in 2007 by ISTE Ltd

Apart from any fair dealing for the purposes of research or private study, or criticism or
review, as permitted under the Copyright, Designs and Patents Act 1988, this publication may
only be reproduced, stored or transmitted, in any form or by any means, with the prior
permission in writing of the publishers, or in the case of reprographic reproduction in
accordance with the terms and licenses issued by the CLA. Enquiries concerning reproduction
outside these terms should be sent to the publishers at the undermentioned address:

ISTE Ltd ISTE USA

6 Fitzroy Square 4308 Patrice Road

London WIT 5DX Newport Beach, CA 92663
UK USA

www.iste.co.uk

© ISTE Ltd, 2007
© LAVOISIER, 2001, 2002

The rights of Etienne Dombre and Wisama Khalil to be identified as the authors of this work
have been asserted by them in accordance with the Copyright, Designs and Patents Act 1988.

Library of Congress Cataloging-in-Publication Data

Modeling, performance analysis and control of robot manipulators/edited by Etienne Dombre,
Wisama Khalil.
p. cm.

Includes index.

ISBN-13: 978-1-905209-10-1

ISBN-10: 1-905209-10-X

1. Robotics. 2. Manipulators (Mechanism) I. Dombre, E. (Etienne) II. Khalil, W. (Wisama)
TJ211.M626 2006
629.8'933--dc22

2006032328

British Library Cataloguing-in-Publication Data

A CIP record for this book is available from the British Library
ISBN 10: 1-905209-10-X

ISBN 13: 978-1-905209-10-1

Printed and bound in Great Britain by Antony Rowe Ltd, Chippenham, Wiltshire.



Table of Contents

Chapter 1. Modeling and Identification of Serial Robots. . . . . . . ... ..
Wisama KHALIL and Etienne DOMBRE

L1 Introduction. . . . ... ... ...
1.2. Geometricmodeling. . . . . .. ... ... .
1.2.1. Geometric description . . . . . ... ... ...
1.2.2. Direct geometricmodel . . . ... ... ... .. ... .. ... .. ..
1.2.3. Inverse geometricmodel. . . . .. ... .................
1.2.3.1. Stating the problem. . . . .. .....................
1.2.3.2. Principle of Paul’smethod . . . ... ........... ... ...
1.3. Kinematicmodeling. . . . .. ........ ... .. ... .. ...
1.3.1. Direct kinematicmodel . . . ... ... .................
1.3.1.1 Calculation of the Jacobian matrix by derivation
ofthe DGM . . . . . ..
1.3.1.2. Kinematic Jacobian matrix . . . . ... ...............
1.3.1.3. Decomposition of the kinematic Jacobian matrix into
threematrices . . . . .. ... ...
1.3.1.4. Dimension of the operational space ofarobot. . . ... ... ..
1.3.2. Inverse kinematicmodel. . . . .. ... ... ... .. .......
1.3.2.1. General form of the kinematicmodel . . . . ... ...... ...
1.3.2.2. Inverse kinematic model for the regularcase . ..........
1.3.2.3. Solution at the proximity of singular positions . . ... ... ..
1.3.2.4. Inverse kinematic model of redundant robots . . . ... ... ..

e BN B N S S

10
14
14

15
17

19
20
21
21
22
23
24



vi  Modeling, Performance Analysis and Control of Robot Manipulators

1.4. Calibration of geometric parameters . . . . . .. ..............
l41. Introduction . . . .. ... ... ...
1.4.2. Geometric parameters . . . . . . . ..o v e e

1.4.2.1. Geometric parameters of therobot. . . . ... ... ... .....
1.4.2.2. Parameters of the robot’s location . . . . ... ...........
1.4.2.3. Geometric parameters of the end-effector . . . ... ... .. ..
1.4.3. Generalized differential model of arobot. . . . . ... ... ... ..
1.4.4. Principle of geometric calibration . . . . . ...............
1.4.4.1. General form of the calibrationmodel . ..............
1.4.4.2. Identifying the geometric parameters . . . . . . ... .......
1.4.4.3. Solving the identification equations . . . . . ... ... ......
1.4.5. Calibration methods of geometric parameters . . . . ... ... ...
1.4.5.1. Calibration model by measuring the end-effector location. . . .
1.4.5.2. Autonomous calibrationmodels . . . . ... ............
1.4.6. Correction of geometric parameters . . . . . ... ...........
1.5.Dynamic modeling . . ... ...... ... . ... ... .. ... ... ..
1.5.1. Lagrange formalism . . . ... ...... ... ... . .......
1.5.1.1. General form of dynamic equations . . . .. ............
1.5.1.2. Calculation of energy . . .......................
1.5.1.3. Properties of the dynamic model. . . . . ... ...........
1.5.1.4. Taking into consideration the friction. . . . ... ... ... ...
1.5.1.5. Taking into account the inertia of the actuator’s rotor . . . . . .
1.5.1.6. Taking into consideration the forces and moments exerted
by the end-effector on its environment . . . . . ... ... .. .......
1.5.2. Newton-Euler formalism . . .......................
1.5.2.1. Newton-Euler equations linear in the inertial parameters . . . .
1.5.2.2. Practical form of Newton-Euler equations . . . . .........
1.5.3. Determining the base inertial parameters. . . . . ... ... .....

1.6. Identification of dynamic parameters. . . . . . ... ............
1.6.1. Introduction . . . .. ... ... ... ...
1.6.2. Identification principle of dynamic parameters . . . . ... ... ..

1.6.2.1. Solvingmethod . . . .. .......... ... ............
1.6.2.2. Identifiable parameters. . . . . ... ... ..............
1.6.2.3. Choice of identification trajectories . . . . . ............
1.6.2.4. Evaluation of joint coordinates . . . . . . ... ...........
1.6.2.5. Evaluation of jointtorques . . . ... .. ..............

26
26
26
26
27
28
29
30
30
31
34
35
35
36
39
40
42
43
44
46
47
48

48
50
50
52
53
59
59
60
60
62
63
65
65



i

—=

Table of Contents v

1.6.3. Identification model using the dynamic model . ... ... ... .. 66
1.6.4. Sequential formulation of the dynamic model . . . . ... ... ... 68
1.6.5. Practical considerations . . . . .. ......... . ... ... 69
1.7.Conclusion . . .. ... ... . 70
1.8.Bibliography . . . . .. ... ... 71
Chapter 2. Modeling of Parallel Robots . . . . ... ... ............. 81

Jean-Pierre MERLET and Frangois PIERROT

2.1.Introduction. . . . .. ... 81
2.1.1. Characteristics of classicrobots . . . . . ... ............. 81
2.1.2. Other types of robot structure. . . . . ... ............... 82
2.1.3. General advantages and disadvantages . . . .. ............ 86
2.1.4. Presentday uses. . . . . ... 88

2.1.4.1. Simulators and space applications . . . . .............. 88
2.1.4.2. Industrial applications . . . . ... ... ... ... ... ..., 91
2.1.4.3. Medical applications . . . . .. ... ................. 93
2.1.4.4. Precise positioning . . . . ... ... ... ... ... 94

2.2.Machinetypes . . . . . . ..o 95
22. 1. Introduction . . . .. ... 95
2.2.2. Plane robots with three degrees of freedom . ... .......... 100
2.2.3. Robots moving inspace . . . . . . . . ... 101

2.2.3.1. Manipulators with three degrees of freedom. . . . .. ... ... 101
2.2.3.2. Manipulators with four or five degrees of freedom. . . . . . . . 107
2.2.3.3. Manipulators with six degrees of freedom . . . . ... ... ... 109

2.3. Inverse geometric and kinematicmodels . . . . ... ........... 113
2.3.1. Inverse geometricmodel. . . . ... ... ... ... ... ..., .. 113
2.3.2. Inverse kinematics . . . . .. ... ... .. 115
2.3.3. Singular configurations . . . . ... ... ... ... ... .. ... .. 117

2.3.3.1. Singularities and statics . . . . . ... ... ... ... ... ... . 121
2.33.2.Stateoftheart. . . . ... ... . 121
2.3.3.3. The geometric method . . . . . ... ................. 122
2.3.3.4. Maneuverability and condition number. . . ... ... ...... 125

2.3.3.5. Singularities in practice . . . . ... ... ... ... 126



viii  Modeling, Performance Analysis and Control of Robot Manipulators

2.4. Direct geometricmodel. . . . .. ... ... L 126
24.1. Iterative method. . . . . ... ... .. 127
2.4.2. Algebraicmethod. . . . .. ...... .. ... ... . ... 128

2.4.2.1. Reminder concerning algebraic geometry . . ... ........ 128
2422 Planarrobots. . . . . . ... 130
2.4.2.3. Manipulators with six degrees of freedom . . . .. ... ... .. 133
2.5.Bibliography . . . . . . ... 134
Chapter 3. Performance Analysis of Robots. . . . ... ......... .... 141
Philippe WENGER

3.1.Introduction. . . . .. ... 141

32.Accessibility . . .. ... 143
3.2.1. Various levels of accessibility . . ... ................. 143
3.2.2. Condition of accessibility . . . ... .. ................. 144

3.3. Workspace of a robot manipulator . . . . . ......... ... . ... 146
3.3.1. General definition. . . . . . ... ... ... ... 146
3.3.2. Space of accessible positions . . . . . ... ... ... L. 148
3.3.3. Primary space and secondary space . . . . . .............. 149
3.3.4. Defined orientation workspace . . . . ... ... ............ 151
33.5. Freeworkspace . . . .. ... ... 152
3.3.6. Calculation of the workspace . . . ... ................. 155

34.Conceptofaspect . . . ... .. 157
34.1. Definition . . ... ... ... 157
3.4.2. Mode of aspects calculation. . . ... .................. 158
343.Freeaspects . . . . oo 160
3.4.4. Applicationof theaspects. . . ... ................... 161

3.5. Concept of connectivity . . . . ... ... .. ... ... ... 163
3.5.1. Introduction . . .. ... 163
3.5.2. Characterization of n-connectivity. . . . .. ... ... ........ 165
3.5.3. Characterization of t-connectivity . . . . ... ... .......... 168

3.6. Local performances . . . . .. ....... ... ... ... ... 174
3.6.1. Definition of dexterity . . . ... ..................... 174
3.6.2. Manipulability. . . .. ... ... ... 174

3.63. Isotropyindex . . . . .. ... ... 180



Table of Contents  ix

3.6.4. Lowestsingularvalue . . ... ...................... 181
3.6.5. Approach lengths andangles . . . ... ................. 181
37.Conclusion . . .. ..o 183
3.8.Bibliography . . . . ... ... ... 183
Chapter 4. Trajectory Generation. . . . . ... .................. 189

Moussa HADDAD, Taha CHETTIBI, Wisama KHALIL and Halim LEHTIHET

4.1. Introduction. . . . . .. ... 189
4.2. Point-to-point trajectory in the joint space under kinematic
CONSLraints . . . . . . . oot 190
4.2.1. Fifth-order polynomial model . . ... ................. 191
4.2.2. Trapezoidal velocitymodel . . . . ... ................. 193
4.2.3. Smoothed trapezoidal velocity model . . . . . ... .......... 198
4.3. Point-to-point trajectory in the task-space under kinematic
CONSIIAINES . . . . o o oottt e e e e 201
4.4. Trajectory generation under kinodynamic constraints. . . . . ... ... 204
4.4.1. Problemstatement . . . ... ... ... .. .. ... ... ... .. .. 205
44.1.1.Constraints. . . . .. .. ... 206
4.4.1.2. Objective function . . . ... ..................... 207
4.4.2. Description of themethod. . . . .. ................... 208
442.1.0uthine . . .. ... 208
4.4.2.2. Construction of a random trajectory profile . ... ........ 209
4.4.2.3. Handling kinodynamic constraints. . . . .. ... ......... 212
4424, 85UmMmary. . . ... e 216
4.4.3. Trapezoidal profiles . . . ... .. ....... ... . ......... 218
4.5 Examples . . . ... e 221
4.5.1.Caseofatwodofrobot . . ........ ... ... ... .. .. .. 221
4.5.1.1. Optimal free motion planning problem . . . . ... .. ... ... 221
4.5.1.2. Optimal motion problem with geometric
pathconstraint. . . . .. ... ... ... 223
4.5.2.Caseofasixdofrobot. . . .......... ... ... ..... 224
4.5.2.1. Optimal free motion planning problem . . . . . ... ....... 225

4.5.2.2. Optimal motion problem with geometric
pathconstraints . . . . . ... . ... ... 226



x  Modeling, Performance Analysis and Control of Robot Manipulators

4.5.2.3. Optimal free motion planning problem with

intermediate points . . . . . . . ...
4.6.Conclusion . . . . ...
4.7.Bibliography . . . . . . . ...
Appendix: Stochastic Optimization Techniques. . . . . . ... ... ... ..

Chapter 5. Position and Force Control of a Robot in a Free or
Constrained Space. . . . . ... ... ... ... ...

Pierre DAUCHEZ and Philippe FRAISSE

S.l.Introduction. . . .. ...
52.Freespacecontrol . . ... ... ... ... .. ...
5.2.1. Hypotheses applying to the whole chapter . . . . ... ........
5.2.2. Complete dynamic modeling of a robot manipulator. . . . . . . ..
5.2.3. Ideal dynamic control in the jointspace . . ..............
5.2.4. Ideal dynamic control in the operational working space . . . . . . .
5.2.5. Decentralized control . . ... ... ... ...
5.2.6.Slidingmode control. . . . .. ........ . .............
5.2.7. Robust control based on high order slidingmode . . . ... ... ..
5.2.8. Adaptivecontrol . . .. ... ..
5.3. Control in a constrained space. . . . ... ..................
5.3.1. Interaction of the manipulator with the environment . . . . . . ...
5.3.2.Impedancecontrol . ... ... ... ... . ... . ... ... ...
5.3.3. Force control of a mass attached toaspring . . . ...........
5.3.4. Non-linear decoupling in a constrained space . . . . .........
5.3.5. Position/force hybridcontrol . . . . ... ... ........ . ....
5.3.5.1. Parallel structure . . ... ........ ... ...... ... ....
5.3.5.2. External structure. . . . . ... ... ...
5.3.6. Specificity of the force/torque control. . . . . ... ..........
SA.ConClusion . . . ...
5.5.Bibliography . . . ... ... ...



Table of Contents  xi

Chapter 6. Visual Servoing . . . . . ... ... ... ... ... . ... 279
Frangois CHAUMETTE
6.1. Introduction. . . . ... ... ... 279
6.2. Modeling visual features . . . . ... ............ . ... ..... 281
6.2.1. The interaction matrix . . . . . . . ... ... ... ... .. 281
6.2.2. Eye-in-hand configuration. . . . . ... ................. 282
6.2.3. Eye-to-hand configuration. . . . . ... ................. 283
6.2.4. Interaction MatriX. . . . . . oo v v v i 284
6.2.4.1. Interaction matrix ofa2-Dpoint. . . . . ... ........... 284
6.2.4.2. Interaction matrix of a 2-D geometric primitive. . . . . ... .. 287
6.2.4.3. Interaction matrix for complex 2-D shapes. . . . ... .. .... 290
6.2.4.4. Interaction matrix by learning or estimation . . . . ... ... .. 293
6.2.5. Interaction matrix related to 3-D visual features. . . . . ... .. .. 294
6.2.5.1. Poseestimation . . . .. ... ... .. 294
6.2.5.2. Interaction matrix related to 6u. . . . . ... ... ... . ... 297
6.2.5.3. Interaction matrix relatedtoa3-Dpoint . . .. ... ....... 298
6.2.5.4. Interaction matrix relatedtoa3-Dplane . . . . .. ... ... .. 300
6.3. Task function and control scheme . . ... ................. 301
6.3.1. Obtaining the desired value s* . . . . .. ................ 301
6.3.2. Regulating the task function . .. ... ................. 302
6.3.2.1. Case where the dimension of sis6 (k=6). ............ 304
6.3.2.2. Case where the dimension of s is greater than 6 (k>6) . . . . . 312
6.33.Hybridtasks . . . . ... ... ... . 317
6.33.1. Virtuallinks . . ... .......... .. . .. ... ... ... ... 317
6.3.3.2. Hybrid task function . . . . ... ... ... ............. 319
6.3.4. Targettracking . . ... .. ..... .. . ... ... 323
6.4. Other exteroceptive SENSOIS . . . v v v v v v v v v e e e e e e e . 325
6.5.CoNClUSION . . . . . oo 326

6.6. Bibliography . . . . . ... .. 328



xii  Modeling, Performance Analysis and Control of Robot Manipulators

Chapter 7. Modeling and Control of Flexible Robots . . . . ... ... .. .. 337

Frédéric BOYER, Wisama KHALIL, Mouhacine BENOSMAN and
George LE VEY

7.1 Introduction. . . .. .. ... 337
7.2. Modeling of flexiblerobots . . . .. ... ................. 337
7.2.1. Introduction . . . . ... ... 337
7.2.2. Generalized Newton-Euler model for a kinematically free
elasticbody . . . . ... ... . ... 339
7.2.2.1. Definition: formalism of a dynamic model. . . . ... ... ... 339
7.2.22. Choiceof formalism . . . ... ... ... ............ 340
7.2.2.3. Kinematic model of a free elasticbody . . . . ... ... ..... 341
7.2.2.4. Balance principle compatible with the mixed formalism. . . . . 343
7.2.2.5. Virtual power of the field of acceleration quantities . . . . . . . 344
7.2.2.6. Virtual power of external forces . . . ... ............. 346
7.2.2.7. Virtual power of elastic cohesion forces . . ............ 347
7.2.2.8. Balance of virtual powers . . . ... ... .............. 348
7.2.2.9. Linear rigid balance in integral form . . . ... ... ... .... 349
7.2.2.10. Angular rigid balance in integral form. . . . . ... ... .... 349
7.2.2.11. Elastic balances in integral form . . . . . ... ... ... .... 350
7.2.2.12. Linear rigid balance in parametric form. . . ... ... ... .. 351
7.2.2.13. Intrinsic matrix form of the generalized
Newton-Eulermodel. . . ... ... .. ... . ... . ... . ... 353
7.2.3. Velocity model of a simple open robotic chain . . .. ... ... .. 356
7.2.4. Acceleration model of a simple open robotic chain. . . . ... ... 357
7.2.5. Generalized Newton-Euler model for a flexible manipulator . . . . 358
7.2.6. Extrinsic Newton-Euler model for numerical calculus . . . . . . .. 359
7.2.7. Geometric model ofanopenchain. . . .. ............... 362
7.2.8. Recursive calculation of the inverse and direct dynamic models
foraflexiblerobot . . . ... ... ... .. . . . 363
7.2.8.1. Introduction . . . .. ... ... 363
7.2.8.2. Recursive algorithm of the inverse dynamic model. . . . . . .. 364
7.2.8.3. Recursive algorithm of the direct dynamic model. . . . . . . .. 368
7.2.8.4. Tterative symbolic calculation. . . ... ............... 373
7.3. Control of flexible robot manipulators. . . . . ............... 373
73.1. Introduction . . . .. ... 373

7.3.2.Reminderof notations . . . . .. ... ... .. ... ... 374



Table of Contents  xiii

7.3.3.Controlmethods . ... ......... . ... ... .. ....... 375
733.1.Regulation. . ........ ... .. . . . ... ... 375
7.3.3.2. Point-to-point movement in fixed time . . . . ........... 375
7.3.3.3. Trajectory tracking in the jointspace . . . . ............ 380
7.3.3.4. Trajectory tracking in the operational space . . . . ... ..... 383

74.Conclusion . . . . ... ... 388
7.5.Bibliography . . . ... .. ... 389
Listof Authors . . . . .. ... ... .. .. . 395



This page intentionally left blank



Chapter 1

Modeling and Identification
of Serial Robots

1.1. Introduction

The design and control of robots require certain mathematical models, such as:

— transformation models between the operational space (in which the position of
the end-effector is defined) and the joint space (in which the configuration of the
robot is defined). The following is distinguished:

- direct and inverse geometric models giving the location of the end-effector
(or the tool) in terms of the joint coordinates of the mechanism and vice versa,

- direct and inverse kinematic models giving the velocity of the end-effector in
terms of the joint velocities and vice versa,

— dynamic models giving the relations between the torques or forces of the
actuators, and the positions, velocities and accelerations of the joints.

This chapter presents some methods to establish these models. It will also deal
with identifying the parameters appearing in these models. We will limit the
discussion to simple open structures. For complex structure robots, i.e. tree or closed
structures, we refer the reader to [KHA 02].

Chapter written by Wisama KHALIL and Etienne DOMBRE.



2 Modeling, Performance Analysis and Control of Robot Manipulators

Mathematical development is based on (4 X 4) homogenous transformation
matrices. The homogenous matrix 'T; representing the transformation from frame R;
to frame R; is defined as:

i i i i i i
iTj _ R; P; _| S My oaj P; [1.1]
0o 0 0 1 0O 0 0 1

where Is;, inj and iaj of the orientation matrix R; indicate the unit vectors along the
axes X;j, yj and z; of the frame R; expressed in the frame R;; and where 'P; is the
vector expressing the origin of the frame R; in the frame R;.

1.2. Geometric modeling
1.2.1. Geometric description

A systematic and automatic modeling of robots requires an appropriate method
for the description of their morphology. Several methods and notations have been
proposed [DEN 55], [SHE 71], [REN 75], [KHA 76], [BOR 79], [CRA 86]. The
most widely used one is that of Denavit-Hartenberg [DEN 55]. However, this
method, developed for simple open structures, presents ambiguities when it is
applied to closed or tree-structured robots. Hence, we recommend the notation of
Khalil and Kleinfinger which enables the unified description of complex and serial
structures of articulated mechanical systems [KHA 86].

A simple open structure consists of n+1 links noted Cy, ..., C, and of n joints.
Link C indicates the robot base and link C, the link carrying the end-effector. Joint
J connects link C; to link C;_; (Figure 1.1). The method of description is based on the
following rules and conventions:

— the links are assumed to be perfectly rigid. They are connected by revolute or
prismatic joints considered as being ideal (no mechanical clearance, no elasticity);

— the frame R; is fixed to link Cj;
— axis z; is along the axis of joint j;

— axis x; is along the common perpendicular with axes z; and z;,;. If axes z; and
zj+ are parallel or collinear, the choice of x; is not unique: considerations of
symmetry or simplicity lead to a reasonable choice.

The transformation matrix from the frame Rj to the frame R; is expressed in
terms of the following four geometric parameters:

— ay: angle between axes z;_; and z; corresponding to a rotation about x;_y;
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— d;: distance between z;.; and z; along xj_1;
— 6;: angle between axes xj.| and x; corresponding to a rotation about z;;

—1j: distance between x;_j and x; along z;.

Figure 1.2. Geometric parameters in the case of a simple open structure
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The joint coordinate q; associated to the j™ joint is either 8; or rj, depending on
whether this joint is revolute or prismatic. It can be expressed by the relation:

q; =00; +0jf; [1.2]

with:
—0j = 0 if the joint is revolute;
—0j = 1 if the joint is prismatic;
—(_S] =1- GJ

The transformation matrix defining the frame R; in the frame R; is obtained
from Figure 1.2 by:

1T = Rot(x, o) Trans(x, d;) Rot(z, 6;) Trans(z, j)

co, -s8; 0
_ Co;88; CaCO; -Sa; -1;S0; (131
0 0 0 1

where Rot(u, o) and Trans(u, d) are (4 X 4) homogenous matrices representing,
respectively, a rotation o about the axis u and a translation d along u.

NOTES.

— for the definition of the reference frame Ry, the simplest choice consists of
taking R aligned with the frame R when q; = 0, which indicates that z is along z;
and Oy =0, when joint 1 is revolute, and z; is along z; and X is parallel to x;
when joint 1 is prismatic. This choice renders the parameters o] and d; zero;

— likewise, the axis x, of the frame R, is taken collinear to x,.; when g, = 0.
This choice makes r,, (or 6,,) zero when 6, =1 (or = 0 respectively);

— for a prismatic joint, the axis z; is parallel to the axis of the joint; it can be
placed in such a way that d; or dj+; is zero;

— when z; is parallel to zj, the axis x; is placed in such a way that 1j or rj4 is
Zero;



Modeling and Identification of Serial Robots 5
— in practice, the vector of joint variables q is given by:
q=Keqetqo

where qq represents an offset, q. are encoder variables and K¢ is a constant matrix.

EXAMPLE 1.1.— description of the structure of the Stdubli RX-90 robot (Figure
1.3). The robot shoulder is of an RRR anthropomorphic type and the wrist consists
of three intersecting revolute axes, equivalent to a spherical joint. From a
methodological point of view, firstly the axes z; are placed on the joint axes and the
axes x; are placed according to the rules previously set. Next, the geometric
parameters of the robot are determined. The link frames are shown in Figure 1.3 and
the geometric parameters are given in Table 1.1.

Figure 1.3. Link frames for the Stdubli RX-90 robot
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] Oj o dj 9j Ij
1 0 0 0 01 0
2 0 /2 0 0> 0
3 0 0 D3 03 0
4 0 —n/2 0 04 RL4
5 0 /2 0 05 0
6 0 /2 0 06 0

Table 1.1. Geometric parameters for the Stdubli RX-90 robot

1.2.2. Direct geometric model

The direct geometric model (DGM) represents the relations calculating the
operational coordinates, giving the location of the end-effector, in terms of the joint
coordinates. In the case of a simple open chain, it can be represented by the
transformation matrix 0T,

0T, =T1(q1) 'Ta(q2) - "' Tn(qn) [1.4]
The direct geometric model of the robot may also be represented by the relation:
X = f(q) [1.5]
q being the vector of joint coordinates such that:
q=[q1 9 ... qu]" [1.6]
The operational coordinates are defined by:

X=[x] X2 ... Xp]T [1.7]
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There are several possibilities to define the vector X. For example, with the help
of the elements of matrix OT,:

X=[Px Py P, sy sy s, ny ny n, ay ay a,]T [1.8]
or otherwise, knowing that s = nxa
X=[Px Py P, ny ny n, a, a, a,’ [1.9]

For the orientation, other representations are currently used such as Euler angles,
Roll-Pitch-Yaw angles or Quaternions. We can easily derive direction cosines s, n, a
from any one of these representations and vice versa [KHA 02].

EXAMPLE 1.2. — direct geometric model for the Stidubli RX-90 robot (Figure 1.3).
According to Table 1.1, the relation [1.3] can be used to write the basic
transformation matrices J"‘Tj. The product of these matrices gives 9Ty that has as
components:

s, = C1(C23(C4C5C6 — S4S6) — S2385C6) — S1(S4C5C6 + C4S6)
sy = S1(C23(C4C5C6 — $456) — S2385C6) + C1(S4C5C6 + C4S6)
s, = S23(C4C5C6 — S4S6) + C2385C6

ny = C1(~ C23 (C4C5S6 + S4C6) + S23S556) + S1(S4C5S6 — C4C6)
ny = S1(~ C23 (C4C5S6 + S4C6) + S235586) — C1(S4C5S6 — C4C6)
n, = — S23(C4C5S6 + S4C6) — C23S556

a, = — C1(C23C4S5 + S23C5) + S1S4S5

a, =— S1(C23C4S5 + S23C5) — C1S4S5

a, = — S23C4S5 + C23C5

P, = — C1(S23 RL4 — C2D3)

P, =—SI1(S23 RL4 - C2D3)

P,=C23 RL4 + S2D3

with C23=cos (6, + 63) and S23 = sin (6, + 03).

1.2.3. Inverse geometric model

We saw that the direct geometric model of a robot calculates the operational
coordinates giving the location of the end-effector in terms of joint coordinates. The
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inverse problem consists of calculating the joint coordinates corresponding to a
given location of the end-effector. When it exists, the explicit form which gives all
possible solutions (there is rarely uniqueness of solution) constitutes what we call
the inverse geometric model (IGM). We can distinguish three methods for the
calculation of IGM:

— Paul’s method [PAU 81], which deals with each robot separately and is
suitable for most of the industrial robots;

— Pieper’s method [PIE 68], which makes it possible to solve the problem for the
robots with six degrees of freedom having three revolute joints with intersecting
axes or three prismatic joints;

— the general Raghavan and Roth’s method [RAG 90] giving the general solution
for robots with six joints using at most a 16-degree polynomial.

Whenever calculating an explicit form of the inverse geometric model is not
possible, we can calculate a particular solution through numeric procedures [PIE
68], [WHI 69], [FOU 80], [FEA 83], [WOL 84], [GOL 85] [SCI 86].

In this chapter, we present Paul’s method; Pieper’s method, and Raghavan and
Roth’s method are detailed in [KHA 02].

1.2.3.1. Stating the problem

Let T be the homogenous transformation matrix representing the desired
location of the end-effector frame Rg with respect to the world frame R¢. In general
cases, T4 can be expressed in the following form:

fTpd=270T,(q) E [1.10]

where (see Figure 1.4):

— Z is the transformation matrix defining the location of the robot frame Ry in
the world reference frame Rg;

— 0T, is the transformation matrix of the terminal link frame R, with respect to
frame Ry in terms of the joint coordinates q;

— E is the transformation matrix defining the end-effector frame Ry in the
terminal frame R,,.
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Figure 1.4. Transformations between the end-effector frame and the world reference frame

When n > 6, we can write the following relation by grouping on the right hand
side all known terms:

0Ty (q) =Z! T E-! [1.11]

When n < 6, the robot’s operational space is less than six. It is not possible to
place the end-effector frame R in an arbitrary location Rg4 describing the task,
except when the frames Rg and Rgd are conditioned in a particular way in order to
compensate for the insufficient number of degrees of freedom. Practically, instead of
bringing frame Ry onto frame Rid, we will seek to only place some elements of the
end-effector (points, straight lines).

In the calculation of IGM, three cases can be distinguished:

a) no solution when the desired location is outside of the accessible zone of the
robot. It is limited by the number of degrees of freedom of the robot, the joint limits
and the dimension of the links;

b) infinite number of solutions when:
— the robot is redundant with respect to the task,
— the robot is in some singular configuration;

¢) a finite number of solutions expressed by a set of vectors {q!, ..., q'}. A robot
is said to be solvable [PIE 68], [ROT 76] when it is possible to calculate all the
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configurations making it possible to reach a given location. Nowadays, all serial
manipulators having up to six degrees of freedom and which are not redundant may
be considered as solvable. The number of solutions depends on the structure of the
robot and is at most equal to 16.

1.2.3.2. Principle of Paul’s method

Let us consider a robot whose homogenous transformation matrix has the
following form:

0T, =T (q)) 'Ta(qp) ... ™! Tn(qn) [1.12]

Let U be the desired location, such that:

Up=| * 7 7 7 [1.13]

We seek to solve the following system of equations:

Up="T(q1) 'Ta(q2) ... ™' Ty(qn) [1.14]

Paul’s method consists of successively pre-multiplying the two sides of equation
[1.14] by the matrices /Tj.; for j = 1, ..., n—1, operations which make it possible to
isolate and identify one after another of the joint coordinates.

For example, in the case of a six degrees of freedom robot, the procedure is as
follows:

— left multiplication of both sides of equation [1.14] by ! Ty:
IT) Up = 1T, 2T3 3T4 4T 5Ty [1.15]

The right hand side is a function of the variables qp, ..., q¢. The left hand side is
only a function of the variable q;;

— term-to-term identification of the two sides of equation [1.15]. We obtain a
system of one or two equations function of q; only, whose structure belongs to a
particular type amongst a dozen of possible types;
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— left multiplication of both sides of equation [1.15] by 2T and calculation of q5.

The succession of equations enabling the calculation of all g; is the following:

U =T, 1T,2T;5 3T4 4T55Tg

1Ty Up = 'T52T53 3T4 4T5 T

2T, U = 2T3 3T4 4T5 5T [1.16]
3T2 U,y = 3T4 4T 5T

4T, Us = 4T 5T

ST, Uy =Ty

with:
Uiy =1"1Tg=1"1T; Uj forj=0, ..., 4 [1.17]

The use of this method for a large number of industrial robots has shown that
only a few types of equations are encountered, and that their solutions are relatively
simple.

NOTES.

1) When a robot has more than six degrees of freedom, the system to be solved
contains more unknowns than parameters describing the task: it lacks (n—6)
relations. Two strategies are possible:

— the first strategy consists of setting arbitrarily (n—6) joint variables. In this
case we deal with a problem with six degrees of freedom. The choice of these joints
results from the task’s specifications and from the structure of the robot;

— the second strategy consists of introducing (n—6) supplementary relations
describing the redundancy, like for example in [HOL 84] for robots with seven
degrees of freedom.

2) A robot with less than six degrees of freedom cannot place its end-effector at
arbitrary positions and orientations. Thus, it is not possible to bring the end-effector
frame Rg onto another desired frame Rgd except if certain elements of °Tgd are
imposed in a way that compensates for the insufficient number of degrees of
freedom. Otherwise, we have to reduce the number of equations by considering only
certain elements (points or axes) of the frames Ry and Rgd.
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EXAMPLE 1.3.— inverse geometric model of the Stidubli RX-90 robot. After
performing all the calculations, we obtain the following solutions:

0, =atan2(P,,P,)
0, =6+m

0, = atan2(S2, C2)

with:

_YZ-eXNXP+Y?-7?
X% +v?
 XZ-eYNXP+Y?-Z7?
X* +Y?
X =-2P,D3
Y =-2BID3
Z = (RL4)? - (D3)? - (P,)? — (B1)?
Bl =P, Cl+P,Sl

C2

withe==+1

S2

-P,S2-BIC2+D3 -BIS2+P,C2
0; =atan2 ,
RL4 RL4
{64 =atan2[Sl a, —Cl a,,-C23(Cl a, +Sla,)—-S23 a,]

0,=0,+m
05 = atan2(S5, C5)

with:

S5=-C4[C23 (Cl ay + Sl a,) + S23a,] + S4 (S1 a,— C1 a)
C5=-523 (Cl ay+Sl a)) +C23 a,

06 = atan2(S6, C6)

with:

S6 =~ C4 (S1 s, — Cl sy) — S4 [C23 (C1 5, + Sl 5,) + S23 5,]
C6 =~ C4 (S1 ng — Cl ny) — $4 [C23 (C1 nx + S ny) + 523 1y
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NOTES.
1) Singular positions:

i) when Py = Py = 0, which corresponds to S23RL4 — C2D3 = 0, the point Oy is
on the axis z( (Figure 1.5a). The two arguments used for calculating 0 are zero and
consequently 0, is not determined. We can give any value to 0, generally the value
of the current position, or, according to optimization criteria, such as maximizing the
distance from the mechanical limits of the joints. This means that we can always
find a solution, but a small change of the desired position might call for a significant
variation of 61, which may be impossible to carry out considering the velocity and
acceleration limits of the actuators,

ii) when C23(Clay + Slay) + S23a, = 0 and Slay — Clay = 0, the two
arguments of the atan2 function used for the calculation of 84 are zero and hence the
function is not determined. This configuration happens when axes 4 and 6 are
aligned (CO5 = +1) and it is the sum (04 = 6¢) which can be obtained (see Figure
1.5b). We can give to 6, its current value, then we calculate 8¢ according to this
value. We can also calculate the values of 04 and 64, which move joints 4 and 6
away from their limits,

iii) a third singular position occurring when C3 = 0 will be highlighted along
with the kinematic model. This singularity does not pose any problem for the inverse
geometric model (see Figure 1.5¢).

2) Number of solutions: apart from singularities, the Stdubli RX-90 robot has
eight theoretical configurations for the IGM (product of the number of possible
solutions on each axis). Some of these configurations may not be accessible due to
their joint limits.

a) Singularity of the shoulder (Py = Py, =0 and S23RL4 — C2D3 =0)
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7y, Zg

b) Singularity of the wrist (S5 = 0)

¢) Singularity of the elbow (C3 = ()

Figure 1.5. Singular positions of the Stidubli RX-90 robot

1.3. Kinematic modeling
1.3.1. Direct kinematic model

The direct kinematic model of a robot gives the velocities of the operational
coordinates X in terms of the joint velocities ¢ . We write:

X=J(q)q [1.18]
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where J(q) indicates the (m X n) Jacobian matrix of the mechanism, such that:

== [1.19]
q

This Jacobian matrix appears in calculating the direct differential model that
gives the differential variations dX of the operational coordinates in terms of the
differential variations of the joint coordinates dq, such as:

dX =J(q) dq [1.20]

The Jacobian matrix has multiple applications in robotics [WHI 69], [PAU 81]:

— it is at the base of the inverse differential model, which can be used to calculate
a local solution of joint coordinates q corresponding to an operational coordinates X;

— 1in static force model, we use the Jacobian matrix in order to calculate the
forces and torques of the actuators in terms of the forces and moments exerted on
the environment by the end-effector;

— it facilitates the calculation of singularities and of the dimension of accessible
operational space of the robot [BOR 86], [WEN 89].
1.3.1.1. Calculation of the Jacobian matrix by derivation of the DGM

The calculation of the Jacobian matrix can be done by differentiating the DGM,
X = f(q), using the following relation:

PCTCY)

ij aqj

i=1, ...mj=1 ...,n [1.21]

where Jjj is the (i, j) element of the Jacobian matrix J.

This method is easy to apply for robots with two or three degrees of freedom, as
shown in the following example. The calculation of the kinematic Jacobian matrix
presented in section 1.3.1.2 is more practical for robots with more than three degrees
of freedom.

EXAMPLE 1.4.— let us consider the planar robot with three degrees of freedom of
parallel revolute axes represented in Figure 1.6. We use L1, L2 and L3 to denote the
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lengths of the links. We choose as operational coordinates the Cartesian coordinates
(Px, Py) of point E in the plane (xo, o) and the angle o between x and x3.

P,=Cl1L1+CI12L2+C123 L3
Py=S1LI+S12L2+S123L3
a=0;+06,+06;

with C12 = cos(0; + 6,), S12 = sin(0; + 0,), CI123 = cos(0; +6, + 03) and
S123 =sin(0; +6, +63)

The Jacobian matrix is calculated by differentiating these relations with respect
to 01, 62 and 63:

—SIL1-S121L.2-S123L3 -S12L.2-S123L3 -S123L3
J=| CIL1+CI12L2+C123L3 CI12L2+C123L3 Cl123L3
1 1 1

Figure 1.6. Example of a planar robot with three degrees of freedom
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1.3.1.2. Kinematic Jacobian matrix

The kinematic Jacobian matrix is obtained through a direct calculation using the
relation between the linear and angular velocity vectors V,, and m, of the frame R,
and the joint velocity q:

{Vn } _
=J,q [1.22]
()

n

We note that V,, is the derivative of the position vector P, with respect to time.
On the other hand, ®, is not a derivative of any representation of the orientation.

The expression of the Jacobian matrix is identical if we consider the relation
between the differential translational and rotational vectors (dP,, 8,,) of the frame R,
and the differential increments of the joint coordinates dq:

dpP,
{5 }: J, dq [1.23]

i) Calculation of the kinematic Jacobian matrix

Let us consider the k™ joint of an articulated serial chain. The velocity dy
produces on the end-effector frame R, the linear velocity Vi, and the angular
velocity wy ,. We recall that ay is the unit vector along axis z of the joint k and we
indicate by Ly , the vector of origin Oy and extremity Op. By applying the velocity
composition law, the linear and angular velocities of the end-effector frame are
written as follows:

n n
Vo =2 Vin = D [0y +G (ayxLy ) 4y
k=1 k=1
0 0 [1.24]
w, = Z Wy n = chaqu
k=1 k=1

If we write this system in a matrix form and if we identify it with the relation
[1.22], we conclude that:

. o3 + 61 (alXLl,n ) Opa, + Gn (anXLn,n)

J,= . _ [1.25]
O3 o Chay
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In general, V,, and m, are expressed either in the frame R;, or in the frame Ry.
The corresponding Jacobian matrix is noted either ™J,, or %J,. These matrices can
also be calculated by using a matrix iJn, 1=0, .., n, due to the following relation of
transformation of the Jacobian matrix between frames:

SR; 0, |,
SJn= i . 3 iy
0; R

[1.26]

n

where SR; is the (3 X 3) orientation matrix of frame R; expressed in frame Rj.

The matrix SJ, can therefore be decomposed into two matrices, the first one
always being a full rank matrix.

Since the two matrices 1J,, and SJ, have the same singular positions, we
practically try to use the projection frame R; which simplifies the elements of the
matrix 1J,. In general, we obtain the simplest .J, matrix when we consider
i = integer(n/2).

ii) Calculation of the \J,, matrix

We notice that the vector product ay X Ly , can be transformed? into a i Ly, and
the k™ column of 1J,,, denoted 'jnx, becomes:

I oy 'y +0 'R “a kLk,n
Ink= _ [1.27]
O Ay

By developing and noting that ka; = [0 0 1]T and that kLk’n =kp_, we obtain:

i = k i k i
i Gk ay +Gk (— Pny Sk + an ng
Ink= . [1.28]
Ok ag

where kan and 1(Pny are respectively the x and y components of the vector kP,,.

2 The skew symmetric matrix a is defined by:

0 a, ay
a=|la, 0 -—a,
-a, a 0



Modeling and Identification of Serial Robots 19

Similarly, the k™ column of 1J,, can be written as follows:

ljn;kz _
Ok

oy 'a +6, ', (P, —' P)

[1.29]

When i = 0, the elements of column k are obtained from those of the matrix T}
and the vector 9P,. We must then calculate the matrices °T}, fork=1, ..., n.

EXAMPLE 1.5— calculation of the kinematic Jacobian matrix 3J¢ of the Stiubli
RX-90 robot. Column k of the matrix 3J4 of a 6R robot with six degrees of freedom

can be written as follows:

3

kp 3. ,kp 3
3. |7 Pey skt Pex Ty
J6:k=

ay
Hence:

0
0
_ | S23 RL4-C2D3
S23
C23
0

-RL4+S3D3 -RL4 0 0 0

C3D3
0

0
0
1

0
0
0
0
1

0
0
0
1
0

0 0
0 0
S4 -S5C4
0 C5
C4 584 |

1.3.1.3. Decomposition of the kinematic Jacobian matrix into three matrices

With the help of relation [1.26], we have shown that the matrix SJ,, could be
decomposed into two matrices, the first one always being of full rank and the second
one containing simple elements. Renaud [REN 80b] demonstrated that we can also
decompose the Jacobian matrix into three matrices: the first two are always of full
rank and their inversion is immediate; the third one is of the same rank as SJ, but
contains much more simple elements. We obtain [KHA 02]:

SJ _ SRi 03 13 - il:j,n lJ )
n= n,
0, °R, [|0; 1 !

[1.30]
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the elements of the k™ column of iJn’j being expressed in the frame R; in the
following way:

e e
i Oy 'ag +0y (= Py 'si +° Py, 'my)
Injk= i [1.31]
Ok ag

1.3.1.4. Dimension of the operational space of a robot

For a given joint configuration q, the rank r of the Jacobian matrix 'J,, henceforth
denoted J for simplification of notations, corresponds to the number of degrees of
freedom associated with the end-effector. It defines the dimension of the accessible
operational space in this configuration. We call number of degrees of freedom M of
the operational space of a robot, the maximal rank ry,, that the Jacobian matrix has
in all possible configurations. Two cases are to be examined [GOR 84]:

— if M is equal to the number of degrees of freedom n of the robot, the robot is
not redundant: it has just the number of joints enabling it to give M degrees of
freedom to its end-effector;

—if n > M, the robot is redundant of the order (n — M). It has more joints than are
needed to give M degrees of freedom to its end-effector.

Whatever the case, for certain joint configurations, the rank r may be less than
M: we say that the robot has a singularity of order (M — r). It then loses, locally, the
possibility of generating a velocity along or about certain directions. When matrix J
is square, singularities of order one are solution of det(J) = 0, where det(J) indicates
the determinant of the Jacobian matrix of the robot. They are given by det(JJT) = 0
in the redundant case.

Based on the results obtained in Example 1.5, we can verify that for the Staubli
RX-90 robot, the determinant of 3J can be written as follows:

det(3Jg) = — C3 D3 RL4 S5 (S23 RL4 — C2 D3)

The maximal rank is such that ry,x = 6. The robot is non-redundant since it has
six degrees of freedom and six joints. However, this rank is equal to five in the
following three singular configurations:

C3=0
S23RL4-C2D3=0
S5=0
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1.3.2. Inverse kinematic model

The objective of the inverse kinematic model is to calculate, at a given
configuration q, the joint velocity q which provides a desired operational velocity
X to the end-effector. This definition is similar to that of the inverse differential
model: the latter determines the joint differential variation dq corresponding to a
specified differential variation of the operational coordinates dX. In order to obtain
the inverse kinematic model, we inverse the direct kinematic model by solving a
system of linear equations. The implementation may be done in an analytical or
numerical manner:

— the analytical solution has the advantage of considerably reducing the number
of operations, but all singular cases must be treated separately [CHE 87];

— the numeric methods are more general, the most widely used one being based
on the pseudo-inverse: the algorithms deal in a unified way with the regular,
singular, and redundant cases. They require a relatively significant calculation time.

In this section we will present the techniques to be implemented in order to
establish the inverse kinematic model for regular, singular and redundant cases.

1.3.2.1. General form of the kinematic model

Let X = [XpT X,"]" be any representation with respect to Ry of the location of
frame Ry, the elements X, and X, designating, respectively, the operational position
and orientation vectors. The relations between the velocities X, and X, and the
velocity vectors OV, and 9w, of the end-effector frame R,, are the following:

Xp 03 OVn
L{ }{ip QJ =f{0m } [1.32]

n
the matrices Q, and €, depending on the representation having been chosen for
position and for orientation respectively [KHA 02].

OVn

o

n

On the basis of equations [1.22], [1.30] and [1.32], the direct kinematic model
has as general form:

. 0.1l°R. o0, |l1, —'L. |.
03 Q 03 Ri 03 13
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or, as a short form:
X=1J q [1.34]

1.3.2.2. Inverse kinematic model for the regular case

In this case, the Jacobian matrix J is square and of full rank, hence we can
calculate J-!, the inverse matrix of J, which makes it possible to determine the joint
velocities q with the relation:

X=J'q [1.35]

When the matrix J has the following form:

i-| A0 1.36
=g ¢ [1.36]

the matrices A and C being inversible and square, it is easy to show that the inverse
of this matrix can be written:

A0
J= o [1.37]
-c'BA7! C”

Thus, the solution of this problem lies on the inversion of two matrices of
smaller dimension. When the robot has six degrees of freedom and a spherical wrist,
the general form of J is that of the relation [1.36], A and C having the dimension
(3 x 3) [GOR 84].

EXAMPLE 1.6.— calculation of the inverse Jacobian matrix of the Staubli RX-90
robot. The Jacobian matrix 3J¢ was calculated in Example 1.5. The calculation of the
inverse matrices of A and C gives:

0 0 %! V4 1 -V5
Al=| 0 V3 0,C'=| s4 0 cC4
—~1/RL4 V2V3/RL4 0 —C4/S5 0 S4/S5
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with:

1
l= -
S23RL4-C2D3

V2 =-RL4 +S3D3
1

V3= ——
C3D3

V4 = C4 cotg5

V5 =S4 cotg5

By using equation [1.37], we obtain:

0 0 V1 0 0 0
0 V3 0 0 0 0
3yl —-1/RL4 V2V3/RL4 0 0 0 0
6 7| _sacs5v7 V5V6 V8 V4 1 -V5
C4/RL4 —C4V6 —-S23S4V1 S4 0 C4
S4V7 —S4V6/S5 S23C4V1/S5 —C4/S85 0 S4/15 ]
with:
V6 = S3
C3RL4
V7= !
S5RL4

V8 = (-S23V4 — C23)V1

1.3.2.3. Solution at the proximity of singular positions

We have seen that when the robot is not redundant, the singularities of order one
are the solution of det(J) = 0. In the redundant case, they are given by det(JJT) = 0.
The higher order singularities are determined based on singular configurations of
order one. The passage in the proximity of a singular position is however determined
in a more precise way by considering the singular values: the decrease of one or
several singular values is generally more significant than the decrease of the
determinant.



24 Modeling, Performance Analysis and Control of Robot Manipulators

At a singular configuration, the velocity vector X generally consists of a vector
of the image space vector /(J) of J, and of an orthogonal vector of degenerated
components belonging to /(J)L; no joint velocity can generate operational velocity
following this last direction. In the proximity of singular positions, the use of the
classic inverse kinematic model can cause significant joint velocities, incompatible
with the characteristics of the actuators.

In order to avoid singularities, one solution consists of increasing the number of
degrees of freedom of the mechanism [HOL 84], [LUH 85]. The robot becomes
redundant and, with appropriate criteria, it is possible to determine singularity free
motion. However, inevitable singularities [BAI 84] exist, which must be taken into
account by the designer of the control.

At singular configurations, it is not possible to calculate J°'. It is common to use
the pseudo-inverse J* of the matrix J:

q=J"X [1.38]

This solution, proposed by Whitney [WHI 69], [WHI 72], minimizes the
Euclidean norm ||q|? as well as the error norm || X—-Jq|2 In a singular
configuration, we distinguish the following two particular cases:

— X belongs only to I(J). Thus, solution [1.38] is exact and the error is zero,
although the inverse J! is not defined;

— X belongs only to I(J)L. Therefore, solution [1.38] gives ¢ = 0.

1.3.2.4. Inverse kinematic model of redundant robots

A robot is redundant when the number of joints n is greater than the dimension
of the operational space of the end-effector M. Therefore, an infinite number of joint
solutions exist in order to carry out a given task. The inverse geometric and
kinematic models have in this case an infinite number of solutions; hence the
possibility of choosing the solution that meets supplementary optimization criteria,
such as:

— avoiding obstacles [MAC 85], [BAI 86];

— avoiding singular configurations [YOS 84];

— avoiding joint limits [FOU 80], [KLE 84];

— minimizing joint torques and forces [BAI 84], [HOL 85].

For such a mechanism, the matrix J has the dimension (m X n) where n > m, if
we suppose that the operational coordinates used are independent (m = M). Several
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methods of solving the system [1.34] are conceivable. A classic solution consists of
using a pseudo-inverse with an optimization term. The general solution of the
system of linear equations [1.34] can be written:

q=J" 5(+(1n—J+J)Z [1.39]

where J© designates the pseudo-inverse of J and where Z represents an arbitrary
(nx 1) vector.

The second term on the right hand side, called the homogenous solution or
optimization term, belongs to the zero space of J and does not affect the value of X.
It can be used to realize supplementary optimization criteria. Let ¢(q) be a positive
definite scalar function of q and let V¢ be the gradient of this function. We see that
taking Z = oV leads to the decrease of the function ¢(q) when o < 0 and leads to
the increase of this function when o > 0. The solution is thus written:

q=J+X+a(1n—J+J)V¢ [1.40]
with:
T
_| 99 aw
vo=| 2 2 1.41

The coefficient oo makes it possible to find a compromise between the objectives
of minimization of || q|[> and of optimization of ¢(q). Several choices are possible
for the optimization criteria such as the distance of joint limits or the increase of
manipulability.

Another approach consists of adding to the vector of operational coordinates X a
vector of (n-m) supplementary linearly independent relations [BAI 85], [CHA 86],
[NEN 92]. These relations can represent either physical constraints on the robot, or
constraints linked to its environment or simply relations between different joint
positions of the robot.



26  Modeling, Performance Analysis and Control of Robot Manipulators

1.4. Calibration of geometric parameters
1.4.1. Introduction

The objective of geometric calibration is to identify the exact values of the
geometric parameters, which play a role in the calculation of the geometric models
of the robot, in order to improve its static accuracy. The nominal values of these
parameters are known and generally provided by the manufacturer. It is then a
matter of identifying the distance between the nominal values and the real values
[HOL 89], [KHA 02].

1.4.2. Geometric parameters

The location of the end-effector in the world frame Ry is given by (see section
1.2.3.1):

Ty =Z 9T (q) E=Z °T,!T, ... "IT,E [1.42]

with:
— Z, E: transformation matrices defined in section 1.2.3.1;

— 0T : transformation matrix of the robot.

Based on relation [1.42], we distinguish three types of parameters: the geometric
parameters of the robot required to calculate the matrix 9T,,, the parameters defining
matrix Z and those defining matrix E.

1.4.2.1. Geometric parameters of the robot

Matrix j‘lTj defined by equation [1.3] is based on (o, d;, 8j, rj). In the case where
two consecutive axes j-1 and j are parallel, the choice of xj.; is not unique, which
leads to an arbitrary choice of the position of xj.;. When an error takes place such
that z;; and z; are not rigorously parallel, the error Arj; for parameter rj.; can
become very significant. For this reason, we add a fifth parameter f; [HAY
83], which is a rotation about y;j.; and which makes it possible to characterize the
parallelism error of axes z;.; and z;. Relationl‘lTj becomes:

j'lTj = Rot(y,Bj) Rot(x,0;) Trans(x,d;) Rot(z,0;) Trans(z,r;) [1.43]
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The nominal value of B is zero. When z;.; and z; are not parallel, B; is not
identifiable. We also note that when z;_; and z; are parallel, we identify either rj.; or
1j. The maximum number of parameters per joint frame is therefore four.

1.4.2.2. Parameters of the robot’s location

We associate index —1 to the world frame Ry. Since this reference frame can be
chosen arbitrarily, six parameters (y,, b,, 0.z, d,, 0,, r,) (see Figure 1.7) are needed,
in order to define the robot base frame Ry in Ry These parameters are defined by
[KHA 91]:

Z ="1T) = Rot(z,y,) Trans(z,b,) Rot(x,c.,) Trans(x,d,)
Rot (z,0,) Trans(z,r,) [1.44]

and since o] and d; are zero, we can write that:

-IT, = Rot(x,0,) Trans(x,dg) Rot(z,0() Trans(z,r)
Rot(x,0';) Trans(x,d'|) Rot(z,0')) Trans(z, r'|) [1.45]

with: 09 =0,dp=0, 00 =7vz, 10=b,, 0'1 =0, d'1 =d;, 0" =0, + 8, 1"y =11 +1,.

Hence, equation [1.45] represents two transformations of the classic type [1.3].

Figure 1.7. Description of frame Ry in frame R_j]
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1.4.2.3. Geometric parameters of the end-effector

We associate index n+1 to the end-effector frame Rg. Six parameters are needed
(Ye» be, Ole, de, B¢, 1) in order to arbitrarily characterize matrix E in such a way that:

T, +1 = Rot(z,}.) Trans(z,b.) Rot(x,0.) Trans(x,d.)
Rot(z,0.) Trans(z,r.) [1.46]

from which:

n-IT . = Rot(x,0,) Trans(x,d,,) Rot(z,0',) Trans(z,r',) Rot(x,0,+1)
Trans(x,d,+) Rot(z,0,,+1) Trans(z,r,+1) [1.47]

with: 0'y = 0y + Y, 'y = 1 + be, Opt1 = O, dpt1 = de, Op41 = O, T = T

Finally, in order to describe the location of the end-effector of a robot with n
joints in the world frame, a maximum of (4n + 6) independent parameters are
required. In fact, since with a prismatic joint only two parameters can be identified,
the number of parameters is reduced to a maximum of (4n; + 2n, + 6), n; and n,
being the number of revolute and prismatic joints [EVE 89]. Table 1.2 outlines the
parameters to be calibrated (0; = 2 indicates a fixed transformation).

J Sj R di 5, T B;
0 2 0 0 v, b, 0
1 61 a, d, 01 I B1
2 ) 0 dy 6> ) B2
n on On dp Oy Iy Bn
n+l1 2 OR dg 0 'E Ba+1

Table 1.2. Definition of complete geometric parameters
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1.4.3. Generalized differential model of a robot

The generalized differential model calculates the differential variation of the
location of the end-effector in terms of differential variations of geometric
parameters. It is expressed by the following relation:

AX = {dp‘“‘ } =W AL [1.48]
6nJrl

—dP,4; is the (3 X 1) vector of the differential variation in position of the origin
On+15

— O+ 1s the (3 X 1) vector of the differential variation in rotation of frame R ;;
— A& is the (Npar X 1) vector of the differential variation of geometric parameters;

— YW is the (6 X Np,;) generalized Jacobian matrix representing the variation of
operational coordinates in terms of variations of the geometric parameters &.

The Jacobian matrices of all calibration methods are deduced from the
generalized Jacobian matrix W. The calculation of the columns of the Jacobian
matrix W is similar to the one used for the calculation of the Jacobian matrix of the
kinematic model presented in section 1.3.1. According to the type of parameter, we
obtain [KHA 89]:

(n;_xL;_
\PBi: i—1 i l,n+1:| [1.49]
n;_;
s._xL:_
\P(Xi: -1 l,n+1:| [1.50]
L Si—1
_ [si
W, = } [1.51]
_03x1

P, = } [1.52]
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a.
\Pri{ ! } [1.53]

03)(1

The calculation of the vectors playing a role in the calculation of ¥ is done with
respect to the reference frame R_;. The vectors “!s;, “In; and ~!a; are obtained directly
from the matrices "IT, i = 0, ..., n+1. The vector L+ is obtained by using the
same matrices through the relation:

iy =Py — 1P [1.54]

1.4.4. Principle of geometric calibration

The numerous calibration methods found in other works all have four steps:

— choice of a calibration model in terms of the geometric parameters of the robot
and of the operational coordinates X;

— collection of experimental data that guarantee a sufficient number of equations;

— solution of a system of non-linear equations in order to obtain an optimal
estimate of the geometric parameters;

— compensation of errors.

1.4.4.1. General form of the calibration model

The general form of a geometric calibration model is given by the following non-
linear equation:

0=1(q, x, & [1.55]

where f is a vector of p components, x represents a vector of external measure such
as the Cartesian coordinates of the end-effector, and & represents the (N, X 1)
vector of real standard geometric parameters of the robot such that:

Er=E+AE [1.56]
& being the vector of nominal parameters.

When f is only a function of q and &, the method of calibration is called
autonomous method since it does not need an external sensor.
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By developing equation [1.56] to the first order, we obtain the linear form:

Ay(q, x, &) = ¢(q, §) A +p [1.57]

By using a sufficiently high number of e configurations, the non-linear system to
solve is given by:

0=F(q,x, &) +p [1.58]

with:

f(q(1), x(1), &)
F= [1.59]

f(q(e), x(e), &)
p being the residual vector or the error vector.

The general form of the system of linear equations, for e configurations, is
obtained based on equation [1.57] through:

AY =W(q, ) AE+p [1.60]
with:
Ay(1) o(1)
AY=| .. |, W=| ..
Ay(e) d(e)

The matrix W is the observation matrix. It is necessary that the r = p.e number of
equations is >>Np,,, where p represents the number of equations of the calibration
model.

1.4.4.2. Identifying the geometric parameters

Before solving the calibration equations, it is necessary to verify that the vector
of unknown elements contains only the identifiable parameters in order to obtain an
observation matrix W of maximum rank. If W is not of full rank, there will be an
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infinite number of solutions. We choose to identify the base parameters, linear
combinations of standard parameters A, by eliminating the redundant parameters.
The loss of rank of the observation matrix can have two origins:

— structural loss of rank: it is due to the structure of the robot and to the
calibration model used. It results in the existence of linear relations among the
columns W, irrespective of the robot configurations used. The principle of
determining the base parameters is presented in section 1.4.4.2.1;

— loss of rank due to the choice of configurations (j): the excitation of the
parameters by configurations used is an indispensable condition for the success of
any method of identification. This can be measured by the condition number
cond(W) of the observation matrix of the system [1.60].

1.4.4.2.1. Determining the identifiable parameters

In order to obtain a set of identifiable parameters, we use a general numeric
method based on the QR decomposition [GAU 91], [KHA 91]. The research of
identifiable parameters comes down to the study of vectorial space generated by the
columns of a matrix W (r X Np,) with r >> Ny, calculated on the basis of the
matrices @ corresponding to a random sequence of configurations q(1), ..., q(e).

We show that:
— the rank b of the matrix W gives the number of identifiable parameters;

— the identifiable parameters correspond to b independent columns of W, the
other columns and their corresponding parameters can be eliminated. The choice as
to what parameters to keep is not unique: in practice, we place from left to right the
columns of W corresponding to the parameters that can be easily updated in
analytical direct and inverse geometric models. The identifiable parameters are then
determined by implementing a QR decomposition [GAU 91] of the matrix W. In
fact we show that W can have the form [DON 79], [LAW 74], [GOL 96]:

W—Q{ [1.61]

0(r—Np)pr :|

an expression in which Q is an orthogonal (r X r) matrix, R is an (Np X Np) upper
triangular matrix and 0jy; is the (I X j) matrix of zero elements.

The rank b of matrix W corresponds to the number of non-zero elements of the
diagonal of matrix R. Practically, it is defined using a tolerance T such that b is equal
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to the number of elements |R;j;| = T [FOR 77]. The numerical zero may be chosen
such that [DON 79]:

T =r.e.max |Rjj] [1.62]

€ being the machine precision and r the number of rows.

The parameter i of vector Ag is not identifiable if [R;;| < T. Hence, a new model is
built, obtained from [1.60] by keeping only the identifiable parameters, also called
the vector of base parameters:

Ay(q, x, &) = dp(q, &) AGp +p [1.63]

@, consisting of b first independent columns of @, and A&, being the vector of
identifiable parameters.

1.4.4.2.2. Choice of optimal configurations

This means basically choosing a set of configurations q(1), ..., q(e), known as
optimal configurations, in such a way that the condition number of the associated
observation matrix W is minimum. We recall that the condition number of norm 2
of a matrix W is given by:

condy(W) = 2 [1.64]

min

where X,y and Zi, are the maximal and minimal singular values of W.

Other observation criteria have been proposed in other works, such as, for
example, the smallest singular value [NAH 94] or the product of singular values of
W [BOR 91], but [HOL 96] showed that condition number was the most efficient
criterion.

We note that the majority of calibration methods provide acceptable condition
number for arbitrary configurations [KHA 00].
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1.4.4.3. Solving the identification equations

We define the solution é of equation [1.58] in the least squares sense by:

€ = min|F
A§|| I [1.65]

Solving this non-linear optimization problem can be done either with the help of
the Levenberg-Marquard method by using the corresponding function in Matlab or
through the iterative solution of the differential system [1.60] and the update of
geometric parameters after each iteration. The method using the differential model
gives good results for rigid robots.

The least squares solution &E of equation [1.60] is given by:

A& mm"p" —mm“AY WAE’;H [1.66]

The explicit solution of this problem leads to the relation:
AE = W' AY [1.67]

where W indicates the pseudo-inverse matrix of W. If W is of maximal rank, the
explicit form of W*is given by (WT W)l WT,

We calculate an estimate of standard deviation for the values identified by using
matrix W in terms of the estimated parameters. We suppose that W is deterministic
and that p is a zero mean additive independent noise vector of standard deviation G,
and of variance-covariance matrix C, such that:

Co=E(ppH=0,21 [1.68]
E indicating the expectation operator and I, indicating the (r X r) unit matrix.

Since the error vector is assumed to be centered, with independent components
and equal dispersions, the standard deviation G, can be calculated with the help of
the following unbiased estimator:

—~112
“AY ~W A&“

(r=c)

Gy = [1.69]
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Thus, the variance-covariance matrix of estimation error is given by [DEL 77]:
-1
C; =E|(-8)(z-8)' |- W', (W) =02 (WTW) [1.70]

The standard deviation for the estimation of the jth parameter is obtained based
on the element (j, j) of CA;Q:

g = Ce (3. ) [1.71]

Equations [1.69] and [1.70] are valid when using the Levenberg-Marquard
algorithm, but sz is calculated from the residual of |[F||?:

o x5
=

0y = [1.72]

In order to validate the calibration procedure, we can calculate the residual errors
for some configurations that were not used in the identification.

1.4.5. Calibration methods of geometric parameters

1.4.5.1. Calibration model by measuring the end-effector location

The model is based on the calculation of the distance between the real location of
the end-effector ~'T! 1+1(X), measured by an appropriate external sensor, and the
location _lTﬁl (q,%) calculated with the help of the direct geometric model:

=L (0 - TN (0.8) +p [1.73]

Relation [1.73] contains 12 non-zero elements. In order to reduce the dimension
of the problem to six, we use the following relation:

AX = {AX" (X’q’é)} =0 [1.74]
AX, (x,q,8)
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where AX,, is the (3 x 1) vector representing the error in position:

AX, = TP (0 - TP (q.8) [1.75]
and where AX, is the (3 X 1) vector of the error in orientation:

AX;=u o [1.76]
u and o being the solution of the following equation:

IR, (x) =rot(u, @) 'R}, (q.8) [1.77]

where _1Rf1 41 represents the measured orientation matrix and _lRﬂ“H corresponds
to the orientation matrix calculated by the direct geometric model.

We can also solve the calibration problem using the linear calibration model
given by:

C[AX,(x.q.8) |
Ay—{Axr(x’q’&)}—\l’(q,i)Aé'*‘P [1.78]

where Ay is the error in location and orientation of the end-effector.

NOTES.

— since the measures of orientation are more difficult to realize than the measures
of position, calibration is very often carried out only by measuring the position of
the end-effector terminal point. In this case, three parameters of the last frame will
not be identifiable, the matrix ‘¥ being reduced to its first three rows;

— the vector to identify contains elements of different units. By using the meter
for lengths and the radian for angles, we obtain, however, good results when the
robot has standard dimensions (between 1 m and 2 m).

1.4.5.2. Autonomous calibration models

The autonomous calibration indicates the procedure for which the only
information required to identify the geometric parameters is the vectors of joint
coordinates [BEN 91]. We present the equations of two methods, imposing
respectively point-point or frame-frame links, as well as point-plane links.
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1.4.5.2.1. Calibration using a point-point or a frame-frame link.

We do not need external measures by exploiting the fact that for a given location
of the end-effector, a robot can often have several configurations corresponding to
multiple solutions of IGM [KHA 95]. By supposing that configurations q? and q°
correspond to the same location of the end-effector, we can write the non-linear
calibration model with the help of the following relation:

f(q?, &) = f(q", &) [1.79]

the function f representing the direct geometric model.

System [1.79] is reduced, at the most, to a system of six equations as explained
in section 1.4.5.1. The Jacobian matrix of this calibration method is obtained after a
first order development:

Ay =[¥(qP, &) - ¥(q?, &)] AE +p [1.80]

In the case of a frame-frame link, Ay is given by f(q?, &) — f(qP, £):

{“dl’nﬂ}
Ay = [1.81]

-1
6n+1
In the case of a point-point link, Ay is given by:
Ay ="1dPpy; =Py 1(q?) — 'Py11(qP) [1.82]

The identifiable parameters through this method are different from those of
classical methods using external sensors. It is shown, for example, that if a column
from matrix ¥ is constant for all configurations, the corresponding column in the
observation matrix W is zero and the corresponding parameter is not identifiable.
This is what occurs in the case of parameters Ay,, Ab,, Ao, Ad,, A8, Ary.

1.4.5.2.2. Calibration by using a set of points in a plane

In this method, we use a set of configurations that force the terminal point of the
end-effector to remain in the same plane. The observation matrix is built by writing
the equation of this plane [TAN 94], [ZHO 95], [KHA 96], [IKI 97]. By indicating
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Pxt, Pyt, P, as the Cartesian coordinates of the terminal point, the general equation of
the plane that does not pass through the origin of the reference frame —1 is given by:

a’ Pyt b Py + ¢’ Py +d =0 [1.83]
where again after normalization:
aPy+bPy+cPy+1=0 [1.84]

where Py, Py and P, are a function of q and E.

Hence, equation [1.84] represents the non-linear equation of calibration. As far
as solving by linearization is concerned, if we suppose that coefficients a, b, and ¢ of
the plane are known, we obtain:

a [Py(q) + Px(q) AE] + b [Py(q) + ¥y(q) AE] + ¢ [P,(q) + ¥ (q) AE] +1=0
[1.85]

Wy, ¥y and ¥, being respectively the first, second, and third rows of the generalized
Jacobian matrix [1.48]. This relation is also written:

[a Wx(q) + b ¥y(q) + ¢ WA(q)] A =—a Px(q) —b Py(q)— c Px(q)— 1 [1.86]

Equation [1.86] gives a single linear equation in which the vector of unknown
parameters is AE.

NOTES.

— we can build an observation matrix which is not dependent on the coefficient
of the plane d' by the subtraction of two equations of type [1.83] [MAU 96], [ZHO
95]. The coefficients a', b' and c' can be easily obtained due to an inclinometer;

— the concatenation of the data of two or three known non-parallel planes
increases the number of identifiable parameters [ZHU 99]. The use of three planes
gives the same identifiable parameters as the position measuring method if the robot
has at least one prismatic joint, whereas four planes are necessary if the robot has
only revolute joints [BES 00].
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1.4.6. Correction of geometric parameters

The last step of calibration consists of introducing the results of the identification
into control algorithms. Basically, the model identified is generally much more
complex than the implemented analytical model because certain parameters
supposed to be nominally zero are not like that on real robot(s).

A solution is then to implement the following principles (see Figure 1.8):

— all parameters identified can be taken into account in a “complete” direct
geometric model;

— for the inverse geometric model, we only consider the parameters which appear
explicitly in this model;
— the effect of the other parameters are corrected by using the differential model

in the following way:

1) calculating the joint coordinates q corresponding to the desired position X4
by using the nominal inverse geometric model (or with partially adjusted
parameters),

2) calculating the differential errors AX between X9 and f(& ,q) by using the
“complete” direct geometric model or by using the “complete” differential model
taking into account the non-adjustable errors,

3) calculating vector Aq corresponding to vector AX by using the inverse
differential model,

4) the result is the sum of vectors q + Aq.

xd IGM of e A oS AX
—L1p»{ the robot T4, q) J*
controller

Figure 1.8. Principle of the correction of errors
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1.5. Dynamic modeling

The dynamic model is the relation between the torques (and/or forces) applied to
the actuators and the joint positions, velocities and accelerations. The dynamic
model is represented by a relation of the form:

I'=1(q,9.q, f) [1.87]

with:

— I': vector of torques/forces of the actuators, depending on whether the joint is
revolute or prismatic. From now on, we will simply write torques;

— q: vector of joint positions;

— q: vector of joint velocities;

— (: vector of joint accelerations;

— ffo: vector representing the external forces and moments that the robot exert on

the environment.

It is common to call relation [1.87] the inverse dynamic model, or quite simply
the dynamic model.

The direct dynamic model expresses the joint accelerations in terms of joint
positions, velocities and torques. Hence, it is represented by the relation:

q4=2(q.q.T’, 1) [1.88]

Among the applications of the dynamic model, we can mention:

— simulation, which uses the direct dynamic model,;

— dimensioning of actuators [CHE 90], [POT 86];

— identification of the robot inertial and friction parameters (see section 1.5.4);

— control, which uses the inverse dynamic model (see Chapter 5).

Several formalisms were used to obtain the dynamic model of the robots [REN
75], [COI 81], [VUK 82]. The most frequently used formalisms are:

a) Lagrange formalism [UIC 69], [REN 80a], [HOL 80], [PAU 81], [MEG 84],
[REN 85];

b) Newton-Euler formalism [HOO 65], [ARM 79], [LUH 80], [ORI 79], [KHA
85], [KHO 86], [KHA 87], [REN 87].
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In this section, we present these two formalisms for serial robots (for complex
chain robots, see [KHA 02]). We will also deal with the determination of minimum
inertial parameters as well as their identification.

The principal notations used are the following:

a

&8 =

s B
S &

unit vector along axis z;

resultant of external forces on link Cj;

forces applied on link C; by link Cj.j;

forces applied by link Cj on the environment;

Coulomb friction parameter of joint j;

viscous friction parameter of joint j;

acceleration of gravity;

center of gravity of link C;;

inertial tensor of link C; with respect to a frame parallel to R; and of origin
Gj;

moment of inertia of the rotor of actuator j and of its transmission system
referred to the joint side;

inertial tensor of link C; with respect to frame R; , which is expressed by:

I(yz +77 )dm —I xydm —I xzdm XXj XYJ- ij
—j xydm j (x2+z%)dm —j yzdm |=|XY; YY; YZ;| [1.89]
—.[ xydm —j yzdm j (x2 +y2 )dm XZ; YZj 7

vector connecting the origin of frame R;_; and the origin of frame R;. It is
equal to O;.10;;

mass of link Cj;

j first moments of inertia of link C; about the origin of the frame R;, equal to

M; §;. Let [ MX; MY; MZ; 1T be the components of IMS;;

j total moment exerted on link Cj about Gj;

total moment exerted on link C; about Oj;
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m; moment about O; exerted on link C; by link Cj_y;
me; moment about Oj exerted by link C; on the environment;

S;  vector whose origin is O; and whose extremity is the mass center of link C;.
It is equal to O;G;;

V;  velocity of point Oj;
V. linear acceleration of point O;;
Vg; velocity of the center of gravity of link Cj;

acceleration of the center of gravity of link C;;

®; angular velocity of link Cj;

®; angular acceleration of link C;.

1.5.1. Lagrange formalism

The goal of this section is to study the general form of the dynamic model, and to
present its main properties. The method presented does not give the most
competitive model from the point of view of the number of operations, but it is the
simplest method considering these objectives. We will consider first an ideal robot
without friction or elasticity which does not exert any external forces on the
environment. These phenomena will be covered in section 1.5.1.4.

Lagrange formalism describes the equations of motion, when the external forces
of the end-effector are supposed zero, through the following equation:

r=—>=-2 i=1,..,n [1.90]

with:
— L: Lagrangian of the system, equal to E — U;
— E: total kinetic energy of the system,;

— U: total potential energy of the system.
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1.5.1.1. General form of dynamic equations

The kinetic energy of the system is a quadratic function of joint velocities:

E= %qTAq [1.91]

where A is the (n X n) matrix of kinetic energy, of generic element Ay, also called
inertia matrix of the robot, which is symmetric and positive definite. Its elements are
a function of the joint variables q.

Since the potential energy is a function of joint variables q, the joint torque or

force components of I'" can be obtained using equations [1.90] and [1.91] in the
following form:

I'=A(9) 4+C(q,9) 4+Q(q) [1.92]

with:
— C(q,q) q: (n x 1) vector representing Coriolis and centrifugal forces/torques
such that:

Cq=A q—g—E [1.93]
q

—Q=1[Qq ... Q,]T: vector of torques/forces of gravity.

Several forms are possible for the matrix C. For example, we can calculate its
elements from the Christophel symbol ¢ ji such that:

n
Cii =2 ¢k G
k=1

o L[OAG oAy A
T2 9g, dq;  dq;

} [1.94]

The elements of vector Q are calculated by:

U

= 1.95
dq; [ ]

Q;
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The elements of A, C and Q are functions of the geometric and inertial
parameters of the robot. Hence, the dynamic equations of an articulated mechanism
form a system of n coupled and non-linear second order differential equations.

1.5.1.2. Calculation of energy

The kinetic energy of the system is given by the relation:

where E; indicates the kinetic energy of link C;j, which is expressed by:

E; =%((ojTIGj(oj + MV Vi)
Given that (Figure 1.9):
Vgj= Vj+o;x5;
and knowing that:
Ji=Ig—M; S;8;
relation [1.97] becomes:

1
= TT o V.TV. T(V:-x 0
E;= 5 [0 J; 05+ M; V' V;+2 MS;' (Vix )]

[1.96]

[1.97]

[1.98]

[1.99]

[1.100]

Relation [1.97] is non-linear in the parameters of vector S;, contrary to relation
[1.100] which is linear with respect to the elements of M;, MS; and J; called

standard inertial parameters.

The calculation of V; and of ®; is carried out by the velocity composition

equations (see Figure 1.9):

(Dj = (Dj_] +(5jqj aj

[1.101]
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Vi=Vj1+ . xLjto; qj a; [1.102]

For a robot with a fixed base, the initial conditions are V(y = 0 and my = 0.

j -
A%
¥Yj-1
Oj _ 1
X1 Z
O L
0 - 1
Yo
O 4
j i
Xo SJ
G;
Ci
X

Figure 1.9. Composition of velocities

In equation [1.100], all elements must be expressed in the same frame. The
simplest way is to express them in frame R;. Therefore, we rewrite equations
[1.100], [1.101] and [1.102] giving E;, Jo; and JV; as follows:

e TIT. Jen: . T . T . .
E;= 3 Pt 33 d; + M IV IV + 2IMS; T 0V xay)] [1.103]
Joj= IRy Moy + §;q; Jaj = Jog; + G,q; Ja; [1.104]
WVi=IRp; (IVjg + oy xFIP) + 0, Ja [1.105]

The elements ij and jMSj are constant. In order to simplify matters, they are
noted J; and MS;.
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Potential energy can be written:

n n

U:ZUJZZ_Mng(LO,j+Sj) [1.106]

Lo indicates the vector of origin Og and of extremity O;. By projecting the
vectors of this relation into R, we obtain:

=M 0gT (OPj + ORjij) [1.107a]

This expression can be written as follows:

. MS.
Uj=—"g" (M; °P; + OR;MS) = g 0] OT{ y J} [1.1070]
j

which is linear in M; and in the elements of jMSj.

The kinetic and potential energy being linear with respect to the inertial
parameters, the dynamic model is linear as well in these parameters.
1.5.1.3. Properties of the dynamic model

a) matrix A is symmetric and positive definite, thus Aj; = Aj;;

b) the energies of link Cj are a function of (qy, ..., ¢;) and (qy, ..., q;);

¢) based on property b and on relation [1.90], we can prove that I is a function
of inertial parameters of link C; and links Ci41, ..., Cy;

d) we show that, C being defined according to relation [1.94], the matrix

[% A-2C(q, q)] is antisymmetric [KOD 84], [ARI 84], which is an interesting

property for the control;

e) the dynamic model is linear with respect to the elements of the inertial
parameters M;, jMSj and ij, called standard inertial parameters. This property will

be used in order to identify the inertial parameters and reduce the number of
operations of the dynamic model.
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1.5.1.4. Taking into consideration the friction

The non-compensated frictions at the joints, reduction gears and transmissions
produce static errors, delays and limit cycles [CAN 90]. Various friction models
have been proposed in other works, like for example those of [DAH 77], [CAN 89],
[ARM 88], [ARM 91], [ARM 94].

In many applications, the friction model relies on a constant term for dry friction
(or Coulomb friction) and a term function of velocity for the viscous friction (see
Figure 1.10). The expression of the friction torque I'f; of the joint i is therefore
written:

T’ = Fy sign(q) + Fyi 4 [1.108]

Fsi and F,; indicate the parameters of Coulomb and viscous friction and sign(.)
represents the sign function.

Tr A
/

i

/

Figure 1.10. Friction model

We can therefore take into consideration the friction torques/forces by adding
vector ['¢ to the right hand side of the expression [1.92] so that:

Iy = diag(q )F; + diag[sign( q)]F, [1.109]

with
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T
-F,=[F,; ... F,]
— diag(.): (n X n) diagonal matrix
The non-linearity of this model can also be approximated by a piecewise linear
model.

1.5.1.5. Taking into account the inertia of the actuator’s rotor

We represent the kinetic energy of the rotor of actuator j by a term having the

1 . o .
form — 1Iaj q jz. The inertial parameter la; can be written:
2

Taj = Nj? Iy [1.110]

where Jy; is the moment of inertia of the actuator’s rotor j, N;j is the transmission
ratio of the axis j equal to q,,;/q;, q,,j indicating the velocity of the actuator’s rotor

]

We conclude that element Ajj of the inertia matrix A of equation [1.92] must be
increased by laj. This modeling of inertias of actuators neglects their gyroscopic
effect. We find more complete modeling of actuators and transmissions in [LLI 83],
[CHE 86], [SCI 94].

1.5.1.6. Taking into consideration the forces and moments exerted by the end-
effector on its environment

The torques that must be provided by the joint actuators so that its end-effector
can apply a force and a moment f,,, on the environment can be written as follows:

Te=J," fn [1.111]

We then add the term I to the right hand side of the expression [1.92].

EXAMPLE 1.7.— finding the elements of matrices A and Q of a robot with three
degrees of freedom, having the same structure as the shoulder of the Staubli RX-90
robot described in Example 1.1. We suppose that:

IMS; =[MX; MY; MZ]T
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| XX; XY; Xz I, 0 0

1 — —

Ji=| XY; YY; YZ;|,I,=| 0 I, 0
XZ; YZ; 7z, 0 0 I

All calculations having been done, we obtain:

Ay =1la; +7ZZ; + SS2 XX, +2CS2 XY, + CC2 YY, + SS23 XX3 + 2CS23
XY; + CC23 YY; + 2C2 €23 D3 MX3-2C2 $23 D3 MY; + CC2 D32 M;

A1p=S2XZy+C2YZ,y +S23 XZ5 + C23 YZ3 — S2 D3 MZ;
Aj3=S23 XZ5+C23 YZ;

Ay =Tay + ZZ, + ZZ5 + 2C3 D3 MX;3 — 253 D3 MY; + D32 M;
Ap3 =775+ C3 D3 MX; — S3 D3 MY;

Az = lay + ZZ4

with SSj = (sin Gj)z, CCj = (cos Gj)2 and CSj = cos 9; sin 6;. The elements of the
Coriolis and centrifugal matrix C can be obtained from these expressions due to
relation [1.94].

For the calculation of the forces of gravity, we suppose that:
Og=[0 0 G3]T
The potential energy is obtained by using relation [1.107]:

U=-G3 (MZ,; + S2MX; + C2MY; + S23MX; + C23MY3 + D3S2M3)

Hence:

Q=0
Q) =-G3 (C2 MX; — S2 MY, + C23 MX; — S23 MY;3 + D3 C2 M3)
Q3 = -G3 (C23 MX; — 23 MY3)
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1.5.2. Newton-Euler formalism

The Newton-Euler equations express the total external forces and moments
acting in the center of mass G; of link j by equations:

Fj=M; Vg [1.112]
Mg; = Ig; d)j+ o; X (Ij @) [1.113]

The Luh, Walker and Paul method [LUH 80], considered as a significant
progress towards the possibility of on-line calculation of the dynamic model of
robots, uses these equations and is based on a double recurrence. The forward
recurrence, from the base of the robot towards the end-effector, calculates the
velocities and accelerations of the links, and then the total forces and moments about
the links. A backward recurrence, from the end-effector towards the base, enables
the calculation of actuator torques by expressing for each link the resultant of
external forces and moments.

This method makes it possible to directly obtain the inverse dynamic model
[1.90] without having to explicitly calculate the matrices A, C and Q. The inertial
parameters used are M;, S; and Ig;. The model obtained in this way is not linear in
the inertial parameters.

1.5.2.1. Newton-Euler equations linear in the inertial parameters

In this section, we will present a Newton-Euler algorithm based on the double
recurrence of the Luh ez al. [LUH 80] method, but expressing the external forces and
moments about O; rather than about G;j, by using the inertial parameters M;, MS; and
J; [KHA 87], [KHO 86]. In this way, the generated model is linear in the inertial
parameters. It can be calculated by using the base inertial parameters according to
the property of linearity.

The modified Newton-Euler equations giving the external forces and moments
about O; are written:

Fj=M; V;+d;x MS; + o; x (0 x MS)) [1.114]

M; =J;®;+ o x (Jj o) + MS;jx V, [1.115]
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where ®; and Vj are obtained by the differentiation with respect to time of
equations [1.101] and [1.102], leading to:

(DJ= (bj-1+ BJ(anJ-*-u)J_l quaJ) [1116]
Vj: Vj_1+('0j_l x Lj + 01 x (0.1XL) + 05 (g a5 + 2 j.1x q; ) [1.117]

— forward recurrence: this calculates F; and M; due to relations [1.114] and
[1.115]. We initialize this recurrence by wy =0, ®y, =0 and V,=0.

— backward recurrence: the equations are obtained by calculating the total forces
and the total moments at O;. We obtain (Figure 1.11):

Fj=1f— i) + Mg — f; [1.118]
Mj=mj7mj+17Lj+1xfj+1+ijMjg7mej [1.119]

We can consider the effect of gravity without having to take it into account
explicitly as seen in equation [1.118]. For that, we set:

Vo=-¢ [1.120]
hence the following equilibrium equations are derived from [1.118] and [1.119]:

fi=F+ £ +1 [1.121]

m; = M + mjyq + Ljtp X fj+ + my; [1.122]

recurrence initialized by f,+; =0 and m,4; = 0.

We thus obtain the torques for the actuators I'; by projecting, according to the
type of joint j, the vectors f; or m; on the axis z; of joint j. We add the corrective
terms representing the effect of friction and inertias of the actuators’ rotors, which
leads to:

T} =(c; f; +G; m)T a; + Fg sign (q;) + Fj q;+ I3 §; [1.123]
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Based on equations [1.121] and [1.122], we conclude that the terms f; and m;
depend only on the inertial parameters of link j, j+1, ..., n. Therefore, we have here

property (c) expressed in section 1.5.1.3.

Figure 1.11. Forces and moments on link j

1.5.2.2. Practical form of Newton-Euler equations

In order to make practical use of the Newton-Euler algorithm shown above, we
must project the vectors and tensors which appear in the same equation with respect
to a convenient frame. We will use here the choice of Luh et al. [LUH 80], which
consists of projecting the elements of a link in its frame. The equations of the

forward recurrence become, forj=1, ..., n:
Joj. =R oy
j(x)j=j(0j_1 + (_sj qj jaj
J'd)j=J'Rj_1 j-l i +5; (4 jaj +J'mj_1 X q; jaj)
Uj= 1o +1d; 1 &,

WVi=IRj.y (FIV 41U IR + 05 (4 Jay+ 2y x gjlay)

[1.124]

[1.125]

[1.126]

[1.127]

[1.128]



Modeling and Identification of Serial Robots 53
IFj = M}V, +1U; IMS; [1.129]
IM; =13} T @o; + oy x (5 Joy) +IMS; x TV [1.130]

with =0, @, =0, V,=—g.

For the backward recurrence, for j=n, ..., 1:

I = IF; + i+ i [1.131]
I1f = IR, if; [1.132]
imj =M + IRy I myyy + Py x Iy +Img [1.133]
Tj = (o;if; + G;Imy)T ja; + Fgj sign (q;) + F\j q;+ Iaj §; [1.134]

The previous algorithm can be calculated numerically. However, in order to
reduce the number of operations, it is better to implement a technique of iterative
symbolic calculation and to use the base inertial parameters.

1.5.3. Determining the base inertial parameters

In this section we present a symbolic method of calculating a minimal set of
inertial parameters, also called base inertial parameters [MAY 90], which fully
characterize the dynamic model. The use of these parameters in the calculation of
the dynamic model reduces its complexity. Apart from that, this stage is an
indispensable step for the identification of inertial parameters, the base parameters
being the only identifiable parameters. They are obtained starting from standard
parameters by eliminating those which do not have any effect on the dynamic model
and grouping some others together.

The calculation of base parameters using the dynamic model proves to be long
and fastidious. We present here a symbolic method leading to general rules without
having to calculate either the dynamic model or the energy [GAU 90b], [KHA 94].
The demonstration of this method is based on the recursive calculation of the
energy.
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The total energy of link j, which is linear in the inertial parameters, is written as
follows:

Hj:Ej+Uj:thj:(ej+“j)Kj [1.135]
K= [XX; XY; XZ YY; ZZ MX; MY; Mz M]" [1.136]
hj =[hxxj hxy; hxz hyy; hzz hux; hvy; huz hy) [1.137]

with:

— K;: vector of standard inertial parameters of link j (we do not consider
parameter L)

— h;j: (1 x 10) row matrix of the energy functions corresponding to the inertial
parameters of link j;

— ¢j: (1 x 10) row matrix of the kinetic energy functions corresponding to the
inertial parameters of link j;

—uj: (1 X 10) row matrix of the potential energy functions corresponding to the
inertial parameters of link j.

The elements of h; are obtained from relations [1.100] and [1.107] and are
written as follows:

1
hyx; = Ewl,j“)l,j

iy = 000,

hyzj = o 05 ;

Byyj =5 0,0
hyz; = ) j003 ;
1 [1.138]
hzzj =5 ®3,j0s
_ 0 .TO
hyixg =03V =0, V3 ;=78 s
_ 0 _TO
hyyj = V35—V ;=g "n;
TO

_ 0
hyizg =@y V) = Vs ;=g "a;

1. .
_ 2 ivTiy _0,TO
hyg = VTV =gt 0P,
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Withj(l)j = [(,01,j (% (,03,j]T and jVj = [Vl,j V2,j V3J]T.

Based on relations [1.100] and [1.107], we can write the general relation of
recurrence between the energy functions of links j and j—1:

hj=hj_11'1xj+ qJnJ [1.139]

j'lkj being a (10 x 10) matrix that is a function of the geometric parameters of frame
j [GAU 90a]. It makes it possible to express the inertial parameters of link j with
respect to frame j—1 according to the relation:

FIK =1 K [1.140]

The term n; is written:

~ 1,
nj=6;[0 0 wj 0 oy (w3 qu-) Va; =V 0 0]
+6;[000000 - o0 (V3,j_%qj )] [1.141]

The search for parameters that do not affect the dynamic model is based on the
following rule:

h; = constant < K; does not affect the model, we then note that Kj=0 [1.142]

The use of the recurrence relations of velocities [1.104] and [1.105] and of
expressions [1.138] of h;, makes it possible to establish general rules in order to
determine the parameters which do not effect the dynamic model without having to
calculate the energy [KHA 94].

The grouping of a parameter K; with other parameters consists of searching for

linear combinations between the energy functions of this parameter h; and those of
the other inertial parameters such that:

I
hj=>"t;,h;, + constant [1.143]
p=1
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Starting from the recurrence relation [1.139], between the energy functions h;
and h;.;, we deduce according to the joint type:

— revolute joint j: we obtain three linear combinations between the energy
functions h; and h;_;:

hxxj + hyyj=hj. (A} +1AT) [1.144]
hyizi= by 7107 [1.145]
b = by 1210 [1.146]

where j‘lkﬁ-‘ is the kth column of the matrix I-12;.

Consequently, we can group three inertial parameters. By choosing to group
parameters Y'Y, MZ; and M; with the other parameters, we obtain:

XXR; = XXj - YY; [1.147]

KR;. =K+ YYj (A j+ 0T + Mz S+ My e [1.148]

where the letter “R” indicates the inertial parameters with which other parameters
are grouped.

The development of these relations gives the following theorem:

THEOREM 1.1.— when joint j is revolute, parameters Y'Y}, MZ; and M; can be grouped
with the parameters of the links C; and C;.;. The corresponding relations are as follows:

XXRj = XX;-YY;j

XXRjy = XX  +YYj+ 21 MZ; + rj2 M;

XYRj = XYj 1 + dj SOCJ' MZ; + dj 5 SOLj M;

XZRj_l = XZj_l - dj C(Xj MZj - dj 1§ COLj Mj

YYRj_l = YYj-] + CCOLJ‘ YYj +2 I CCOCJ' MZj + (dj2 + I’j2 CCO(j) Mj
YZRjy = YZ;.; + CSo; YY; + 2 1; CSay; MZ; + I'j2 CSoy M; [1.149]
ZZRj_l = ZZj.l + SSOLJ' YYj +2 I’jSSOLj MZj + (dj2 + rj2 SSOLJ‘) Mj
MXRj_] = MXj-l + dJ M_]

MYRj_] = MYj_l - S(Xj MZj —Tj SOCj Mj

MZR; | = MZ; + C(Xj MZ; +7 COCj M;

MR;; = Mj 1+t M
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with SS(.) = S(.) S(.), CC(.) = C(.) C(.) and CS(.) = C(.) S(.).

— prismatic joint j: in this case, N1 j = ... = Mg = 0 and columns 1 to 6 ofJ"l?»j are
constant. Hence, we obtain six relations between the energy functions:

hxxj = hjo A, L hzz= by SIS [1.150]

These relations make it possible to group the parameters of the inertia matrix of
link j with those of link j—1 through the following general relation:

L — K I XG4+ XY 13,6 77
KR;.| = Kj. + A} XX +F03 XY+ ..+ 0 27 [1.151]

The development of relation [1.151] leads to the following theorem:

THEOREM 1.2.— when joint j is prismatic, the parameters of the inertia matrix of link
j can be grouped with those of link j—1 according to the following relations:

XXRj.1 = XXj.1 + CCO; XX — 2 CSO; XY + SSO; YY;
XYR;.1 = XY + CS6; Coy XX + (CCO;-SSH;) Coy; XY — CO; Soy XZ;
- CSGJ- COLj YYJ' + Sej SOLJ' YZj
XZR;.1 = XZj1 + CSH; Sa; XX + (CCO;-SS6;) So; XY+ CO; Coyy XZ;
CSGj SOLj YYj - Sej COLJ' YZj
YYRj_] = YYj_] + Ssej CCO(J' XXj + 2C89j CCOLJ' XYJ' - Zsej CSOLj XZj
+CCo; CCa; YY; - 2C0; CSay; YZ; + SSa; ZZ; [1.152]
YZR;.1 = YZj + SS6; CSay; XX; +2CS6; CSoy; XY + S6; (CCo,y—SSay) XZ;
+ CCO; CSa; YY; + CO; (CCoy—SSayj) YZ; — CSoy ZZ;
ZZRi\=ZZj 4+ Ssej SSOCJ' XX+ ZCSGJ' SSO(j XY+ ZSej CSO(j XZ;
+ CCO; SSay; YY; + 2C0; CSay; YZ; + CCa; ZZ;

The relations [1.152] are equivalent to the following relation:
j'lJRj_l =j'1Jj_1 +j'1Rj ijjRj_l [1.153]

The demonstration of this relation is immediate in such a way that when joint j is
prismatic, the angular velocity of link C;j is the same as that of link Cj.;.

NOTE.— let r1 be the first revolute joint from the base and r2 be the first revolute
joint after r1 and whose axis is not parallel to that of r1. Relations [1.42] and [1.152]
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lead to obtaining all the grouped parameters of all links of the robot, except those of
the links whose joint is prismatic and placed between rl and r2. Readers who are
interested in this aspect can find more information on the particular grouping
relations in [KHA 02]. The determination of the parameters that have no effect on
the dynamic model of links Cy, ..., C;»_; complete the algorithm of determination of
the base parameters.

EXAMPLE 1.8.— by using the relations [1.149] for j = n, ..., 1, the set of base
parameters of the Staubli RX-90 robot is as follows:

— the parameters that have no effect in the model are XX, XY, XZ1, YY1, YZ4,
MXi, MY, MZ;, My, MZ, and Mj; axis 1 being vertical, all parameters of link 1
except ZZ1 are eliminated;

— the parameters eliminated by grouping are Iaj, YY>, lay, YY3, MZ3, M3, YYq4,
MZ4, M4,YY5, MZS, M5, YY6, MZ6 and M6;

— the grouping relations are:

ZZR; =277 +1a;+YY, + D32 (M3 + M+ Ms + Mg) + YY3
XXRy =XX,; - YY, — D32 (M3 + My + Ms + M)

XZR, = XZ, — D3 MZ4

ZZRy = 775 + lay + D32 (M3 + My + M5 + Mg)

MXR, = MX, + D3 (M3 + My + M5 + Mg)
XXR3=XX3-YY3+YY,+2RL4 MZ4 + RL42 (My+ Ms + M)
ZZR3 =773+ YY4+ 2RL4 MZ4 + RL42 (M4 + M5 + M)
MYR3=MY3; + MZ4+ RL4 (M4 + M5+ Mg)
XXRs4=XX4+YYs5-YYy

ZZR4=774+YY5

MYR, =MY, - MZs

XXRs5=XX5+YYs—YYs

ZZR5=775+YYq

MYRs =MY5 + MZg

XXRg=XXs—-YYs¢

Table 1.3 provides the base inertial parameters of the Stdubli RX-90 robot. It has
40 parameters. By using this set of parameters, the cost in calculating the dynamic
model of the Stdubli RX-90 robot through an iterative symbolic procedure is of 253
multiplications and of 238 additions, which no longer leads to any real-time
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calculation problem. If we suppose, moreover, that the links are symmetric, only 160
multiplications and 113 additions are needed.

j XXj XYJ' XZj YYj YZj ZZj MXj MYj MZj Mj Iaj

1 0 0 0 0 0 | Z2ZRq 0 0 0 0 0

2 | XXRy |XY2| XZRo | 0 |YZo| ZZRy |MXRy | MY2 | 0 | 0 | o

3 | XXR3 | XY3| XZ3 0 [YZ3| ZZR3 | MX3 | MYR3 | 0 0 | Ia3

4 | XXRy |XYs| XZ4 | 0 |YZs| ZZR4 | MXs |MYR4| 0 | 0 | Iag

5 | XXRj5 |XY5| XZs 0 |YZ5| ZZR5 | MX5 | MYR5 | 0 0 | Ias

6 | XXRg [XYg| XZg 0 |YZ¢| ZZg MXe | MYg 0 0 | Iag

Table 1.3. Base inertial parameters of the Stdubli RX-90 robot

1.6. Identification of dynamic parameters
1.6.1. Introduction

In the last few years, several control laws have been proposed based on the
dynamic model, as we will see in Chapter 5. However, whether we deal with the
implementation of these laws in a robot controller or with the simulation of dynamic
equations, it is necessary to have a good knowledge of the numeric values of the
dynamic parameters of the robot. This section will show how to exploit that the
dynamic model is linear in these parameters in order to identify them. Hence, the
principle returns to the solution of an over-determined linear system using least
squares techniques.

We suppose that the geometric parameter values are known (see section 1.4).
The dynamic parameters of link j correspond to the inertial parameters of the link
and of the actuator’s rotor j as well as to the friction parameters. Thus, we write
them as a vector yJ:

W=[XXj XYj XZj YYj YZj ZZj MXj MYj MZj M; laj Fg Fy]T
[1.154]
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The dynamic parameters of the robot are represented by vector y as follows:

x =D 2wt [1.155]

n being the number of joints of the robot.

1.6.2. Identification principle of dynamic parameters

The identification of the dynamic parameters of robots has been the subject of
plenty of research: [FER 84], [MAY 84], [AN 85], [ATK 86], [KAW 88], [KHO
85], [GAU 86], [OLS 86], [BOU 89], [RAU 90], [AUB 91], [PRU 94], [RES 96].
The proposed methods have numerous common points, such as:

— use of a model linear in the unknown dynamic parameters (dynamic model,
energetic model, power model or model of the forces and movements exerted by the
robot on its base);

— construction of an over-determined linear system of equations by calculating
the model at a sufficient number of points along some trajectories;

— estimation of parameters through linear regression techniques (ordinary least
squares or other variants).

1.6.2.1. Solving method

The system to be solved is given by the following general relation:
Y(T',q)=W(q.q.9) x+p [1.156]

where W is the (r X c) observation matrix with r >> ¢, ¢ being the number of
parameters and p being the residual vector or the error vector.

The theory of the estimation offers a sufficiently wide range of methods, for both
the deterministic case and the stochastic case. The use of classic methods for solving
over-determined linear systems, and notably those using the SVD or QR
decomposition, gives good results provided the elements of W are properly treated,
as we will see in this section. We will notice that the implementation of these
methods by scientific software such as Matlab or Mathematica is immediate.
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We define the solution § of equation [1.156] in the least squares sense as
follows:

1= mxin"p”z [1.157]

If W is of full rank, the explicit solution of this problem leads to the relation:
1=(WIwylwly =wty [1.158]

where W indicates the pseudo-inverse matrix of W.

One difficulty in identifying the dynamic parameters comes from the fact that the
observation matrix W is not deterministic but random. In addition, W and p are the
result of correlated random variables [GAU 86], which can bias the least squares
estimator [DEL 77], [EYK 74], [MEN 73]. An additional difficulty arises from the
non-linearity of W in terms of q and ¢, which makes the calculation of the bias and
the estimation error variance difficult, unless we admit certain independence
hypotheses for the noises [ARM 89], [RAU 90]. That is why it is important to
validate the results obtained through appropriate experimentation.

We basically calculate an estimation of the standard deviation for the identified
values in a similar way to the one described in section 1.4.4.3, by considering that

W is deterministic and that p is a zero mean additive independent noise with a
standard deviation G, and with a variance-covariance matrix C, such that:

Co=E(ppH=0,1 [1.159]

E indicating the expectation operator and I, the (r X r) unit matrix.

The standard deviation G, can be calculated by the following unbiased estimator:

S [1.160]

Hence, the matrix of variance-covariance of the estimation error is [DEL 77]:

C; =E[(t-Dx—-0"1=W"'C,(WH" =0, (W' W)~! [1.161]
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Hence, the standard deviation on the jth parameter:

03, =4/C.(i-) [1.162]

This interpretation was used in [RAU 90] but must be considered with caution
because, in our case, the hypotheses are not satisfied, since W is not deterministic.

The relative standard deviation of the parameter Xi is estimated by:

S
0% =100—1 [1.163]
|XJ|

The relative standard deviation can be used as a criterion in order to determine
the quality of the estimation for each identified parameter.

1.6.2.2. Identifiable parameters

The identification of standard inertial parameters according to [1.156] cannot
provide a unique solution when the observation matrix W is not of full rank. Hence,
we have to determine a set of identifiable parameters called base parameters or
minimal parameters.

This problem can be solved for the inertial parameters, either through the
symbolic method (see section 1.5.3), or through a numerical method based on the
QR decomposition similar to the one used in section 1.4.4.2.1 for geometric
calibration. As far as the columns associated with friction parameters are concerned,
we easily show that they are independent.

Determining identifiable parameters is a necessary preliminary step in
identifying the dynamic parameters. In this case, the grouping relations are not
necessary, but only the knowledge of the parameters to eliminate or to group is
indispensable. The following algorithm can be used to determine the identifiable
parameters by eliminating the parameters that have no effect on the dynamic model
or because they can be grouped. We make use of rl and r2 as defined in section
1.5.3.

Forj=n,.., 1:

1) the following parameters are eliminated due to general grouping relations:
- YYj, MZ;j and M; if joint j is revolute (cj = 0),
- XXj, XYj, XZj, YYj, YZj and ZZj if joint j is prismatic (Gj =1)
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2) if joint j is prismatic and aj is parallel to ar], for rl <j<r2, then eliminate
MZj, MXj and MYj;
3) if joint j is prismatic and aj is not parallel to ar], for rl <j <r2, then:

- if aj is not perpendicular to ar], i.e., the z component of jarl is not equal to
zero, then eliminate Mz,

- if aj is perpendicular to ar[, i.e., the z component of Jarq is equal to zero,
then eliminate MX; if the y component of Jarq] is equal to zero, otherwise eliminate
MYj;

4) if joint j is revolute, for rl <j <r2, then eliminate XXj, XYj, XZj and YZ;.
Note that the axis of this joint is parallel to the axis of joint rl, and that the
parameter YYj has been eliminated by rule 1;

5) if joint j is revolute, for r1 <j <r2, and the aj axis is along ar|, and if ar] is
parallel to aj and to gravity g, for all i<j, then eliminate the parameters MXj, MY;.
Note that MZ;j and M;j have been eliminated by rule 1;

6) if joint j is prismatic and j<rl, then eliminate the parameters MXj, MY, MZ;;

7) concerning the rotor inertia parameter la;j it can be eliminated by grouping in
the following cases (where j <r2):

-ifj=rl,
- if j =12 and its axis is orthogonal to that of r1,

- if the axis of joint j is orthogonal to gravity and j = p1, with p1 the axis of the
first prismatic joint, and if pl = 1 or its axis is aligned with the revolute axes
preceding it.

To simplify matters, we will suppose that ¢ contains only the base inertial
parameter (or identifiable inertial parameters) as well as the friction parameters. W
consists of the columns associated with these parameters.

1.6.2.3. Choice of identification trajectories

The choice of appropriate trajectories is very important in identifying the
dynamic parameters. This problem is directly linked to the condition number of the
linear system [1.156]. Thus, it is necessary to find an exciting trajectory with which
all parameters will be identified.

We note that the elements of the observation matrix are affected by the modeling
errors, the errors in the geometric parameters, and the measurement noise. We show
that a robust solution with respect to these errors is obtained when the condition
number of matrix W is minimum and when its last singular value is not too small
[PRE 93].
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To obtain an exciting trajectory, two strategies can be implemented:
— calculation of a trajectory leading to a condition number close to unity;

— identification of parameters by small groups with simple motion that affect
only certain joints, the others being blocked (sequential trajectories).

The exciting strategy consists of calculating a trajectory that minimizes a
criterion by non-linear optimization methods whose degrees of freedom are the
initial point, the end point, the intermediate points, the maximum joint velocities and
accelerations, etc., and whose criterion is a function of the condition number [ARM
89], [LU 93], [GAU 92], [BEN 93]. Various criteria have been proposed, such as:

— condition number of matrix W defined by:
cond(W) =h [1.164]

where X, and X, indicate the maximum and minimum singular values of W;

— if the order of magnitude of the parameters to be identified is known a priori,
the following criterion is meant to balance the contribution of each parameter to the
identification model, which results in equilibrating the relative standard deviation of
the different parameters [PRE 93]:

C = cond(W.diag(Z)) [1.165]

where diag(Z) is the diagonal matrix consisting of the elements of Z representing
the vector of a priori values of the dynamic parameters (orders of magnitude).

The synthesis of an exciting trajectory by an optimization program presents the
following difficulties:

— there is no analytical expression of the criteria;

— the algorithm must take into consideration the joint limits, maximum velocities
and accelerations. The velocities must be high enough for the friction model to be
valid;

— the degrees of freedom are very numerous.

The most current approaches suggest using several trajectories: each trajectory
affects certain joints, the others being blocked; each test enables the identification of
a small number of parameters [MAY 84], [OLS 86], [ATK 86], [HA 89], [AUB 91],
[GAU 92]. This strategy makes it possible to simplify the identification. However, it
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may generate an accumulation of errors when the parameters already identified are
used again in order to identify others. To remedy this, a weighted least-squares
technique can be used [GAU 01].

1.6.2.4. Evaluation of joint coordinates

If the dynamic model is used as the identification model, the observation matrix
W depends on q and ¢, but also on ¢. In general, industrial robots are equipped
with position sensors whose data are accurate and acceptable. On the other hand, the
measures of q and of ¢ are problematic. The same goes if we want to determine
these variables starting from position data. In fact, the measure of position with the
help of encoders introduces a quantification noise. The velocity estimated by
numeric derivation of q is distorted. In the same way, the double derivation for
calculating ¢ leads to unusable data because the differentiation increases the high
frequency noises.

One solution is to filter the position signal with a low-pass filter before
derivation [KHO 86], [GAU 95], [GAU 01]. Filtering can be done with a 4™ order
Butterworth two-way filter, by using Matlab’s “butter” function, while the numeric
deviations are made by a central difference to avoid phase difference according to
the relation:

q (k) = [q(k+1) — q(k-1)]2T [1.166]

where T is the sampling time.

1.6.2.5. Evaluation of joint torques

The use of torque sensors or force sensors is not widespread, at least in the
industrial field, and often only the reference current at the input of power amplifiers
are available. Thus, the relation between these values and the torques must be
estimated. In general, owing to the high bandwidth of the current loop, this relation
can be taken as a simple constant gain. For joint j, this relation is written (see Figure
1.12):

l“mj = GTj uj [1.167]
with:

Grj= Nj Ky K7y [1.168]
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where Grj is the torque gain of the drive chain j, u; is the reference current, N; is the
gear transmission ratio, K; is the amplifier gain and Krj is the actuator torque
constant.

In the case of a numerical closed loop control, the reference current u; is equal to
the control calculated by the computer. Various electrical engineering techniques
make it possible to identify each one of the terms necessary for the calculation of the
overall gain G [RES 95]. However, they can be obtained from the manufacturer’s
data sheets.

Other identification methods of dynamic parameters, which do not explicitly
require the evaluation of joint torques, have been proposed [KHA 93], [GAU 94].
They consist of including in the identification model the gains of the drive chains.

uj Ij
Kaj KTj N;

GTj = NjKyj Kj

9 95 G
Figure 1.12. Representation of the drive chain

1.6.3. Identification model using the dynamic model

The dynamic model being linear in the dynamic parameters, the identification
model is given by the following relation:

'=®(q, q,q)x [1.169]

® being a (n X b) matrix and b being the number of base dynamic parameters.

For the calculation of the ith column of ®, written @, we can show that:
Ddi=T(q, q, qwithy; =1, ;=0 forj #1) [1.170]

This relation indicates that column @' can be calculated with the help of the
algorithm of Newton-Euler inverse dynamic model by using as dynamic parameters
the values ; = 1, x; = 0 for j # i. To improve the performance of such a procedure,
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we can use the iterative symbolic technique by taking into consideration the fact that
calculating the velocities and accelerations is common for all columns. Moreover,
this technique is suitable to an efficient vector calculation of the observation matrix.

When the measures (q, q, ¢ ) and I'G) (i = 1, ..., e, e being the number of
samples) are sufficiently numerous for a given trajectory, we create an over-
determined linear system of r equations that has b unknown elements:

YI)=W(q, q, ) x +p [1.171]
with:
' D(1)
Y=| - [, W=| - [1.172]
I'(e) @(e)

and such that:
—r=nxe>>b
~ ®(i) = (g, G )
-(4q, 9, 9)) =q(t), q(t), q(t)
—I'(1) =I'(t)

It is in general easier to arrange this data by grouping together the equations of
each joint. Vector Y and the matrix W are thus written:

Y=o |, W=| o [1.173]
Y, W,

n

where Y; and Wj represent the equations of joint i for all samples, in such a way that:

@) D(,:)(1)
Yi=| - |, W .. [1.174]

Li(e) @(i,:)(e)
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where @( 1,:)(j) indicates the row corresponding to joint i in the identification model
for the j™ sample.

In order to eliminate the high frequency ripples that are not modeled in the
torque vector I', we filter vector Y as well as the columns of the observation matrix
W. This process is called parallel filtering [RIC 98]. It can be carried out by
Matlab’s “decimate” function (Signal Processing ToolBox).

1.6.4. Sequential formulation of the dynamic model

Since the dynamics of the joint j depends only on the dynamic parameters of link
j and links j+1, ..., n (property (c), see section 1.5.1.3), we can write the dynamic
model [1.169] in such a way that matrix @ has a upper triangular form:

1

I Dy Dy Py Dy || X
Do | 0 @@y Py x>
: Y J: : :

0 0 0 @,

[1.175]

r

n

where yJ contains the base dynamic parameters of the link and actuator j, and where
®;; is the row vector corresponding to ¥ in the I'; equation. The system of equation
[1.171] is thus written for e samples:

Wll W12"'Wlnfl Wln

_ 0 WZZ'”WZH—I W2n X [1 176]
S e | '
Yl’l
0 0 - 0 W, | .n

This structure suggests the idea of identifying sequentially the parameters of the
robot, link by link, beginning with link n and ending with link 1. We proceed in the
following manner:

— we first identify the parameters of joint n, X", by using the dynamic equation of
axis n:

Yn=Wn(q, q, )" [1.177]
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— then, we identify the parameters of ¥ considering that those of " are known,
which gives:

Yo~ Wnia(d, @ @) %"= Wain1(q, 6 6) %™ [1.178]

—and so on, up to link 1.

With the help of the sequential method, the search for exciting trajectories
enabling a good condition number of the observation matrix Wj; is much simpler
than using a general method and this is due to two reasons:

— the dimension of the vector to be identified in each step is small, which reduces

the dimension of the observation matrix Wjj;

— matrix Wj; depends only on positions, velocities and accelerations of the joints
1,2, ...,j. It is therefore possible to estimate the parameters of axis j by blocking the
movement of the axes j+1, ..., n.

The major disadvantage of the sequential identification is the accumulation of
errors during each step, but this problem can be solved by using a weighting least
squares method [GAU 01].

1.6.5. Practical considerations

Before ending this section, we have to highlight the following points:

— the identification model can be created by using the energetic model, which is
based only on the joint positions and velocities. We have presented only the method
based on the inverse dynamic model which is structurally more exciting than the
energetic model. This is due to the fact that the dynamic model projects its
information on the components of torque I', whereas the energetic model groups all
information in a scalar form;

— after filtering the position, the joint velocities are determined by central
difference of the positions and the joint accelerations by central difference of
velocities;

— when we use the dynamic model, it is necessary to filter the columns of the
observation matrix and the torque measure vector in order to eliminate the high
frequency ripples. This operation is called parallel filtering and can be carried out by
Matlab’s “decimate” function;

— if the robot includes a significant number of parameters, it is advisable to carry
out the identification in two steps: firstly, the parameters of the wrist links are
identified by using only the equations of the wrist joints; and secondly, we identify
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the parameters of the shoulder by blocking the axes of the links already identified.
This procedure is all the more relevant because the order of magnitude of the
parameter values of the wrist links is not the same as the ones of the shoulder;

— the number of equations must be higher than the number of inertial parameters
by at least 500 times;

— the relative standard deviation estimated by equation [1.163] is used as an
identification quality criterion. A parameter is considered as well identified if its
relative standard deviation is less than 10. In an opposite case, this parameter may be
considered as poorly identified. This means that it is not excited enough by the
trajectory used or that it does not have a significant effect on the model. If, with
other trajectories, the standard deviation does not decrease below the threshold, we
can assume that this parameter has no effect on this model. Eliminating such
parameters, we then define a set of essential and better identifiable parameters [PHA
91];

— after identifying the inertial parameters, the values obtained must be validated.
Several procedures can be carried out:

- direct validation by calculating the error of prediction for the trajectories used
in the identification,

- crossed validation for a different trajectory,

- identification of the robot parameters without load, then re-doing the
identification with a load for which the inertial parameters are known, and
comparing between the values identified and the values a priori,

- validation by elaborating a dynamic control and realization of a simulator.

1.7. Conclusion

We have presented in this chapter the geometric, kinematic and dynamic
modeling of serial robots. The identification of geometric and dynamic parameters
of these models was also covered, with the most efficient methods from an
experimental point of view. The geometric description of the structure is based on a
method which makes it possible to generalize the various models for tree-structured
robots and closed loop robots [KHA 02]. The symbolic calculation of these models
on the computer was dealt with in numerous works [DIL 73], [KHA 76], [ZAB 78],
[KRE 79], [ALD 82], [CES 84], [MEG 84], [MUR 84], [KIR 85], [BUR 86], [IZA
86], [KHA 89]. The SYMORO+ [KHA 97] software, which contains all the
algorithms of this chapter, is certainly the best performing and the only one able to
deal with all of the models mentioned.
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Chapter 2

Modeling of Parallel Robots

2.1. Introduction

Over the course of the past few years we have witnessed a large rise in the use of
robots in the industrial world, mainly due to their flexibility. However, the
mechanical structure of the most commonly used robots is inappropriate for certain
tasks. Hence, other types of structures have been explored and have begun to find
their place in the world of industrial robotics, and most recently in the field of
machine tools. This particularly holds true for parallel manipulators, which we shall
define in this chapter.

2.1.1. Characteristics of classic robots

To date, the majority of manipulators present an evident anthropomorphic
character with a strong resemblance to the human arm. In fact, they consist of a
series of segments, each connected to its predecessor and to its successor using a one
degree of freedom joint (a revolute joint or a prismatic joint), a structure that we
term of the serial robot by analogy with electrical systems. The driving elements,
that is to say the actuators, make it possible to change the motion of these joints.

Chapter written by Jean-Pierre MERLET and Frangois PIERROT.



82  Modeling, Performance Analysis and Control of Robot Manipulators

For serial robots, the payload to robot weight ratio is never more than 0.3, which
means that when a manipulator is required to carry heavy loads, it will itself become
very heavy (in this respect, one of the best existing manipulators to date is probably
the Mitsubishi Pa 10 robot, which offers a payload of 10 kg for its own weight in the
amount of 30 kg, even if this means sacrificing some rigidity). Another interesting
factor concerns robot accuracy. In this domain there are two types of values:
absolute accuracy, which is the difference between the set point and the true location
of the end-effector, and repeatability, which is the distance measured between the
successive locations of the end-effector, when the same set point has been required
for different starting locations. Repeatability is in general the measure of accuracy
that manufacturers supply and it is far better than absolute accuracy, even though
this measure is of far greater interest to users. However, for most industrial robots,
even the measure of repeatability is not sufficient. As for absolute accuracy, this
measure is sometimes completely wrong.

Low payload and mediocre accuracy of serial robots are intrinsic to the
mechanical structure of these manipulators: the segments are submitted to high
forces and bending moments requiring them to be very rigid, and thus very heavy
(which is detrimental to fast motion), and errors of the internal sensors of the robot
travel in an amplified manner to the end-effector.

Hence, we see that a serial robot is inappropriate for tasks requiring either the
handling of heavy loads, an adequate level of positioning accuracy, or the ability to
move fast.

2.1.2. Other types of robot structure

The anthropomorphic aspect of serial robots is unquestionably the driving force
that propelled early engineers in their development of manipulation systems (in the
sixties) with such a structure. However, there are other possible types of mechanical
structures which are used to make robots and some of them are quite surprising.

In 1942, Pollard [POL 42] patented the mechanical structure represented in
Figure 2.1, intended for painting automobiles. In this manipulator three revolute
actuators move three arms whose extremity is connected to the nacelle by three joint
segments. It should be noted at this point that this is no longer a serial structure since
the end-effector is connected to the base of the robot through three separate and
independent kinematic chains.

In 1947, an engineer by the name of Gough [GOU 57] established the basic
principles for a mechanism (see Figure 2.2) making it possible to position and to
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steer a mobile platform with the aim of testing tire wear, a machine whose prototype
he built in 1955 [GOU 55]. In this structure the mobile element is a hexagonal plate,
whose top parts are each connected by spherical joints to a segment. The other end
of the segment is connected to the base using a universal joint. A linear actuator
makes it possible to change the total length of the segment. When the length of the
segments varies, the position and orientation of the mobile platform change, and this
is possible, as we shall see, for all six degrees of freedom of the platform.

In 1965, Stewart [STE 65] proposed using the mechanism presented in Figure
2.3 as a manipulator for simulators. In this structure, the mobile element is a
triangular plate, whose top parts are each connected through a spherical joint to a
sub-manipulator consisting of two linear actuators (1,2), also mounted in a triangular
manner. One end of each of the jacks is connected via a revolute joint to the segment
of a vertical axis, which is able to rotate around its own axis. The other end of one of
the jacks is connected to the spherical joint of the mobile plate, while the end of the
other jack is connected via a revolute joint to the opposite side. It turns out that one
of the reviewers of the Stewart paper was Gough, who reported the existence of his
own structure. This structure, however, was also cited by other reviewers of
Stewart’s publication, who suggested using it as a platform for drilling and milling
(which happened to be an excellent prediction of the future, as we shall see). As far
as we know Stewart’s manipulator never found an application, but the use of
Gough’s is, on the contrary, very frequent. Ironically, however, Gough’s
manipulator, which far precedes that of Stewart, is often recognized under the name
of Stewart’s platform.

The common feature among the manipulators of Pollard, Gough and Stewart is
the fact that the end-effector is connected to the base of the manipulator using
separate and independent kinematic chains. This is termed closed-chain manipulator,
or parallel robot, which is how we will refer to it in this chapter, whereas in certain
communities Gough’s platform is referred to as a hexapod. Certain theoretical issues
linked to this type of structure have been highlighted previously, way before the
existence of the first robot (e.g. as early as 1645 by Christopher Wren, followed by
Cauchy (1813) Bricard (1897) and Borel (1908) to name just a few). This interest,
rooted in the past, and renewed in the present, arises in connection with the natural
advantages of this type of manipulator, which we shall examine in greater detail in
the following section.
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Figure 2.1. Pollard’s manipulator (according to Pollard) [POL 42]

Figure 2.2. Gough’s machine (1957): the mobile plate (1947) linked to a tire is connected to
the ground by six segments of variable length. At one end of each segment there is a universal
Jjoint and at the other end a spherical joint. The wheel is driven by a conveyor belt, and hence

tire wear may be measured under different conditions [GOU 57]
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Figure 2.3. Stewart’s manipulator (1965). The motions of the mobile plate
are obtained by changing the length of the six joint segments
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2.1.3. General advantages and disadvantages

In view of the extreme diversity of existing manipulators, considering both their
structures and sizes (there are micro parallel robots, and there are parallel robots the
size of a crane), it is of course very difficult to outline a panorama of all the
advantages and disadvantages of parallel and serial robots, in general. However, it is
possible to put forward a few of the main trends at various levels:

— Performances: to solve, on a mechanical level, part of the problems arising
with serial manipulators, one possible solution is to distribute the load among all of
the segments, that is, to connect the robot end-effector to the ground via a set of
kinematic chains, which consequently only support a fraction of the total load. Let
us examine for example Gough’s structure. When the structure is centrally
positioned, the actuators support approximately only one-sixth of the load placed on
the mobile plate. Additionally, the bending stresses on the segments are reduced as
the joints are transmitting only traction-compression forces. Both of these factors
enable a decrease in the weight of the mobile structure making it possible to use less
powerful actuators, as well as smaller size segments. This decrease in mobile weight
will also significantly decrease all disruptive effects applied to the mobile platform,
such as inertia or the Coriolis force, when moving at high velocity. In turn, this
decrease will facilitate control, will yield far greater accelerations than those
possible with serial structures and we will then be able to obtain extremely fast
motions (we shall see in fact that the world’s fastest robot on earth works this way).
For the same reasons, it is easier to generate very significant static stresses in the
case of certain parallel structures (the Tricept robot is successful in part due to this
capacity). Intuitively, it is also hypothesized that the accuracy of position is
satisfactory for two reasons: (i) the segment deformations are reduced, and (ii)
internal sensor errors (those measuring segment lengths) only slightly impact on the
platform position error. For example, when all of the sensors make the same error
(which is the worst case), calculation of the platform position will only yield an
error on the vertical axis, approximately of the same amplitude as that of the sensor
error. Finally, in terms of rigidity, parallel robots often have a design that is
advantageous (again because mechanical stresses at work are essentially traction-
compression). Thus, considering identical technology, a parallel robot of the “Gough
machine” type will be significantly more rigid than an anthropomorphic serial robot.
On the contrary, to date we are unable to demonstrate that a parallel structure with 3
axes is more rigid that a serial combination of three linear tables, which is at the
basis of machine tools with three axes.

— User friendliness: for practical uses, parallel robots are often disadvantaged by
their reduced workspace compared to that of serial robots. That is, accessible space
for the traveling plate (sometimes called “nacelle”) of a parallel robot is at best equal
to the intersection of spaces accessible to each of the constituting kinematic chains.
Figure 2.4 illustrates this issue in a trivial case of planar robots, the kinematic chains
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of which have the same stops. The disadvantage of a small workspace is also
intensified when considering the ratio between workspace and the footprint required
by a parallel robot. That is, certain industries have stringent requirements concerning
the use of workshop space. Otherwise, when workspace befits a particular
application, maintenance operations may be facilitated via the “systematic”
construction of parallel robots (with identical components), and for the case of
robots with fixed actuators, via easy access to certain key components such as
actuators, coders and connection devices.

Figure 2.4. Comparison of the workspace in a serial manipulator and a parallel equivalent

— Technology: one of the general advantages of parallel manipulators is the
frequent use of several identical kinematic chains on a single robot: the economic
benefits of serial production thus appear sooner, by comparison with serial robots
(decrease in the costs of unit analyses and construction, decreases in the volume of
spare parts storage, etc.). Another advantage of certain parallel manipulators (with
fixed actuators) is the greater freedom in the choice of actuators that they offer the
following abilities: revolute, prismatic, with direct or indirect drive, with electric or
non-electric power, etc. And finally, we mention an advantage which at this time
appears merely potential. If parallel robots become increasingly more popular, we
could witness the availability of standard component product lines, which would
greatly facilitate the construction of high performance engines. The first example of
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such a process is the appearance of telescopic actuators in the catalogues of major
suppliers (INA, SKF), which are nothing more than “universal-prismatic-revolute”
chains ready for use. On the other hand, it becomes essential to possess quality
passive joints, often with two to three degrees of freedom. And to build a universal
joint, or a compact clearance free spherical joint, while ensuring a decent shelf life
in the context of stresses during high amplitude motion, is hardly an easy task.

— Modeling — singularities: these points shall be outlined in greater detail in the
following sections. However, it appears important to note several relevant issues
prior to examining mathematical implications. Contrary to serial robots, inverse
models of parallel robots are in general easier to establish than direct models. In
particular, it seems impossible to use algebraic methods to describe the direct
analytical geometric models of numerous parallel robots (time will tell whether there
are any other possible ways). As for serial robots, parallel robots encounter the same
singular points issues, where even when they are accessed, the manipulator enters a
configuration where it no longer responds correctly to commands, and worst of all,
where it is possible that the manipulator will simply be destroyed! The situation is
however more complex than for serial robots as there are many different types of
singularities, the listing of which is often much more complicated than for serial
cases.

2.1.4. Present day uses

2.1.4.1. Simulators and space applications

The use of this type of manipulator in fact began to expand significantly only
with the onset of construction of the first fight simulators. During the 1960s, the
development of aerospace industry, the increase in the costs for training pilots, and
the necessity to test new aircrafts out of flight, motivated research on manipulators
with several degrees of freedom, likely to animate with high dynamics a platform
that was heavily loaded with instruments (for example an aircraft cockpit),
considering that all of these constraints made it difficult to use serial manipulators.

All kinds of flight simulators use the structure of the Gough platform (see Figure
2.5). And this is also used in many other kinds of simulators, in sometimes quite
surprising ways, such as for the equestrian simulator Persival installed at the
National School of Horse Riding (see Figure 2.6) or the CINAXE theatre of La
Villette (the use of a parallel structure in the entertainment industry is a domain that
will likely bear witness to many changes in the future). It is also impossible not to
mention automobile simulators, such as those of Daimler-Benz presented by
Drosdol [DRO 85], and the driving simulators such as the IDS of the University of
Iowa, that of the Swedish Transportation Institute (VTI), and the National Advanced
Driving Simulator (NADS).
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Figure 2.5. The Airbus A3-40 simulator built by Thomson-CSF
(photograph by: P. Palomba)

Figure 2.6. Equestrian simulator “Persival” belonging to the National School of Horse
Riding, built in collaboration with ENAC (E.N.E photograph)
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There are also space simulator applications, either as terrestrial devices intended
to simulate zero gravity, or as devices on board. The former include, for example, a
simulator that enables testing of a landing device of the Columbia space station
using the Hermeés spacecraft [CLA 85]. The manipulator is equipped with load
sensors and this information is used to maneuver it according to a dynamic model of
the space station submitted to impact. Corrigan [COR 94] and Dubowsky [DUB 94]
developed a simulator called “VES” where a parallel robot is used to simulate the
behavior of a serial robot in zero gravity.

Because of the low weight of parallel manipulators, as well as their energy
efficiency, they could become prized devices on board. It should also be said that the
use of parallel manipulators is old news in the domain of space since such an
application was considered for the landing gear of the moon module [ROJ 72].
Moving a bit beyond space activity, there are also uses of parallel manipulators for the
positioning of antennae (see Figure 2.7), as anticipated at the University of
Canterbury. In fact, a hexapod developed by the Max Planck Institute for Astronomy,
in Heidelberg, is used on the UKIRT telescope for all slow focus motion, while a
hexapod also controls secondary mirror motion of the Italian Galileo telescope. Using
a parallel robot as an active vibration suppression system was also proposed for
satellites [WU 92] and for aircrafts, such as the VISS system (Vibration, Isolation,
Suppression and Steering System), developed by the US Air Force.

Figure 2.7. Use of a parallel robot to position antennae.
Notice the small size of the actuators in comparison to the parabola
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2.1.4.2. Industrial applications

Because of their capacity for precise positioning and their high rigidity, parallel
robots are slowly appearing in various domains of industry. Assembly and contour
analysis are favorite applications for parallel manipulators and numerous feasibility
demonstrations have been set up in laboratories. This domain of expertise, however,
has encountered certain difficulties in terms of transfer, even if Marconi appears as
the first company to propose a manipulator of this type, called GADFLY, for
transportation and assembly of electronic components [POW 821]. Currently, Fanuc
is the only company to offer a manipulator of this type, termed the F-100. However,
certain special parallel manipulator structures, such as DELTA, which we will
discuss later, are used for tasks requiring speedy removal, in particular in the food
industry [CLA 94]. Let us note also the £X 80-0 hexapod, offered by DeltalLab, for
teaching purposes. The first drilling machine also deserves to be mentioned, based
on the Gough platform principle, offered by the Giddings & Lewis Company, under
the name of Variax, thus fulfilling the vision of the Stewart paper reviewers. It was
the centerpiece of the machine tool exhibit, in Chicago, in 1994. According to the
builder, beyond the fact that the machine possesses six degrees of freedom, it is
purported to be five times more rigid than a traditional machine, and to have far
greater forward velocity. In any event, the competition was swift to react with
Ingersoll also offering a drilling machine, the Octahedra Hexapod HOH6000, and
Geodetics launching the G1000. Since then, numerous machines of this type have
been built, including (without claiming to be exhaustive): 6X developed by
Mikromat, Hexact developed by the University of Stuttgart and INA, CMW 300
developed by Constructions Mécaniques des Vosges, HexaM developed by Toyoda
(Figure 2.8), HV'S 5000 developed by Honda, MC developed by Okuma and Eclipse
developed by Sena. These machines all have six degrees of freedom, but there are
also machines offered with 3 axes, such as Multicraft 560, Triaglide developed by
Mikron, Tricept developed by Neos Robotics and Urane SX (Figure 2.9), developed
by Renault Automation-Comau. We shall return to these machines in the chapter
dedicated to the typology of parallel robots.
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Figure 2.8. HexaM machine tool developed by Toyoda Machine Works

Nonetheless, the problems that these companies are facing to make their
machines truly operational have had a dampening effect on this development. It is to
be regretted, however, that certain developments are occurring outside of the
research that was previously conducted by robotics specialists, who had identified
and even resolved certain problems now facing industrialists. Nonetheless, it was in
2000 that parallel machine tools were first installed in production sites in the domain
of heavy-duty aeronautics machining.



Modeling of Parallel Robots 93

Figure 2.9. UraneSx machine-tool developed by Renault Automation-Comau

Another industrial application consists of a parallel robot where the rigid legs of
a hexapod are replaced with cables, the length of which may vary using a capstan. In
fact, there is nothing that prevents this substitution from occurring, providing that
the cables remain under tension, for example using gravity. This is how NIST Albus
[ALB 93] created a hexapod crane, the Robocrane, for use in the construction
industry. The advantages of this type of machine in terms of rigidity, and accuracy
in comparison to traditional cranes, are obvious. A similar system was also offered
for unloading containers from a ship under the name of AACT (Automated All-
weather Cargo Transfer System).

2.1.4.3. Medical applications

The accuracy of parallel robots and the fact that they are more easily
“miniaturizable” than serial robots has led to certain research in the medical domain.
Thus, active endoscopy heads were proposed [WEN 94], [MER 97]. We are also
now seeing parallel robots used in the medical domain for precise positioning, either
as permanent devices such as the Delta robot, used for brain surgery to position a
microscope at the Necker Hospital, or as a laboratory prototype for orthopedic
surgery [BRA 97], for ophthalmic surgery [GRA 93] or for neurosurgery, such as
the robot developed by the Fraunhofer Institute in Stuttgart.
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2.1.4.4. Precise positioning

Precise positioning is a domain where parallel robots have demonstrated their
potential. Physik Instrumente, for example, offers the M-850 hexapod, and the F-
206 robot (the mechanical structure of which we shall discuss later on), but there are
also other companies such as Carl Zeiss, Philips or OHE Hagenbuch, which are
equally active in this domain.

The most significant example is undoubtedly the hexapod developed by the
European Synchrotron Radiation Facility (ESRF). ESRF is conducting research on the
use of X-rays produced by a high power synchrotron, and for certain experiments it is
crucial to direct the beam. For this purpose, special mirrors are placed on the path of
the beam, and their position and orientation need to be changed at will. The issue is
then to move loads in the amount of 500 kg to 2 tons with a degree of accuracy that is
equal to less that one micron, a task which is well beyond the capacity of serial robots,
and which was accomplished using a hexapod, specially designed for this purpose
(Figure 2.10). It is also important to mention the usage of a parallel robot as a master
arm, either inside remote controlled systems or for virtual reality [DAN 93], [[WA 90].
An example of a master arm is that developed by V. Hayward, at McGill University in
Montreal, and it is presented in Figure 2.11.

Figure 2.10. The ESRF hexapod. This robot is capable of moving a two-ton load with a
degree of accuracy that is greater than the micron
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Figure 2.11. Master arm developed at McGill University in Montreal

2.2. Machine types

In this chapter we present a few mechanical structures for the parallel robots
described in other works'.

2.2.1. Introduction

Due to deficiencies encountered with serial robots, researchers focused on the
creation of new robot structures. The forerunners in this domain were Minsky [MIN
72] in 1972, and Hunt [HUN 78] in 1978, who proposed parallel structures. In 1983,
Earl [EAR 83] tried to define a systematic method for the construction of various
serial robots. More recently, more systematic approaches were proposed by Hervé
[HER 95], Danescu [DAN 95] and Yufeng [YUF 95].

1 A more complete list may be consulted on the following web page:
http://www-sop.inria.fr/coprin/equipe/merlet/Archi/archi_robot.html
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First, let us provide a general definition of parallel robots. A parallel manipulator
is a manipulator with a closed kinematic chain, the end-effector of which is
connected to the base by several independent kinematic chains.

Parallel manipulators, whose number of chains is strictly equal to the number of
degrees of freedom of the end-effector, are called fully parallel manipulators [GOS
88], [PIE 91], considering that the chains in question function to directly connect the
base with the end-effector, and that there is only one actuator. A study of mobility
serves to demonstrate that there are no fully parallel robots at four or five degrees of
freedom, with identical kinematic chains, but that it is nonetheless possible to build
robots with four or five degrees of freedom that are not fully parallel.

Joint Passive Motorized Mobility
Prismatic II' II' 1 (translation)
Revolute II' II' 1 (rotation)
Cardan N.AZ 2 (rotations)
Spherical II' N.A. 3 (rotations)

Figure 2.12. Symbols of the layout graphs

Using these very general definitions, it is possible to almost infinitely combine
the principle of creating several parallel kinematic chains, in view of obtaining a
remarkable diversity of manipulators that is often difficult to categorize or analyze
in any systematic manner. However, it is possible to distinguish a few large
structural families that we illustrate as planar manipulators in diagram format,
equivalent in terms of kinematics to a serial robot with three degrees of freedom of
Figure 2.13. In this figure, in addition to a kinematic diagram, there is a layout
graph, which facilitates the understanding of the sometimes-subtle structure of
parallel manipulators. On the layout graph we use symbols explained in Figure 2.12.

2 To date the motorization of more than one degree of freedom in a U or S joint requires
technological achievements.
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By way of example, the manipulator of Figure 2.14a is fully parallel, but the two
following ones are not. Figure 2.14b illustrates a manipulator where a kinematic
chain does not act directly on the nacelle, and Figure 2.14c represents a case where a
chain contains more than one actuator. In addition to the chains used for actuation, it
is sometimes interesting to add a non-motorized chain, and thus, to design
manipulators with passive chains (Figure 2.15a). This “additional” chain can be used
for example to install special kinematic constraints (the passive chain defines the
type of displacement needed, and the active chains ensure motorization), or it may
be used for measurement when it is equipped with sensors.

It is also possible to imagine parallel robots that are redundant, and in this sense
it is possible to chose between: (i) redundancy in terms of kinematics (Figure 2.15b)
where, for each of the nacelle positions, there is an infinite number of positions for
the chains, thus optimizing a criteria for mode of function; and (ii) redundancy in
terms of actuation (Figure 2.15c), which corresponds to hyperstatic manipulators,
and which makes it possible to overcome certain singularities.

Sometimes there are also parallel robots installed as an end-effector on a serial
robot, which is then termed an active wrist, and those that are independent which are
termed left hand.
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Figure 2.13. Planar serial robot with three degrees of freedom
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2.2.2. Plane robots with three degrees of freedom

On a plane, we consider a mobile platform, the three degrees of freedom of
which we want to control: both translations according to the x, y axes of a reference
frame and the orientation @ around axis z, perpendicular to the plane. We discuss
here the case of robots that are fully parallel, thus comprising three independent
kinematic chains according to the definition that we specified.

Since each of these chains is connected both to the ground and to the mobile
platform, we have three ground and mobile platform attachment points. It is then
possible to consider a triangular mobile platform without becoming too specific.
And it is possible to describe a chain as a sequence of three joints beginning with the
base. The following sequences for the chains become possible: RRR, RPR, RRP,
RPP, PRR, PPR, PRP, PPP (see Figure 2.16). It is, however, important to remember
that the joints must remain independent, thus the sequence PPP is excluded.

It becomes clear that by means of a simple exchange of the base with the mobile
platform, robots of the type RRP are equivalent to PRR, and RPP robots are
equivalent to PPR. We have omitted on purpose to specify the motorized joint,
which may equally correspond to any one of the three. In general, however,
motorization on the end-effector will be avoided to prevent burdening the mobile
equipment. It should also be noted that it is quite possible to design robots with
completely different chains.

Not all of these manipulators have been studied. 3-RRR robots were the focus of
an extensive study conducted by Gosselin [GOS 88]. 3-RPR robots were studied by
[MER 94], while robots of the type 3-PRR were mentioned by Hunt [HUN 82], and
some of their characteristics were the focus of a study conducted by Gosselin [GOS
96].
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Figure 2.16. Different fully parallel plane robots with three degrees
of freedom and identical chains

2.2.3. Robots moving in space

As pointed out for the Gough platform, parallel robots producing motion in space
will require more complex passive joints than those of plane robots, such as revolute
or universal joints. In terms of actuators, hydraulic actuators are used almost
exclusively for heavy loads (for example, for flight simulators) and electrical
actuators are used in most other cases, even if other types have been suggested
(pneumatic or piezoelectric, for example).

2.2.3.1. Manipulators with three degrees of freedom
2.2.3.1.1. Manipulators for translation motion

Manipulators with three degrees of freedom for translation motion are of
significant interest for transfer operations. Consequently, different types of
structures have been suggested.

The most famous robot with three degrees of freedom for translation motion is
the Delta robot, initially developed at the Polytechnic School of Lausanne, in
Switzerland, by a team led by Clavel [CLA 91] (see Figure 2.17). His layout graph
(Figure 2.18) indicates that this is somewhat of a particular manipulator, consisting
of a “parallel” part comprising three identical chains, covering all three translations,
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and an additional chain covering the rotation of the tool. Additionally, the strictly
“paralle]” part was itself interesting since each chain comprises a rotating actuator,
attached to the base, and acting on an arm, which is connected to two bars using
spherical joints, both bars being also connected to a nacelle also using spherical
joints.

Note that the rotational actuator part and the lever could be replaced by a linear
actuator, as suggested by Clavel [CLA 94], and then Tsai [TSA 96]. And this is, in
fact, the configuration that was used for the Urane Sx machine tool, developed by
Renault-Automation/Comau, which manages to reach acceleration points ranging
between 3.5 and 5.0 g, which is at least three times more competitive than the best
machines with traditional structure. Delta, in its robotic version, was designed for
rapid transfer (three transfers per second) of light loads (10 to 30 g) in a workspace
measuring about 200 mm in diameter and 200 mm in height. Clavel [CLA 94]
discusses different structures that yield a parallel robot with three degrees of
freedom for translation motion and mentions a few applications that were built with
this robot: manipulation in the food industry and applications in the medical field
where Delta is used as a support for microscopes.

Figure 2.17. The Delta robot using rotating actuators
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It should be noted that Delta’s ancestor is a manipulator described in 1942, by
Pollard [POL 42], intended for painting automobiles. Another interesting structure
was designed in a prototype patented by Neuman [NEU 88]. In this manipulator, the
end-effector consists of a rod that is free to move around its axis. This rod is
connected to the base using a universal joint and three chains of the type UPS act on
the end-effector (see Figure 2.19). The Marconi society has in any event already
used the Neumann position device for the Tetrabot (Figure 2.19), a hybrid serial-
parallel robot, for the assembly of large parts [DWO 89]. It is important to note that
the Tricept family of machine tools, offered by Neos, uses this same principle of
design. On the layout graph (Figure 2.20), there is a “parallel” part comprising a
passive chain, which constrains motion of the nacelle within a sphere with a variable
radius and three identical CPS actuator chains, and another “serial” part which is
either a wrist with three degrees of freedom for the robotic version or a
manufacturing head with two degrees of freedom for the machine tool version.
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Figure 2.18. Layout of the Delta robot in its commercial version. The central chain, visible in
Figure 2.17, which enables natural rotation of the tool, comprises an engine installed at the
base and a transmission via two universal joints and a telescopic rod
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Figure 2.19. The Neumann prototype. A rod of variable length, mounted on a joint,
connects the end-effector to the base (according to Neumann [NEU 88].
Three linear actuators enable motion of the end-effector
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Figure 2.20. The Tricept machine with layout graph
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2.2.3.1.2. Manipulators for orientation

Manipulators enabling three rotations on a single point offer an interesting
alternative to the wrist used traditionally with serial robots (with three revolute joints
on converging axes).

An initial possibility to ensure rotational motion exclusively is to place
constraints on the mobile platform using a mast with and ball-and-socket joint that
forces the platform to rotate around a single point. It is also important to note that it
is possible to replace the rigid segments with cables, as Landsberger suggested
[LAN 92]. Another possibility for the wrist design is to use chains that generate
rotational motion on a single point. Gosselin and his team studied in an exhaustive
manner the design of a wrist based on this principle [GOS 88, GOS 94a] for the
purpose of creating a control system called the agile eye. This manipulator uses
three motorized spherical chains with rotary actuators, the axes of which converge in
a single point, which will be the center of rotation (Figure 2.21).

Figure 2.21. Gosselin’s spherical wrist: three spherical chains are used with rotary
actuators, the axes of which converge at the center of the mobile plate
(according to Gosselin [GOS 88])

2.2.3.1.3. Manufacturing head unit for machine tools with five axes

The manufacture of complex parts such as molds or structural items in
aeronautics require five-axe machine tools, that is, machine tools capable of creating
relative displacement between a part and the tool as 3 translations (placing one point



106  Modeling, Performance Analysis and Control of Robot Manipulators

in space), and 2 orientations (the axis of the spindle is oriented). In general, common
machines have two modules: (i) a set of three linear displacement tables for
translations; and (ii) a manufacturing head unit, mounted on the preceding module,
for orientation of the spindle. The second module is critical for this kind of
machines, and it considerably limits their performance. Several projects have
attempted to solve this problem, and a solution based on parallel manipulators is
now in service in aeronautics: two tables for translations, according to two
displacement axes, and a parallel head unit with three degrees of freedom (see
Figure 2.22) enables the third translation motion and the orientation of the spindle.

Z /
2

Figure 2.22. DS Technologie’s ECOSPEED machine and layout of the manufacturing head.
This is a machine of considerable size (up to 20 m travel on axis x)
and the parallel part travels 650 mm (axis z) for an inclination
of the spindle inside a cone with a 60-degree opening
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2.2.3.2. Manipulators with four or five degrees of freedom

Manipulators with four degrees of freedom were offered quite early in other
works but they remain little studied. In 1975, Koevermans [KOE 75] presented a
manipulator for a flight simulator using linear actuators with the mobile plate
submitted to passive constraints (see Figure 2.23). The degrees of freedom
correspond to three rotations and one translation motion.

Zamanov [ZAM 92] suggested a type of structure for parallel manipulators with
five degrees of freedom (Figure 2.23). This structure is based on the coupling of two
parallel plane manipulators (4/424ABA3A44, BIB2ABB3B4), with a shared (4B)
chain. Such a structure enables the control of the degrees of freedom of the platform,
with the exception of the rotation about the normal line of the platform. Moreover,
this latter degree of freedom can be controlled with the help of an additional actuator
mounted on the platform.

Figure 2.23. Manipulators with four or five degrees of freedom: on the left a passive
constraint ensures that the only degrees of freedom are rotations and translation motion
according to axis z (as pointed out by Koevermans [KOE 75]). On the right hand side
appears the robot with five degrees of freedom offered by Zamanov: the sixth degree of
freedom, rotation on the normal line of the plate, is obtained using an additional
manipulator (as pointed out by Zamanov [ZAM 92])
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More recent work has highlighted the possibility of creating manipulators with
five degrees of freedom, the structure of which is related to Delta and Hexa
kinematics. In the version presented in Figure 2.24, termed H4 [PIE 99], four
identical parallel kinematic chains are connected, two by two, on two intermediate
transmission elements, also connected to the end-effector, which can be displaced
according to 3 translations and one rotation when certain geometric conditions are
fulfilled. It is possible to combine this non-fully parallel structure into several
versions with varying types of actuators. It is intended for rapid palletization
applications, or light manufacturing. Similar proposals are also found under the
name of Kanuk or Manta [ROL 99].
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Figure 2.24. One version of structure H4, with rotary engines
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This family of structure, capable of generating the same displacements as the
SCARA robots, was recently the topic of many studies. Figure 2.25 shows a
prototype of the Par4 robot [NAB 05] which offers performances that are
comparable to the Delta robot, but, without using the kinematic chain RUPUR,
which is sometime frail, in order to obtain tool rotation. Figure 2.26 shows a
prototype of Dual4 robot [COM 05] which makes is possible to group all of the
engines onto a single axis, in view of obtaining unlimited rotation of the tool.

Figure 2.25. Par4 robot Figure 2.26. Dual4 robot

2.2.3.3. Manipulators with six degrees of freedom

It is in this case that there are the most proposals (even if these are variations
based on a single general principle of design) and therefore we will not attempt an
exhaustive listing. The designs of fully parallel manipulators, with six degrees of
freedom, are based on the use of chains of the type RRPS, RPRS, PRRS, RRRS.
There are also non-fully parallel manipulators with more complex structures.

2.2.3.3.1. Robots with RRPS chains

This structure, by far the most common, is represented in Figure 2.27, and the
Gough platform is a typical example thereof.
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Historically, it seems possible to attribute the first robotic design of a
manipulator of this type to Professor McCalion, from the University of Christchurch
[MCC 79], for a robotized assembly station. As early as the 1980s, Fichter [FIC 80]
anticipated a certain number of theoretical problems associated with this type of
manipulator and potential applications. C. Reboulet, a pioneer in the construction of
this type of manipulator, developed a prototype, as early as 1985, at CERT-DER.A
[REB 90]. It is important to also mention the design of a microrobot of this type
developed by Arai [ARA 93], where the actuators are piezoelectric elements with a
travel distance of 8 micrometers. Variations in length are measured with strain
gauges, with accuracy levels of approximately 30 manometers.

The replacement of rigid segments by cables should also be noted, as suggested
by Albus and his team [ALB 93] at the National Institute of Standards and
Technology (NIST), for the design of a crane element.
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Figure 2.27. General structure of a parallel manipulator with six degrees of freedom
and chains of type RRPS. The platform is connected to the base through six segments.
The connection between segments and the base is usually made via a universal joint,
and the connection with the mobile platform is ensured via a spherical joint.
A prismatic actuator makes it possible to vary the length of the segments
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2.2.3.3.2. Robots with PRRS chains

Parallel manipulators of this type have only recently appeared. For the prototype
of the active wrist, patented by INRIA [MER 91], a vertical, motorized, prismatic
joint is connected to a segment of fixed length by a universal joint. The other end of
the segment is connected to a mobile plate using a spherical joint, and two segments,
sharing the same rotation center, use a double spherical joint system. Thus, there are
only three joints on the mobile plate.

The advantages of such a structure are the very low center of gravity, the low
weight of the mobile equipment and the low collision risks between segments. It is
important to also mention that any direction of the prismatic actuators is possible:
for example the axes of the prismatic joints of the Hexaglide robot, designed at the
Federal Polytechnic School of Zurich, are horizontal and parallel.

Figure 2.28. Active wrist with six degrees of freedom mounted on the SCARA robot, the joints
of which, nearest the base, are displaced vertically using a PRRS chain (INRIA patent).
The segments are of fixed length, the engines are on the lower part
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2.2.3.3.3. Robots with RRRS chains

As early as 1983, Hunt [HUN 831] proposed a robot structure using this type of
chain (see Figure 2.29). However, the design that is best known is the Hexa robot
developed by Pierrot [PIE 91]. This manipulator is different from the Hunt structure
in the layout of the axis of the revolute joints of the base, and in the position of the
joint centers on the mobile platform. This difference leads to the “Delta” operating
mode when the segments of a pair work in an identical manner. It is important to
mention that the displacement of the motorized levers on a vertical plane is
unnecessary. It is perfectly feasible to build a version where the plane is horizontal.

Figure 2.29. On the left, the robot is using chains of the type RRRS developed by Hunt
in 1983 (according to Hunt [HUN 83]). On the right, Pierrot’s Hexa robot,
a generalization of the “Delta” concept (according to Pierrot [PIE 91])

We have presented an overview of the most common robot structures, but there
are also prototypes using more unusual types of chains. For example, there are the
manipulators, designed by Kohli [KOH 88] and Behi [BEH 88], which use double
actuators: linear and rotary or linear and linear. It is also worth mentioning the
parallel manipulator with six degrees of freedom, called Smartee, designed by
Cleary [CLE 93], which unfortunately was unsuccessful when marketed. The end-
effector on this robot is linked to the base using three kinematic chains comprising
two segments. The segment that is attached to the end-effector is connected to the
preceding segment via a passive revolute joint and a differential manipulator makes
it possible to control two degrees of freedom of the segment connected to the base.
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2.3. Inverse geometric and kinematic models

In this chapter, we describe methods making it possible to obtain relations that
supply joint values and velocities, given the pose and velocity of the end-effector
(inverse models), and this, for the fully parallel manipulators that are the most
common, whether they are equipped with variable length segments (as for example
the Gough machine), or with chains using a mobile articulation point controlled by
rotary actuators (as with Delta for example), or linear (Hexa for example). Later, we
discuss the difficult problem of singularities.

2.3.1. Inverse geometric model

For all manipulators discussed here, we consider:

Sy My Gy X
s, n, a s n oa x
- T,,= " 77 e as the homogenous matrix
' Sz ny; a; z 0 0 0 1
0 0 0 1

which describes the nacelle situation compared to the base reference, and which
regroups a position vector, x, and orientation parameters (represented here as three
vectors s, n, and a);

— A; as the hooking point of the i" chain on the base. This point represents the
position of a passive link if the kinematic chain is a segment with a variable length
(see Figure 2.30a), or the position of an actuator if the kinematic chain comprises a
moving articulation point (see Figures 2.30b and 2.30c);

— C; as the hooking point of the i"™ chain of the nacelle;

— g; as the control parameter. This corresponds to the lengthening of a variable
length segment for the case in Figure 2.30a, of an angle for the case in Figure 2.30b,
and of a length for the case in Figure 2.30c.

Additionally, for chains comprising a moving joint point, we consider:

— B, as the passive center of the moving joint for the chains of Figures 2.30b and
2.30c;

— d; as the length of the segment B;C; ;

— T; as the homogenous matrix that describes the transformation from 4; to B,.
This matrix thus depends on constant geometric parameters and on control
parameters.
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Figure 2.30. Three typical kinematic chains

Case a

If C;, is an expression of the position of C; according to a frame attached to the
nacelle, and C;, its expression in the base reference frame, then:

The case of chains with variable length segment is considered trivial. This is
because, when 4;, is an expression of the position of 4; according to the base
marker, we have:

(Ai,bci,b)z = in

Cases b and ¢

If the kinematic chain consists of a moving joint point (Figures 2.30a and 2.30b),
firstly the coordinates of B; must be expressed in the base reference frame starting
from those of 4;:
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The components of B, , are thus functions of the geometry and of the control
parameter g;, and thus there is again a relation between the situation of the end-
effector and ¢, :

(Bi,bci,b)z = di2

Polynomial relations thus established make it possible, via traditional resolution,
to find the value of the control parameter independently for each of the chains.

2.3.2. Inverse kinematics

We consider:

— v(0,) as the velocity vector for O, , the center of the reference frame attached
to the nacelle;

— o as the angular velocity vector of the nacelle;

— ¢, as the joint velocity of the i" chain.

Additionally, for type a chains:

1l

as the directional vector of the variable length segment.

For type b and c chains:

B,C; o .
- b; = ﬁ as the directional vector of the segment with constant length;
iCi

— r; as the unit vector supplying direction of the control rotation axis when there
is a rotary actuator (case b);

— I; as the vector supplying direction for controlled displacement when the
actuator is linear (case c).

For all cases, the velocity of point C; is given by:
v(Ci ) = v(On )+ CiOn Xo

Then the following cases become apparent.

P uxy designates the vector product of u times v.
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Case a

If the kinematic chain is a variable length segment, then the joint velocity may be
expressed as the projected velocity of C; on the direction of the segment:

q; = "’(Ci)
Therefore:
qi =8 v(On)+(Si XCiOn)'w
Cases b and c
When applying the equiprojectivity theorem to points B; and C; belonging to
the fixed length segment, the relation between controlled dimensions and velocity of

the nacelle is easily determined:

v(Bi)'BiC[ = v(Ci)'BiC'

1

That is, in case b, the velocity of B, is supplied by:
W(B,)=B.4;x (G -1;)

Therefore we obtain:
¢,(B. 4, xr,)-B,C, = B.C; -v(0,)+(B,C;xC,0,) @

And in case c:
v(B,)=g; 1;
That is:
¢;l; - B;4,)- B,C, = B.C; -v(0,)+(B,C;xC,0,) @

Again, it is possible to see that the kinematic relationships are expressed
independently for each of the chains, and that subsequently it is possible to regroup
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the expressions of a manipulator consisting of %k chains in the following matrix
format:

J,q=J, %
with:
a b} (b, xclon)
i qiz e {v(o,, )} J = b} (b2 xczony
: o :
7z b (b, xC,0,)

and for a manipulator consisting exclusively of type a chains:

J, = ldent,
or of type b:
(B,4,xr,)-b 0 0 0
0 (Bydyxr,)- by 0 0
J =
1 0 0 0
0 0 0 (B, 4, xr,)- b,
or of type c:

-~
~
S &
~
~
[38)

L ©
[3e)

=)
=)

2.3.3. Singular configurations

Singular configurations are particular locations of the end-effector where the
behavior of parallel manipulators changes drastically. We will explain why such
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positions are to be avoided in general, and we will show how to characterize such
configurations using an inverse Jacobian matrix. Then, we will briefly explain how a
geometric method enables the systematic determination of conditions of singularity
and how it leads to analytical relations between location parameters of the end-
effector, which describe different cases of singularity. We then introduce indices,
which make it possible for us to evaluate to what extent we are close to a singular
configuration.

The notion of singularity is based on the kinematic equation establishing a linear
relation between vectors ¢ and x, which justifies the fact that we are interested in
cases where the matrices J, and J, degenerate. We will then distinguish among
three cases of singularity, when J, in singular, when J, is singular, and when J,

x q
and J, are singular:

q

— If J, is singular, then ¢ can be different from zero without creating any
motion of the platform. This corresponds to a singularity of the serial structure of
one of the chains, which we refer to as serial singularity or sub-mobility.

— If J, is singular, then x may be different from zero with no change in the
length of the segments. This is then referred to as parallel singularity or over-
mobility.

—If J, and J, are singular, then there are both serial and parallel singularities.

|
o

|
=

[
=

|
o)

SOOI

Figure 2.31. Manipulator with a closed chain and one degree of freedom.
A rotary actuator drives a body into translation motion using a crank system
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Figure 2.32. Three types of singularities

Figure 2.32 illustrates these three cases for the manipulator in Figure 2.31. The
first diagram shows a case where J,, is singular, the second is a case where J, is
singular and the third is a case where both matrixes are singular.

It is possible to note that, for the Gough platform, J, is the identity matrix: thus
no serial singularity is possible here, even if parallel singularities can occur. For the
Hexa robot, in addition to parallel singularities, there are serial singularities, when
for example two segments of a chain are aligned. These singularities will create
structural limits in the workspace.

NOTE 1.— serial type singularities are well known. Thus, we are essentially
interested in parallel singularities.

NOTE 2. for certain structures, there may be other types of singularities. Figure
2.33 is an example of such a case. One of the kinematic chains comprises of a
parallelogram, which imposes a specific kinematic constraint (the nacelle stays
parallel to itself). This constraint is not described in matrices J, and J, and thus
cannot be detected by an analysis of those matrices. In Figure 2.34, the particular
position of the parallelogram causes a singularity termed “constraint” or “internal”;
the constraint that is imposed by the parallelogram disappears, and the nacelle gains
a degree of freedom. These singularities will not be covered here; anyone who is
interested in finding out more should refer to [KRU 03].
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N

Nacelle
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A A A A A

SOOI

Engine2 \ /' Engine 1

Figure 2.33. Plane manipulator with two degrees of freedom,
where one chain imposes a particular kinematic constraint

(b)

Figure 2.34. Two common visual singularities of parallel robots
((a) sub-mobility, (b) over-mobility) and “constraint” singularity (c)
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2.3.3.1. Singularities and statics

One easy way of introducing singularities is to succinctly discuss the notion of
mechanical equilibrium of a parallel robot. For a parallel manipulator, we consider
7 as the vector of the joint forces and f the vector of generalized stresses applied
to the end-effector. For a vector f applied to a mobile plate, the mechanical system
is in a state of equilibrium when there are joint forces acting on the platform
opposite to f . When this is not the case, the end-effector of the manipulator will be
displaced until a new position of equilibrium is reached. However, there is a well
known relationship between 7 and f :

f=J"1

where J ™' is the transpose of an inverse Jacobian matrix (note: J ' = (J B yl I

The preceding equation describes a linear system in terms of components of the
vector 7, which will in general accept the solution = for any f (a solution which

thus leads to the mechanical equilibrium of the system) except when the matrix J
is degenerate. In this case the linear system does not accept any solution and the
mechanical system loses its equilibrium. Concretely, this means that the mobile
plate will be displaced without motion of the actuators.

An important practical consequence is that in the proximity of a singular
configuration, joint forces may become very significant since they are expressed as a
quotient where the denominator determines J 1. Thus, the risk of deterioration of
the manipulator is high and the need to specify singular configurations becomes
quite clear.

2.3.3.2. State of the art

The search for singular configurations is thus based on the study of the
singularity of an inverse kinematic Jacobian matrix. A priori, as this matrix is
perfectly well known, all that is required is to calculate the roots of the determinant
of this matrix in view of obtaining the conditions of singularity. However, we also
saw that the matrix J~' in general displayed fairly complicated components.
Consequently, even with formal calculation systems, it is quite complicated to
obtain the determinant. This method is nonetheless applicable to specific
manipulators such as those of spherical robots [SEF 94].

Certain researchers, such as Fichter [FIC 86], have endeavored to analyze in an
intuitive manner specific cases of degeneration of the Jacobian inverse matrix, and
they obtained a certain number of singularity cases. Another, more numerical
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approach consists of defining a positive index making it possible to determine
whether a configuration is far from a singularity, the index being zero when the
configuration is singular, and then to try and find numerically all of the positions
that minimize this index. Thus, the index may be based on the absolute eigenvalue
of the determinant of the inverse Jacobian matrix or its condition number (the ratio
between the lowest value and the highest). However, as Ma and Angeles [MA 91a]
have pointed out, this matrix is not homogenous in terms of dimensions. Thus, the
index will depend on the choice of dimensional units and hence, does not constitute
an intrinsic value.

2.3.3.3. The geometric method

In this section, we present a brief overview of the geometric method, which
makes it possible to solve the problem in a satisfactory manner for a large number of
cases. The basic idea arises from the observation that for many robots the Jacobian
matrix consists of Pliicker vectors, straight rows related to the segments of the
manipulator. As a brief reminder, here is the definition of Pliicker coordinates for a
straight row: we consider two points M, and M, on this straight row as well as a
reference frame O (see Figure 2.35), and construct a vector of dimension 6 as
follows:

Pr=[MM,,0M,xOM,]=[M,M,,M,M,xOM,]

The vector Pr enables us to characterize the straight row crossing through the
two points M, M, . Representation of a straight row using its Pliicker coordinates is
redundant since the dimension of the vector is 6 and 4 parameters are sufficient.

To reduce redundancy, a normalized Pliicker vector Prn is introduced, defined
by:

MM, OM,xOM,
M0y My,

Prn =
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Figure 2.35. Definition of the Pliicker coordinates of a straight row in space

For example, the inverse Jacobian matrix of the Gough platform consists of 6
normalized Pliicker vectors related to the supporting straight rows of the legs of the
robot.

Singularity of the inverse kinematic Jacobian matrix thus implies a linear
dependence among these vectors. However, Grassmann (1809-1877) demonstrated
that the linear dependence of Pliicker vectors induces geometric relations with the
related straight rows (for a complete introduction to Grassmann geometry, see [VEB
10]). Thus, we know the geometric conditions that are required to be satisfied by
sets of 2, 3, 4, 5 and 6 straight rows to obtain a singularity. We will then consider all
of the possible pairs of straight rows, and we will calculate the conditions of the
pose of the platform so that two straight rows satisfy geometric conditions, which
will supply us with a condition of singularity for each pair of straight rows. We then
start again with straight-row triplets, which will supply additional conditions of
singularity, and so forth, until the straight-row sextuplet. The inverse Jacobian
matrix determinant contains all of these conditions, which explains its complexity.
We proceed in a certain way to the factorization of this determinant, with the
additional bonus of a geometric interpretation of the conditions of singularity.
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C(xe,ye)

Al (0,0) AZ (va 0) A3 (xa3,0)

Figure 2.36. Planar manipulator for which we are seeking singular configurations

Let us consider the simple example of the planar manipulator presented in Figure
2.36. In this case, it is relatively easy to obtain the determinant of the inverse
Jacobian matrix. Using the notation of the figure, we obtain:

2
A =cos(0)(x,0X%3 —X3X43) Ve +
((va - xa})x2x3 COS(Q) + (xa3 — X )xa2x3 + (xa?:xc ~Xa2%a3 )x2 )Sin(e)yc

;2
—sin“(0)xyx3x. (X5 — X43)

However, the geometric interpretation of the cancellation of this equation is
difficult. Thus, a geometric approach is used. The robot here is equipped with three
legs, thus three Pliicker vectors. Grassmann determined that three of these vectors
were dependent only when:

— the three straight rows are in the same plane;

— the three straight rows share a common point.

In our case, the first condition is obviously true. A singularity is thus obtained
when the three straight rows share a common point (see Figure 2.37) and when this
is expressed according to the position parameters of the platform we find exactly the
same condition A=0. Thus, the geometric meaning of the cancellation of the
determinant is understood.
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Figure 2.37. Planar manipulator and one of the singular configurations. With singular
configurations, straight rows related to the segments share a point in common (M)

The example discussed here is simple. There are numerous cases, however, and
in particular for robots with six degrees of freedom, where it is impossible to obtain
the determinant, whereas the calculation of the conditions of platform position
leading to particular positions of the straight rows will, in general, be relatively easy.
Examples of processing for the case of space robots are found in [COL 95, MER
89]. We would also like to point out that importing conditions of singularity into an
inverse Jacobian matrix makes it possible, through an analysis of vectors, to
determine the type of motion of the platform within this singularity, as well as the
parameters of this motion.

2.3.3.4. Maneuverability and condition number

We read in the introduction about the notion of singular configuration that in the
proximity of such a configuration the joint forces could become very significant.
Now it is important to quantify what “in the proximity” of a singular configuration
means. In order to do this, criteria of performance are defined in view of obtaining
interesting information concerning the proximity of a singular configuration,
although it can be shown that there is no mathematical distance to measure the
“closeness” of a singularity. An index that is commonly used, defined by Yoshikawa
[YOS 82], considers the absolute value of the determinant of an inverse Jacobian
matrix. This index is generally termed maneuverability. It makes it possible to
identify the smallest value of the inverse Jacobian matrix. A low value indicates that
the joint forces may become significant given a combination of external forces and
moments applied, the ratio of joint forces and external forces being the inverse of
the value in question. Then, it is possible to understand the importance of the index
in terms of the manipulator’s design, although care must be taken when using it.
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NOTE.— the crucial importance of the study of parallel-type singularities was
previously outlined. However, singularities of the serial type also exert significant
importance as they interfere considerably with the analysis. In fact, for manipulators
of the type b and ¢, the J, matrix does not correspond to the identity. Thus:

) det(J )

detiJ )

A considerable value of “det( )” can thus be explained according to two
phenomena:

det(s )= detls,

- det( ) is large, which indicates distance from the parallel type singularity; or

- det(J q) is small, which indicates proximity to a serial type singularity.

This situation leads to recommending great care in the use of certain quality
indices during optimization procedures for example.

2.3.3.5. Singularities in practice

In the preceding sections we saw that Grassmann geometry made it possible to
obtain relations defining the singularities of certain parallel manipulators. In
practice, the question is more often posed in terms of finding out whether there are
places of singularity within a given workspace.

In certain cases the places of singularity lend themselves well to a joint
representation with the workspace. This is the case for example of planar parallel
robots for which workspace and places of singularity may be jointly represented
[SEF 95]. It is even possible to directly calculate areas of the workspace without
singularities [CHA 98]. For space robots the problem is far more complex even if
there is a method that makes it possible to solve the problem [MER 98b].

2.4. Direct geometric model

For serial robots, the direct geometric model is in general easy to establish and it
makes it possible to go from joint positions (g vector) to the location of the end-
effector (x vector) via an analytical analysis. For parallel robots, however, the
opposite holds true in general. Let us consider for example a Gough machine. We
saw that there was a polynomial relation, which was a priori simple, and which
made it possible to go independently from the position of the nacelle to the joint
position of a chain. However, with the direct geometric model, the point is to solve
the opposite problem, and thereby to solve the system composed of all the equations
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of the inverse model. And if we look at these equations in detail, it turns out that the
result is a system of six non-linear equations. Thus, we have:

SxCix +nxcl~y +axcl~z +x—a,~x aciy
AipCip=|8,Cp T 00y +ayci; +y—ay, | =] ac,
S,Cix +7’lzCl'y +aZCiZ +Z—aiz acg,

And thus for a Gough machine the following needs to be resolved:
acix2 + aciy2 + aciz2 = qiz i=1,..,6

Except for certain particular cases (of which the Delta robot is one), getting an
analytical form for the solutions is impossible with the current algebraic means.
Thus, we need to settle for one of the following two approaches.

2.4.1. Iterative method

In general, there are obviously many solutions, real or complex, for the
preceding system of six equations, and each real solution corresponds to a possible
assembly of the manipulator, if all limits due to end-stops or collisions between two
constituting elements of the system are factored out. When we focus on only one of
these solutions, it is possible to use an iterative calculation method which, beginning
with an estimated solution, for every step of the calculation approaches the value
that is required, until it is estimated that sufficient accuracy has been reached. This
approach is often used only for robot control because in this case it is possible to
supply algorithms with initial high quality estimates.

x =mgd(q)

A first order derivation yields:

)
X=Xy +(‘1_‘10)t 'ﬁ(xo)

with x,as one estimated solution and g, =mgi(x,) corresponding to the joint
position.
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Thus, the following iterative equation may be used:
X =X+ Hy g —q;)

where H is a matrix which in an “ideal” case will be the Jacobian matrix calculated
for point x;, but it is also possible to demonstrate that, using a Jacobian constant
(calculated for example at the center of work volume) for all points, is sufficient
when the work volume is quite reduced.

NOTE 1.— the end condition for the algorithm may be equal to: max(‘qi -q; ‘) <&

where € is a pre-determined threshold (in general depending on the resolution of
the measure of joint positions).

NOTE 2.— in general, this type of algorithm may not converge, or converge to a
solution that is not the actual position of the platform, for example if it is within
proximity of a singularity. This is one of the basic rationales of algebraic methods.

2.4.2. Algebraic method

We saw in the preceding sections that resolution of the direct geometric model
amounted to obtaining solutions to systems consisting of equations of the inverse
geometric model. First, it is important to note that for most parallel robots the
equations of this system consist of algebraic terms (such as x* for example), or of
terms consisting of sine and cosine of unknowns. It will become clear that their
simple transformation enables their conversion into algebraic terms, which in turn
makes it possible to consider the system as an algebraic one. The advantage of this
type of manipulation is that there is a whole range of tools in algebraic geometry
that makes it possible, in certain cases, to solve the system. In order to do this, the
next section begins with a small reminder of algebraic geometry.

2.4.2.1. Reminder concerning algebraic geometry
2.4.2.1.1. The concept of degree

Given a polynomial P and a variable x :

P(x) = Ii‘j a;x'
i=l
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where the a; are coefficients of the polynomial. The unknown x appears in this
expression as x, x°, ..., x". The degree of the polynomial is n. A polynomial with a
degree n has exactly n roots, which are either complex or real, and where complex
solutions always come in pairs. Thus, a polynomial with three degrees can have
either three real solutions or one real solution and two complex solutions, providing
that the roots are counted appropriately; for example the polynomial
(x—1)(x—1)(x—1) only has one real root, 1, but it is counted three times because it
cancels three factors of the polynomial. In the case of polynomials with several
variables, for example x, y, we consider each of the terms x’y’ of the polynomial.
Given the number m = I +j: the total degree of the polynomial is the largest of the
numbers m. An important theorem in algebraic geometry is that of Bezout, which
states that, two curves defined by the total degree algebraic equations m; and m,

intersect at m;m, points.

2.4.2.1.2. The concept of resultant

A traditional method of solving algebraic systems with m equations and m
unknowns is to manipulate the equations so they are reduced to a system of m—1
equations with m —1 unknowns, and then to repeat in view of finally obtaining a
single equation with a single unknown. Such an equation is, in fact, relatively easy
to solve, either exactly when the degree does not exceed four, or numerically beyond
that point.

One possible way of manipulating equations to make an unknown disappear is to
use the method of the resultant. Given two polynomials:

i=n i=m
H(x)zZal-xi =0 Pz(x)=2bl-xi=0
i=1 i=1

A necessary and sufficient condition for both of these equations to have a
common root is that the following determinant, termed the resultant of both
polynomials, is zero:
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a, 0 0 0 b, 0 0 0
a,, a, 0 0 b,, b, 0 0
an—Z an—l an 0 bm72 bmfl bm O

a a, b, b,

a, a by b,

0 a, a 0 by b,

0 0 0

a : b
| 0 0 0 a, 0 0 0 by |
Given two polynomials x, y:
i=n,j=m . i=ny,j=m o
P(x,y)= > apx'y’=0Q00,»= Y bix'y/=0

i=l1,j=1 i=1, j=1

It is possible to consider that these two polynomials are in fact two x-only
polynomials, with coefficients that depend on y. Thus, it is possible to calculate the
resultant of these two polynomials, which will yield a y-only polynomial.
Consequently, the x variable was simply eliminated. It then becomes possible to
solve the y polynomial, and for each of the solutions to carry over the value into the
equation, which are now exclusively x polynomials, which makes it possible to
calculate that unknown.

Given these basic notions, we now turn to the calculation of the direct geometric
model for planar robots.

2.4.2.2. Planar robots

This section examines planar manipulators with three degrees of freedom. The
equations of the inverse geometric model generate a system of three non-linear
equations, which must be solved in order to find the solution of the direct geometric
model. First, we will demonstrate that there are several solutions to this system, that
is, there are several end-effector locations that respect the fixed values of the joint
variables. Thus, the manipulator may be assembled in different ways, and this is
why the different configurations are called the modes of assembly of the
manipulator.
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2.4.2.2.1. Maximum number of solutions

Consider for example the robot 3-RPR described in Figure 2.38.

A(0,0) C(c,0)

Figure 2.38. 3-RPR robot

For this manipulator, when the segment FE is uncoupled at E, there are two
manipulators: one is the simple segment FE, which revolves around F and the other
(ABEDC) is a manipulator called a 4-bar manipulator. It is possible to demonstrate
that when segment 4B rotates around A4, point E is then located on an algebraic
curve the total degree of which is 6. When E belongs to the segment FE and rotates
around F, then F is on a circle, and thus, this algebraic curve is of degree 2. For a
solution of the direct geometric model, it is necessary that point E, considered as
belonging to segment FE, coincides with point E of the 4-segment manipulator.
Consequently, the possible positions of e are obtained at the intersection of the circle
and the 6-degree curve. Bezout theorem implies that there are at the most 12 (2 X 6)
possible positions for E, and thus 12 solutions of the direct geometric model. It is
also possible to demonstrate that out of the 12 solutions; at least 6 of them will be
complex. Consequently, there are no more than 6 solutions to the problem.

We will now explain how to calculate the solutions.

2.4.2.2.2. Direct polynomial geometric model

The purpose of the study is to obtain a polynomial equation of the direct
geometrical model, that is, to reduce the initial problem of solving a system of three
equations to the resolution of a polynomial equation with a single variable.
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The method suggested by Gosselin [GOS 92] is used with notations according to
Figure 2.38.

The origin of the reference frame is chosen here as being the center (4) of one of
the joints, and the axis x is defined as the line that connects 4 to another joint center
(O). The y-axis is then defined as an axis that is perpendicular to x. The position of
the mobile plate is then defined in reference to the position of the joint center B,
related to point 4, the coordinates of which are written (x, y). The orientation of the
mobile plate is determined by the angle @ between axis x and one of the sides of
the mobile plate (BD here). The mobile plate itself consists of 3 points B, D and E
and its geometry is perfectly defined by the length of its 3 sides (/;, L, /3) and by an
angle at the top (that is, angle ® between sides £B and BD). The lengths of the 3
segments are written p,, p,, 0. Following these conventions, the coordinates of the
3 joint centers linked to the reference frame are:

A4:(0,0) C:(cy,0) F:(cs.ds)

Following these conditions, the equations of the inverse geometric model are
written:

plz =x"+y°
p22 =(x+l2 cos(I>—c2)2 +(y+l2 sin(D)2

/032 =(x+4cos(®+0)—c, )2 +(y+Lsin(®+0)-d, )2
The preceding system of equations may be simplified in the following manner:

,012 =x"+y’
P =P =Rt Sy +Q
P —pl=Ux+Vy+W

The last two equations are linear in x, y, and this system, the resultant of which is
RV-SU, is solved in order to obtain:

x=—(SA, —~VA)/((RV =SU)  y=(RA, —UA,)/(RV — SU)



Modeling of Parallel Robots 133
This result is then carried over to the first equation in order to obtain:
(84, —VAy)* + (R4, —UA,)? — p?(RV —SU)* =0

which only depends on the variable ®. Then, using the classical Weierstrass
substitution:

2
r 3 sin(®) = 27 5
T 1+T

T:tan(g) = cos(<I>)=1_
2 1+

which finally yields a 6-degree polynomial at 7
Co+C T+CyT? +..+ CgT*

where the coefficients C; exclusively depend on the geometry of the manipulator.
Each of the real solutions of the polynomial makes it possible to determine @, which
in turn makes it possible to determine x, y.

It is possible to demonstrate that there are configurations where the six solutions
are actually all real.

Now, we examine the more difficult case of space robots.

2.4.2.3. Manipulators with six degrees of freedom

For these manipulators it is also possible to determine the limits on the number
of solutions. However, the methods used are more complex and they are beyond the
scope of the present work.

The calculation of the direct geometric model was the object of many
publications. It was thus possible to demonstrate that the Stewart platform can have
as many as 12 solutions [LAZ 94] and one may refer to [FAU 95] for an exhaustive
list of results for other particular cases.

We will limit the focus here on the case of the Gough platform, which offers a
good illustration of the complexity of the study. The determination of the maximum
number of solutions, then of the solutions for the Gough platform has been one of
the biggest challenges facing mechanical engineers in recent years. It is only
recently that it was demonstrated that the maximum number of assembly modes for
the Gough platform could not exceed 40 [LAZ 92], [RAG 91], [RON 92].
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As for the research for solutions, Husty [HUS 96] was the first to show in 1994
that it was possible to manipulate the system of equations of the inverse geometric
model in view of reducing it to the resolution of a 40° polynomial with a single
variable. And it was only in 1998 that Dietmaier [DIE 98] was in fact able to show
an example that actually presented 40 real modes of assembly.

To date, the fastest and most numerically safe method for resolution is a method
proposed by Rouiller [ROU 95], which is based on mathematical concepts that are
far too complex to be presented here. Alternatively, another safe method is to use
interval analysis.

To conclude, it appears that the algebraic approach makes it possible for
numerous cases to determine the complete set of solutions, but it sometimes requires
heavy manipulations and it cannot, except for certain special cases, be used in a real-
time context. It is also important to mention a practical problem. For the calculation
of the direct geometric model, we are in general interested in determining the current
pose of the robot. As the algebraic approach supplies the full set of solutions, it is
thus necessary to proceed with sorting the results in view of determining within the
full set of solutions, one of which is actually the pose of the robot. Unfortunately,
there are no algorithms known to date that can perform the sorting of solutions.

It is also important to mention that there is another approach that consists of
adding sensors to the robot. For example, for a Gough platform, other than those
sensors measuring the lengths of the legs, rotation sensors are placed on the base
joint, and with a number of sensors that are well distributed, it is then possible to
find the solution in a unique manner [TAN 99].
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Chapter 3

Performance Analysis of Robots

3.1. Introduction

The physical integration of a robot in its environment must guarantee its optimal
operation. That is why it is necessary to have relevant tools for assessing the
performance of a robot. Consequently, the performance evaluation enables:

— the choice of the best robots for certain tasks;
— their ideal site position;

— the calculation of sure and optimal trajectories with respect to some criteria
(minimal cycle time, minimal torque actuators, maximum dexterity, etc.).

We note that these three problems are essentially geometric and kinematic in
nature. As such, they must be treated through reliable analyses of the geometric and
kinematic performances of robots.

In particular, access to the working points must be guaranteed. A simple solution
consists of guaranteeing the inclusion of these points in the robot’s work volume
envelope. For example, for a planar robot with two revolute joints of parallel axes,
the points must be within a disc with a radius L1 + L2, where L1 and L2 represent
the two link lengths of the robot. However, this analysis is most often insufficient
because it is necessary to consider the effect of the joint limits, as well as the
proximity of obstacles. Figure 3.1 shows two different accessibility analyses for the
planar robot. The first analysis (Figure 3.1a) shows the envelope of accessible
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points, without considering the joint limits. Hence, all points seem accessible. Figure
3.1b takes into account the joint limits (—120° < 01 < 100°, —120° < 62 < 150°, the
angles being directed trigonometrically): the workspace is crescent-shaped, and
points A and E are not accessible. When there are obstacles in the site, the shape of
the workspace becomes very complex.

a) without joint limits

b) with joint limits

Figure 3.1. Workspaces for a planar robot
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In the following sections, we will show that a simple analysis of accessibility,
even considering the joint limits and the obstacles, can prove to be insufficient to
assess the movement aptitude of a robot.

Robot performances are initially analyzed through global concepts of
accessibility and connectivity. The basic concept of aspect is also pointed out. Then,
the local analyses of dexterity, approach lengths and angles are also presented.

The dynamic performances of robots (acceptable accelerations, available torques,
etc.) will not be dealt with in this chapter.

3.2. Accessibility
3.2.1. Various levels of accessibility

Accessibility is the aptitude of a robot manipulator to partially or fully align a

reference frame R, connected to its end-effector with a target reference frame R, of

the environment.

Generally, a full alignment of two reference frames is possible only for the
robots with at least six degrees of freedom (Figure 3.2).

T

Figure 3.2. Accessibility to a reference frame with full alignment

The accessibility in position is defined as the coincidence of the origins of
reference frames (see Figure 3.3), the orientation being ignored. In this case, only
the origins of reference frames O, and O, coincide.
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T 707

Figure 3.3. Accessibility in position

More generally, accessibility can be defined as the coincidence of some position
coordinates, and some orientation coordinates. For example, in the absence of a joint
tracking sensor, accessibility to a set of reference frames describing an arc welding
trajectory will be defined as the coincidence of the center and axis z of these
reference frames with the center and axis z of the reference frame connected to the
welding torch (see Figure 3.4).

Hence, accessibility depends on the definition of the task.

% Ze=7c

Figure 3.4. Accessibility in arc-welding tasks

3.2.2. Condition of accessibility

Let X be a vector of operational coordinates describing the task. Accessibility to
X exists when there is a vector q of the robot’s joint coordinates such that the
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volume occupied by the robot in the q configuration and the volume occupied by all
the obstacles of the environment are disjoined. The various causes of non-
accessibility are the following (see Figure 3.5):

— vector X is of higher dimension than q and X is badly conditioned: there is no
solution to equation X = f(q). For example, X = [x,y,z]t and the robot is planar with
two joints. If z # 0 (z=0 being the plane of the robot), X is never accessible,
irrespective of x and y (see Figure 3.5a). On the other hand, the points X = [x,y,0]t
are accessible if (x,y) is within the workspace;

— X is too far: there is no solution to the equation X = f(q) (see Figure 3.5b);

— one or more joint limits are violated: the solutions to equation X = f(q) are not
in the accessible joint domain (see section 3.3.1), which is the case of points A and
E in Figure 3.1;

— the robot is in collision with an obstacle of the environment (Figure 3.5c).

zZ
//l\X\(X, ¥, 2)
N

T

[ ]
X (x,y,0)

(a)

AN

X (X,y,2)

T ©

Figure 3.5. Various causes of non-accessibility



146  Modeling, Performance Analysis and Control of Robot Manipulators

The accessibility performances of a robot manipulator thus depend on its
architecture (the number, the nature and layout of links, link lengths), on its joint
limits and on the nature of its environment. When there is no obstacle in the
environment of the robot (which is rare), accessibility can be globally defined by the
workspace of the robot, or one of its projections. When the collisions between all the
robot’s parts and the obstacles of its environment must be considered, accessibility
can be globally defined by the free workspace of the robot (see section 3.3).

3.3. Workspace of a robot manipulator
3.3.1. General definition

The workspace of a robot manipulator is defined as the set of accessible
positions and orientations through a particular reference frame connected, in general,
to the end-effector of the robot. Let Q be the accessible joint domain:

Q={qeEA,, Vi<n, qi min £ 9i < i max } [3.1a]

Q represents the set of vectors of the robot’s joint coordinates which respect the
joint limits. It is a domain of the EA,, joint space (also called configuration space).
The structure of Q depends on that of the space EA,, which itself depends on the
architecture of the robot. For example, for a robot with two revolute joints and one
prismatic joint, Q is a domain of T2 x R, where T? indicates the classic torus, and R
is the straight line of real numbers.

However, for reasons of convenience, we often assimilate Q to a set of R™. This
assimilation does not create ambiguity when the amplitude of the joint limits on the
revolute links does not exceed 27. Thus, in the previous example, we can represent
Q as a parallelepiped (Figure 3.6).

r3

01

02 t r3 =
/

ESSSSS 01

Figure 3.6. Joint domain for a robot with two revolute joints and one prismatic joint
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The workspace W can be defined by the image of Q by the geometrical
mechanical system of the robot:

W = f(Q) [3.1b]

The workspace is a domain of the operational space. Its structure thus depends
on that of the operational space. In the general case, W is a domain of the space
R3 x SO(3), which represents the product of the space of the position coordinates of
R3 with the group of natural rotations of R’. W is then 6-dimensional, but its
dimensions can be lower when only a part of the positions and orientations of the
robot end-effector must be analyzed. For example, if we want to analyze
accessibility in position, the workspace is included in R? and it is 3-dimensional.

However, it should be noted that the geometry of the workspace depends on the
position of the reference frame connected to the robot end-effector. For the current
robots with six joints and having a spherical joint, the workspace is defined,
generally, by a reference frame connected either to the center of the spherical joint,
or to the center of the flask (a generally cylindrical piece which is used as interface
between the last segment of the robot and the tool), or in a functional point of the
tool (center of the gripper, end of the welding torch, etc.). For the anthropomorphic
and spherical robots, the workspace, when defined in position, is located in a sphere,
whose radius corresponds to the maximum elongation of the robot. In the case of
cylindrical robots, it is located in a cylinder, whose radius and height depend on the
limits on the prismatic joints.

Figure 3.7. Workspace for an anthropomorphic robot
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Figure 3.7 shows the workspace of an anthropomorphic robot. The workspace is
defined here by the set of positions of a reference frame linked to the center of the
spherical joint of the robot. It is thus 3-dimensional. The workspace is clearly
located in a sphere. The lacking angular sector is due to the angular displacement of
the first link which is lower than 360°.

As it is difficult to handle 6-dimensional spaces, the complete evaluation of the
workspace is classically carried out by determining its three projections in the
Cartesian space [KUM 81]: the space of accessible positions, the primary space and
the secondary space. These projections are obtained by decoupling the space of
positions from the space of orientations. Apart from these projections, the
workspace can be studied for fixed orientations, where we would be talking about
sections. These projections and sections are presented hereinafter.

3.3.2. Space of accessible positions

The space of accessible positions Wg3 (“reachable workspace™) is the set of
positions which the robot end-effector can reach for at least one orientation [KUM
81]. If EO = R3 x SO(3), it is defined as the projection of W on R3. Let g3 be the
projection of EO,,, on R3. Let P be a point linked to the robot end-effector. Hence,
WR3 can be written:

WR3(P) = nr3 [f(Q)] [3.2]
Figure 3.7 represents also the space of accessible positions for the complete robot.

In fact, since the selected reference frame is located in the center of the spherical
joint, it records all accessible positions by at least one orientation of the wrist.

]

Units in mm

Figure 3.8. Space of accessible positions represented by sections (spherical robot Unimate 1000)
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The space of accessible positions is the one which is used the most.
Manufacturers usually provide it by sections (Figure 3.8).

For a robot which does not have joint limits on its first joint, its space of
accessible positions is symmetrical about the first joint axis. It is then possible to
represent only one generating section of the space of accessible positions. The
overall space can be obtained either by rotating this section around the axis of the
first joint of the robot, provided the joint is revolute, or by sliding the section along
this axis if the joint is prismatic. For a robot whose first joint is revolute, the

generating section is defined in the plane (p = \[xz +y2 , z) [YAN 83]. When the
first joint is prismatic, the generating section is a parallel projection in the plane
(x,y). In practice, industrial robots always have limited range of motion on the first
joint and the generating section does not necessarily reflect the structure of the
workspace as a system because of boundary losses.

3.3.3. Primary space and secondary space

The primary space W is the set of positions of W3 that can be obtained for all
possible orientations [KUM 81]. It can be defined by the following formula:

Wp(P) = [mr3[f(Q)]°]° [3.3a]
where exponent “c” indicates the complementary element.

Indeed, we start from the entire workspace W =f(Q). We project its
complementary element [f(Q)]¢ on R3. We then obtain the set of positions which are
not accessible for every orientation, or which are not accessible at all. So, it is
enough to consider the complementary element and we obtain the set of accessible
positions for all the orientations of the robot end-effector. Figure 3.9 synthesizes this
principle.

In [V1J 86], the authors show that the primary space of a anthropomorphic robot
without joint limits is as represented in Figure 3.10. This shows a generating section
of the workspace for an anthropomorphic robot, whose two lengths of arm are L1
and L2 respectively (L1 > L2) and whose distance between the control point and the
center of the spherical jointis L3 (L3 <L1 - L2).

We show that the primary space (hatched) is limited by the spheres of respective
radiiL1 -L2+L3and L1 + L2 - L3.



150 Modeling, Performance Analysis and Control of Robot Manipulators

orientation [f(Q)]

S AN

Wp o WR3

Figure 3.9. Obtaining the primary space and the space of accessible positions
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Figure 3.10. Primary space

Generally, industrial robots have joint limits and their primary space is often
zero. However, in [VIJ 86], the author shows that, under certain conditions, the
primary space is unchanged when all joint coordinates are without limits and when

some of them have an amplitude of only 180°.
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The secondary space Wy is the set of positions of W3 where orientation is limited.
It is the difference between the space of accessible positions and the primary space:

W(P) = Wg3 - W, [3.3b]

3.3.4. Defined orientation workspace

For certain applications, the tool must preserve the same orientation with respect
to a given surface. This is the case, for example, for projection operations (painting,
cement, adhesives, cleaning, etc.), arc welding, finishing (fettling, polishing, etc.), or
surface inspection (detection of cracks). It is then interesting to study the defined
orientation workspace. Contrary to the accessible position space, the defined
orientation workspace is not a projection of the workspace W, but rather a section of
W. In particular, [YAN 86] is interested in the geometrical and topological
characteristics of the defined orientation workspace of a robot with six degrees of
freedom on a particular plane when the end-effector is perpendicular to this plane. In
this case, the defined orientation workspace is a set of areas of the plane that the
authors call work areas. They highlight the existence of sub-areas in these zones: a
sub-area is a domain of the work areas, accessible with a given posture of the
manipulator (for example elbow up or elbow down; see section 3.4). They
implement a procedure to detect these sub-areas, and also their various connected
components (Figure 3.11).
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Figure 3.11. Work areas for a PUMA robot working on the plane X + Y —E = 15 cm
with z6 perpendicular to the plane (according to [YAN 86])
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More generally, we can study the defined orientation workspace, which is not,
however, necessarily constant. In the case of painting on a general surface, the
orientation is given (perpendicular to the surface), but it is not constant if the surface
is non-planar.

In the previous examples, the defined orientation workspace was calculated
along a surface. For other applications, the defined orientation workspace can be
calculated in R3, for example for handling applications for which the parts must be
transported in a certain orientation.

3.3.5. Free workspace

When the environment of a robot incorporates obstacles, which is often the case,
the concept of workspace is no longer sufficient to characterize the accessibility
performances of the robot. It then becomes necessary to consider the collisions
between the various parts of the robot and all the obstacles.

Few authors precisely studied the workspace of a robot considering the obstacles
of the environment. For a long time, it has been considered sufficient to determine
the free areas of the environment by eliminating the obstacles occupying the
workspace [HAY 86], [BRO 83a, 83b]. However, this approximation is only valid
when the end-effector is the only segment of the robot likely to collide with the
obstacles (see example below). Some authors had noticed that the obstacles could
generate “shadows”. The shadow of an obstacle is defined as the inaccessible zone
of the environment where at least one part of the robot collides with this obstacle
[LOZ 87]. This definition was improved by [SHI 89] who calculated the shadows of
each obstacle relative to a position, that is, to a solution for the inverse geometrical
model. To our knowledge, the first formulation of the free workspace was proposed
in [CHE 88], and then completed in [WEN 89].

The workspace can be modified significantly by the obstacles occupying the
environment. Figure 3.12 shows the workspaces of the planar robot in Figure 3.1,
calculated with and without collision analysis. In Figure 3.12a, the effect of the
obstacles is ignored: the figure shows the workspace, as presented in section 3.1.
Figure 3.12b considers the obstacles and shows the free workspace: the workspace is
significantly reduced, and the only obstacle present is of small size and is not even
included in the envelope of the work volume. Finally, only points B and F are
accessible (in reality, only B or F will be accessible according to the initial position
of the robot (see section 3.5)).
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b)

Figure 3.12. Workspace (a) and free workspace (b)
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In this simple case, we can interpret the influence of obstacles. The inaccessible
areas are due to the collisions of the first arm with the obstacle. These collisions
generate a joint sector denied for the first joint. This denied sector generates two
swept areas corresponding to the two positions “elbow up” and “elbow down”
(Figure 3.13). However, a part of each one of these scanning areas is covered by
configurations accessible by the other position, finally forming a system of three
small inaccessible areas (hatched areas in Figure 3.13).

Part covered by the swept area in “elbow up”
position

Area swept in “elbow down” position
when the first segment “crosses” the
obstacle

Area swept in “elbow down” and “elbow
up” positions when the first segment
“crosses” the obstacle
Area swept in “elbow up”
position when the first segment
“crosses” the obstacle

Part covered by the area swept in
“elbow down” position

Figure 3.13. Interpretation of inaccessible zones

In a more general case, it is very difficult to anticipate the influence of obstacles
on the workspace. We can however note that the obstacles that obstruct the robot’s
links located close to the base decrease the workspace more than the robot’s arm
located close to the end-effector.

The concept of free workspace, using the collisions between the robot and all the

obstacles of its environment, can be formulated in the following way. Let QI be the
set of free configurations:

Ql = {qe Q/Rob(q)"OBS =@ } [3.4]
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where Rob(q) indicates the volume of the robot in the configuration q and OBS the
volume occupied by all the obstacles. The free workspace W1 is defined by the
image, through the geometric operator f of the robot, of the set of free
configurations:

W1 = £(Ql) [3.5]

The free workspace can thus be obtained on the basis of the set of free
configurations.

NOTE.— the software of CAO-Robotics do not enable a visualization of the
workspace that considers the obstacles. A general method of calculation of the free
workspace is given in [CHE 98].

3.3.6. Calculation of the workspace

It is not possible to represent spaces of dimension higher than three. The
workspace, most of the time, is thus determined by the space of the accessible
positions (see section 3.3.2) or by the workspace generated by the first three joints of
the robot.

If the current systems of CAO-Robotics do not make it possible to represent the
workspace of any robot, this is undoubtedly because there are no methods which are
at the same time reliable, simple and sufficiently fast. In addition, we are always
confronted with the double problem of the calculation time (especially for the
calculation of the free workspace) and of the data storage necessary for a sufficiently
fine modeling of the workspace. The methods of workspace calculation can be
gathered into two main categories: those which consist of calculating the limits of
the workspace (the workspace is then represented by its envelope) and those which
proceed from scanning (workspace is then generally represented by its volume).
Table 3.1 synthesizes the various existing methods. They are detailed in [CHE 98].
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Method References Applications Limit (?bstacles Observations
considered
Limits
sing. esp. [[KOH 87], [BUR 95]| robots RRR no yes can be applied to
joint > 3R based
[ELO 96] robots XXX | axes2, | no on [BUR 95]
3
sing. [RAN 94] robots RRR no no less heavy than
Cartesian [TSA 93]
space [BAI 04], [TSA 93] | robots XXX no no
toroidal | [CEC 89], [CEC 95] | robots 3-6R no no does not apply to the
surfaces robots with axes //
Scanning
in the [DOM 82] usual robots yes no by cutting plan
Cartesian
space [SHI 89] planar robots| yes yes regular grid
[LAL 94] planar robots| yes yes adapted scanning
[LUE 92] spatial robots|  yes yes regular grid high
memory storage
in the [WEN 89] yes yes scanning optimized
joint mod.
space
quadtree/octree
by [BOR 86], [GOR 94]| usual robots yes no
aspects

Table 3.1. Synthesis of the principal methods for workspace calculation
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3.4. Concept of aspect
3.4.1. Definition

The concept of aspect was introduced by Paul Borrel in 1986 [BOR 86]. Let m
be the number of independent operational coordinates used to describe the position
of the end-effector. An aspect A is a connected part of the accessible joint domain Q
on which none of the minors of order m from the Jacobian matrix is zero, except if
this minor is zero everywhere on Q. For non-redundant robots, the aspects are the
highest open domains (connected) of Q not having singular configurations.

These aspects create a partition of Q. For conventional robot architectures, which
account for the majority of the industrial robots, the aspects are the domains of
solution uniqueness for the inverse geometric model. An aspect is thus associated
with a posture of the robot. However, for less ordinary robots, there may be several
solutions in the same aspect (such robots are referred to as “cuspidal robots”; the
interested reader may refer to [WEN 04] for more details on this subject).

Figure 3.14 shows the two aspects of a planar robot with two revolute joints with
joint limits (the latter was already presented in Figures 3.1 and 3.12). The first
aspect is associated with posture “elbow up”, whereas the second corresponds to the
configurations of posture “elbow down”. The figure shows the two aspects in the
joint space (a) and their images in the Cartesian space (b) (the hatchings show the
correspondence). We notice an overlapping of the two images thus defining an area
where the number of postures is 2.
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Figure 3.14. Aspects and postures for a planar robot
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For a given robot, the number of aspects is difficult to anticipate. It depends not
only on the shape of the singularities in the joint domain, but also on the values of
joint limits.

A concept close to that of aspect was introduced later by Burdick [BUR 88] and
[PAR 88], as the “c-sheets” and the “regions” respectively. The “c-sheets” and the
“regions” are defined like the aspects, but only for the non-redundant robots with
revolute joints and without limits. Contrary to the aspects whose form and number
depend also on the joint limits, the “c-sheets” and the “regions” are related only to
the architecture of the robot.

3.4.2. Mode of aspects calculation

For current robots, the determinant of the Jacobian matrix can be written in a
factored form. The aspects are then identified by the combination of signs of the
various factors. They are separated by the singularity hypersurfaces defined by the

factors and are bordered by the joint limits. For example, for anthropomorphic
robots, the determinant can be written in the following way:

det(3Jg) = — C3 D3 RL4 S5 (S23 RL4 — C2 D3) [3.6]

where D3 and RL4 are the parameters of DHM. In this case, D3 is the length of the
first arm and RL4 is that of the second arm (Figure 3.15).

~ D3 RL@Z
ﬁ ~—

Wrist

Figure 3.15. An anthropomorphic robot

We see that only 05, 83 and 65 appear in equation [3.6]; the aspects can thus be

represented in three dimensions. Note that this is always the case as soon as the
robot has a spherical wrist [KHA 98].
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Figure 3.16 shows that the joint domain is decomposed into 12 aspects!,
separated by the singularity hypersurfaces defined respectively by:

C3=0 [3.7]
S23 RL4 — C2 D3=0 [3.8]
S5=0 [3.9]

These equations correspond to the three singularities of the anthropomorphic
robot: equation [3.7] describes the arm singularity, equation [3.8] represents the
shoulder singularity (represented by a plane in Figure 3.16), and finally [3.9] defines
the wrist singularity.

A
SBRL4A-C2D3=0 |9

\A/ﬂ\ / 9
*: }I\'/ g ‘l‘f | S5=0

\

~ C3=0

o ¥
[\)

Figure 3.16. The aspects of an anthropomorphic robot

1 In the presence of joint limits, the joint domain has the structure of a parallelepiped. In the
opposite case, the joint domain has the structure of a torus, and the opposite sides of the
parallelepiped in Figure 3.16 will have to be identified and there will be only eight aspects.
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3.4.3. Free aspects

The concept of aspect introduced by Borrel does not consider the presence of
obstacles. The free aspects generalize the aspects for robots moving in the presence
of obstacles [CHE 87a], [WEN 89]. Their formalization is necessary for the
feasibility study of continuous trajectories in the presence of obstacles.

The free aspects Al; are defined on the basis of the set of free configurations Ql
(see section 3.3.5):

VjeJ, Ali= AinQl [3.10]

where the set J describes the indices of the various aspects.
Contrary to the aspects defined by Borrel [BOR 86], the free aspects are not

necessarily connected. We define the partition of a free aspect Al; in connected
components Al

VjE J, Al':Uke I(j)Aljk [3.11]

with Aljk N Aljk’ = for k=k’

The set 1(j) describes, for the free aspect Al;, the indices of the various connected
components of Al; (see Figure 3.17; QI itself consists of two connected parts QI

and Qlp).

QL
> e Aspect Al

/

2
Aspect Aly

~

Figure 3.17. Representation of the connected components of the free aspects
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To calculate the free aspects, it is necessary to begin with the aspects and to
remove the domains which generate collisions. For that, we can use for example the
method of Faverjon [FAV 84]. This method makes it possible to model the set of
free configurations with an octree. Instead of enriching only one octree that
represents the set of free configurations, we enrich as many octrees as there are free
aspects. The identification of the free aspects is done using the signs of the
determinant factors of the Jacobian matrix, as explained in section 3.4.2. The
calculation of the connected components of the free aspects is done easily with the
help of octrees.

EXAMPLE 3.1.— Figure 3.18 shows the free aspects and their image in the Cartesian
space (the correspondence is defined by the fill patterns) for the planar robot moving
in the presence of a small obstacle, already presented in Figure 3.12 (section 3.3.5).
Here, the free aspects can be obtained easily since their limits consist of segments of
straight lines only. We see that the presence of the obstacle generates a “cutting” in
the joint domain, which divides each free aspect into two connected components.
The free aspect Al,, associated with the posture “elbow down” (respectively Aly,
associated with the posture “elbow up”) consists of two connected parts Al;; and
Aly, (respectively Aly; and Alyy).

02 Obstacle

Figure 3.18. Free aspects for a planar robot moving in the presence of an obstacle

3.4.4. Application of the aspects

The main application of the aspects is the analysis of continuous trajectories in
the workspace. Indeed, Borrel shows that the decomposition into aspects makes it
possible to anticipate joint locking on a joint limit during motion, which can be
avoided by a judicious choice of the initial posture on the continuous trajectory.
Figure 3.19 illustrates this result for a planar robot with two revolute joints. This
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robot has two aspects, corresponding to the configurations 6, > 0 (posture elbow
down) and 0, < 0 (posture elbow up) respectively. The hatched area shows the set of
points reachable in the aspect 08, > 0. The non-hatched area represents the set of
points only reachable in the other aspect. The trajectory AB to follow starts in region
reachable in the two aspects and stops in a region accessible only in the aspect
corresponding to the posture “elbow up”. The trajectory can thus be entirely
followed only if the initial configuration is chosen in the aspect associated with the
posture “elbow up” (on the right). On the left, the robot starts from the posture
“elbow down”, and locks on a joint limit before reaching the final point of the
straight trajectory. The joint can be unlocked by changing the posture, which means
changing the aspect. However, this makes the robot leave the trajectory because the
transition between the two aspects is the fully “outstretched” singular configuration,
accessible only on the external limit of the workspace, and this is impossible for
continuous trajectories like cutting or arc welding. The solution here consists of
starting from the initial posture “elbow up”.

Figure 3.19. Analysis of continuous trajectories (from [BOR 86])

The decomposition into aspects also enables the reconstruction of the workspace
of industrial robot manipulators The workspace is then obtained by combining, in
the operational space, the images of each aspect. An algorithm was proposed by
Borrel [BOR 86] based on the software CATIA-Robotics. This algorithm was used
later by [GOR 94], who implemented it in the CFAO EUCLID software. The
algorithm is generalized to eight architecture classes of XXXRRR type with wrist
spherical joint and for which it is possible to calculate singularity surfaces
analytically. Knowing the analytical equations of the limits of the aspects then
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makes it possible to find out the equations of the boundary surfaces of the images of
the aspects in the workspace. A topological combination of the aspects’ images,
carried out using a CAD software, makes it possible to generate the entire
workspace.

Figure 3.20 shows the workspace of a RPRRRR type robot calculated starting
from the aspects and modeled with a CAD software.

Figure 3.20. Workspace of a RPRRRR type robot obtained through
the aspects’ image (according to [GOR 94])

It should be noted that this method is not appropriate for robot manipulators of
general architecture, because the analytical equations of the aspects can no longer be
obtained [ELO 96].

Finally, the aspects, and more particularly the free aspects, were at the origin of
the definition of the t-connected regions, i.e. the domains in the operational space
where any continuous trajectory is feasible (see section 3.5.3).

3.5. Concept of connectivity
3.5.1. Introduction

The workspace makes it possible to analyze the total performances of
accessibility of a robot manipulator. However, a simple analysis of accessibility can

prove to be insufficient, even when all constraints (limits, collisions) seem to be
considered, like in Figure 3.12b.
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Indeed, the points B and F are actually accessible, but a displacement of the end-
effector between these two points is impossible since the first arm of the robot will
get locked on the obstacle (Figure 3.21). The robot can reach all the points of its
workspace, but, contrary to appearance (the workspace is connected i.e. all one
piece), we see that the robot cannot move freely in this space, in the sense here that
it cannot move between every set of points. This academic example was selected on
purpose in order to better show the impossibility of certain displacements, but
generally, a simple visual analysis does not make it possible to draw a conclusion
regarding the consequences of an obstruction.

Accessible points
which cannot be linked

ol

Obstacle

Figure 3.21. Impossible displacement between points B and F

If the end-effector can move between two prescribed points, this means that there
exists a continuous trajectory between them. However, this trajectory is not
arbitrary. The example in Figure 3.22 shows that the robot can move between points
X; and X,, but not in a straight line. Indeed, point X; is accessible only in the
posture “elbow down”, because of the joint limits; while point X, is accessible only
in the posture “elbow up”, this time because of the obstruction caused by the
obstacle. A change of posture during motion is thus necessary, which forces the
robot end-effector to go through a fully-outstretched arm configuration, and thus
through a point located on the workspace boundary: the trajectory must be left. This
problem, already discussed by Borrel [BOR 86] (see Figure 3.19) and which can be
analyzed using the aspects, must be generalized in order to consider the obstacles.
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Figure 3.22. Non-feasible continuous trajectory

A concept stronger than accessibility must be introduced: connectivity. This
concept was gradually formulated in [CHE 87b], [CHE 87c], [CHE 88], [WEN 88],
[WEN 89] and [WEN 91]. As implied in the two previous examples, there are two
main connectivity levels, according to whether the trajectory to be followed between
the points is specified or not. For each level of connectivity it is very useful, for the
design of robotic sites and for robots’ offline programming, to determine the
workspace regions where the robot can move freely.

3.5.2. Characterization of n-connectivity
From now on, we will call work domains the workspace regions that are

obtained as images through the robot’s geometrical operator, of the connected
components Ql; of the set of free configurations:

v iel: WI; = f(Ql) [3.12]

where I describes the number, which is assumed to be finite, of the connected
components Ql;.
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We note that the work domains are in general not disjoined, but they overlap.

N-connectivity guarantees that any discrete trajectory of the free workspace W1
is feasible. By definition, the free workspace W1 of a robot is n-connected if it
verifies the following property (P,):

(Po): V Tg={X1, Xa, ..., Xp} € WL, Fie Ty W [3.13]

i.e. if the set of the points of an arbitrary discrete trajectory T4 belong to a work
domain.

Necessary and sufficient condition

We show that the free workspace of a robot is n-connected in the sense of (P,) if
and only if:

Jie /W1 =Wl [3.14]

This means that there is a work domain that contains all others and that covers
the free workspace as a whole. We notice that in the absence of obstacles, the
workspace is always n-connected. Indeed, in this case the accessible joint domain is
connected (in the mathematical sense). There is thus only one work domain which
represents the entire workspace.

EXAMPLE 3.2.— Figure 3.23 shows the case of an n-connected workspace in the
presence of obstacles. Although the set of free configurations is not connected (it has
two connected components), the robot can connect any set of points within its
workspace because one of the connected components (W1;) generates the entire free
workspace W1 (on top left) and the image of the other (Wl,) is included in W1 (on
the right). The latter work domain, W1, is generated when the elbow of the robot is
blocked in the notch of the obstacle.
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Figure 3.23. Case of an n-connected workspace

Overview of n-connected regions

When the free workspace is not n-connected, it is appropriate to search for the n-
connected regions of W1, meaning the arecas where the end-effector can really move
between any set of work points. A region Wlp of W1 will be said n-connected if it
verifies the generalized property (Pyg):

(Png): V Tq = {Xy, Xy, ..., Xp} © Wlp, Jie /Tg < W] [3.15]
We show that Wlp is n-connected if and only if:

3iel/Wlp « Wi [3.16]
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in other words, any area belonging to a work domain is n-connected.
The main n-connected regions are defined in the following way:
3 ie IWlp = WI; [3.17]

in other words, the main n-connected regions are the work domains.

Figure 3.24 shows the workspace and the main n-connected regions for an
anthropomorphic positioning robot whose first joint has been blocked.
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Figure 3.24. Main n-connected regions

3.5.3. Characterization of t-connectivity

Feasibility of continuous trajectories

The n-connectivity properties do not guarantee the feasibility of continuous
trajectories. Nothing in fact proves that the robot end-effector is able to follow,
completely and without ever leaving it, any path in the free workspace. However, for
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many tasks, following continuous trajectories is necessary. It is the case in arc-
welding, cutting (lazer or by water jet) or painting. It is thus necessary to introduce a
stronger concept which ensures following continuous trajectories: t-connectivity.

We already noted that the joint limits or the presence of obstacles reduce the
capacities of the robot to follow continuous trajectories. Before evaluating the
connectivity of the workspace in the sense of following continuous trajectories, it is
necessary to examine the feasibility problem of a continuous trajectory defined in
the free workspace.

The results shown by Borrel in obstacle-free environments show that, for a
standard robot architecture, a continuous trajectory T., whose aspect does not
change can be completely followed by the robot end-effector if and only if all the
points of T are accessible in the same aspect, i.e. if T, is within the image of the
aspect.

The generalization of this result to obstructed environments requires
distinguishing the case of non-redundant robots from the case of redundant robots.

In both cases, and according to what precedes, it is necessary that T, belongs to
the image of a connected component of a free aspect.

If the robot considered is non-redundant, we know that any point T, is accessible
with only one configuration per aspect (for a standard robot architecture). If T,
entirely belongs to the image of a connected component Aljk of a free aspect, it is
then certain that the pre-image of T in the joint domain forms a path in Alj and that
T, is feasible. The analysis in the case of non-redundant robots is thus rather simple.

On the other hand, the analysis becomes complicated for a redundant robot
because any point T¢ has infinity of reciprocal images in Aly and f1(T,) is not
necessarily connected. The trajectory will be feasible if and only if there is a
connected component of £1(T,) whose image covers T,. The example in Figure 3.25
shows a redundant planar robot with three rotations for which only the two
coordinates of position are specified. The continuous trajectory T, with the origin in
X and extremity in Xj, which it must follow is entirely within the image of an
aspect that proves to be connected (Figure 3.25: T, is within the image of the aspect
defined by L, S2+ L3 S23 < 0; L, S3+L; S23 <0; S3 < 0). Nevertheless, the
robot cannot follow this trajectory in a continuous way, being “rolled up” around the
small obstacle. Indeed, Figure 3.26, which synthesizes the reciprocal image f1(T,)
of this trajectory in the joint space, shows that if all the points of the trajectory have
at least an antecedent, f"1(T,) is not connected and there is no connected component
of f1(T,) whose image covers T, This example highlights that for a redundant
robot, the image of a connected component of a free aspect is not a t-connected
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domain. However, we cannot state that the t-connectivity performances of redundant
robots are worse than those of non-redundant robots (it is generally the opposite) but
only that the aspects are not adapted to the t-connectivity analysis of redundant
robots because they are not uniqueness domains.

X1

Obstacle

Figure 3.25. Image of the aspect in EO) defined by (x,y)
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Figure 3.26. Diagram of reciprocal image of the continuous trajectory (X], X2).
Representation of reciprocal images of a certain number of points on the trajectory

)
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In summary, let T, be a continuous trajectory of the free workspace; for T, to be
feasible by a non-redundant robot, it is necessary and sufficient that the trajectory is
entirely within the image of a connected component of a free aspect, or that it passes
through an aspect changing domain which, as we pointed out, is a domain of
dimension m-1. For T, to be feasible by a redundant robot, it is necessary and
sufficient that there is a connected component of f1(T,) whose image covers T..
However, this condition does not make it possible to analyze the t-connectivity of
the workspace.

The results on t-connectivity of the workspace areas that will be discussed on in
this section apply only to non-redundant robots. Indeed, to our knowledge, there is
no result enabling a global t-connectivity analysis of the free workspace for the
redundant robots. However, a necessary and sufficient, practical feasibility condition
of a continuous trajectory was formulated in [WEN 93] and implementation tools
are presented there. Finally, we note that, if n-connectivity analyses are general, the
t-connectivity analyses described hereinafter are valid only for standard robot
architectures, for which there is only one solution of the inverse geometric model in
each aspect [ELO 96].

Definition of t-connectivity

The free workspace W1 of a non-redundant robot will said t-connected if any
continuous trajectory of W1 is feasible, i.e. if for any continuous trajectory T, of W1
there is a connected component k of a free aspect j, Aly, so that its image
WA = f(Aly) contains T:

(P): ¥ T.cWI, 3 jeJ and Jke Jy T.CWA [3.18]

Necessary and sufficient condition

We show that the free workspace W1 of a non-redundant robot is t-connected if
and only if:

djeJ and Jke J/W1= WA, [3.19]

which means that the free workspace is entirely generated by the image in the
operational space of only one connected component Al of a free aspect Al;.

EXAMPLE 3.3.— Figure 3.27 shows the case of a t-connected workspace: this planar
robot is able to follow any continuous trajectory of its workspace. Indeed, one of the
two aspects (0, > 0) has as an image the entire free workspace (Figure 3.27a). The
image of the other aspect (8, < 0) is included in the previous one (Figure 3.27b).
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: WAL = WAI

Figure 3.27a. Image of the aspect 67 > 0

WAl c W1

Figure 3.27b. Image of the aspect 6> < 0
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Overview of t-connected regions

The t-connectivity concept can be extended to the regions of W1. We show that a
region Wlp of W1 is t-connected i.e. it verifies the following generalized property:

(Pte) V T.cWIp 3 jeJ and Fke [(j)/T.cWAj N Wip [3.20]
if and only if:
djeJ and Jke I(G)/WIpc WAk [3.21]

The main t-connected regions in the direction of (Pyg) are WAy, i.e. the images
of the connected components of the free aspects.

EXAMPLE 3.4.— Figure 3.28 shows the main t-connected regions for the location of
Figure 3.24.

RS

WA32

B

Figure 3.28. Main t-connected regions
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3.6. Local performances
3.6.1. Definition of dexterity

Dexterity means “agility of the hand”. It can be intuitively defined as measuring
the aptitude of the robot end-effector to “easily” perform small and arbitrary
displacements about a given working point.

From a mathematical point of view, dexterity can be defined in various ways. In
all the cases, it is related to a given joint configuration and uses the expression of the
robot’s Jacobian matrix. Dexterity is thus closely related to the relation between
operational velocities and joint rates (or, to the relation between the forces and
moments acting on the robot end-effector and the torques measured on the
actuators). Dexterity can be also useful for the measurement of the proximity of a
singular configuration.

There are three main measurements for dexterity [ANG 921:
— manipulability;
— the lowest singular value;

— the isotropy index.

3.6.2. Manipulability

The concept of manipulability was introduced for the first time by Yoshikawa in
1985 [YOS 85], for redundant and non-redundant robots. The author introduces this
concept as a means of evaluation of “the ability to arbitrarily change the position and
orientation of the robot end-effector”. He defines two tools for this: the ellipsoid of
operational velocities and the manipulability index. We point out here only the
original definitions of Yoshikawa, which are the most frequently used today. Certain
authors proposed afterward more exhaustive definitions of the manipulability which
make it possible to consider the singular configurations and which do not depend on
selected units. A complete work on this subject will be found in [DOT 95].

Ellipsoid of operational velocities
We show that for a domain of joint velocities q defined by the sphere unit:
[|q]] £ 1, the domain of feasible operational velocities is characterized by an
ellipsoid defined by:
XTI 1 X <1 [3.22]

where X is an operational speed.
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Moreover, we show that the main axes of the ellipsoid of operational velocities
are defined by the eigenvectors ej of (JJT) !, and the lengths of the semi-axes are the
singular values i of the Jacobian matrix JJT, i.e. the square roots of the eigenvalues
A; of the matrix JJT. The eigenvalues of matrix JJT can be obtained by finding out
the solutions of the equation:

det(JIJT-AI)=0 [3.23]
The singular values are the square roots of the solutions of [3.23].

Figure 3.29 illustrates the situation for a planar robot with three revolute joints,
whose task is defined by the two position coordinates x and y in the plane.
q3
|

q2

ql

el

Figure 3.29. Definition of ellipsoid of operational velocities

The ellipsoid defines either the domain of operational velocities or that of
operational infinitesimal displacements.
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We note that the direction of the longest axis of the ellipsoid is that where:
— the operational velocity could be the highest;

— the smoothness of movement (resolution) will be the worst.

Inversely, it is along the shortest axis that:
— the operational velocity will be the lowest;
— the smoothness of movement will be the best.

NOTE.— according to the principle of virtual works, there is a duality between the
ellipsoid of velocities or displacements, and the ellipsoid of forces defined based on the
matrix JJT by fTJJTf < 1 (where f is the wrench of forces and torques exerted by the
end-effector on the environment). This duality is created through the energy operator.
Thus, it is shown that the main directions of the ellipsoid of forces are identical to those
of the ellipsoid of velocities, but that the lengths of the semi-axes of the former are the
inverse of those of the latter (see Figure 3.30). This shows that the direction where the
operational velocity capacity is maximal is also the direction where the force capacity is
the lowest. Finally, we must note that the ellipsoid of forces can be balanced by the limits
on the joint torques when they are not identical on each joint [CHI 96].

Figure 3.30. Ellipsoids of manipulability in speed and stress
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In general, these values must be calculated numerically using specialized
software like Mathematica [MAT 91]. For simple cases such as a planar robot with
two revolute joints, these values can be calculated analytically (see Example 3.5).

Eigenvectors e; of (JJT)! are obtained from the preceding eigenvalues A;
through the following relation:

JITyle;=—-e, [3.24]

As for the eigenvalues, the eigenvectors will be generally obtained using
specialized software.

Manipulability index
The manipulability index is defined by the scalar:

w =\/det(JJT) [3.25]

We show that this index is proportional to the volume of the ellipsoid of
velocities and that it can be also calculated as the product of the singular values of
JJT, i.e. as the product of the square roots of the eigenvalues of JJT. In the particular
case of a non-redundant robot, we show that this index is written:

w = |det(d)| [3.26]

Hence, the manipulability index constitutes, in a defined point and for a given
joint configuration, a measurement of the aptitude of the end-effector to move
starting from this point. By definition, the manipulability index is zero in singular
configurations. The manipulability index is to be carefully considered. Indeed, a
value of this index considered to be “correct” can hide a strong disproportion
between the lengths of the main axes of the ellipsoid of operational velocities and
thus, a relatively low value of the lowest singular value. Moreover, the
manipulability index does not give any indication regarding the privileged direction.

NOTE.— the force manipulability index can also be defined, for the non-singular
configurations, by:

S [3.27]

det (JJ7)
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EXAMPLE 3.5.— let us consider a non-redundant planar robot with two revolute
joints. With the usual notations, the Jacobian matrix of this robot is written:

[3.28]

=SIL1-SI12L2 —SI12L2
CIL1+C12L2 C12L2

To make things simpler, this matrix is rather expressed in the reference frame of
the second joint. The following matrix 2J is thus obtained:

, S2LI 0
J= [3.29]
L2+C2L1 L2

The eigenvalues, the eigenvectors and the determinant of matrix JJ" are the same
as those of *J2J'. We have:

det(JIT —AI) = A2 — M(L22 + L2) + L121.22s22 [3.30]
where:
L2=L12+L22+2L1L2c2 [3.31]

The singular values 6; are thus defined by:

e \/ [P+ L2% +(L2 + 127 4L17 L2? 2

2 [3.32]

o \/ P+ L2212 +122)2 4117 127 §22
- 2

The long axis of the ellipsoid of manipulability has thus c1as half-length, and the
half-length of the shortest axis is 62.

Hence, we see that for 0, = 0, 62 vanishes while 61 reached its maximum value

of VL12 +2L22 +2LIL2.
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Starting from formula [3.24] and standardizing the obtained vectors, we will
obtain the vectors v1 and v2 of the main axes of the ellipsoid of velocities by:

/012 —-L2?
sign(L2+L1C2),|—————
en( ) ol* —o2?

L2% —o2?
o1 —o2?

vl=

2 12
—sign(L2+L1C2), |22 =L
V2= oI’ -o2 [3.33]
oI’ - L2 '

ol’—c2°

Figure 3.31 shows various ellipsoids of manipulability along a radial direction
when L1 =L1L2=1.

y

A

0 uu 5 -

Figure 3.31. Ellipsoids of manipulability based on the
radial distance (according to [YOS 85])

The determinant is written: det(2J) =L1L2S2 and the manipulability index is
thus:

w=L1L2|S2| [3.34]
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This index depends only on 6,. We see that for this robot, the manipulability
index is maximal for all joint configurations such as 6, = £90°. In the Cartesian
space, the place of maximal manipulability index is thus the circle with the radius

VLI +L2%. We also see that, for a maximum given elongation L1 + L2, the
manipulability index is optimal when L1 = L2.

Figure 3.32 shows, when L1 = L2 = 1, the evolution of w according to the radial
distance between the end of the last arm and the center O of the robot’s base

reference frame.

w

A

0 1 2 X

Figure 3.32. Plot of the manipulability index versus
the radial distance (according to [YOS 85])

3.6.3. Isotropy index

The isotropy index k was defined for the first time by Salisbury and Craig as the
condition number of the Jacobian matrix J, i.e. as the relation between the highest
and the lowest singular value of J [SAL 82]:

= Omax [3.35]
O

min

It should be specified that this definition is valid only when the elements of J
have the same units. In the opposite case (i.e. when the task position and orientation
coordinates), it is possible to define a homogenous matrix by dividing the lines of J
corresponding to the positions by “characteristic length” of the studied robot [ANG
97], [CHA 02]. A Jacobian matrix unit is thus obtained. The characteristic length
will be calculated as that which minimizes the conditioning index of the new
dimensionless Jacobian matrix.
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The condition number is well-known in linear algebra. It defines the
“inversibility” or the conditioning of a matrix: in other words, it makes it possible to
predict the errors obtained while solving a linear system according to the entry
errors. The higher this index is, the worse the conditioning of the linear system, and
the highest the sensitivity to entry errors will be.

Applied to robotics, this index makes it possible to evaluate the precision with
which the prescribed operational velocities could be controlled using the joint rates
calculated by the inverse of J. It constitutes a measure of uniformity of the ellipsoid
of velocities, from where we get the term of isotropy. It reaches its ideal minimal
value of 1 when the ellipsoid is a sphere. Physically, when the robot has an isotropic
configuration (i.e. when k = 1), the robot end-effector moves with the same ease in
all directions. For Example 3.5, we can show, based on the formulae [3.41], that the

robot has an isotropic configuration in 6, =135° when L1= (\/E /2)L2. The
manipulability index is then twice smaller than the maximum obtained for L1 = L2
in 6, ==+ 90°.

3.6.4. Lowest singular value

Another way of measuring the dexterity of a robot is the lowest singular value of
J, i.e. the half-length of the shortest axis of the ellipsoid of velocities [KLE 87a].
Whereas the manipulability and isotropy indices refer to the robot’s capacity to
move its robot end-effector in all directions about a given point, the lowest singular
value measures the ability of displacement in the most unfavorable direction. The
lowest singular value is a more reliable way of measuring the proximity of a
singularity than the manipulability index. Hence, it is particularly recommended in
the applications where we want to move away from singular configurations.

3.6.5. Approach lengths and angles

Approach angles

In the secondary space, the orientation of the robot end-effector is limited (see
section 3.33). The possible orientations are called approach angles and their limit
values are the limit angles. The set of possible orientations in a given point P of the
workspace forms a solid angle and can be represented by a diagram (see Figures
3.37a and 3.37b).

A service factor in point P can be determined [ROT 76]. This factor is written:

0 (P) = (solid access;ble angle in P) [3.36]
i
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The concept of approach angles is interesting for applications where the
orientation of the tool in a localized zone plays an important role. For example, it is
the case for screwing or complex assembly operations.

Approach distances

The approach distances were introduced by [HAN 83] and measure the ability of
the tool to slide, from a point P of its workspace, along the axis defined by a given
approach angle. The envelope of the limit approach distances about point P can be
represented in various sections by diagrams. These diagrams also make it possible to
visualize the approach angles. Figure 3.33a illustrates the graphs in a section XY for
a primary space point: point P can thus be approached from all directions. In Figure
3.33b, the point is chosen in the secondary space and the approach angles are thus
limited.

a)

b)

Figure 3.33. Approach angle and distance
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The concept of approach distances is interesting for certain applications like
assembling (insertions) and machining (drilling, milling, etc.).

3.7. Conclusion

This chapter presented the main tools for assessing the geometrical and
kinematic performances of robots. The workspace, if it is correctly defined, is
certainly the most natural tool to assess the total geometric performances. The robot
joint limits and the obstacles in the environment often result in limiting the
possibilities of displacement within the workspace, whether it is a point-to-point
movement or a movement following continuous trajectories. The connectivity
analyses seem then an essential complement to those of accessibility. These tools for
performance assessment were implemented as a criterion in robotic site design
software POSOPT, developed at IRCCyN [CHE 98] and were validated through
industrial applications like the aircraft robotized cleaning [CHE 95] and the
inspection of surfaces in hostile environment [WEN 97]. To better assess the
robot/task adaptation, it is necessary to evaluate the abilities of local displacement of
the robot end-effector. The dexterity analyses represent thus an ideal tool for this
local performance analysis.

We must note that this chapter dealt only with the case of current robot
architectures. For non-standard robots, other properties appear (like the
“cuspidality”, i.e. the possibility of changing posture without crossing a singularity)
which call into question the concepts of aspect and connectivity. The interested
reader may refer to [ELO 96], [WEN 04] or [BAI 04] for more details on this
subject.
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Chapter 4

Trajectory Generation

4.1. Introduction

A robotic motion task is specified by defining a path along which the robot must
move. A path may be defined by a geometric curve or a sequence of points defined
either in operational coordinates (end-effector coordinates) or in joint coordinates.
The issue of trajectory generation is to calculate, for the control system, the desired
reference joint or end-effector variables as a function of time, such that the robot
tracks the desired path. Thus, a trajectory refers to a path and a time history along
this path.

The trajectories of a robot can be classified as follows:
— trajectory between two points with free path between them;

— trajectory between two points via a sequence of desired intermediate points,
also called via points, with free paths between these via points;

— trajectory between two points with constrained path between them (straight
line segment for instance);

— trajectory between two points via intermediate points with constrained paths
between these via points.

For the first two classes, the trajectory is generally created in the joint space. For
the last two classes, it is usually better to generate the trajectory in the operational
space.

Chapter written by Moussa HADDAD, Taha CHETTIBI, Wisama KHALIL and Halim
LEHTIHET.
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Trajectory generation in the joint space presents several advantages:

— it requires fewer online calculations, since there is no need to calculate the
inverse geometric or kinematic models;

— the trajectory is not affected by crossing singular configurations;

— maximum velocities and torques are determined from actuator data sheets.

The drawback of joint-space trajectory generation is that the corresponding end-
effector path in the operational space is not predictable, although it is repetitive,
which increases the risk of undesirable collisions when the robot works in a
cluttered environment. Consequently, the joint-space scheme is more appropriate to
achieve fast motions in a free space.

Trajectory generation in the operational space enables the prediction of the
geometry of the path. It has, however, a number of disadvantages:

— it may fail when the calculated trajectory crosses a singular configuration,
when the generated points are out of the joint limits;

— velocities and accelerations of the operational coordinates depend on the robot
configuration. If the trajectory generation is based on kinematic constraints, lower
bounds are generally used so that joint velocity and torque limits are satisfied.
Consequently, the robot may work under its nominal performance. This problem is
solved by using trajectory optimization techniques based on the dynamic model.

The following two sections of this chapter cover the problem of trajectory
generation under kinematic constraints between two points in the joint space and in
the operational space, respectively. The last sections extend the problem to
trajectory generation under kinodynamic constraints, with and without via points.

4.2. Point-to-point trajectory in the joint space under kinematic constraints

We consider a robot with n degrees of freedom (dof). Let ¢™ and ¢™ be the joint
coordinate vectors corresponding, respectively, to the initial and the final
configuration. Let k, and k, be the vectors of maximum joint velocities and
maximum joint accelerations, respectively. The value of k,; can be exactly
calculated from the actuator specifications and transmission ratios, while the value
of k,; is approximated by the ratio of the maximum actuator torque to the maximum
joint inertia (upper bound of the diagonal element 4; of the inertial matrix defined in
Chapter 1). Once the trajectory has been computed with these kinematic constraints,
we can proceed to a time scaling [HOL 83] in order to better match the maximum
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joint torques using the dynamic model. In section 4.4, we will consider the problem
of using optimization techniques to deal with dynamic constraints.

The trajectory between ¢™ and ¢™ is determined by the following equations:
q)=q™ +r(t)-D for 0<¢<T [4.1]
q@)=r(t)-D [4.2]

where D=q" —¢™, r(f) is an interpolation function and 7 is the duration of the
motion (or transfer time).

The boundary conditions for () are given by:

r(0)=0
rT)=1

Several interpolation functions can provide a trajectory such that g(0)=¢™ and
q(T)=q"™ . We will study successively the fifth-order polynomial model and the
trapezoidal velocity model.

4.2.1. Fifth-order polynomial model
The fifth-degree polynomial interpolation ensures a smooth trajectory that is

continuous in positions, velocities and accelerations. The polynomial is obtained by
using the following boundary conditions:

q(0)=¢"", q(T1)=q", 4(0)=0, ¢(I)=0, §(0)=0, §(T)=0

Solving the six constraints yields the following interpolation function:

t ’ t N t ’
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The position, velocity and acceleration with respect to time for joint j are plotted
in Figure 4.1. Maximum velocity and acceleration are given by:

15-|D,
19 ma =% [4.4]
) 10-|D,|
|qjmax =—2 [45]

_ﬁ-Tz

Generally, the transfer time T from ¢™to ¢’ is not specified. The goal is to
minimize 7 while satisfying velocity and acceleration constraints. The approach is
to calculate the minimum time separately for each joint, and then to synchronize all
the joints at the largest minimum time between them.

~¥

Figure 4.1. Position, velocity and acceleration profiles for a quintic polynomial
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The minimum traveling time 7} for joint j occurs when either the velocity or the
acceleration is saturated during the motion. It is calculated by:

Tj = max 15.|Dj|,
8- vj

Thus, the global minimum traveling time 7 is equal to:

T'=max (T}, ..., T,) [4.6]

4.2.2. Trapezoidal velocity model

A trajectory generated using a trapezoidal velocity model consists of a constant
acceleration phase followed by a constant velocity phase and terminated by a
constant deceleration phase (see Figure 4.2). The initial and final velocities are zero.
Thus, the trajectory is continuous in position and velocity, but discontinuous in
acceleration. For kinematic constraints, we consider the symmetric case where the
duration of acceleration and deceleration phases are equal and denoted by 7 (in
section 4.4 we will treat the problem with asymmetric phases). In this case, it is
possible to saturate both the acceleration and the velocity in order to minimize the
traveling time (see Figure 4.3) if the following condition is verified:

2
k"j

RHE [4.7]

aj

If condition [4.7] is not verified, the maximum velocity that can be achieved for
joint j will be obtained by:

k. [4.8]

a)

k. = ‘D.

V) ]

Consequently, in the following, for the joints not verifying [4.7], the maximum
velocity will be obtained from [4.8].
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The trapezoidal velocity trajectory results in the minimum traveling time among
those providing the continuity of velocity. The joint j trajectory (Figure 4.3) is

represented by the following equations:

o1 .
q;,@)=q" +E-t2 -k -sign(D;) for 0<t<7;
J

qj(t)zq"-’”'+(t—%)~kvj-sign(Dj) for 7; <t<T;,—7;

0O =]" =31~ -k sign(D)) for Tz, <1<7,

k. .
with: 7, = kvj
aj
6] j ‘
Saturated velocity and
k,; acceleration
J "
: . Non-saturated
i i " acceleration
kﬂj ! -
n i H il t
q; H
kaj i
: -
t

Figure 4.2. Trapezoidal velocity model versus bang-bang acceleration model

Relation [4.9] can be written in terms of 7and T as follows:

ql}.m'_i_Djt—z for 0<t<7
’ 27(T -71)
. 2t-1)
N=<Lgr+D, ~— 2 for 7<t<T-7
qj() q; 12(T—T)
ql;li+Dj l_ﬂ for T—7<t<T
: 20(T - 7)

[4.10]
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The area of the trapeze under the velocity curve is equal to the distance traveled
in the interval [0, 7}], which can be written as:

|Dj|=kvj-TA—11z—3j [4.11]

J
aj

Hence, the minimum time for joint is given by:

k.. |D;
Ti:ﬁ+H: i

aj vj vj

[4.12]

Figure 4.3. Position, velocity and acceleration profiles using a trapezoidal velocity model

In the case of multi-degree of freedom systems, it is practical to produce
homothetic trajectories with the same acceleration and deceleration duration for all
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joints. Consequently, the velocity profile of joint j can be obtained in terms of the
velocity of an arbitrary joint &k using the following relation (see Figure 4.4):

qg;O)=a;-q (1) forj=1,..,n [4.13]
where ¢ is constant for a given motion and D, # 0 (see equation [4.10]).

In the following, we detail how to obtain a common minimum traveling time 7
under the condition that all the joints have a common 7. By doing so, the optimum 7
and T are a priori not equal to any optimum 7; and 7, respectively, calculated for
each joint separately (see equation [4.12]).

To calculate the optimal 7, resulting in a minimum time 7, let us first solve the
problem for two joints. Let 4; k,; be the maximum velocity of the synchronized
trajectory for joint j and let v; k,; be the corresponding maximum acceleration.
According to equation [4.11], the minimum traveling time for each joint, if
calculated separately, would be:

7‘1:1'14.@

vl 4.14
g2 Y
2= 2

v2

14

4; =0 G lsmmnan

-

R R L L LT CEETE e ey -ll. e

-
t
Figure 4.4. Homothetic velocity profiles
The synchronized trajectories would be such that:
A -k, D A,k D
pofikn, DL _Aaka | [4.15]

v -ky ﬂ’l'kvl_UZ'kaZ A; -k



Trajectory Generation 197

with 7> max (T, T5).

From equation [4.15], it is straightforward to obtain:

kD
ﬂzzﬂl-M [4.16]
kv2 ’ |Dl|
k, -|D
uz=ul-M [4.17]
ka2 |D]|
Using [4.16] and taking into account that 0< 4, <1 yields
k,, D
osﬂls”z—|1| and A, <1 [4.18]
kvl ' |D2|
Likewise, from the acceleration constraints, we obtain:
ka 2 | 1|
0<v, < and v, <1 [4.19]
kal '|D2|

The minimum time 7 is obtained when the parameters A; and v; are at their
largest value and satisfy simultaneously the above constraints, which result in:

Ay =min| 1, K '|D1-
kvl |D2

. ka2'|Dl
v, =min|1,
|: ka1‘|D2

S

[4.20]

[

and the corresponding duration of the acceleration phase is

_ ﬂ’]'kvl

’Z'_
vk,

[4.21]
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These equations are easily generalized for » joints (assuming that D; # 0 and
D;#0):
J

k,.-|D
llzminl,w—||1-
v'D'

VI fori=2, . n [4.22]
. aj'|D1
v, =min|l, — ;
a1'|Dj

We note that if D= 0, the joint j does not move; g, = q;m

4.2.3. Smoothed trapezoidal velocity model

We can modify the previous method in order to have a trajectory that is
continuous in acceleration, by replacing the acceleration and deceleration phases
either by a second-degree polynomial (Figure 4.5a) or by a trapezoidal acceleration
profile (Figure 4.5b) [CAS 84]. In this section, we detail the first approach, which is
simpler to implement.

a7 A
VY S —— e
: T,
2 N >
.
v
o
.._ ’[S-f.“ !b_t
:_Ts L1 III
(a) (b)

Figure 4.5. Modification of the acceleration of the trapeze profile
to ensure a continuous acceleration
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Let 7, be the new duration of the acceleration phase and let 4 k,; be the
maximum velocity in this case. The boundary conditions for joint j during the
acceleration phase are defined as:

7,0=4,", 4,0=0, 4,z)=2K,sign(D,), §,(0=0, G,(z)=0  [4.23]

From these constraints, we derive the equations of position, velocity and
acceleration of joint j for 1 <j<nand 0 <7< 7, as follows:

ini 1 . 1
(¢,0=4' Ak sign(D) (ot =) [4.24]
{a0= —%-zj -k, -sign(D;)- (2t =3-7,)1 [4.25]
TS
. 6 .
Q0= =54k sign(D) (1=1,) ¢ [4.26]

N

The joint position equation corresponding to the constant velocity phase, given a
duration 4, is as follows:

q;()=q;(z,)+ (-7, 4; k,, sign(D;) for <t<T,-7 [4.27]

By assuming that the acceleration and deceleration phases are symmetric
(T;=21,+ hy), the trajectory corresponding to the deceleration phase is defined in
the interval 7, + h, <t < T, as:

i 1] 1 .
C]_/(t) =4q; +E|:?(t_/rx _Tv)(t'i-rs _Tv)3 +(2t+TS _27—;)j|//2fjkvj‘glgn(Dj)

N

G;(t)= {%m —7, =2T)t+7,-T,)° +1}1jkv ssign(D;) [4.28]

S

N

q;(0= [7—63(1 T+, _T:v):|ﬂ'jkijign(Dj)
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The acceleration is maximal at ¢ = 7,/2 and its magnitude is:

2,k
TS

2 [4.29]

|éjmax %

If we suppose | g,/ is equal to vk, and assume that all the joints have the
same duration of acceleration, we obtain:

2'5:%- S v [4.30]

According to equations [4.24] and [4.30], it should be noted that the distance
traveled during the acceleration phase is equal to:

R

i_ni_ (T
q; —4,(7) v

[4.31]

_3
4

aj

By calculating the area under the velocity curve, along the three parts of the
motion, we verify that:

Iy =1, +ﬂ [4.32]
/1.1' 'kvj

This expression is similar to equation [4.12] giving the traveling time for the
trapeze profile. This in turn suggests that 4; and v; can be calculated with equations
[4.22].

We also note that to saturate the velocity and the acceleration of the joint j
trajectory, the distance to travel must be such that:

2
3k

|Df|> 2 kaj
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If this condition is not verified, the maximum velocity k,; of this joint will be
taken equal to:

k, = /%-\Dj\.kaj [4.33]

Now, if T, and 7; are chosen, the trajectory evolution of the jth joint is given as
follows:

B 1 23
g +D,——| 2L L 0<r<t,
Z(Tv_fs) Ts Ts
ini (2t-1,)
(t)=<g™ +D, — 52 7. <t<T -7 4.34
q]() qJ J 2(Ts_Ts) s K K [ ]
3 4
T AT - 7 7

The above equations have the advantage that the maximum velocity and
acceleration are not appearing explicitly.

4.3. Point-to-point trajectory in the task-space under kinematic constraints

Let’T and °T/" be the homogenous transformations describing the initial and
final desired locations, respectively. For convenience, let us note:

ini ini fin fni
o = R s and °T/" = R P
) 000 1 ) 000 1

The most common way to move from one location to the other is to split the
motion into a linear translation between the origins of frames °7)” and °T/", and a
rotation ¢ around an axis of the end-effector £u to align R™ and Rf". The
translation and rotation should be synchronized.

The distance the translation has to travel is given by:

Dr =||me _pni

=\/(Px/in _P:nx)2 +(Pyﬁn _R‘f’ni)Z +(I;)Zﬁn _P:im')Z [4.35]
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The terms u and ¢ are calculated from the following relation:
Ri"iyot(u, o) = Rfin [4.36]

where we recall that rot(u, ) is a (3 X 3) rotation matrix corresponding to a rotation
of an angle o about a vector u. Hence, we get:

)
S.\' n)( aX
rot(u,a) _ [Rim':|T LRI = (nini )T .[s/in n' a/in:| =|s, n, a, [4.37]
(aini )T s, n, a

Solving # and & we obtain [KHA 02]:

Ca=l-[sx+ny+a:—1]

[\

Sa:%«\/(nz —a) (@ -s)+(s,—n)

o =atan2(Se,Ca) [4.38]
n —a,
1 )
u= ‘la, —s,
2-Sa |
s, —n,

When So is small, the vector u is calculated by identifying the terms of the main
diagonal of rot(u,6) from [4.37]:

-t sx—Cé’, - ny—Cé’, — a,—Cé@
1-C6 7 1-C6 1-Cé

The signs are determined from the expression of u# given in [4.38]. We obtain:

u, =sign(n,—a,)- 5, ~CO
’ ’ 1-Cé
) n,—Co

u, =sign(a, —s.)- —Co
u, =sign(s, —n)- a.—Co
v 1-Cé
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Let k,; and k,; be the maximum velocity and acceleration for the translation
motion, and let k,, and k,, be the maximum velocity and acceleration for the
rotation motion. The methods described in section 4.2 can be used to generate a
synchronized trajectory for the two variables D, and ¢, resulting in the minimum
time 7. The trajectory of the end-effector frame is given by:

T, (1) = L)R(()t)0 Pft)}

with:
P(t)=P™" +%- (P/" = P™)=P™ 1 1(t)-(P™ - P™) [4.39]
R(t)=R" -rot(ur(t)a) [4.40]

where s(f) = D, r(f) is the curvilinear distance traveled at time ¢ and r(f) is the
interpolation function.

NOTE.— we can specify the rotation from R to Rfi" using the Euler angles ¢, #and
w. Let (¢, @ini_ yiniy and (¢/in, @fin, yfin) designate the angles corresponding to
R and Rfin respectively. Thus, equation [4.40] is replaced by:

R(f) = RMi rot(z, ¢ M + 1(£) @) rot(x, O™ + r(t) ) rot(z, W + 1(t) ) [4.41]
with ¢= ¢ﬁn _ ¢ini’ 9= @fin _ gim" W= Wﬁn _ V/ini.

We can also choose to specify the rotation around an axis that is fixed with
respect to frame Ry. In this case, # and ¢ are calculated by solving:

rot(u, o) RMi = Rfin [4.42]

The angular velocity @ of the end-effector, with respect to the frame where u is
defined, is such that:

wo=ur(lt)-a=wu [4.43]
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4.4. Trajectory generation under kinodynamic constraints

This problem has been intensively studied during the last three decades and has
been the focus of numerous papers. Concerning the special case of the optimal
motion problem with geometric path constraints (OMPGPC), the interested reader is
invited to consult the following references: [BOB 85], [SHI 85], [PFE 87], [TAN
88], [TAN 89], [JAQ 89], [SHI 91], [SHI 92], [JAM 96], [BET 99] and [CON 00].
Concerning the other case, which covers the optimal free motion planning problem
(OFMPP), the following references deal with the simplified problem that consists of
finding geometrically feasible paths: [LAT 91], [BAR 92], [OVE 92], [KAV 94],
[YAM 94], [BAR 96], [KAV 96], [LAV 98], [LAT 99]. The techniques that handle
the kinodynamic aspect of the optimal free motion planning problem are grouped in
two families: direct and indirect methods [STR 93b], [HUL 97].

In general, indirect methods are applications of the optimal control theory. They
use particularly Pontryagin’s maximum principle (PMP) [PON 65], [BRY 75]. They
state optimality conditions under the form of a boundary value problem [GEE 86],
[CHE 90], [BES 92], [CHE 93], [LAZ 96], [DAN 98]. However, such techniques
are applied usually to a limited number of cases and suffer from several drawbacks:

— they need to solve a non-linear multi-point shooting problem;

— they require an analytical form of the Hamiltonian gradient;

— they need a good initial guess as their region of convergence may be small;
— they use co-state variables that are, in general, quite difficult to estimate;

— they have difficulties in handling path constraints involving inequalities.

To overcome some of these drawbacks, direct methods have been proposed.
They use a discretization of dynamic variables (state and/or control) to transform the
difficult original infinite-dimension problem to a more tractable finite-parameter
optimization problem. Then, non-linear programming [STR 93a], [STR 93b], [STE
95], [JAM 96], [BOB 01], [CHE 04] or sequential/parallel stochastic optimization
techniques [RAN 96], [MAO 97], [CHE 02] are applied to calculate optimal values
of design parameters. Although they have been used successfully to solve a large
variety of problems, techniques based on non-linear programming have two
essential shortcomings:

— they are easily attracted by local minima;

— differential equations of motion are integrated implicitly or explicitly at each
iteration of the optimization process. Thus, the direct dynamic model is needed;

— continuity of second order is assumed, while realistic physical models may
include discontinuous terms (for example, frictions).
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In this section we present an efficient direct approach based on a discretization
of joint position variables [CHE 02]. This method can be adapted to treat either the
optimal motion problem with geometric path constraints or the optimal free motion
planning problem with kinodynamic constraints. The resulting non-linear
optimization problem is solved by a stochastic process. This versatile method offers
several practical advantages:

— it makes use of the inverse dynamic model, therefore it does not integrate any
set of differential equations and thus the reduction of computational burden can be
quite significant;

— it can treat obstacle avoidance, provided a roadmap pre-processing phase is
added to the basic scheme;

— it remains applicable in the case of discontinuous dynamic models such as
those involving friction efforts;

— it can be adapted to handle various types of optimization criteria since the
derivatives of the cost function are never evaluated;

— it is applicable for different systems such as wheeled mobile robots [HAD 05],
closed chain robots [CHE 05] and bipedal robots [SAI 05].

A deterministic variant of this method has been proposed in [CHE 04] using the
powerful sequential quadratic programming (SQP) technique of optimization.
Solutions have been found for dynamically constrained problems involving obstacle
avoidance and grasping moving objects. Here, however, we will focus on the
general method of [CHE 02], which is characterized by a greater flexibility since
additional constraints can be handled without inducing any significant changes in
the procedure. In particular, we will give results obtained using trapezoidal velocity
models which might be of interest in an industrial context.

4.4.1. Problem statement
Let us consider a serial manipulator with n dof required to move from an initial

location X™ to a final location ¥™. Motion equation for the i* joint can be written as
(see Chapter 1):

D 4,a0) 6,0 +¢, (4.0 )+ 0, la)=T,0) [4.44]

Recall that ¢ and ¢ are, respectively, joint velocity and acceleration vectors. A(q)
is the inertia matrix, c(q, §) is the vector of centrifugal and Coriolis forces in which
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joint velocities appear under a quadratic form. Q(q) is the vector of gravity forces
and I' is the vector of actuator efforts.

The problem consists of determining the transfer time 7, the joint trajectory
vector ¢(¢) and its derivatives with respect to time as well as the corresponding
actuator efforts I'(¢), such that all constraints are respected and a given goal function
Fop; 1s minimized.
4.4.1.1. Constraints

a) Boundary conditions

We suppose that locations X™ and X™ are characterized by zero joint velocities
and that the corresponding joint positions g™ and ¢™ are given. Thus, we have:

q(t=0)=¢"; q(t=17)=4" [4.45a]
§(t=0)=0; ¢t=7)=0 [4.45D]

b) Geometric constraints

First, there are constraints imposed on joint positions:
lg.()|<q!™ i=1,...,n 0<t<T [4.46a]

But if obstacles are present in the workspace, collisions must be avoided and the
following additional constraint will hold during the transfer:

C(q(f)) =False 0<(<T [4.46b]

Here, C denotes a Boolean function that indicates whether the robot at
configuration ¢ is in collision either with an obstacle or with itself.

Now, if the robot is required to move along a prescribed geometric path, then we
suppose that:

— this path is already given in the operational space under a parametric form X(r)
in terms of an independent parameter 7 € [0, 1];

— all geometric constraints as well as boundary conditions [4.45a] are already
accounted for.
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¢) Kinematic constraints

Depending on the problem, any of the following constraints may have to be
satisfied during the transfer (0 < ¢ < 7):

Fori=1,...,n
— joint velocities: | q;(t)| <k, [4.47a]
— joint accelerations: |G (t)| <k, [4.47b]
— joint jerks: |G ()| <k, [4.47c]

These constraints define bounds on the robot kinematics performances due to
technological restrictions or to the nature of the task to be achieved. Of course, non-
symmetrical bounds can also be treated.

d) Dynamic constraints
We consider here constraints imposed on the amplitude of joint torques, i.e.:

IT.()|<Tr™ i=1,...n [4.48]

4.4.1.2. Objective function

The objective function F,; represents the cost of the task’s achievement. It is
generally an expression involving significant physical parameters related to the
robot behavior and to the productivity of the robotic system. The following
expression is a balance between transfer time and quadratic averages of actuator
efforts (4) and power (B):

E, =uT+(1-u)n A+(1-1) B) [4.49]

A and B have the dimension of time:

2 2
_ AN Fx . _ (7 N qi'ri
=[S o= 5[t
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M and 77 are dimensionless weight coefficients: 0 < 4 <1 and 0 < 17 < 1. The limit
case i =1 corresponds to the minimum-time problem (i.e. F,,;; = T) while the case
1 =0 corresponds to the minimum-effort problem (if 7 =1) or to the minimum-
power problem (if 7 =0) . Additional coefficients w; (i = 1...n) may be incorporated
in the above sums if it is desired to give more weight to some of the joints.

4.4.2. Description of the method

The method is described below in the general case of a free motion (OFMPP).
The other problem with a prescribed path (OMPGPC) can be viewed as a particular
case.

4.4.2.1. Outline

Let ¢(f) be any given trajectory with transfer time 7. We may always time-scale
this trajectory as follows:

g =q(&) o &®) [4.50]

Here, &(f) = #/T is a linear time-scale function designed so that & will be in [0, 1].
The parametric form ¢(£) is what we call the trajectory profile which, in essence,
gives the shape of the time history of the joint positions, from the beginning of the
motion (£= 0) to its end (£=1). We say that a trajectory profile is valid if it leads to
a trajectory that is geometrically feasible (no collision) and that satisfies required
boundary conditions. Hereafter, the prime symbol will be reserved exclusively to
indicate derivatives with respect to & while the dot symbol will refer as usual to
derivatives with respect to ¢.

The problem requires solving for the optimal trajectory ¢**(f) with unknown
transfer time 77, but with the above scaling this problem reduces to finding only
the optimal profile §”*(&) because the transfer time may be viewed now as a
dependent parameter. Indeed, suppose we choose arbitrarily a valid candidate profile
g . Then, the performance index [4.49] would become a function F,,(T | g ) of the
single variable 7. Therefore, via a straightforward (albeit constrained) one-
dimensional minimization, we may readily deduce (sometimes analytically) the
critical transfer time 7, that would give the lowest possible cost F, = F,,(T, | ¢ ) for
the arbitrarily proposed ¢ . In other words, to any valid profile ¢ will correspond a
specific score [, and an associated transfer time 7, both of which are being dictated
by kinodynamic constraints.

The proposed method uses a stochastic optimization scheme that evaluates the
score of random candidate profiles for a global minimization of F,;. This is in effect
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a nested optimization scheme. At the inner level, there is a slave clipping process
that calculates the score of a single candidate by solving a one-dimensional
constrained minimization problem using a standard non-linear programming
approach. At the outer level there is a master hit-and-miss process carried out using,
for example, a simulated annealing technique that selects valid candidates for a
global minimization of F,;. The output is the (approximate) overall lowest-cost
profile g **'(&) which will be used next in [4.50], along with its associated transfer
time 77, to yield the (approximate) optimal solution of the problem.

Naturally, this quite difficult infinite dimensional constrained optimization is
transformed to a more tractable finite dimensional parametric optimization via a
discrete representation of trajectory profiles. Namely, each trial profile will be
defined as a finite set of free nodes, continuity being insured by fitting a sufficiently
smooth model that accounts for imposed boundary conditions. The major drawback
is that the search space will be clearly restricted to the sub-space reachable via the
selected fitting model. Hence, solutions by this technique are expected to be sub-
optimal. On the other hand, for various forms of cost functions and types of
kinodynamic constraints, the problem boils down to finding the optimal position of a
few randomly disrupted nodes. As this can be treated quite efficiently by standard
stochastic optimization routines, the proposed approach turns out to be remarkably
flexible as well as computationally competitive. In general, it is able to provide
reasonably good approximate solutions to a variety of practical dynamic problems.

4.4.2.2. Construction of a random trajectory profile

Choosing a trajectory profile amounts to specifying both a geometric path and a
motion on this path. It is then convenient to express a trajectory profile as follows:

4 =p(r) o r(d) [4.51]

The parametric form p(r), with » € [0, 1], is the robot path, while the
monotonically increasing function (&) is the motion profile.

The former is a continuous time-independent sequence of joint positions that
describes completely the geometry of the path in the n-dimensional joint space as r
varies continuously from » = 0O (initial state) to » = 1 (final state). Evidently, a
feasible path must satisfy all geometric constraints for any r in [0, 1] and must also
satisfy boundary conditions [4.45a] imposed on joint positions, namely:

ini

p(r=0)=¢™ and p(r=1)=q¢™ [4.52a]
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Since a given feasible path can be executed differently in time, we need to
specify the execution mode. This is done by choosing the motion profile 7(£) which
gives the shape of the time history of parameter ». For obvious reasons, a valid
motion profile must satisfy the following conditions of consistency:

1H&=0)=0, n(g=1)=1 [4.52b]

r($) 20 [4.52¢]

In addition, it must satisfy boundary conditions [4.45b] imposed by joint
velocities, namely:

F(E=0)=r(£=1)=0 [4.52d]

Introducing now the discretization scheme, any trajectory profile will be
represented using n + 1 distinct sets of nodes: one set for the motion profile (&) and
n other sets for the n components of the path vector p(r).

Figure 4.6 shows a set of N,, discretization nodes distributed in the (r, &) plan.
The first and last nodes are held fixed according to [4.52b]. However, the free
interior nodes can be randomly positioned to produce a trial motion profile #(&)
using any appropriate fitting model that accounts for conditions [4.52c] and [4.52d].
Similarly, with n other sets, each with N, nodes, we can generate the n components
of the path vector p(r) (see Figure 4.7).

1

d

Figure 4.6. Motion profile r({) built using N,, nodes



Trajectory Generation 211

Py
max
! |
"y
qim' ﬂ E %‘
: >
1 r

Figure 4.7. A component of a path vector p(r) using N, nodes

One straightforward way to generate smooth curves from any given interpolation
points is to use a cubic spline model (see section 4.4.3 for other models). A cubic
spline model [EDW 82], [LIN 83] insures continuity up to second order. It also
offers a good compromise between the cost of computations and the quality of the
solutions. For the path p(r), we may use a so-called natural cubic spline model
[EDW 82], [LIN 83] which only requires d’p/dr* =0 at the end points (but leaves
dp/dr). However, for #(&), it would be more appropriate to use a clamped cubic
spline model, which is particularly adapted to handle the first-order boundary
conditions in [4.52d].

The creation of natural and clamped spline functions is straightforward and is
done by using, for example, the Splines Matlab toolbox by calling the function
CSAPE with appropriate end-conditions.

The problem is therefore reduced to finding the best positions of some free
nodes. A stochastic optimization technique can scan randomly the available solution
space of these nodes and interpolates between them to propose both a path and a
motion profile. Then, the resulting trajectory profile g (&) is deduced and its
corresponding score F, and transfer time 7, are calculated. This cycle is repeated,
generating new random candidate trajectory profiles, while keeping track of the
overall best score and the associated transfer time.
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4.4.2.3. Handling kinodynamic constraints

Once a candidate trajectory profile ¢ is selected, all kinodynamic constraints
simply translate to bounds on admissible values of transfer time for that candidate
[CHE 02]. For example, using a simple chain-rule differentiation, joint velocity
constraints [4.47a] become:

T>Ty where T, = max |:max M‘| [4.53a]
i=l,...,n| £e[0,1] kv[

While acceleration and jerk constraints [4.47b] and [4.47¢] yield two new lower
bounds marked, respectively, T and Tj:

o 1/2
T2Ty where T, = max |:maXL§)|:| [4.53Db]
i=l,...,n| &e[0,1] kai
o 1/3
T>T, where T, = max maxm [4.53c]
i=l,...,n| £e[0,1] k][

However, dynamic constraints [4.48] may translate to bilateral bounds 7} and Tx
(see the example given below):

Te [TLs TR] [454]

Intersecting [4.53] and [4.54] yields a final interval [T oyer, Tupper] Of admissible
values of transfer time 7 that accounts for kinodynamic constraints. The optimal
transfer time 7, of any selected trajectory profile g (&) is therefore deduced by
minimizing F,,(T | ¢ ) within this final interval.

To illustrate this approach, let us introduce the following notation:
h(§)=24,4&) 7/ + ¢ (4(&.4()
j=1

L, (¢)
|

T(6) =) 5 5= 2l0©)

T (&)= Al
7(5) 1—\?13)( I—‘;TIQX
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The motion equation [4.44] becomes:

ge [0,1]

Dynamic constraint [4.48] becomes:

ISR ()40 (851

which can be written as:

b(&) <k (§)<a(¢)

where 4;(§)=1-0,(¢) and 5,(£)=1+0,(Z).

213

For every & e [0,1], the resulting bounds for T are summarized in the following

table, depending on the sign of %, (&), a;(¢) and b;(¢).

h(€)=0 m(&)<o
ai(§)<0 ai(§)>0 bi(‘f)<0 bi(":)>0
b(£)<0 | b(£)z0 alg)<o | alg)z0
G _ 7, = [6) E]
% “ g o me) | @ B
TR,: }E(bf) TR, = +oo TR,f E_'(bé:) TRi:+oo

Table 4.1. Bounds on T due to dynamic constraints for a given 4($)
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The cost function [4.49], restricted here for simplicity to the case where 17 =1,
becomes:

F,; :T(S0 +%+%) [4.55]

where Sy, S, and S, are real coefficients given by:

So=#+(l—ﬂ)'_[zn:§;2df;

0 i=l

Fopy

Figure 4.8. F,;vs T
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These coefficients depend implicitly on the selected candidate profile g (&) but

do not depend on T. Also, Sy and S, are always positive. Equation [4.55] represents a
family of curves whose general shape is shown for any candidate in Figure 4.8. Such
a curve exhibits a unique minimum at 7= 7,, given by:

1/2

1/2
S, +4/82 +128,8 .
T =2 2 =4 = 65, [4.56]

! 25, V82 +128,8, - S,

This result is obtained by setting to zero the derivative of [4.55] with respect to
T. By doing so, we obtain the following equation: S,7*-S,7°-3S, =0. The
negative root is rejected, while the positive root is given above in [4.56]. Although
the two forms given for 7, are mathematically equivalent we should use the first if
S, is positive, and the second if S, is negative, in order to reduce rounding errors.
Note that for some complicated cost functions, especially those that include
discontinuous friction efforts, the expression of 7,, might not be available explicitly,
although its value would still be readily accessible numerically.

If kinodynamic constraints were not included, the critical value 7, that minimizes
the cost function for the imposed profile ¢ would be simply 7, = T,. But if

kinodynamic constraints were included, then 7,, might end up outside the admissible
interval [Tioners Tupper]- Therefore, following [CHE 02], three situations (a, b, ¢)
must be distinguished (Figure 4.9) depending on which the critical value 7, is
respectively, 7, = Typper, Tg = T O Ty = Tpoper

Fa Violation of klpodynamlc Fopj
constraints

T T T, Lower T Upper r T

(a) () (©)

Figure 4.9. Position of T, relatively to [Ty ower, Tupper]

Note that for a minimum-time problem (¢ = 1), the curve simply reduces to a
straight line, in which case we will have T, = T, (Figure 4.10).
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Foy 4

Figure 4.10. Minimum-time cost function and the effect of kinodynamic constraints

4.4.2.4. Summary

Figure 4.11 illustrates one cycle of the optimization process that is applied, in the
case of an optimal free motion planning problem, to one candidate trajectory profile.
In Step 1, a random path is generated and checked for all geometric constraints.
Next, a feasible random motion profile is generated and a candidate trajectory
profile is deduced. Then, kinodynamic constraints, which yield a search interval of
admissible values of 7, are included. Finally, the score and the optimal transfer time
of the current candidate are calculated.

This cycle, which constitutes in fact a simple one-dimensional minimization of a
cost function in a restricted interval, is repeated in a global stochastic optimization
process. In practice, we can use a conventional simulated annealing technique,
which is known for its efficiency in exploring large solutions spaces [KIR 83], [HAJ
85]. We can also use the modified hill-climbing algorithm detailed in [CHE 02],
which includes an adaptive scheme of gradual node insertion that is particularly well
adapted to problems involving obstacle avoidance. Let us note that, for this category
of problems, it will be much more efficient to bias suitably the stochastic search.
This can be done by performing first a preprocessing phase that builds a visibility
graph or a roadmap of the workspace. Then, geometrically feasible path profiles will
be generated randomly in the neighborhood of collision-free paths, readily available
from the roadmap.

For the particular case of an optimal motion problem with geometric path
constraints, the only modification in the procedure concerns the elimination of the
first step since the path p(r) is no longer randomly generated. The path p(r) and its
derivatives with respect to » are deduced via, respectively, the inverse geometric
model and the inverse kinematic models, from the parametric form X{(r) imposed in
the operational space. Note that this operation only needs to be done once, since
subsequent trajectory profiles g (§) will necessarily follow the same geometric path.
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Random path profile
p(r)

Step 1

Geometric
constraints

Geometric
parameters |

Candidate trajectory profile

1 4($). 4. 4% Step 2

Kinematic Kinematic
performances constraints

Inverse dynamic Dynamic
model parameters

Step 3 1 h(d), 0(9)
Dynamic Dynamic
constraints performances

TVy TAa TJ I[TLa TR]

|

[T Lowers T Upper]

!

T‘I’F‘I

Figure 4.11. Evaluation of the score I, and the optimal transfer time T,
corresponding to one candidate trajectory profile, taking into account
kinodynamic constraints (point-to-point motion)
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4.4.3. Trapezoidal profiles

In this section we adjust the method described in section 4.4.2 to the case of a
motion with a trapezoidal velocity profile (TVP) which is frequently implemented in
industrial robots, particularly for minimum-time problems with no obstacle in the
workspace.

We recall that a TVP consists essentially of three connected pieces of
polynomials. As shown in the upper part of Figure 4.12, the first and third pieces are
quadratic, while that in the middle is of degree one. Here, in contrast with section
4.2.2, we will not suppose that the acceleration and deceleration phases are equal in
duration. Therefore, the unknowns of the problem are the positions along the
normalized time axes of €, and &, where changes in acceleration take place.

Here, of course, the problem is much easier to solve. There will be no need to
generate a path p(r) and a motion profile #(£) since we can produce directly a
candidate trajectory profile §(£). The general form of a trapezoidal candidate is:

B(¢)=ay+a-¢ +a,-& 0<é<E
3,(8)=1B(¢)=a,+a,-(5-<,) £, <8¢
R(§)=as+a,-(6-&)+a-(£-§)  &<é<I
gt "
7{
jﬂ
q;’.m'
¢t
0 &a gh 1:

Figure 4.12. Trapezoidal profile
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The constants ao, ay, ..., a; are determined in terms of & and & from the
following:

— boundary conditions:

%(0) = ‘Zi‘ni
7;(0)=0
q;()=q;"
g;()=0

— continuity conditions:

(&) =P(,)
R(&)=P(S,)
h(5,)=PF(S,)
I)2,(§b) = })3,(§b)

The solution of this system is:

ini ‘fz
q/. +Djm OSé‘Sfa
0O a0, e feess ST
ini (1_‘5)2
O ig gy ) 2R

. _ _ fin ini
Let us recall that: D, =¢q" —q".

By randomly selecting &, and &, in [0, 1] we produce a trial candidate using
[4.57]. We then apply the same stochastic process described in the previous section
to determine the optimal values of &, and &,, taking into account kinodynamic
constraints.

In the case of an optimal motion problem with geometric path constraints the
same technique remains applicable. However, since the path p(r) is being imposed,
it is the motion profile +(£) that is modeled using three pieces of polynomials. We
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obtain in this case trapezoidal profiles for curvilinear velocities along the imposed
path. () is still expressed by equation [4.57] if we set ¢} =0and ¢/" =1.

We can modify [4.57] to avoid a discontinuity in accelerations. The resulting
smoothed trapezoidal profile (Figure 4.13) is created by modeling both the
acceleration and the deceleration phases by a quadratic form.

s 3

Figure 4.13. Smoothed trapezoidal profiles

The expression of the corresponding trajectory profile is given below, where the
first and third pieces are fourth-order polynomials:

L (28 &
D, (1+¢b—¢:)( z 'é_sj Psess
P §se<g WS

ini _ 1 2(1_5)3_(1_4:)4 <¢<L
& +Df[1 (1+§b—§a){(1—§b)2 (1—4%)3]} BEes



4.5. Examples

We give numerical results obtained on a 2.5 GHz PC by a simulated annealing
technique of optimization (see Appendix for more details). The annealing schedule
uses a temperature reduction factor of 0.9. The maximum number of loops at
constant temperature is 5. The maximum number of loops before step adjustment is
set to 15. The number of annealing steps is fixed at 2 for trapezoidal profiles and 70
for spline profiles. Here, we focus mainly on the minimum-time problem that is of

interest in industrial applications.

4.5.1. Case of a two dof robot

This case concerns the IBM SCARA robot. Its parameters are listed in Table 4.2

according to those reported in [LAZ 96].

Trajectory Generation

Linki | mlkg] | O:Gi[m] | OOy [m] | Izz; [kg.m®] |k, ; [rad/s] ™ [N.m]
1 5 0.35 0.7 15 1.2 3.5
2 10 0.50 0.625 4 2 3.5

4.5.1.1. Optimal free motion planning problem

The robot is required to move from the configuration (0, 1.2) to (2, 2.3) given in
radians. The minimum-time motion problem has been treated using implementations
of Pontryagin’s maximum principle by [LAZ 96] under kinodynamic constraints.
Results obtained using the method described in section 4.4 are listed in Table 4.3.
The time evolution of joint velocities and torques are shown in Figures 4.14 and
4.15 using, respectively, trapezoidal and smoothed trapezoidal profiles.

Table 4.2. Geometric and inertial parameters of the IBM SCARA
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(b) Torques

Figure 4.14. Motion obtained by a
trapezoidal profile
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Figure 4.15. Motion obtained by a

smoothed trapezoidal profile

Lazrek [LAZ 96] Cubic spline Trapezoidal Smoothed

(2 free nodes) trapezoidal
T, = F, [sec] 423 4.29 5.97 6.30
Runtime [sec] - 8.526 0.030 0.032

Table 4.3. Simulation results for the minimum time transfer problem

The same problem has been treated with a cost function that includes the
quadratic average of joint torques. Setting 7= 1 and = 0.5 in expression [4.49], we
have found that F, = 3.517 sec and 7, = 5.275 sec in a runtime of 122 sec using a

spline profile.



4.5.1.2. Optimal motion problem with geometric path constraint
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This example concerns the minimum-time transfer problem with geometric path
constraint. The path considered is a straight line from (0.8m, 0) to (0, 0.8m) in the
horizontal x-y plan. Numerical results obtained using various types of profiles are
summarized in Table 4.4. Figure 4.16 shows the optimized motion corresponding to
the smoothed trapezoidal profile.

038 q
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04

q [rad/s]

(b) Operational velocity
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(c) Actuator torques

(d) Calculated linear path

Figure 4.16. Motion obtained by a smoothed trapezoidal profile for a linear path

Cubic spline Trapezoidal Smoothed

(4 free nodes) trapezoidal
T, = F, [sec] 435 5.36 5.27
Runtime [sec] 21.425 0.469 0.475

Table 4.4. Simulation results for the linear path
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4.5.2. Case of a six dof robot

This example concerns the standard six dof PUMA 560 robot (Figure 4.17). The
robot geometric and inertial parameters are given in [DAN 98]. The limit
performances used for this robot are listed in Table 4.5.

Joint i 1 2 3 4 5 6
kvj 6.5 6.5 6.5 4.5 4.5 4.5

[rad/s]

[max 97.6 186.4 89.4 242 20.1 21.3
1

[N.m]

Table 4.5. Limit performances used for PUMA 560
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4.5.2.1. Optimal free motion planning problem

The robot is asked to carry out a transfer between the configuration (—45°, —20°,
—-110°, =50°, 50°, 0) and (175°, 100°, —20°, 20°, —70°, 180°) with zero initial and
final velocities.

The numerical results obtained are listed in Table 4.6 for various types of
profiles and in Figure 4.18 for a smoothed trapezoidal profile. These solutions are
obtained in a few seconds for trapezoidal profiles, while a cubic spline profile
requires several minutes. In the first case, we have only two unknowns to solve,
while in the second case the number of unknowns is 4 X 6 = 24.

Cubic spline Trapezoidal Smoothed
(4 free nodes) trapezoidal
T, = F, [sec] 0.89 0.97 1.07
Runtime [sec] 571 1.655 1.680
Table 4.6. Simulation results
—an ) —T
~ 1501 T[N.m] o
——ap) 100 ——T0
rrrrrr ap
—-—af 50 _
—..—0[f] —— T
0 : ‘ ‘
fsec] A N t[sec]
S04 =) =) » -
4100
4150
(a) Positions (c) Shoulder torques
01q [rads] - 15, T[N .m] oo
.l **@[31 10 4 s —-—Tl¢l
------ ol N N
B A e --- G E— R, )
A N =L 0 . St *";
(R il = f[sec] = K
5OTH ¢ 8 SR -10
26 SN s s e . ‘ — t[sec]
J ’ s § § & E B
(b) Velocities (d) Wrist torques

Figure 4.18. Motion obtained by a smoothed trapezoidal profile
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4.5.2.2. Optimal motion problem with geometric path constraints

We now consider a problem with geometric path constraints. The fixed path is a
straight line linking the initial and final configurations listed in Table 4.7. The
angles ¢, € and  given in this table represent, respectively, the roll, pitch and yaw
angles.

Px[m] | Py[m] | Pz[m] | @ldeg] | Oldeg] | wldeg]
X 0.8 0.2 0.1 0 70 0
X 0.2 0.6 0.3 80 0 45

Table 4.7. Initial and final configurations in the linear path

The results for the calculated motion are listed in Table 4.8 for various types of
profiles. Figure 4.19 illustrates the time evolution of velocities and torques for a
smoothed trapezoidal profile.

Cubic spline Trapezoidal Smoothed

(4 free nodes) trapezoidal
T, = F, [sec] 0.584 0.590 0.670
Runtime [sec] 113.844 3.310 3.313

Table 4.8. Simulation results for the linear path
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Figure 4.19. Motion obtained by a smoothed trapezoidal profile for the linear path

4.5.2.3. Optimal free motion planning problem with intermediate points

We now consider the case where the path is constrained to go through a given set
of intermediate points (via points) defined in the joint space (if these via points are
defined in the operational space, the corresponding configurations are determined by
the inverse kinematic model). In practice, these via points are introduced to distort
the robot trajectory in order to avoid collisions with the environment. The creation
of the optimal trajectory using the method described in section 4.4.2 is still
applicable. Here, the use of cubic spline functions is strongly recommended to
ensure continuity up to the second order.

The objective is to construct a joint trajectory ¢(f) with transfer time 7,
interpolating all via points and satisfying limit conditions [4.45]. Here again, we
can directly build a trial trajectory profile g (&) through the imposed via points. A
straightforward technique consists simply of using the via points as free control
nodes. As shown in Figure 4.20, these nodes are disrupted along the horizontal
direction only. This is because the configuration of the via points is already
imposed. Let us note that the process may be initialized using a uniform distribution
of nodes along the & axis. The goal of the process is to determine their optimal
positions. Alternatively, if the distance between via points is too large, we may
include additional free control nodes. As shown in Figure 4.21, these additional
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nodes are free to move in all directions, since their role is essentially to give more
freedom for the trajectory shape. In both cases, with or without additional nodes, the
optimization process described in section 4.4 is directly applicable.

q(€)4

max
"
i
:
]
]
ini :
q :
_qmax |
:
: >
0 1 g

Figure 4.20. 4 trajectory profile q(&) built using via points

e
q 17 fin

ini

max

e

0

Figure 4.21. A trajectory profile q(&) built using via points and additional nodes
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As an example, we put the minimum-time trajectory through the same transfer
seen in section 4.5.2.1, but now with one via point at configuration ¢, = (0,0,0,0,0,0).
This problem is solved using a trajectory profile g (&) constructed using the nodes
(qi"i, q1, 90, 42, qﬁ”); q; and ¢, being free additional nodes. Results are illustrated in
Figure 4.22. The calculated value of the cost function is: F,;,; = T = 1.18 sec for a
runtime of 457 sec.

w9 [deg] —on
150 e
100
50
0 -
-100
-150

0.59 1
071 7
0.83 1
0.94 1
1.06 7
1.18 4

T
[
<
o

0.35 7

(c) Shoulder torques

15 F[Nm] """ Tl

0.00
012
0.24
0.35
047
0.59 1
071
0382
0.94
1.06
1.18
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Figure 4.22. Motion obtained by a cubic spline profile

4.6. Conclusion

In this chapter, we presented several methods of trajectory generation under
kinematic constraints that are commonly used in robotics. We started with point-to-
point trajectories. Different models were studied, namely the polynomial model and
the trapezoidal velocity profile, which is implemented in most of the industrial
controllers. For each model, we calculated the minimum travel time from which it is
possible to synchronize the joints, so that they reach the final position
simultaneously. We then tackled the problem of point-to-point trajectory generation
in the operational space and showed that the same trajectory generators can be
applied for the straight line path motion.
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Next, we introduced a general methodology for generating optimal trajectories
under kinodynamic constraints. By time-scaling and discretizing the robot’s
trajectory, the original infinite-dimension problem was cast as a finite-dimension
optimization problem and kinodynamic constraints were converted to bounds on the
transfer time. Then, the resulting parametric constrained-profile problem was solved
using a stochastic optimization technique. The simplicity of this method made it
possible to generate optimal trajectories in both Cartesian and joint spaces, with or
without intermediate points. In particular, we presented a trajectory generator, based
on the classical trapezoidal velocity model, able to handle kinodynamic constraints.
This generator was capable of producing, in a few seconds, approximate minimum-
time trajectories for six dof robots, which makes it quite interesting for industrial
applications.
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Appendix:

Stochastic Optimization Techniques

An optimization problem consists of finding, within a space Q of possible
solutions S, the optimal solution S*' that minimizes (or maximizes) a given cost
function F(S). From now on, we consider the minimization problem.

The classical deterministic optimization techniques that are devoted to solve this
problem start with an initial guess Sy, then this guess is iteratively improved until a
given convergence criterion is satisfied. The output is an approximation $* of the
optimal solution S”*. These techniques are based on the construction of a privileged
search direction in € that is determined using information on variations of F.
Although they can be very effective, they usually converge to a local minimum in
the vicinity of the starting guess S,. Hence, when the cost function F has numerous
local minima, these techniques can easily miss the targeted global minimum. For
such problems, stochastic optimization techniques are often preferred.

Stochastic optimization techniques are based on a random search that decreases
the risk for the process to become stuck in a local minimum. They require only
information on values of F, which makes their implementation easy. In what
follows, we will first introduce some basic concepts and then we will focus on the
Hill Climbing and the Simulated Annealing methods.

Basic concepts

The basic scheme of a stochastic technique consists of generating random trial
solutions S in the search space Q. Then, a comparison between these solutions is
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made in order to retain the best one. This is implemented in the following pseudo-
code:

Generate randomly an initial solution S, in Q
5=,

REPEAT

Generate a random solution S in £;

If F(S) < F(S") then §"= §

Until a convergence criterion is satisfied

Obtaining the optimal solution of the problem requires, in theory, an infinite
runtime. For practical reasons, the process is stopped after a finite number of
iterations, considered as sufficient to obtain a good approximation of the optimal
solution. Other stochastic optimization techniques derive from this basic scheme but
they try to guide the process so that it is not completely a blind random search. This
reduces the number of calculations and accelerates convergence.

The basic idea consists of concentrating the search in the vicinity V(S*) of the
current best solution S* obtained at each iteration. As the solution S* is improved,
the position in € of the sub-space V(S*) is modified such that the search remains
centered on the new S*. This makes it possible to increase the probability of solution
improvement and thus accelerates the convergence. This idea is exploited both in the
Hill Climbing and the Simulated Annealing methods.

a) The Hill Climbing method
The algorithm of a Hill Climbing method is as follows:
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Generate randomly an initial solution Sy in Q
§=S,
V_Center = S*
REPEAT
Generate a random solution S in V(5%*);
If F(S) < F(S") then
§'=5
V_Center = S*
End if

Until a convergence criterion is satisfied

With this method, the size & of V(S*) remains fixed. This technique accelerates
significantly the search process. The major inconvenient concerns the choice of 8. If
d is too small, the method can easily get stuck in a local minimum. While if 8 is too
large, the runtime will increases unnecessarily.

An improved version of this method is the Hill Climbing method with variable
size. The principle consists of starting the process using a large sized 8. Then, as the
process converges and the solution is improved, the value of & is continuously
reduced. In other words, the method starts as a blind search technique and ends up as
a targeted search technique. The difficulty, however, concerns the reduction
schedule for 8. The following method avoids this difficulty.

b) The simulated annealing method

This method is based on an analogy with thermodynamics, specifically with the
way that liquids freeze and crystallize, or metals cool and anneal. At high
temperatures, the molecules of a liquid move freely with respect to one another. If
the liquid is cooled slowly, atoms are often able to line themselves up to form a pure
and ordered crystal which corresponds to a state of minimum energy for the system.
The amazing fact is that, for slowly cooled systems, nature is able to find this
minimum energy state. Indeed, if a liquid metal is cooled quickly it does not reach
this state but rather ends up in a polycrystalline or amorphous state having
somewhat higher energy. So the essence of the process is slow cooling, allowing
ample time for the redistribution of atoms as they lose mobility and ensuring that a
low energy state will be achieved.
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In the simulated annealing (SA) method, each trial solution S is compared to a
state of some physical system, and the function F(S) to be minimized is interpreted
as the internal energy of the system in that state. Therefore, the goal is to bring the
system from an arbitrary initial state S, to a state S%* having the minimum energy.

At each step, the SA heuristically considers a candidate S in the vicinity ¥(S”) of
the current state S". Then, it probabilistically decides between two possibilities:
moving the system to state S or remaining in state S". The decision is made
according to the Metropolis algorithm (see below) designed so that the system will
ultimately move to states of lower energy. Typically this step is repeated until the
system reaches a state which is good enough or until a given runtime budget has
been exhausted.

The probability of making the transition from the current state S™ to the new state
S is a function P(AF, ©), where AF = F(S ) — F(S) is the energy difference between
the two states and © is a time-varying parameter called the temperature of the
system. This probability is generally given by the Boltzman formula:

P= exp(— %)

One essential feature of the SA method is that the transition probability P is
defined to be non-zero even if AF is positive, meaning that the system may move to
the new state even when it is worse (has a higher energy) than the current one. It is
this feature that prevents the method from becoming stuck in a local minimum.
Also, when the temperature tends to zero and AF is positive, the probability P(AF,
©) tends to zero. Therefore, for sufficiently small values of ©, the system will
increasingly favor moves that go downhill (to lower energy values) and avoid those
that go uphill.

Another feature of the SA method is that the temperature is gradually reduced as
the optimization proceeds. Initially, © is set to ©, a value calculated so that the
system is expected to wander initially towards a broad region of the search space
containing good solutions, ignoring small features of the energy function. Then, as
the temperature is decreased, the system will drift towards low-energy regions that
become narrower and narrower.

The following pseudo-code implements the simulated annealing heuristically as
described above.
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Generate randomly an initial solution Sy in ;
S* =S,
Calculate the initial temperature G, (see below)
0 =0y;
Repeat
k=0;
For k=1 to N
Generate a random solution S in V(S*)
AF = F(S) - F(S%)
If Accept(AF, ©) then S* =S
Next &
Reduce O (see below)

Until convergence

Boolean Function Accept(AF, ©)  “Metropolis”
If Random (0,1) < exp(— AF / ©) then
Accept = True
Else
Accept = False
End if

A standard way to choose ©, consists of carrying out a number of random
samplings of values of F in order to calculate the median M of F increases. Then, the
initial temperature O, is set so that the initial probability of acceptance is equal to
0.5:

M

= ~144M
Ln(0.5)

P= exp(—@ﬂ] =05=0,=
0

The SA algorithm envisages carrying out a number N;, of iterations at constant
temperature before reduction. The annealing schedule has a limited series of
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temperatures, decreasing by level (quasi-static procedure). Generally, a geometric
progression is adopted:

O,,=0-0, O<axl

We can show that, for any given finite problem, the probability that the
simulated annealing algorithm terminates with the global optimal solution
approaching 1 as the annealing schedule is extended. This theoretical result is,
however, not particularly helpful, since the annealing time necessary to ensure a
significant probability of success will usually exceed the time required for a
complete search of the solution space.
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Chapter 5

Position and Force Control of a Robot
in a Free or Constrained Space

5.1. Introduction

The object of this chapter is to provide the reader with basic knowledge on
control techniques of a serial rigid robot manipulator in a free or constrained space.
The various solutions use synthesis methods that are established depending on the
implementation criteria, the complexity of the task to be carried out (surface
following, object transportation), the desired static or dynamic behavior (velocity
and accuracy) and the insensitivity to parameter variations.

This chapter is divided into two main parts. In the first part, we will look at the
case of the robot evolving in a free space, i.e. without any contact with its
environment. We take this chance to specify the hypotheses selected throughout this
chapter and to detail the various elements of the complete dynamic model of the
robot. Within this framework, we will introduce the control laws that are most
commonly used in robotics (decentralized, dynamic, adaptive and robust). In the
second part, we will present some control methods that enable the robot to carry out
tasks in a constrained space, i.e. involving a contact with the environment.

Obviously, we will not be able to give all the details and present all the subtleties
of the robot manipulators control within a few dozen of pages; for a finer study of
such solutions, the reader may, for example, refer to [KEL 05, KHA 99, SCI 96, SCI
01, SPO 89, ZOD 96]. However, we will discuss here certain modeling or
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calculation aspects that are very rarely addressed in other works. It is for example
the question of showing why we can limit ourselves to the modeling of the
mechanical part of the robot in order to elaborate its control; the question of clearly
explaining the principle of non-linear decoupling in a constrained space; the
question of showing the inconsistency between a parallel hybrid control structure
and Mason’s description [MAS 81]; or also the question of treating the problem of
control robustness versus environmental rigidity.

5.2. Free space control
5.2.1. Hypotheses applying to the whole chapter

Although robots are now generally controlled by digital computers, therefore
with a sampling period, we consider that this period is sufficiently short to
assimilate the hybrid system (discrete and continuous) thereby constituted to a
continuous system and we will present and use continuous-time equations.

On the other hand, for the clarity of the discussion, we will only consider the
mechanical part of the robot. In other words, the robot, considered as a system in
automatics, will have as input variable the vector T of the torques applied to the
joints, and as output variable, the vector q of the joint positions. Moreover, it is the
approach that is adopted in most of the books. But in fact, this is a restricted view of
the system, which is only acceptable because of the presence of electronic control
circuits of the robot actuators, as we will explain in the following paragraph.

Finally, we will suppose that the number of degrees of mobility of the robot is
equal to the number of constraints imposed by the task (number of variables of the
operational space that is necessary to specify the task). In other words this means
that the Jacobian matrix J that links the joint velocities and operational velocities is
square and that we therefore see its inverse appear in certain formulae, like in
section 5.2.4. However, this hypothesis is not restrictive as far as the concepts
discussed in this chapter go. If the robot was redundant towards the task, i.e. if the
number of its degrees of mobility were higher than the number of necessary
operational variables, the inverse of J (and possibly other matrices) would have to
be replaced by a pseudo-inverse or a generalized inverse [BOU 71]. We could also
then take advantage of redundancy in order to optimize certain criteria or to impose
supplementary constraints while performing the task, provided, of course, that this
number of constraints, added to the number of operational variables necessary to
perform the basic task, does not exceed the number of degrees of mobility of the
robot [DAU 85, SCI 01].
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Numbers Voltages
Computer » DAC
q . — T Motor Y
Mechanical < Gears < Motors
robot
Torques

Figure 5.1. Simplified control chain of a robot manipulator

5.2.2. Complete dynamic modeling of a robot manipulator

In order to illustrate our comments, we will consider here a PUMA 560
manipulator as presented in [DEL 92]. A complete dynamic modeling was rendered
necessary in this work by the constraint to implement a simulator which should be
as close to reality as possible. But this also makes it possible to understand what is
“hidden” when the dynamic equation relating T and q is used.

If the purpose of the control is to calculate the torques T that make it possible to
obtain the positions q, it has to be well understood that it is not practically possible
to directly apply these torques to the joints of the robot. In fact, we will have to
calculate, on the computer controlling the robot, a set of numbers which will be
transformed into analog values by digital-to-analog converters, these values being
the voltage inputs of the motors operating the robot. These motors will produce
torques that will then provide the actuating torques T through gear ratios except for
the direct-drive motors (Figure 5.1).

The equations that govern the chain represented in Figure 5.1 are a priori very
complex, but we are going to show here that it is not necessary to use all their details
to determine a control diagram of the robot. Let us first go back to the relation
between T and q, given by the following dynamic equation [KHA 991]:

T=Mq+Cq+G+1, =Mq+H [5.1]

For a robot with n joints, M is the (n X n) inertia matrix of the robot, C the
(n x 1) vector of Coriolis forces/torques and of centrifugal forces, G the (n x 1)
vector of the torques/forces of gravity, and T¢ the (n X 1) vector of the friction
torques/forces. Let us now focus on the mechanical modeling of the robot actuators
that are direct-current motors in the case of a PUMA 560. If we ignore the
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gyroscopic effects due to the rotation of the motors, we obtain the dynamic equation
[DEL 92]:

T, =J.4, +f, 4, + C, [5.2]
where T, is the vector of the motor torques, J, a diagonal matrix containing the
inertias of the various motors, qmthe vector of the motors’ acceleration, f, the

vector of the motors’ viscous frictions, qm the vector of the motors’ velocity and C,,
the vector of the resisting torques at the motor level.

If we group in a matrix N the transmission velocity reducing ratios (the extra
diagonal terms represent the possible couplings between joints, which is the case for
the three motors of the wrist joint in a PUMA 560), we can write:

q,=Nq [5.3]
C. =N"1 [5.4]

By substituting relations [5.3] and [5.4] in equation [5.2], and by replacing T by
its expression given by equation [5.1], we obtain:

T o= M'g+H' [5.5]
where:

M'=J N +N™

H'=mec]+N'T H

Let us now consider the actuator electric equations. They can be written under
the following vector form [DEL 92]:

_ dlm
Um=r,In+Ln dt +Em [5.6]

where U,, is the voltage vector at the motor inputs, ry, the vector of the motors’
armature resistance, I, the vector of the motors’ armature current, L, the vector of
the inductances in the motors, E,, the vector of the motors’ counter-electromotive
forces.
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Given that for direct-current motors we additionally have:
E,=K.q, [5.7]

T =K_1 [5.8]

m

where K, is the vector of the motors’ electrical constants and K. is the vector of the
motors’ torque constants.

If we seek the relation between Uy, and q, we notice that since equation [5.6]
displays the derivative of I, which is a vector proportional to T, according to
relation [5.8], we will obtain a term in ¢, because equation [5.5] displays a term in
q . Therefore, we do not have, a priori, the same degree of derivation of q in this
equation and in equation [5.1] which is generally used to establish the control
diagrams. However, in reality, Figure 5.1 is incomplete. There are in fact electronic
control circuits, called power amplifiers, between the digital-to-analog converters
and the motors, which, in the case of the PUMA 560 for example, ensure that the I,
currents, for small variations, are proportional to the U,, input voltage of the power
amplifiers:

U, =K|I

ey vom

The control chain is therefore more accurately represented in Figure 5.2. So,
according to equations [5.5] and [5.8], and based on the fact that the DACs bring
about, in a linear working range, a simple coefficient of proportionality between
their inputs and their outputs, the relation between the output numbers of the
computer and q has the same form as equation [5.1], which we will therefore use for
simplicity reasons and physical meaning of the phenomena.

Numbers U, Power Ln
Computer » DAC > amplifiers
q T T )
113 . EE] m
Mechanical < Gears < Motors
robot

Figure 5.2. Control chain of a robot manipulator with its power amplifiers
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5.2.3. Ideal dynamic control in the joint space

Considering what we have just discussed, we can return here to the image of the
robot reduced to its mechanics and present an ideal control solution that relies on the
perfect knowledge of the dynamic parameters of equation [5.1]. We will also discuss
the influence of an incorrect knowledge of these parameters. The method
summarized here can also be called non-linear decoupling or “computed torque
method”. The first term is used because, due to non-linear terms, we are going to
decouple the complex dynamic equation [5.1], and the second one because we are
going to implement a control law that calculates the vector T of the torques to be
applied to the robot.

A general description of the non-linear decoupling can be found in books on
automatics such as [KHA 99, SCI 96, SLO 91, SPO 89], but we prefer presenting
here a simple explanation of its principle: knowing the non-linear dynamic coupled
equation [5.1], we write T= a1’ + B and we choose oo=M and B =H. We thus
obtain:

T=q [5.9]

This represents n linear equations corresponding to n “double integrators”, if n is
the number of actuators of the robot. In other words, this non-linear decoupling
transformed the non-linear coupled system in Figure 5.3 into the linear decoupled
system in Figure 5.4.

A\ 4

Robot [—>

Figure 5.3. Schematic representation of equation [5.1]

Robot

v
=

v

T Cq+G+14

Figure 5.4. Schematic representation of equation [5.9]
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The new physical system now consisting of n double integrators can be
controlled by n appropriate and independent control laws, and in this case, n times
of the same type. A solution for such a control is given by equation [5.10]:

T=q4,+Ke+Kge [5.10]

where qq is the vector of the desired joint positions, e = qq — q, K, the diagonal
matrix of the velocity gains (or derivative), and K, the diagonal matrix of the
position gains (or proportional).

We thus have, on the one hand, a modified physical system represented by
Figure 5.4 and, on the other hand, the calculation of T* represented by Figure 5.5.

4q

“Switch”

Figure 5.5. Schematic representation of equation [5.10]

When we use the output q of Figure 5.4 to calculate the vector e = qq4 — q at the
input of Figure 5.5 (servoing) and we “turn off the switch” at the output of Figure
5.5 on the input of Figure 5.4, the looped system is then governed by equation
[5.11]:

=0, +K e+Ke [5.11]
thatis, é+K é+K,e=0

Hence, we obtained a system which, rather than being modeled by a differential
equation relating its input and output, is represented by a differential equation on the
error of the variable to be controlled. We can thus, by choosing the gains K, and K,
make the error e evolve towards 0 in different ways. For example, the choice



248 Modeling, Performance Analysis and Control of Robot Manipulators

K, =2,/K, will give us a critical damping (for more details, please refer to any

book dealing with the control of linear systems).

What happens if we do not have a perfect knowledge of the dynamic parameters
M, C, G and 71y, but an approximate knowledge such as M,C,G and T ? Then,
turning off the switch at the output of Figure 5.5 on the input of Figure 5. 4 which
now uses approximate values, will give:

M (G, +K é+K,e)+(Cq+G+1 )=1=M§+(Cq+G+1)) [5.12]
Hence, the equation of the system in closed loop is:
é+K e+K e=M" {(M-M)q+(c-é)q+(c-é)+(rf —%f)} [5.13]

which will lead to a non-ideal behavior of the system and in particular to a steady-
state error e, such that:

K,e=M" {(G-G)+(r, -%,)} [5.14]

This error can be reduced or even suppressed by adding an integral term to the
control law represented by equation [5.10]. As far as the error in transient regime is
concerned, it can be compensated by the use of robust or adaptive controls (see
sections 5.2.6, 5.2.7 and 5.2.8).

5.2.4. Ideal dynamic control in the operational working space

In certain cases, such as that for which the desired trajectory is described in the
operational space (which we will also call Cartesian space in this chapter) or that
presented in section 5.3 where certain Cartesian directions must be force controlled,
it will be necessary to develop the control in the operational space. The principle of
the non-linear decoupling then remains identical to the one presented in section
5.2.3, but by using the operational dynamic model of the robot [KHA 99], i.e.:

F=M X+CX+G_ +F, [5.15]
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where:

— F is the vector of the 6 forces and torques (in general) acting on the frame to be
controlled (note that this frame does not necessarily belong to the robot, see for
example [DAU 90]);

— X is a variable representing the Cartesian position and orientation of the frame
to be controlled;

— M is the Cartesian inertia matrix of the robot;

—CXXis the vector representing the centrifugal and Coriolis effects in the
Cartesian space;

— Gy is the Cartesian vector of gravity terms;
— F, is the Cartesian vector of the frictions.
A simple calculation using equations [5.1] and [5.15], plus the direct kinematic

model X=Jq (relating operational velocities X and joint velocities q through the
Jacobian matrix J) and the static relationt=J" F makes it possible to show that:

M=@H"'"MJ' CX=0"H"'Cq-MJI'Jq)
G=UN"G, F=0""1

Therefore, we are capable of calculating the operational dynamic parameters
based on the dynamic joint parameters and we can apply the principle of non-linear
decoupling to equation [5.15]. In this instance:

—we write F=o F'+0_;
—we choose o, =M, and B =C X+G_+F ;
— we then obtain F =X

— which we control by F =X, +K E+ K,.E.

Obviously, when F’ is calculated in this way and F is obtained by
F:MXF'+CXX+GX+FX , we still have to transform F in control

torquet=J" F, since we cannot directly apply a force on the frame to be
controlled. Figure 5.6 summarizes this principle.
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F =X
—» M »/ Robot |—»

Figure 5.6. Dynamic control in the operational space

5.2.5. Decentralized control

The design of industrial robots is carried out according to the constraints linked
to their future usage (maximum velocity, maximum acceleration, transported mass,
workspace, etc.). For the design of serial type robots with n degrees of mobility,
constructors often use motors with gears in order to decrease the influence of the
inertia of the segment controlled compared to the one of the motor. The choice of a
velocity reducing ratio such that the inertia of the link at the motor level equals that
of the motor makes it possible to ensure a maximum acceleration at the start. This
choice then enables us to do a first approximation at the level of control structure. In
fact, we consider that we control n linear and decoupled subsystems of the second
order (in the case of electrical actuators):

T =54 +1:q+7

mi

with i=1.n [5.16]

exti

T,.; is the control torque of the motor, j; the average inertia from the point of view of
the motor, f,; the average friction, and 7, , the disturbance torque consisting of non-
linear coupling and gravity effects.

This is a decentralized control of n independent linear subsystems. The control
of the joint position variable q; is therefore ensured by PID type linear controllers:

1, =K, e +K ¢ +K, [e dr [5.17]
t

e = qq — q; being the tracking error and Kp;, Ky;, Ky being respectively the
proportional, derivative and integral gains. These gains are non-zero positive
constants. They can be determined with the classical continuous linear automatics
tools. The representation under the form of a transfer function by using Laplace
transform makes it possible to determine the coefficients under the stability
constraint and the desired bandwidth. We can also, through a state representation of
each subsystem, carry out a location of the poles which will ensure the desired
dynamics [LAR 91].
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This type of control structure is commonly used in the industrial field because it
is simple to realize and use. In fact, apart from the theoretical determinations of the
coefficients, we can apply a simple experimental method of PID adjustment. This
method was proposed by Ziegler and Nichols. The first step consists of adjusting the
proportional term only as a response to a position step in order to obtain an over-
shooting of the order of 20 to 30%. Afterwards, we move to the adjustment of the
integral term according to the same procedure. Finally, we associate the two terms
previously identified and we adjust the derivative term in order to obtain a response
with an over-shooting of around 10%. It is a first approximation adjustment that will
not always be satisfactory in the case of a trajectory tracking.

This type of decentralized control will not be usable in the case of a complex
task where the manipulator will have to carry loads of different masses at different
velocities with the requirement of a small tracking error.

5.2.6. Sliding mode control

Numerous studies have been conducted on sliding mode control algorithms, by
[HAR 85, HAS 86, SLO 91, UTK 87] intended for the control of robots. If we
consider the dynamic model of a serial rigid manipulator arm that has n degrees of
mobility (see equation [5.1]), we then define the following sliding surfaces s;
(i=1,...,n)[SLO91]:

; =[%+x,.] e with i=1.....n [5.18]

€; =qq;—q; representing the tracking error. The selected sliding surfaces represent
the frequency response of a low-pass linear system of the first order having a cross-
over frequency equal to f, = A/2m. The objective is to reach the sliding mode for
each controlled variable, i.e. s;= 0. The entire system would then have the behavior
of n linear decoupled first order systems. This mode is achieved by ensuring the
sliding condition which is also a necessary and sufficient stability condition [UTK
87].

The control vector T; must be such that:

lim s;8; <0 [5.19]

s; =0

This condition implies a discontinuous element in the control vector. In fact, the
derivative of the sliding surface must have an opposite sign to the one of the surface.
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In the case of a manifold of variable switching in the time t, s(q,t) = 0, the condition
must be replaced by:

lim 5,8, < s, | [5.20]

with n being an increasing monotonic function or a positive constant. In the case of
a manipulator that is a coupled non-linear system of dimension n, the synthesis of
the control vector is divided into two parts. The first one consists of obtaining an
equivalent control vector that ensures the condition of ideal sliding mode, i.e. §; =0,

and the second one consists of adding a control term that corresponds to the non-
modeled dynamics.

When modifying the presentation of equation [5.1], we obtain:
G=M"(t-H) [5.21]

By carrying this expression into the following one, from [5.18]:

$=(G,—G)+Ae=0 with A=diag(4....4,) [5.22]
We obtain:
T, =M(§, +Aé)+H [5.23]

This equivalent control corresponds to a control vector that ensures the non-
linear decoupling of the system. In this specific case, it makes it possible to avoid
the use of a discontinuous control element, completely ensuring the sliding
condition, and thus risks creating strong oscillations around the switching surface.
The switching element will then contribute to the lack of knowledge of non-modeled
dynamics.

The control vector of estimated total control Teq becomes:
%, =Ty +AT, =M (§, +Aé)+H [5.24]

At,, corresponds to the non-modeled dynamics of the system. The final
objective is to obtain a control vector T that ensures the sliding mode regardless of
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the nature of the desired trajectory. Therefore, it is necessary that the control vector
T is such that:

T=1,1tAT [5.25]

At is used to oppose to the action of the non-modeled dynamics. By transferring
the vector T into equations [5.24], [5.23] and [5.22] we obtain:

§=-M"(AT, +AT) [5.26]

We represent the non-modeled dynamics by: F(q,q,q) = —M’IA’CFq . The control
vector can be decomposed in: AT=M Av (we consider negligible the modeling
errors on the inertia matrix).

We thus obtain the following result:
$=F(q,9.4) - Av [5.27]

The function F(q,q,q) can be upper bounded by known functions of the
vectorse,é :

|E|Sai|ei|+Bi|é[|+Yi’With o, B;,7 >0 [5.28]

The components of Av must be chosen with a discontinuous term in order to
meet the sliding conditions. Therefore, it is interesting to propose:

AV, = (@e, |+ 0,[e |+, signs,) [5.29]

By reporting equation [5.29] into equation [5.27], we obtain the following
sliding conditions:

5,5, =5, (F =(0 [e;]+0, [¢;|+x )sign(s))) < [s,]

8,8, S|Si|((0ci =6 )|ei|+(B" _Gi)|éi|+(yi _Ki)) < |Si|
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We will obtain the coefficients o, B.,7; through an a priori estimation of the
modeling error and then through a more accurate adjustment on the controller during
the experiments. The total control vector T becomes:

=M (ijd +Aé)+ﬁ+h7[ (¢|q|+c5|q|+y)sign(s)

The final control vector consists of a first part that ensures the dynamic
decoupling and a second part constituted of a discontinuous switching element that
compensates for the non-modeled elements. The discontinuity generates undesired
oscillations around the balance point (chattering phenomenon). Slotine proposed to
linearize the sign function in order to ensure a steady state around the balance point
[SLO 91].

It is nevertheless interesting in certain cases to use this discontinuity as the only
element of control [FRA 94, HAR 85] in order to apply it directly in the control of
switching transistors constituting the power amplifier (Pulse Width Modulator
(PWM)).

5.2.7. Robust control based on high order sliding mode

The robustness obtained through the use of sliding mode control leads to the
appearance of the chattering phenomenon. Hence, numerous studies focused on this
aspect and an original proposal appeared [LEV 93, BAR 98, PER 02]. In fact, the
discontinuity that ensures the dynamics of the system in the vicinity of the surface is
shifted towards a derivative of this surface. The effect of this change is that the main
advantages of the sliding mode control are kept, while the negative chattering effects
are considerably reduced.

As part of these developments, a new concept appears: the sliding order. In fact,
this order represents the derivative order of the surface where the discontinuity

occurs due to the control vector. If we call r the sliding order, we can express the
continuity of the sliding surface and its derivatives by:

s=§=§=..=s""=0
If we consider a controlled non-linear system such that:

x = f(x, t,u), s=s(t, x)eR,u=U(, x)eR
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The successive differentiation of the surface s(¢, x) with respect to the control
vector u makes it possible to obtain the following relations:

1) r=1,§¢0
ou

(i) (r)
2) rzz,as—zo (i=012,.,r-1), as—¢0
ou ou

The first case represents the classical sliding mode (see section 5.2.6). We can
nevertheless process a first order system with a second order controller in order to
eliminate the chattering phenomenon.

Twisting algorithm

The twisting algorithm is the first algorithm of second order to be used in the
implementation of this approach [LEV 93]. Its main characteristics are represented
in the space of phases of surface s. The phase trajectories perform decreasing
amplitude rotations (geometric progression) that converge, in a given time, at the
origin. In the case of a second order system, we can define the control vector u such
that:

—u if |u| >1
u(t) =< -V, sign(s) if ss<0, |u| <1
=V, sign(s) if s5>0, |u| <1

The choice of the surface s is identical to that in section 5.2.6. However, the
convergence conditions in a given time are obtained through constraints on the
constant values V,, and V.. More detailed information is accessible in [PER 02].

5.2.8. Adaptive control

It is sometimes necessary to modify the parameters of a control law when certain
parameters inherent to the robot or its environment have evolved. In fact, the wear
or the modification of the mechanism adjustments lead to modifications of the robot
dynamic behavior. It is therefore interesting in certain cases to use an adaptive
control law. Much research work has been published on this topic. Among the most
interesting ones we can cite the works of [CON 87, CRA 87, DUB 84, LAN 88].
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The objective is to update online the estimated dynamic model (M, H) in order to
minimize the error with the real model.

If we refer to the paragraph on dynamic control in the joint space (see equation
[5.13]) we obtain the following result:

é+K,é+K e=M" (Mg +H) [5.30]

With M=M-M and H=H-H that represent the dynamic modeling errors.
We choose to express the vector P =P —P that represents the estimation errors of
the dynamic parameters (inertial and frictional) of dimension r. There is a matrix

®(q,q,q) of dimension nxr such that equation [5.31] is satisfied:
Mg+H)=® P [5.31]

The use of Lyapunov’s method ensures the creation of an asymptotically
stable adaptation law such that:

P=-Q0 "M e,

With Q as a non-negative matrix of dimension rxr such that Q = diag(q, ,...,q,)
which is called adaptation gain. The adaptation is not carried out on the position
vector but on the vector e; =€+ e which is a filtering of the position error.

If we derive P, we obtain: P=—P. In fact, only the estimate of parameters
evolves in time. Hence, finally we have the adaptation law which follows:

P=Qd"(q,q,§)M e,

The advantage of this method proposed by [CRA 87] is using a simple dynamic
model and performing an asymptotically stable adaptation not on the physical
parameters inherent to the system but on a set of parameters representing the model.
One of the problems that we can highlight is that it is necessary to know the joint
accelerations in order to carry out the estimation. Other more elaborate methods
based on passivity are exposed in [LAN 88, SLO 91].
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5.3. Control in a constrained space
5.3.1. Interaction of the manipulator with the environment

The realization of a robotic task often requires an interaction between the
manipulator and the environment. Typical examples are surface following, fettling
or insertion of mechanical parts. During the interaction, the environment somehow
imposes some constraints on the trajectories that the robot tool can follow.
Therefore, the use of position controls like those described in section 5.2 is not
possible unless the trajectory of the tool is planned extremely accurately and the
control ensures a perfect monitoring of this trajectory. To reach these two
objectives, it is essential to have an accurate model of a manipulator (geometric,
kinematic and dynamic) but also of the environment (geometry and mechanical
characteristics). It is clear that this second constraint can be met very rarely. It is
therefore necessary to implement controls that are not “pure” controls in position. In
this section, we will present two main types of such controls. The first type does not
use a force closed loop control and we will be interested here in the most popular
solution which is the impedance control. The second type gathers all the controls
that use, in a closed loop control structure, desired and measured values of the
contact forces besides the position variables of the tool. We will name this approach
the position/force hybrid control and will present two of its possible
implementations.

5.3.2. Impedance control

The impedance control is a control strategy that ensures that the robot, submitted
to an external force, has the behavior of an impedance constituted of a set: mass
(My), spring (Kg), damper (Dq). The linear behavior desired in the operational space
can be written as an equation as follows:

F=M,E+D,E+K,E [5.32]

E = X4 — X is the tracking error vector. There are two very different types of
approach to obtain this behavior. The first one is an implicit force control that does
not require external force measurement and does not take into account the dynamic
model of the robot (except for the gravity compensation). In this case, the control
vector is chosen in the following way:

1=J"(D, E+K,E)+G(q) [5.33]
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This control, which is simple to implement, can be related to a proportional and
derivative control in the operational space. This control law is particularly
interesting when we want to obtain impedance behavior during small motions
(insertion). In fact, since the robot dynamic parameters are negligible, we obtain the
desired compliance (flexibility) in the directions defined by the operator, without
having to use force sensors.

The second method presents two formulations of the control vector. Let us
remember the dynamic model of the robot in the joint space when it is submitted to
an external force:

T=M(q)j + H(q,q)+J'F [5.34]

By expressing the vector X = J§+ Jq with joint variables in equation [5.34] and
then replacing the vector q by this expression in equation [5.32], we obtain:

1=MJ"(X, + M, (D, E+K,E—F)-Jq)+ A +J"F [5.35]

A second formulation consists of expressing equation [5.35] in the operational
space. We then obtain, by using the relations in section 5.2.4:

A

= (ITNLX, +I MM (D, E+K, E)+J"F(1-NMM™ ) +J"H, )

These two formulations require measuring the force as well as a complete
calculation of the estimated dynamic model. This type of impedance control can be
used as part of a task that requires impedance operation in the entire workspace and
during a displacement of the arm such as the one for the transportation of fragile
objects. This class of control law includes the active stiffness control [SAL 80] and
the admittance control [WHI 77] which are particular cases of the impedance control
law. In the first case, the desired impedance model is reduced to a stiffness matrix
K, and in the second case to a damping matrix Dy.

5.3.3. Force control of a mass attached to a spring

In section 5.2.4, we saw how a non-linear decoupling in the operational space
made it possible to transform a robot manipulator (coupled non-linear system) into 6
decoupled linear systems which are easy to control. But how does this method apply
when the robot interacts with the environment and when we want to explicitly
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control the contact forces? In order to prepare the answer to this question, we will
study in this section the simple case of a manipulator with one degree of freedom.
For this, let us consider the mechanical system drawn in Figure 5.7.

X
fper
f «—
— p({ Im
ke

Figure 5.7. Mass attached to a spring

We have mass m traveling on a horizontal plane whose interaction with the
environment is modeled by a spring whose stiffness is k.. The input force f makes it
possible to move the mass. f,, represents a set of forces disturbing the motion (for a
robot, this corresponds, for example, to frictions but also to other effects, as we will
see in the following section). The objective is to control the interaction force
f. = k. x. The equation of motion of the open loop system is:

f=mX+kex +fpe [5.36]
This equation can be rewritten to display the variable to be controlled f.:
f=mky fo+fe +Fpe [5.37]

Let us talk about a control of this system through perfect non-linear decoupling.
We then write f=o f' + B, then we choose o= rnk'e1 and B = f, + fi,. This leads to
f'=f,, controlled by:

fr=f +k,é+k e, wither="fq—f.

However, if B is not well known, which is almost always the case since it
includes a disturbance f,.,, the system will be described by equation [5.37] and the
control will impose equation [5.38]:

F=mk (f,, +k, & +kye)+1, +f, [5.38]
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where fe and fper are the estimated values of f; and f,.,, respectively. Let us equal
equations [5.37] and [5.38] and then analyze different cases:

This case means that we ignore the disturbances and that we can accurately
measure the contact forces (this measure will be carried out on a robot with a
force/torque sensor which, like every measuring device, has a certain accuracy). The
steady-state error will then be:

f

per

€, =————
fp -1
mk; k

This error can be very significant if k. is very high, which is the case when a
rigid robot interacts with a rigid environment.

2. f, =f

e ed

and f, =0

The estimation of f. does not use a measure of the contact forces but their desired
value, which is therefore perfectly known. However, this case is interesting since the
steady-state error:

fper . .
ef, =—— 7 is smaller than in the first case.
1+m ké kpf
3.1, =f, andf,, #0

A

fper - fper

e, =————— is a smaller error than in the second case.
P -1
l+mk{ k

4.f =f

e ed

and f =f then es =0

This brief analysis shows firstly that in the ideal case, where the disturbances are
perfectly estimated, using f, =f.; is equivalent to using f, =f, (classical non-
linear decoupling) in terms of steady-state error (which is then zero). But more
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importantly, this analysis also shows that if the disturbances are not well estimated,
using f, =f,4 rather than f, =f, reduces the steady-state error. Besides, there is no
noise on f.4, which will not be the case in practice on the measure of f..

To conclude, the control structure with anticipative term presented in Figure 5.8
is preferable to the “classical” one presented in Figure 5.9. In both cases, the
“control law” unit corresponds to:

£ =k (Fog + kyp &5 + Ko er)

Hence, we note that the calculation of f'; requires knowing the stiffness k.. If
this not possible in practice, we can adjust the gains kyr and k¢ in such a way that the
system is stable in case of high stiffness. It will then be less efficient in terms of
response time if the stiffness is lower, but it will remain stable. Other, much more
sophisticated solutions will be mentioned in section 5.3.5.

v
B

System

A 4

Control law

A +

lrdd

per

Figure 5.8. Non-linear decoupling with an anticipative force term
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Figure 5.9. Classical non-linear decoupling
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5.3.4. Non-linear decoupling in a constrained space

During the phase of contact with the environment, the operational dynamic
model of the robot is written:

F=M X+CX+G, +F, +F, [5.39]

where F¢ represents the interaction forces between the robot and the environment
and the other terms are those of equation [5.15]. If we compare equations [5.37] and
[5.39], the analogy is that f, = Fex and f,, =C X+ G, +F,.

During a complex manipulation task, theoretically there are some phases where
the robot is not in contact with the environment. We will then develop a position
control, for example the dynamic control described in section 5.2.4. There are also
phases where the robot interacts with the environment and we will have to develop a
force control in certain operational directions. However, we saw in section 5.3.3 that
we could replace the feedback of f, by an anticipative term f.4. By analogy, we will
be able to carry out the non-linear decoupling of a robot only with the
terms C, X, G, and F,, whether there is contact with the environment or not, and
when there is contact, we will have to use the desired forces Fyq for the anticipation.
Figure 5.10 summarizes this principle.

Note that unlike the case described in Figure 5.6, here F’ is not equal to X, since
Fexa and Fe, are not rigorously identical (for example there always is a response
time, as small as it is, so that Fo, duplicates Feyq).

Fexd
_F, J" * 5 Robot 1 —»
CX+G_+F,

Figure 5.10. Non-linear decoupling in a constrained place

We now have the basic information to propose complete control structures in
which certain operational directions are controlled in position and other ones in
force/torque. This corresponds to the issue of the position/force hybrid control for
which two solutions are presented in the following section.
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5.3.5. Position/force hybrid control

Once again our purpose here is not to provide an exhaustive list of all hybrid
control structures and give their details, this can be found in more specialized books
such as [SIC 00]. On the contrary, we thought it would be interesting to discuss a
few points that are not often presented in other works and this, as we have already
mentioned, for two structures very commonly used.

5.3.5.1. Parallel structure
5.3.5.1.1. General principle

First of all, we have to clarify that what we mean by parallel structure is the
equivalent of what is sometimes encountered in other books under the more general
term of hybrid structure, or even hybrid control. However, actually the concept of
hybrid control covers, according to us, the hybrid structure on one hand, i.e. the way
of combining the position and force servo loops, and on the other hand the position
and force control laws that are not the subject of a detailed study in this section.

So why use the term “parallel”? Simply because the position and force feedback
loops could be drawn in parallel in a representation having the form of block-
diagrams. This means that in this approach, certain operational directions will be
controlled in position and the other ones in force, these directions mutually
excluding each other. To be more accurate, while performing a task in a constrained
space, there are some constraints that are referred to as “natural”, defined by Mason
25 years ago [MAS 81]. These constraints correspond to the fact that the robot
cannot move in certain directions because of the contact with the environment
(natural position constraints) and cannot apply forces in other directions because
nothing opposes to its displacement (natural force constraints). The directions which
we are talking about are the ones of a frame called “of constraints” that the operator
must intelligently choose in order to facilitate later the implementation of the control
(frame linked to the end-effector, to the tool, to the environment, etc., depending on
the task to be carried out). More information on the frame of constraints and on the
definition of natural constraints can be found in [CRA 86]. Hence, the problem that
arises is to define a control structure which enables:

— to control the robot in position in the directions where there are force natural
constraints;

— to control the robot in force in the directions where there are natural position
constraints;

— to implement whichever association of these control modes along the
orthogonal directions of any frame of constraints. In fact, if that was not the case, a
specific control structure would have to be developed for each specific case of
constrained task.
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To meet these requirements, “selection” matrices are used. We change their
values according to the task to be carried out. Figure 5.11 shows a small part of a
parallel hybrid control structure, like the one proposed by Raibert and Craig [RAI
81].

Position feedback

Xd9Xd’)“(d

A 4

A 4
7]

Control law

+
\4 Towards the robot

| Control law S’ +

A 4

F F

F

exd> Yexd»

exd T

Force feedback

Figure 5.11. Part of a parallel hybrid control structure

The selection matrices S and S” must then make it possible to simply choose the
variables to be controlled in position and those to be controlled in force. In order to
have all possible choices, the position and force loops both act on the 6 components
of the operational position and force variables. Thus, the simplest and most efficient
solution consists of defining S as a diagonal matrix of 1 and 0. If the i component
of the position variable must be effectively controlled, we will specify a 1 on the
element (i,i) of S. And since the i® component of the force variable must not be
controlled, we will need a 0 on the i line of §°. By generalizing this, we naturally
come to the conclusion that S> =1 — S, I being the identity matrix of dimension 6.
Actually, the correct use of these selection matrices is a bit subtler, as it is explained
in [PER 91]. Certain stability problems can thus arise from an incorrect use of the
selection matrices [FIS 92]. If we deal with a complete block-diagram of the parallel
hybrid control, we can use, for example, the non-linear decoupling in a constrained
space seen in section 5.3.4 and the control laws seen in sections 5.2.4 and 5.3.3. We
then obtain the dynamic parallel hybrid control of Figure 5.12.

In this figure, we note that the selection matrix (I — S) must be applied to the
anticipative term of force. We must also specify that in this type of control,
everything must be calculated in the constraint frame defined by the operator, i.e.
the robot dynamic model, the Jacobian matrix J, the direct kinematic model DKM,
etc.
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Figure 5.12. Diagram of the dynamic parallel hybrid control

Finally, we have to underline the fact that the diagram in Figure 5.12 is only an
implementation solution for the parallel hybrid control. In fact, because of the
calculation time or because the model is not known, we can choose not to decouple
the robot or to decouple it only partially. We can also choose control laws in
position or in force which are different, particularly adaptive or robust, but the
general structure introduced in Figure 5.11 will remain the same.

This parallel structure has been widely studied since Mason’s work and very
often implemented on manipulators with 1 or even 2 arms [DAU 90]. However, it
has certain drawbacks, some of which are well known [KHA 87], and some which
are less known, like the two we will present, taken from [BER 95].
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5.3.5.1.2. Inconsistency with respect to Mason’s description

In a free space, it is firstly the position of the manipulator that has to be
controlled, except for the specific case of tasks where it has to be positioned
manually, without any a priori set point, in which case the closed loop control set
point will not refer to its position in space. In a constrained space, forces must be
controlled. Therefore, the parallel hybrid structure of [RAI 81] displays a
position/force duality. However, it lies on the description formulated in [MAS 81]
which introduces a velocity/force duality. Actually, a position set point can be
defined from the velocity set point. This is what results from most of the hybrid
closed loop controls, because a velocity closed loop control is unthinkable without a
control of the position. However, Berthe shows in [BER 95] that the velocity set
point is more pertinent.

(b) view of the gripper

Figure 5.13. Door opening: definition of reference frames %, and %,
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For that, we consider the example of door opening carried out by a manipulator.
A frame X, attached to the base of the robot is defined as the frame. The operational
frame X, is attached to the gripper. The constraints are defined in this frame. The
orientation of this frame changes during the execution of the task. Therefore, the use
of a velocity set point in this frame enables to carry out the task in good conditions
even though the position of the robot is disturbed. This would be unthinkable in the
case of a position set point directly defined in the frame X, (we would have arcs of a
circle). Figure 5.13 defines the frames X, and X, and clarifies the explanations that
have just been given.

The action of opening the door is divided into two successive tasks. The first one
consists of turning the handle and the second one of making the door move around
its hinges. As the robot grips the handle firmly, only the direction Y of the frame X,
is velocity controllable during the first task, while it is the Y and Z directions during
the second task. The other directions of the constraint frame X, are force
controllable. Let us consider for example the second task. A non-zero velocity set
point along the Z axis makes it possible to open the door. Since this set point is
expressed in the operational frame, the direction of the displacement depends on its
current position. If this frame varies with impunity because of disturbances, the
motion can still be carried out without generating constraints because the trajectory
is automatically adapted. A closed loop position control where the motion
generation is directly calculated in the basic frame, as arcs of a circle, cannot be
adapted in such a way. This result arises from the task description in terms of
velocity.

Nevertheless, this velocity set point is used to build a closed loop control of the
position. The first possible approach consists of integrating the velocity set point
(Figure 5.14). The displacement is therefore dealt with from the last position set
point "X4(t — At). We assign the exponent b (respectively p) to a vector expressed in
the base frame (respectively the gripper of the robot). At is the sampling period. bRp
is the transformation matrix from X, to Z,, and PR, is the inverse matrix. The
selection of directions by matrix S is done in the constraint frame X, Pex(t) is the
Cartesian position error at the time t, expressed in the frame X, and which is used in
the control law in position. It has to be noted that when the closed loop control is
entirely carried out in position, the creation of motion cannot be built in that way,
because this calculation defines a succession of set points that move away from the
real trajectory: the system is physically constrained to turn around its axis while the
position’s increment PAXy is tangent to this movement of rotation.

But actually, since we calculate a displacement set point "ex(t), it is more logical
to count it only from the last position reached, rather than from the last desired
position. In Figure 5.14, "X4(t — At) must therefore be replaced by "X(t — At) and as a
result, the operations of the two summing elements can be simplified, as well as the
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two first frame changes. It is noticeable that there is no longer a position closed loop
control; the system is in open loop on the velocity (Figure 5.15). This solution is
attractive for its simplicity. In addition, in the full control situation, this solution will
explicitly generate the velocity set point in parallel to the force set point. However,
in practice, it is very important to consider the position in order to compensate for
disturbances and to guarantee the position of the robot once the task is completed.

"X4(t-At)  "X(t-At)

PAXq(t)
—p bR

Pex(t)

Figure 5.14. Calculation of the set point position and closed loop control

A lower level position loop must therefore be added, which will not contradict
the description of the task used, therefore located after having combined the two
contributions in velocity and in force, for example at the joint level where the closed
loop control calculations can be carried out very quickly. Rigorously, a parallel
hybrid structure must include a velocity/force control completed by a closed loop
control of the robot joint position.

PAX4(t) Pex(t)

— s 'R, |—»

Figure 5.15. Case where the displacement is calculated from the last position reached

5.3.5.1.3. Force/torque closed loop control at zero in non-constrained directions

We may have to force control some components in non-constrained directions,
for example to manually position the end-effector of the manipulator by measuring
the forces applied on it by the operator. In this case, the robot balance is obtained for
force set points that are zero or that compensate for the effects of gravity. With a
“pure” parallel hybrid control, the directions corresponding to this closed loop
control are not controlled in position and the experiment highlights the following
disastrous phenomenon: if a disturbance occurs (or if is purposely applied) the force
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sensor, the robot moves in the directions controlled for a zero force, while the force
sensor has not sensed the disturbance. The problem that appears is not one of a
response quality in an operating point and to be maintained despite the variations of
operating conditions, but one of a total absence of compensating effect by the closed
loop control. It is the case of a robust behavior with respect to the possible operating
modes. The solution to this problem is to use other sensors than the wrist force
sensor. An excellent solution is once again to use the robot position sensors in an
additional joint closed loop control.

When dealing with these disadvantages, it is legitimate to try to find another
hybrid control structure which would keep, if possible, the advantage of the parallel
control (i.e. the possibility of controlling the force value in certain directions) while
introducing what seems to be a proof of safety (i.e. a permanent position closed loop
control) regardless of the constraints of the task during the contact. A solution that
seems to have proved its value in numerous and varied applications [DEG 94], is the
external hybrid structure [PER 91, SCH 88], which we will summarize in the
following section.

5.3.5.2. External structure

The name external structure stems from the fact that it consists of a force
external loop on a position internal loop. The key idea of this solution is that an error
on the force can be seen as a displacement to be conducted. To do so, from the force
error, we calculate a position increment that modifies an initial position set point. In
other words, the operational position of the robot is controlled to follow a set point
that is automatically corrected by force closed loop control so that there is contact
with the environment in the desired conditions. Figure 5.16 illustrates this principle.

K

F AX .. F
exd Force Control 4| Position closed L
law i loop control -
Fex

Figure 5.16. Principle of the external hybrid structure

The displacement set point AXy4 adds to the position set point X4 to constitute the
input vector of the position closed loop control. We did not display this explicitly in
Figure 5.16 because several possibilities can be envisaged. First of all, the position
closed loop control can be Cartesian, i.e. the position/orientation X is compared to a
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total set point X4* = X4 + AXy4. Control laws such as the dynamic control seen in
section 5.2.4 can then be applied to the lower part. The closed loop control can also
be in the joint space and apply to the joint position q which is compared to the
desired position qq¢* coming from the set points Xy and AXy. So there are two ways
to calculate qq4*. The first one consists of using the inverse kinematic model on X4 to
obtain qq and the pseudo-inverse of the robot Jacobian matrix on AX4 to obtain Aqgq.
We then calculate q4* = qq + Aqq. The second solution, which is simpler, consists of
using the inverse kinematic model on Xy4*. The joint closed loop control that follows
can of course be more or less sophisticated. It is interesting to note that if it is about
the closed loop control implemented in an industrial robot controller, and therefore
generally impossible to modify, the external structure makes it possible by all means
to develop a hybrid control for an industrial robot, which is impossible with a
parallel structure [DEG 93].

Like in an impedance control structure based on the position, the purpose of a
force measure is to correct a position set point. However, the essential difference is
that here it is possible to impose a desired force. It must nevertheless be specified
that it is the force set point that will be respected if the force loop during is
hierarchically higher than the position loop. Berthe shows that this is true only if the
force control law contains an integral term [BER 95]. If this is not the case, the force
closed loop control is altered by the position set point X4. According to the principle
of external structure, all directions of the constraint frame are affected by a position
closed loop control. If it is the same for the force, then all directions are controlled
in the same manner and when the robot is not constrained in all directions, the
hybrid aspect of the task does not clearly appear. An analysis of this hybrid control
based on Mason’s formalism [MAS 81] would lead to place a selection matrix in the
force loop, so that the force closed loop control concerns only the directions
naturally constrained in position. Actually, this matrix is not always applied [PER
91]. In fact, in a direction where there is no detected force (direction of natural force
constraint) and where the force set point must therefore be zero, AXy = 0 and we
have a simple position closed loop control. In the other directions, if we suppose that
the force loop is hierarchically higher, the set point F.q is respected. Therefore,
there is theoretically no need to use a selection matrix, it is sufficient to correctly
choose the force set points. But this supposes that the directions naturally
constrained in position and those naturally constrained in force are really different
(and orthogonal). However, in a surface following for example, the tangential forces
due to frictions disturb the displacement of the tool. Without a selection matrix, they
will have an impact on the closed loop control and will thus disturb the trajectory
tracking in a direction that is controllable in position. Since frictions impede motion,
the zero force closed loop control in the tangential directions contributes even to
slow down the displacement. Because of this, the selection matrix is only strictly
necessary so that the closed loop controls are correctly separated, i.e. the measure of
the forces does not alter the directions that we want to control in position. Figure
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5.17 illustrates a partial view of an external hybrid control structure, with Cartesian
closed loop control of the position. I represents the identity matrix of dimension 6,
CLF means “control law in force” and CLP “control law in position”.

Position feedback

v-

X4
I
+ ( > +
Towards the robot
Q—P CLP (——»

S’ /+

A 4

» CLS

Fexd ’ Fexd ’ Fexd T

Force feedback

Figure 5.17. Part of an external hybrid control structure

This figure is purposely drawn in a similar way as Figure 5.11 in order to show
that finally the external structure can be seen as a parallel structure in which the
control law in position is displaced after summing the contributions of the two
loops. Let us end by specifying that this solution is consistent with Mason’s
description and does not present the flaw described in section 5.3.5.1.3.

5.3.6. Specificity of the force/torque control

The force/torque control of a robot manipulator presents some characteristics
that are different from the control in position. The dynamics of the contact
phenomena between the robot and the environment are much higher than the one
associated to the control in position. We can therefore encounter real stability
problems. The system can also abruptly be in open loop because the contact with the
environment depends on the position of the manipulator.

Hence, unlike the position variable, the force variable does not necessarily exist
for whichever configuration of the robot. To this is added, as we mentioned in
section 5.3.1, a real lack of knowledge of the environment’s characteristics. In fact,
if we consider the simplified dynamic model of a robot (see Figure 5.18) in contact
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with an environment, according to the force direction, we have a differential
equation which depends on the parameters of the environment.

f—f =mX+Dx with f, =k, x

¢ <_f with
—> F
m Ep)=—
2
D k. E p+ E p+1
X

Figure 5.18. Simplified mode: mass, spring, damper

This result shows that the roots of the characteristic equation directly depend on
k. if we consider that the variables m and D are known. The result of a model
simulation in Figure 5.18 (m = 0.01 kg, D = 1 N/m/s) is given in Figure 5.19 and it
shows the significant variation of a step force response f = 10 N, in open loop for
three different values of k..
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Figure 5.19. Response to a force step
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The poles placement does not bring any solution because the new resulting poles
will also depend on k.. Also, there are solutions that have been explored, such as the
online estimation of the stiffness [YOS 93], the use of adaptive control algorithms
[HOS 98, WHI 97], the acquisition of the task [KAW 85] or even the use of a
control vector using a virtual environment in order to minimize the influence of the
variations of k. [FRA 94].

Another solution suggests the use of an active observer (AOB) based on a
Kalman filter that makes it possible to estimate the stiffness of the environment and
thus to adapt the displacement of the robot manipulator controlled in position [COR
03]. This method makes it possible to reach a certain insensitivity of the control law
in relation to stiffness variations and to require no structure modification for the
passage between the free space and the constrained space.

The direct consequence of this observation does not concern the stability, which
is ensured in this specific case, but the response to a desired force. In fact, the
dynamics of the contact phenomena are very high during the collision of the effector
with the environment and directly depend on its stiffness as well as on the velocity
of approach [TAR 96].

A second simulation result is presented based on the model in Figure 5.20
(m=0.01 kg, D=1 N/m/s, k.= 100 N/m, Ax = 0.3 m).

fe
f d
ke
D X
—>

Figure 5.20. Mass, spring, damper model in contact

A 10N force is applied to the system. The mass m is moved and shifts towards
the environment that is 30 cm away. During the contact, we notice a rebound that
generates an oscillation which is illustrated in Figure 5.21. The consequence of this
discontinuous model is, for example, the impossibility of ensuring, in closed loop, a
closed loop control around zero with an integral term.
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Figure 5.21. Response to a force step with contact

A possible solution to avoid this problem is to add, on the end-effector of the
robot, a sensor capable of evaluating the distance with the environment (laser range
finder, ultrasonic probe, cameras) in order to generate a force even when the effector
is in a free space, in order to ensure the continuity of the force loop [NGU 92]. Other
studies attempted to reduce the force transient during the contact by using a
discontinuous theoretical model capable of ensuring transient management in closed
loop [SAR 98].
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5.4. Conclusion

The position and force control of robots is a very vast topic that we only
approached it here very lightly. In fact, it is a subject that is the object of many
studies. We notice a huge gap between the control in position of the industrial
robots, the majority of which use PID decentralized solutions, and the advanced
controls (dynamic, adaptive, variable structures, etc.) which are studied and tested in
the research centers. This gap can be explained by the fact that the industrial robots
are designed in such a way that linearity and decoupling hypotheses are verified.
The advanced controls are often used in tasks outside the industrial context where
the robot, for example, performs high velocity displacements with a load that is
close to or even heavier than its theoretical maximum load, then moves with no-load
at low velocity and finally carries out an insertion without a force sensor. These
control laws try to generate the best performances with respect to more and more
complex and varied tasks. The reader may refer to the books of [SAM 91, SCI 01,
SLO 91, SPO 89, ZOD 96], that discuss this entire subject, with various approaches.

However, force control started being used in the industrial field a few years ago,
even if it is true that the force sensor is a sensitive material that has a reduced
lifespan in this medium. The most commonly used force control structure is that of
the external control associated to an integral or proportional term, depending on
whether we want to apply a specific force on an environment or to control it around
a zero force in the direction of the displacement in order to contribute, for example,
to the transportation of heavy and bulky objects. The force control is also the subject
of numerous studies because its discontinuous structure related to the punctual
contact with the environment can generate destructive instabilities. The current
difficulty in the field is to control the force transient during contact or the temporary
loss of the contact (displacement of the environment) [YOS 00].
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Chapter 6

Visual Servoing

6.1. Introduction

Robotic systems are more and more often equipped with edptive sensors
which, by definition, provide information on the environrh@mwhich they operate.
These sensors are of course essential when a task has tofbenger in an envi-
ronment that is not completely rigid or not perfectly wellokm. They also make it
possible to consider errors or inaccuracies that may occtieé robot’s geometric
(and therefore kinematic) models. Aside from force sensbespurpose and applica-
tions of which were discussed in the previous chapter, taegenany other sensors
available that provide localization of the system in itsiemwment, or give it a gen-
erally local perception of its surroundings. To give a fevamyples, road marking,
passive beacon or radio-based systems, as well as GPS kallinpessible to local-
ize a mobile robot, by determining either its absolute pasior its movement. When
it comes to perception, proximity sensors provide measerngsnon the distances to
the closest objects. They are therefore particularly wetks for obstacle avoidance
tasks. As for computer vision and telemetry sensors, theg haather wide range of
applications since they can be used for localization, regiog, and exploration.

For a long time 3-D reconstruction was considered an unatbég independent
module, a prerequisite to any motion planning module forkatan a not perfectly
well known environment. In computer vision, this state ahgs, which used to be
justified by the prohibitive computation time required byaige processing algorithms,
led to a number of successful studies, notably in the field-bf @sion [FAU 93,
MA 03]. The algorithmic and technological progress achicgeer the past 15 years

Chapter written by FrangoiSKAUMETTE.
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has made it possible to more closely link the aspects of pgorewith those of action,
by directly integrating the measurements provided by awisiensor into closed-loop
control laws. This approach, known as visual servoing,eshaome aspects with the
studies on sensor-based control and is the focus of thigehap

Visual servoing techniques consist of using image measemenprovided by one
or several cameras, in order to control the motions of a folsystem. This allows
for the achievement of a wide variety of tasks designed tatipasa system with
respect to its environment, or to track mobile objects, byti@iling from one to all of
the system’s: degrees of freedom of the robot. Whatever the sensor’s caafign,
which can range from a camera mounted on the robot’s endteffe several cameras
located in the environment and observing the robot’s efetdr, the objective is to
select as best as possible a sek afisual features, in order to control the desired
degrees of freedom, and to develop a control law so as to niedse tfeatures(t)
reach a desired valug that defines when a task is suitably achieved. It is also plassi
to follow a desired trajectory*(t). The idea of control therefore amounts to regulating
the error vectos(t) — s*(¢) (i.e. makings(t) — s*(t) reach zero and maintaining it
there).

Figure 6.1. 2-D and 3-D visual servoing: in 2-D visual servoing the camera is rddk@am R.
to R+, based on featuresextracted directly from the image (left). With 3-D visual servoing,
is comprised of 3-D features estimated after a localization process (right)

With a vision sensor, which provides 2-D measurements, dtere of the poten-
tial visual features is extremely rich, since it is possitdedesign visual servoing
using both 2-D features, such as the coordinates of chaist@gpoints in the image
for example, and 3-D features, provided by a localizatiordat® operating on the
extracted 2-D measurements (see Figure 6.1). This widesrahgossibilities is the
reason behind the major difficulty in visual servoing, ttsatioi build and select as best
as possible the visual features needed for a suitable whef/ithe system, based
on all the available measurements. A number of qualitiesnapertant: local or even
global stability, robust behavior when facing measurementodeling errors, absence
of singularities and local minima, suitable trajectories the robot, but also for the
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measurements in the image, and finally a maximum decoupktgden the visual
features and the controlled degrees of freedom. In sha@tavservoing is basically a
non-linear control problem. The goal is to modify the basaljlem so that it becomes
as linear as possible.

To study the behavior of the resulting system, a modeling@lia necessary to
describe the relation between the visual featstesthat were chosen and the control
variables. This essential phase of model design will nowdsedbed. However, in this
chapter we will not be dealing with aspects of image proogssrucial to extracting
useful 2-D measurements from a digital image and trackiegitat each iteration of
the control law. For readers interested in knowing more, wggsst turning to works
specializing in this field [VIN 00, KRA 05].

6.2. Modeling visual features
6.2.1. The interaction matrix

In order to be taken into account in a visual servoing schensets of & visual
features needs to be defined by an application differemtiabin the special Euclidean
groupS Es into R*:

s = s(p(t)) [6.1]

where p(t), an element of the space of reference frames and rigid bdslies
describes the pose at the instartietween the camera and its environment. Hence
only the movements of the camera, or of the objects it peesgican modify the
value of a visual feature.

The differential ofs allows us to know how the variations in the visual features
are related to the relative movements between the camershanscene, since by
differentiating [6.1], we get:

§=—p=Lgv [6.2]

where:
—Lg is ak x 6 matrix, referred to as thiateraction matrixrelated tos;

—v is the relative instantaneous velocity (also called kingenscrew vector)
between the camera and the scene, expressed in the camarad. in its origin C'.
More accurately, ifv. andv, are, respectively, the kinematic screws of the camera
and of the scene it perceives, both expresse@.iand inC, then let:

V =Ve— Vo [6.3]
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From now on, except if noted otherwise, we will write that aesc expressed in a
frame of reference has its value given in the origin of thésrfe. Also, we will denote
by v the translational velocity at the origin of the coordinaystem, and byw the
angular velocity, such that = (v, w). If °R.. describes the rotation matrix from the
frame R, bound to the object t&., we have by definition [SAM 91]:

w]x = “RLR] = —“R°R) = “R,°R. [6.4]
where[w]« is the skew symmetric matrix defined fram

COMMENT.— In more formal terms [SAM 91], the transpose of the intBoscmatrix
can be defined as the matrix representation of the subspaeeaged by a family of
k screws expressed iR.. This is due to the fact that each componens afan be
decomposed as the product of two screws, one called theati@n screw, and the
other being of course the kinematic screw. We will see thetjmal advantage of this
definition in section 6.3.3.1.

6.2.2. Eye-in-hand configuration

If we consider a camera mounted on the end-effector of a ratmtobserving a
static object, the relation betwegrand the speed of the robot’s joint variabtgsan
easily be obtained:

S = qu = Lchnan(q) q [65]

whereJs = Ls°V,,"J,, is the Jacobian of the visual features and where:

—-"J,(q) is the robot's Jacobian expressed in the end-effectormdra,,
[KHAL 02];

- ¢V, is the kinematic screw’s transformation matrix from the ceatssframerR:,.
to frameR,,. This matrix, which remains constant if the camera is rigattached to
the robot’s end-effector, is given by [KHAL 02]:

CRn [Ctn] X cRn

Vn - 03 CRn

[6.6]

where“R,, and‘t,, are, respectively, the rotation matrix and the translatiector
from frameR,. to frameR,,. The elements of the transformation matrix from the cam-
era’s frame to the end-effector’s frame can be estimatedrataly by using hand-eye
calibration methods [TSA 89, HOR 95]. Note that visual seérgdechniques are usu-
ally rather robust in admitting important modeling errdssth in this transformation
matrix [ESP 93, MAL 02] and in the robot’s Jacobian.
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More generally, if the camera is observing a moving objét differential ofs is
given by:

§=LV,,"J,(q) 4+ % [6.7]

where the terrr% represents the variation sfdue to the object’s own motion (which
is usually not known). In the highly unlikely event that thgjext’'s motion is known,
and given for example by the kinematic screw veestgiin R., we get:

$=LsV,,"J,.(q) g — Lgv, [6.8]

6.2.3. Eye-to-hand configuration

Likewise, if we now consider a camera in the scene obseriaghd-effector of
a robot arm, the variation of the visual features rigidlyaelted to this end-effector is
expressed according to the speed of the joint coordinates:

) : .0
§=—LV,"J,(q) G+ a—j [6.9]

where% now describes the variations ©flue to a possible movement of the camera.

CoMMENT.— Notice the difference in signs between Equations [6.5] [&0]. This
difference is of course due to the configuration change of#resor with respect to
the control variables (see Figure 6.2).

Whether the camera is fixed or mobile, the matik,, is now variable and has to
be estimated at each iteration, which is usually done usBifdocalization technique
(see section 6.2.5.1). If the camera is static, it is theesfimore convenient to use one
of the following relations:

§ = —LsVy'V,"J.(q) q [6.10]

0
= vy | g P [6.11]
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where?J,,(q) is the robot's Jacobian expressed in its basic frame of eater and
where the values dfV,, and’t,, are provided by the robot’s direct geometric model.
This is interesting because the transformation m&fy is then constant and only
has to be estimated once beforehand, usually coarsely.

| A

Figure 6.2. Eye-in-hand configuration (left); eye-to-hand configuration (right)

In the literature [HAS 93a, HUT 96], most studies focus on-yband configu-
ration. We can however cite [ALL 93, NEL 94a, HAG 95, KEL 96,”R297, HOR 98,
RUF 99] in which one or several cameras are used in eye-td-bamnfigurations.

In any case, the interaction matrix plays an essential modievee will now give its
analytical form for a set of visual features. From now ontta#l necessary quantities
(coordinates and speeds of points, kinematic screw, etexpressed in the camera’s
frame shown in Figure 6.3.

6.2.4. Interaction matrix

6.2.4.1. Interaction matrix of a 2-D point

The typical mathematical model for a camera is defined by spgetive projec-
tion, such that any poind/ with coordinatesX = (X,Y, Z) is projected onto the
image plane in a point: with coordinatex = (z, y) with:

e=X/Z |, y=Y/Z [6.12]



Visual Servoing 285

Figure 6.3. Camera model

By differentiating this equation, we get the variationshie image of the coordi-
natesr andy of m with respect to the speéx of the coordinates of point/:

B 2
= 1{)2 1?2 —)1252 X [6.13]

Whatever configuration is chosen (eye-in-hand or eye-tathatatic or mobile
point M), the speeX of M according to the kinematic screwbetween the camera
and its environment is given by the fundamental kinematigsé&on:

X=-v-wxX=-v+Xiw=[-I3 X]x ]V [6.14]

Equation [6.13] can then be simplified using Equation [6. #2jtten in the form:

x=Ly(x,2) v [6.15]
where:

[ =1z 0 z/Z xy —(1+2%) oy
L(x, 2) = 0 -1/Z y/Z 1+y? —zy —x [6.16]

Notice that the terms induced by angular motions only depenthe measure-
ments ofx andy in the image. On the other hand, terms induced by transkition
motions are inversely proportional to the depth of the 3-hpdrhis effect occurs
for all the visual features that can be defined in the imagd (mscribes the classic
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ambiguity in computer vision between the amplitude of adtational motion and the
depth of objects). In visual servoing, it is therefore nseeg to insert a 3-D knowl-
edge, even though it is unknown beforehand, whenever trigngpntrol a robot’s
degrees of freedom that imply translational motions.

Image processing algorithms provide measurements exguraéaspixels. If we
ignore strongly non-linear distortion effects, due formyde to the use of short focal
length lenses, the variable change when switching fromdbedinatest,, = (z,, yp)
of a point, expressed in pixels, to the coordinatesf this same point, but expressed
in meters, is given by:

v=(xp—x)/fe s Y= (Yp—ye)/fy [6.17]

where (z., y.) represents the principal point's coordinates in the imaye @here
fz = f/lu andf, = f/l, are the ratios between the focal lengtbf the lens and the
dimensiond,, andi, of a pixel. These parameters, referred to as the intrinsiama
eters of the camera, can be estimated beforehand, duriniheatian step [TSA 87,
BEY 92, ZHA 00], but as with the elements of the hand-eye matnarse approxima-
tions are usually sufficient to maintain the stability ofuasservoing systems [ESP 93,
MAL 99, MAL 02, DEN 02].

It is possible to calculate the interaction matrix relatethe coordinates of a point
directly expressed in pixels. Using the variable changgprecal to [6.17], given by:

IPZLEC-foI s p:yc+fyy [6-18]

we immediately get:

fe O
Ly, = { 0 }Lx [6.19]

where the set of terms contained I, except of course for the depth, can be
expressed as functions of the intrinsic parameters andlc@iesx,, using [6.17]. If
required, the same can be done for the visual features ddétexcon, working with
features expressed in pixels. The main advantage of havirgalytical form of the
interaction matrix that explicitly depends on the intrmypiarameters, is that it then
becomes possible to study how sensitive visual servoirgsysare to errors made in
the estimation or approximation of these parameters.
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Finally, we mention the studies in projective geometry désc in [RUF 99]
which led to a direct modeling of the Jacobian maffixsuch thats = Jsq, in the
case whers is comprised of the coordinates of a point located on the edfed:tor
and observed by two external cameraiss (x4, ¥y, 24, y4). The advantage of such
an approach is that it is no longer necessary to know the Iatoand hence the
geometric model, of the robot being used.

If we now consider a camera equipped with a controllable zaboms providing
the system with an additional degree of freedom, we get pistraply, from [6.18]:

[ Z’ } =Ly, v+ { (zp—mc)/f } f [6.20]

For purely technological reasons (because for most zooasstign can be con-
trolled, not speed), few studies have used this functioandtiough it provides an
interesting redundancy with respect to the translatior@lon along the optical axis.
We can still mention [HOS 95a, BEN 03].

6.2.4.2. Interaction matrix of a 2-D geometric primitive

It is also possible to calculate the interaction matrixtedao visual features con-
structed from geometric primitives [ESP 92]. This is domey by defining the equa-
tions that represent:

— the primitive’s nature and configuration in the scene:
hX,)Y,Z P,...,P,)=0 [6.21]
— its projection onto the image plane:

g($7 Y,P1y--- 7pm) =0 [622]

— the relation between the 3-D primitive and its image (reférto as the limbo
surface in the case of a volumetric primitive, see Figurg: 6.4

1/Z = p(a,y, Py, P) =0 [6.23]

As an example, if a straight line in space is represented éyntiersection of the
two following planes:

h1 =41 X+BY+CiZ+D, =0

h(X7KZ7A17"'7C2):{
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we immediately obtain, using the equations of perspectiogeption [6.12]:
— the functionu from Ay
1/Z = Ax+ By+C [6.25]

with A = —Al/Dl, B = —Bl/Dl andC = —Cl/Dl,
— the equation of the 2-D line, denoted By resulting from the projection onto
the image of the 3-D line, froms:

axr+by+c=0witha= Ay, b= By, c =5 [6.26]

Surfaces of limbs
1/Z:/1’(x7y7P17"'7P)l)

C WX,Y,Z,Pi,...,P,) =0

g(‘r7y7p17' - apm) =0

Figure 6.4. Projection of the primitive onto the image
and limb surface in the case of the cylinder

Because the choice of parametgrsh, ¢) is not minimal, it is preferable to choose
the (p, 0) representation defined by:

g(x,y,p,0) =xcosf +ysinfd —p=0 [6.27]
whered = arctan (b/a) andp = —c/va? + b? (see Figure 6.5).
If we differentiate Equation [6.27], which corresponds lte hypothesis that the

image of a straight line remains a straight line whatevercctraera’s motion, we get:

p+ (zsin@ — ycos ) 0 = icosf+gsinf | Y(xz,y) € D [6.28]
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Y

X
Figure6.5. (p, #) representation of the 2-D lines

Based on Equation [6.27}, is written according tg if cos @ # 0 (or y according
to « if that is not the case) and Equation [6.28] can then be wittesing [6.15]
and [6.25]:

(p+ptanf 0) +y (—0/cosO) =Ky v+yKav , VyeR [6.29]
with:

Ki=[)Acosf Asinf —Xp sinf —cosf—p*/cos® —ptand |
Ko =[Xacos Agsinf —Xap p ptanf 1/cosf ]

whereh; = —Ap/cos — C andly = Atand — B.

Immediately, we infer that:

p = (Ki+psindKa)v
{ 0 = —cosKyv [6.30]
hence
L,=[),cos0 X,sin —X,p (1+p?)sinf —(1+p*)cosd 0 ] [6.31]
Log=[Agcosfh Agsinf —XNgp —pcosf —psinf 1] '

with A, = —Apcosd — Bpsinf — C and\g = —Asinf + B cosb.
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The same result can be obtained by applying Equation [6.@8wb points
of D, for example those with coordinatdp cos, psinf) and (pcosf + sinb,
psin @ — cos ).

Results for more complex primitives (circles, spheres, eylthders) are given
in [CHA 93a], making it possible to use 2-D visual featuresoasated with these
primitives in visual servoing. It is also possible to infeetinteraction matrix related to
features defined from several primitives (such as the aiemt between two segments
or the distance from a point to a line, for example). The dizskbhowever, is that it is
only possible to work on environments where such geometiiifives exist (hence
the more frequent use of characteristic points).

6.2.4.3. Interaction matrix for complex 2-D shapes

Recent studies have made it possible to establish the aaligrm of the inter-
action matrix related to visual features representing tiogeption onto the image of
objects with more complex shapes. In [COLO 99, DRU 99], tleesims that corre-
spond to the affine part of the transformation between thgénud a planar object in
its current position and the image of the same object in tisgekk position are con-
sidered. More precisely, ifr,y) and(z*, y*) are the coordinates of a given point on
the object in the current image and the desired image, régplycthen we assume
that there exists a set of paramet@rs: (a1, b1, c1, az, ba, c2) such that the relation:

T a1 x* +bry" +cy
y = axr" +byy"+c

[6.32]

is valid for all points of the object. This hypothesis is urifmately not verified for
a camera described by a perspective projection model. idddity, the interaction
matrix related tof shows a loss in rank (frori to 4) when the object’s plane is
parallel to the image plane.

Furthermore, if we calculate the Fourier series expansonttfe polar signa-
ture p(0) of the contour points of an object in the image (defined suahttie coordi-
natese andy of a contour point are written: = z,+ p(0) cos 6 , y = y,+ p(0) sin
wherex, andy, are the coordinates of the object’s center of gravity), passible
to calculate the interaction matrix related to the termshat series [COL 00]. The
resulting analytical form, however, is very complex andiclifit to understand from a
geometrical point of view.

Another possibility is to calculate the interaction matrétated to the moments
m;; of an object [CHA 04]. Moments are defined by:

mij:// aby? da dy [6.33]
D
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whereD is the area occupied by the object in the image and wheré is the order
of the moment. If we assume that the object considered isplanhas a planar limb
surface with equatioh/Z = Az + By+ C, we obtain, for the area (= mq,) and the
coordinates:, (= m1o/moo) andy, (= mo1/moo) of the object’s center of gravity:

L,=[ —daA —aB  a(3/Zy - C) 3ayg —3axg 0 [
L., =[-1/Z4 0 xg/Zg + €1 Tgyg +4ni1 —(1+ a:g +4n20) wyg] [6.34]
Ly,=[ 0 —1/Zg  yg/Zg+e 1+ yg + 4no2 —Tgyg —4n11  —xg]

with 1/Zg = Al‘g + By, + C,e1 = 4(An20 + Bn11), €y = 4(147111 + BTLOQ) and
wherensyg, ng2 andny; are the second order normalized centered moments defined by:

_ )
H20 = M2p — axy

N = ,uij/a with Ho2 = Mo2 — ayg [635]

H11 = M1 — ATgYg

Note that the area speéds equal to zero for any motion other than the expected
translational motion along the camera’s optical axis if thgect is centered and par-
allel to the image planeA = B = z, = y, = 0). This makes area particularly
interesting for controlling this degree of freedom, beeaosits relative decoupling
compared to the other degrees of freedom.

Notice also that the results obtained for the coordinateb@bbject’s center of
gravity encompass those given in [6.15] for a purely purdabgect, since for a point,
we havensy = n1; = nge = 0 and we can setl = B = 0 in [6.34] to again obtain
exactly [6.15].

More generally, the interaction matrix related to a momeftis given by:

Lmij = [mmc Moy Myz Mz Moy mwz} [636]

My = —Z(Am” + Bmi,17j+1 + C’mi,l’j) — Amij

My = _j(Ami+1’j71 + Bmij + Cmi’jfl) — Bmij

Moz = (i +j + 3)(Amit1j + Bm; j11 + Cmyj) — Cmi;
Moy = (Z +Jj+ 3)mi,j+1 + Jm; -1

Moy = 7(7, +] + 3)m,;+17j - imi_17j

Moz = M1 j41 — JMig1,j—1
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For centered moments defined by:

iy = [ [ (@2 ) dedy 6.37)
D
we get:
L;”j = [ Koz Moy Hovz Hwz Hwy Hwz ] [638]
with:
poe = —(i+ 1) Apij —iBpi—1j+1
Py = —JApit1j—1 — (J + 1)Bpuij
Moz = _A,Uwy + Bliws + ('L +7+ Z)C,uzj

frwa = (04 J + 3)pij41 + iTgpi—1,541
+(Z + 2J + 3)ygulj — 4in11ui_1,j — 4jn02/£i1j_1

Py = =0+ J + 3)pit1,; — (20 + J + 3)wgpy
—JYghtit1,j—1 + dinoopti 1,5 +4jniipi 1
Mwz = Ui—141 — JHit1,j—1

The numerical value of the interaction matrix related to amant of orderi + j
can thus be calculated from the measurement of moments wigoat mosit+j+1,
which is convenient in practice. The valudsB, C characterizing the plane’s config-
uration must also be available (or at least an approximatfdhese values) in order
to calculate the translational terms. As we have already; flais property is true for
any visual feature defined in the image.

Based on the moments, it is possible to determine relevamhggic information,
such as, as we have seen before, the area and the centeritf gfan object. Fur-
thermore, the main orientation is obtained from the secoddraentered moments:

a= }arctan (2/111) [6.39]
2 H20 — Ho2

and we easily get, using [6.38]:

La:[aw Qyy  Quz Qg Olwy —1] [6.40]
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where:
Qe = aA+bB
Oy = —cA—aB
Ay = —Aawy + Boéwm
Dy = —bl‘g + alYq =+ d
Quy = aTg—CYg+e
and:
a = pai(p20 + po2)/A
b= (245 + po2(po2 — p20)]/A
¢ = [2u% + p2o(p20 — po2)]/A
d = 5[pi2(p20 — poz) + p11(pos — po1)]/A
e = B5luai(po2 — poo) + pa1(pso — paz)]/A
A = (p20 — po2)® +4pt

We should point out that translational motions leav@variant when the object’s
plane is parallel to the image plane,( = o,y = a,, = 0if A = B = 0). Note also
the direct relation between the variationcodnd the angular motion around the optical
axisw,, an indication, as we could have expected, th#& a good visual feature for
controlling this degree of freedom.

One of the different possible strategies in visual serveisists of directly using
all of the measurements available in the image. We then hetendant visual fea-
tures (that is, more than the number of degrees of freedomwibawish to con-
trol), and as we will see in section 6.3.2.2, servoing sitgbdan only be demon-
strated in the neighborhood of the convergence positiorotifer, more promising
strategy consists of determining complementary visudlfea, by building or selec-
tion [COR 01, IWA 05, TAH 05], or even by finding a different wayexpressing the
perspective projection model (for example a sphericalgmtayn [HAM 02]). The case
of an object’s area and orientation discussed earlier anplsiand natural examples
of such a determination. However, much remains to be dortasriield.

6.2.4.4. Interaction matrix by learning or estimation

The use of the polar signature or of the moments allows us sider objects
with truly complex shapes, but requires a spatial segmentphase in the image pro-
cessing part that can turn out to be extremely difficult irntueed environments. To
avoid this segmentation phase and be able to process angfkimége, it is possible
to conduct a principal component analysis of the desiredjéreand select the princi-
pal eigenvectors [NAY 96, DEG 97]. The coefficients of thisd@position form the
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sets of the visual features. The analytical form of the assodiatgeraction matrix is
then unknown (since it is too difficult to obtain) and the &éng is based on a purely
numerical estimate provided by a learning technique. Tdthnique consists of gen-
erating movements for the different degrees of freedomablai and to measure the
corresponding variation observed in the image.

Techniques to estimate the interaction matrix have also lsed for geometric
visual features such as those described in the previoumsecThey are all based
on the same idea and are performed either offline, by learfwigl 84, RUF 99,
LAP 04], possibly by using a neural network [SUH 93, WEL 96],amline during
the servoing [KIN 94, HOS 94, CHA 96, JAG 97, PIE 04]. Thesal&s fall into two
categories, those based on purely numerical estimateg détms of the interaction
matrix [WEI 84, SUH 93, WEL 96, HOS 94, JAG 97, PIE 04] or of its pdeinverse
directly [LAP 04], and those that estimate the unknown patans occurring in this
matrix, such as for example the structure of objects or tineeca’s intrinsic param-
eters [KIN 94, CHA 96, RUF 99]. The first case is very attraetin practice since it
allows us to avoid any modeling phase. The resulting draisihat it is impossible
to demonstrate the system’s stability in the presence oitatge estimation errors.
The second option is therefore more satisfactory the@igtispeaking, but since it
requires an analytical determination of the interactiortrindeforehand, it cannot
be applied today to servoing schemes based on visual feadigreomplex as those
resulting from a principal component analysis of the image.

6.2.5. Interaction matrix related to 3-D visual features

As has been mentioned before, it is also possible to chommlvieatures no
longer expressed directly in the image, but resulting frorecnstruction phase or a
3-D localization phase [WIL 96, MART 97]. These 3-D features abtained either
by a simple triangulation if a calibrated stereoscopicorissystem is available, or, in
the case of a monocular sensor, by dynamic vision or with @ pegmation method.
Dynamic vision techniques rely on the measurement of theecaBimotions and of
the resulting motion in the image. They are usually rathesiige to measurement
errors [SMI 94, CHA 96]. We will now briefly describe pose esdition techniques,
because they are the most commonly used in 3-D visual sefvoin

6.2.5.1. Pose estimation

There are many methods for estimating a camera’s pose vgffectto an object
using an image of this object. They rely on prior knowledgetha 3-D model of
the object and of the camera’s calibration parameters. Mogeisely, for an image
acquired at instant, they provide an estimaig(t) of the real pose(t) between the
camera’s frame and the object’s frame based on the measuiexie) extracted from



Visual Servoing 295

the image, the camera’s intrinsic parameters and the &b@® model, represented
for example by the se&X of the 3-D coordinates of the points that constitute it:

ls(t) = ﬁ(X(t)7$C7y<:,fx,fy7X) [641}

Most of the time, the measurement$t) are image points [HOR 89, HAR 89,
DEM 95], segments [LOW 87, DHO 89], even conics [SAF 92, MA @8]also cylin-
drical objects [DHO 90]. But very few methods combine diffiet kinds of primitives
(see however [PHO 95] for the combined use of points and)lines

The methods described in the literature are either purebmgéric [HOR 89,
DHO 89], based on a numerical and iterative linear estimafikEM 95] or based
on non-linear estimation [LOW 87]. Except for very peculiases [HOR 89], no ana-
lytical solution to this inverse problem is available.

We should point out that in the case of an error in the calitangtarameters or in
the object’s model, the estimaggt) will be biased and, because of the absence of an
analytical solution, it is unfortunately impossible to eietine the value of this bias.
The same goes for finding the interaction matrix associati¢hl any features built
from p(¢). This is because, based on [6.41]:

c,.. 0p . 0p
p(t) = 5 %= Lxv [6.42]
hence:
op
Ly = Ix Ly [6.43]

The second term of this matrix product is nothing but theraxtBon matrix related
to x, and is therefore known it is comprised of geometric primitives such as points
or line segments. On the other hand, the first te?;;l],which represents the variation
of the estimate op according to a variation of the measuremexis the image, is
unknown. We can only note that it is directly related to thénestion method and
depends once again on the camera’s intrinsic parameterthamibject’'s 3-D model.
This is why we will assume from now on that the estimatg@f) is perfect, which
is the case under the (strong) hypotheses that the cameeaféxtly calibrated, that
the 3-D model of the object is perfectly well known, that theasurements(¢) are
not tainted with any errors, and that the estimation metlsddeie of any numerical
instability.
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The strongest hypothesis involves the estimation’s staliil regards to measure-
ment errors, because if we consider for example four coplpaents, theoretically
there exists only one solution to the localization probléi®R 89]; however, a very
small variation of the positions of the four points in the geacan cause a very large
variation in the estimate qf (hence the matrixg—ﬁ) is very poorly conditioned). Such
an effectis illustrated by Figure 6.6. In practice, thigeffdecreases when considering
a large number of points, or non-coplanar points, but thexearrently no theoretical
results available on the sensitivity of the estimation madthand the measurements to
choose, regarding what kind to use, but also how they aregerchin the image and
the 3-D space.

&
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Figure 6.6. Example of two distinct poses of the camera with respect
to the object (top) that provide similar images of this object (bottom)

Based omp(¢), and under the hypotheses mentioned previously, thatssnsag
a perfect estimate fop(¢) (p(t) = p(t)), we have at our disposal the rotatiéR,
between the camera’s frame in its current positignand the object’'s framez,
attached to the object, as well as the transldtigrbetween theses two frames. We can
then infer the position iR, of any object’s point. If, additionally, in the context of an
eye-in-hand system, the pose between the camera’s frartedatsired positiork,.«
and the object’s frame is known, then we can also infer thplat@ment necessary
to go from R, to R.~. With an eye-to-hand system, the same is true of course for an
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object attached to the robot's end-effector between iteectiposition and its desired
position.

We will now give the interaction matrix related to the minimepresentatiofu
of an arbitrary rotation with anglé about an axisi, then the one associated with the
coordinates of a 3-D point.

6.2.5.2. Interaction matrix related t@u

Remember, first of all, that thu representation is obtained in a unique manner
from the coefficients;; (;—;...3 j—1...3) of a rotation matrixR using the following
equation [KHAL 02]:

1 32 — 723
u= m 13 — 731 [644]
21 —T12

wheref = arccos((r11 + 22 + 133 — 1)/2) and where the sine cardinal sthaefined
by sin # = 6sind, is a functionC*> equal to zero if2n + 1)7, Vn € Z. Forf = ,
the only case not taken into account by [6.44]is the eigenvector oR associated
with the eigenvaluad.

In the case of an eye-in-hand system, it is possible to usesttterfu to represent
the rotation”” R, betweenR,. andR,. If the matrices” R,,- and°R,, are identical,
which is usually the case, we can also consider the vehioassociated with the
rotation™ R,,. Likewise, with an eye-to-hand system, the vedtarcan be used to
represent either the rotatichR,, between the desired frame and the current frame
of the object mounted on the effector, or the rotatiolR,, if the matrices® R,,-
and°R,, are identical (which is also usually the case).

In all of the cases mentioned above, the interaction maglated tofu is given
by [MAL 99]:

Lou=[ 03 L. | [6.45]

with:

Lo=T5— & [u. + (1 Sing ) ful?, [6.46]
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Thefu representation is therefore particularly interestingein,, is singular only
for = 2x. Furthermore, we have:

L' =13+ g sinég [u]x + (1 — sind)[u]?, [6.47]
which guarantees the following, rather convenient prgpert
L, fu=6u [6.48]

If it would be preferable to consider the rotaticii®.-, "R, or °R,+, we imme-
diately infer from [6.45] that:

L9u = [ 03 _Lw } [649]
and we now have:
L;l fu = —fHu [6.50]

Note that it is not wise to directly take into account the weétu associated with
the rotation°R,, and to use the difference betweéa and 0*u* (wheref*u* rep-
resents the desired rotatiénR,). This is becauséu — #*u* does not represent a
distance in the spacg0; of rotations [SAM 91].

6.2.5.3. Interaction matrix related to a 3-D point

Using the fundamental kinematics equation given in [6.%,immediately get
for any point of the object with coordinatés connected to the object:

Lx=[ -Is [X]x ] [6.51]

The points taken into account can be characteristic pofriteembject [MART 96,
SCH 04], or also the origin ok, (we then hav&X = “t,,).
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Thus, with an eye-in-hand system, if we are interested indisplacement it
must achieve, we can also consider the origirRpf (we then haveX = “t.. and
X* = 0) [MART 97]. In that case, it is even better to consider theifpms of the
origin of the camera’s frame expressed in a rigidly fixed feasuch ask,, or even
R.- or Ry if the object is static (see Figure 6.7) [WIL 96].

Figure 6.7. Possible 3-D points with an eye-in-hand system

For example, if we choosR,,, we have:
%t. = —°R/ “t, = —°R.‘t, [6.52]
By differentiating this equation, we get:

°t, = —°R.t, — "R.‘t,
= _ORC (cRooRccto + c{—’o>

meaning that, using [6.4] and [6.51]:

°t. = —Re ([W]x o — v + [‘to]xw)
= °‘R.v

We therefore have:

Log, = [ °Re 03 | [6.53]



300 Modeling, Performance Analysis and Control of Robot Manipusator

which is independent of the camera’s rotational moveméiikewise, if we choose
<" t., we get:

*

Loy =[ “R. 03 ] [6.54]

and we will then havé't.” = 0.

With an eye-to-hand system (see Figure 6.8), and for the stmeupling prop-
erties, it is better to consider the position of the origire@ther the frameR, or R,,,
and to express the kinematic screw in this origin. This isabse if we choose for
examplet,, then, using [6.51] and [6.6], we have:

CRO [Ct()] X CR()

LCtUCVO = [ 7]13 [Cto]x ] 03 CR

[6.55]

hence:
Lo, Vo= [ —R, 03 ] [6.56]

We can of course express the position of the originRgfin any frame. If the
robot’s reference fram®&y is chosen, we simply obtain:

@{;O = [ 1[3 03 ] (Z)VO [657]
where’v, is the object’s kinematic screw expresseddp and in the origin ofR,,.

The same result is of course achieved when consid@ﬂm@nd“vn.

6.2.5.4. Interaction matrix related to a 3-D plane

Finally, we can also determine the interaction matrix esdato 3-D geometric
primitives such as line-segments, planes, spheres, et@xample, in the case of a
plane represented by its unit normaand its distance to the origiR, we get:

L(u,p) = [ % “}1* } [6.58]
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Figure 6.8. Possible 3-D points with an eye-to-hand system

6.3. Task function and control scheme

Achieving a robotic task by visual servoing requires theestbn of the appro-
priate visual features and the design of a closed-loop obtaw. The first phase
amounts to defining a task function with properties that emslnat the chosen task
will be achieved [SAM 91], the second to regulating this thgkction. We will first
consider the case where we wish to control dhdegrees of freedom of the robot, in
other words to bring the end-effector’s frame to a uniquérddgose.

If we use a set of visual features, the general form of the task functiens:

e(p(t)) = C (s(p(t)) —s7) [6.59]

where:
—s(p(t)) is the current value of the selected visual features;
—s* is the value thas must reach for the task to be achieved;

— Cis afull-rank6 x k£ matrix, referred to as the combination matrix, such that
the6 components oé are independent and control the robétdegrees of freedom.

6.3.1. Obtaining the desired valus*
Whatever the nature of the visual features that were chdsewalues*® is usually

obtained, either by defining beforehand the pose that muathieved between the
robot and the object in question, or by learning:
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— In the first case, i& includes 2-D features, their desired value can easily be
obtained if a 3-D model of the object is available, simply Ipplging the perspective
projection equations to calculate the object’s positiothia image. Additionally, it
is also possible to specify the pose that has to be achievedér the end-effector
and the object of interest (for a grasping task for exampte: calculation of the
visual features (2-D or 3-D) is then immediately obtainetth transformation matrix
between the end-effector frame and the camera frame is krié@mever, in any case,
any modeling error in the camera’s calibration parameterie model of the object
(and possibly in the end-effector-camera transform mawiX have as a result that
when the value of is equal tas*, the pose actually reached will be different from the
one that was specified, because of the bias introduced bydHeling errors.

— Obtainings* by learning, though less convenient to achieve in pracisciere-
fore preferable to ensure that the task is well achievedrisists in a prior phase of
bringing the robot to a desired position with respect to thiect, then acquiring the
corresponding image, and calculating the valug*oéxactly in the same way as for
the future calculations af(¢). In the presence of modeling errors, we find ourselves in
the paradoxical situation of having biased desired ancotialues of visual features,
but a pose after convergence that is accurate aside fromehsurement errors.

— A third, more elegant solution consists of managing to liaeecamera observe
the end-effector and the object of interest simultaneotgig calculation ok* can
then be achieved automatically [HOR 98]. This solution fzasly been implemented,
because, although it seems natural for eye-to-hand sysieposes significant prob-
lems regarding where the camera is placed in the case ohelyand systems.

We will now give in detail the different possible choices fitie combination
matrix C by following a (simple) analysis of the system'’s stability.

6.3.2. Regulating the task function

As we saw in the beginning of this section, developing a abriémw to regulate
the task function is separate from defining this functiorthka literature, many types
of control laws have been suggested: non-linear contro$ IBhAS 93b, REY 98],
LQ or LQG optimal control [PAP 93, HAS 96], based on a GPC adltgr [GAN 02,
GIN 05], even robusk ., [KHA 98] or by return of a non-stationary continuous return
state feedback [TSAK 98] in the case of mobile robots withir@onomic constraints.
We will simply focus on achieving a decoupled exponenti@rdase of the task func-
tion, that is:

e=-le [6.60]
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Using [6.59] and [6.2], if the matrixC is chosen constant, the differential ®fs
given by:

6=Cs=CLyv [6.61]

We saw in sections 6.2.2 and 6.2.3 how to pass from the kinesaewv to the
joint variablesq. For simpler notations, we will assume from now on that thetic
quantity is simply the controllable part of denoted by, that is to sawy = v in
the case of an eye-in-hand system agd= —v, in the case of an eye-to-hand system
(hence we will not be considering the problems caused byutanigies of the robot
and its joint limits. Furthermore, we will not be consideyitihe case of a robot with
less than six degrees of freedom. We will just point out thmathat case, we must of
course work directly in the joint space using [6.7] or [6.,14hd not proceed in two
steps withv, thenq. We therefore write:

de

e = C Lg
e Vquat

[6.62]

Where% represents the variations efcaused either by the object's motion (if an
eye-in-hand system is used), or by the camera’s motion (éyaato-hand system is
used). To control the robot® degrees of freedom, it is at least necessary to select
such thafl.g has ranks and we obtain as an ideal control law:

Vq=(CLy)™" </\e - gj) [6.63]

In the case where the visual features are expressed in tlgejme saw that the
interaction matrix depends on the values of these visualifea and on the depth
between the camera and the object in question. In the cas®effual features, only
some rather strong hypotheses make it possible to obtaiarthlgtical form of this
matrix. In any case, measurement and estimation errorsiavéable and the exact
value of Lg is unknown. Only an approximatioﬁ; can therefore be considered in
the control law. Also, the terr@% is usually unknown. Hence the control law used in
practice is:

Vg = (c f;)_l ()\e — ‘ZA‘Z) [6.64]
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If we assume that this velocity is perfectly achieved, the of[6.64] in [6.62]
leads to:

1 de e

ge , oe 6.65
o [6.65]

é:fACLS(Cf;)_l efCLS(Cf;)_

If we assume th:;\fg—jke = % = 0, then we notice that the positivity condition:

C L, (c LAS)A >0 [6.66]

is sufficient to ensure the decreasd|ef and therefore the system’s global asymptotic

stability (|e|| is then a Lyapunov function). Also, the resulting behavidl e the
same as the one specified in [6.60] under the unique condh'mirf; = Lg and that
ge — e We will see in section 6.3.4 how we can estimgfe which then makes
it possible to reduce tracking errors. We will now focus offiedent possible choices

of C andL.. Therefore we will assume from now on thegt = 22 = 0 so as not to
complicate the notations too much.
6.3.2.1. Case where the dimensionis 6 (k = 6)

If the dimension ok is 6, it is much more convenient to choo€e= I, because
the behavior o0& will then be the same as thate{meaning that, in the ideal case, all
components of will have a decoupled exponential decrease). In that casgeithe
control law:

Vg = —A f;_le =-A f;_l(s —s") [6.67]
and the sufficient stability condition:
L;L; >0 [6.68]

If we are able to properly measure the current valu&oét each iteration of the
control law, taking this estimation into account makes isgible to come closest to
the ideal behaviog = —\ (s — s*).
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6.3.2.1.1. 2-D visual features

When considering 2-D visual features, it is unfortunatelyemxely difficult (up to
now) to end up in this type of situation. The main difficultyatves not the estimate of
the current value of the interaction matrix, but the setectf the six visual features.

Consider for example the case wheris comprised of the projection coordinates
of three points in the image. The interaction maflix is then a6 x 6 matrix and,
most of the time, is a full rank matrix. But we can show [MIC $3P 95] that some
configurations lead to a loss of rankbf. In this case, the singularities are such that
the three points are aligned in the image or that the optieatezC' of the camera
belongs to the surface of the cylinder defined by the circuotecdf these three points
(see Figure 6.9). It is therefore difficult to ensure that,goy chosen initial position,
the robot’'s motion will avoid going through an isolated sitagity (where of course
the stability condition [6.68] is no longer satisfied).
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Figure 6.9. Singularity cylinder

Also, there are usually four distinct poses between the caiered the scene such
that the image of three points is the same [DHO 89]. Miningjs—s*|| can therefore
bring the robot to one of the four global minima such tat- s*|| = 0. Thus, in this
case, it is possible to hawe— s* = 0 even if the pose that was reached is not the
specified pose.

When considering visual features of different kinds (sucfoaexample the three
straight lines that can be defined from three non-alignedtppithe same potential
problems arise. A convenient solution consists of regtigcthe workspace to areas
close to the desired pose, that include no isolated singjalarand where minimizing
|ls — s*|| draws the robot's end-effector to its desired pose. Howeletermining the
size of these areas is a difficult problem.

Furthermore, if the six terms describing the affine deforomabf an object are
used (see section 6.2.4.3), a loss of rank of the interactiattix occurs when the
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considered object is parallel to the image plane [COLO 99JDBR], which renders
servoing impossible in the vicinity of this configuration.

Recent studies based on the search of moment combinatieashawed to deter-
mine sets of six visual features with very interesting prtips (invariant with respect
to certain motions, directly related to others) [TAH 05].whver, these results are not
yet definitive and the absence of isolated singularitiescallminima has not yet been
demonstrated.

Because of the different reasons mentioned above, it isa@mnmon to use redun-
dant 2-D visual features. We then halvgreater thars, a situation described in sec-
tion 6.3.2.2.

6.3.2.1.2. 3-D visual features

The use of 3-D visual features makes it possible to avoid tbelems mentioned
earlier since three parametéha are now available to represent the orientation and
only three position parameters have to be chosen amongghasein 6.2.5.3 to have
k = 6. Remember, however, that it is still necessary to be in tealidituation for
which the different measurements, calibration and estimagrrors are negligible, to
be able to express the interaction matrix. In the rest ofdbition, we will therefore
assume that we are in this ideal case which (theoreticallsyies the specified behav-
ior s = —\ (s —s*) and the stability condition [6.68] in the entire workspacoeleed,
we then have:

LiL. =LL,'=I3>0 [6.69]

If we choose to uséu to represent the rotatioh R, and the coordinateX of
an object’s point expressed in the camera’s current frénehe global interaction
matrix related te = (X, 6u) is given by:

_ il [X}x
LS[ 033 L ] [6.70]

Notice how appealing this matrix is (block-triangular arat singular except in
0 = 2m), giving the system an interesting behavior, since, igetike trajectory of the
considered point is a straight line in the image. If this p@srin the camera’s field of
view in its initial position and in its desired position, th& will be so permanently.
By properly selecting this point (in the object’s center cd\gty for example), we can
then minimize the risk of losing a large part of the objectidgithe servoing (without
ensuring however that a sufficient number of points necgdsahe pose estimation
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remain visible). At each iteration we can also select the Beit that corresponds
to the 2-D point closest to the borders of the image plane.tiidatchoice implies a

discontinuity in the control’s translational componentste® control law every time

the point is changed. Additionally, without a higher levehtegy (such as planning
the trajectories in the image), it is always possible to iiparticular cases that will

either cause a part of the object to fall out of view, or leageoverse effects on the
control scheme (if two points are close to opposing edgekeirhage for example).
Finally, the trajectory followed by the camera is a stralgt#, but only in the camera’s
mobileframe. Hence it will not be an actual straight line if an ot&ion change is

necessary.

To illustrate the behavior of this control law, we will codsr a positioning task
with respect to four points that form a square. As Figure 8Hd@ws, the desired pose
of the camera is such that it is parallel and centered witheeisto the square, with the
image of the four points forming a centered square with desparallel to the axes of
the image planes. The initial pose chosen corresponds gndisant displacement,
particularly in rotation. The results obtained by simwatin ideal conditions (that is
to say without introducing measurement errors, calibredioors, or pose estimation
errors) are shown in Figure 6.11. We considered, as the twiesX in s, those of
the originO in the object’s frame of reference, located in the squarergar. Notice
how, as expected, the trajectory in the image of the praeaif O, given as an illus-
tration, forms a perfectly straight line. On the other hathe&, camera’s trajectory is
not a straight line at all. Finally, the components of the egais velocity show a nice
exponential decrease, due to the strong decoupling of dmisa law.

(@) (b) (©

Figure 6.10. Example of a positioning task: (a) desired pose for the camera,
(b) initial pose, (c) image of the object for the initial pose and the desireg po

With an eye-in-hand system, we also get a block-trianguigaraction matrix if
we consider the vectaX = “t.- to control the camera’s position. But this is of little
interest in practice. On the other hand, if we choose to dendhe position of the
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origin of R, expressed in a frame rigidly linked to the object, for exaafpt., we
then have (see [6.54]):

_ C*]:-{c 03
L, = [ o L } [6.71]

which is block-diagonal and therefore ensures a completewjding between the
translational motions and the rotational motions. Addigly, the trajectory of the
camera will be an actual straight line, something of sigaificpractical interest. To
have the robot’s end-effector follow a straight line, we diyripave to considet t,,
in s instead of°"t... Unfortunately, in both cases, there is no longer any cootrer
the object’s trajectory in the image, and if the camera‘sahposition is far from its
desired position, there is no guarantee that the objectevitlin in the camera’s field
of view during the servoing.

0 25 50 75 100 20

@) (b) (©)

Figure 6.11. Servoing results when choosiag= (°t,, 0u): (a) trajectories of points
in the image, (b) componentsof (in cm/s and deg/s) calculated at each iteration,
(c) trajectory of the origin of the camera’s frame in the frafe- (in cm)

The simulation results for this control law, obtained in h&ct same conditions
as before, are shown in Figure 6.12. They bring support todh@ments stated above.
Notice also that the decrease of the translational comgsra#v,. are not as good,
because of the coupling of these components induced by tlestreng rotation that
has to be performed.

Similar choices are of course also possible using an eyeval system (see sec-
tion 6.2.5.3). As an example, if we selectsrthe translatiorft, and the vectofu
associated with the rotatichR,,, we end up, by combining Equations [6.67], [6.57]
and [6.48], with the following control law:

{ bvo ==X ("t, — ) 6.72]

°w,=—-A0u
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wherev, is the translational velocity o, expressed iRy and where"w, is its
angular velocity expressed iR,. This control law shows ideal decoupling proper-
ties. Additionally, it ensures a straight line trajectooy the origin of R, both in the
3-D space and in the image. We should however point out thifeife are model-
ing errors present in the robot’s Jacobian or a calibratioorén the transformation
matrix from R,, to R,,, the trajectory actually performed in practice will be difént
from what is expected. But the closed loop that is used isgbinen it comes to
these calibration errors and it is possible to quantify thisistness by the analysis of
the stability condition [6.68] by reasoning in the joint spa

2|
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Figure 6.12. Servoing results when choosiag= (c*tc, Ou)

6.3.2.1.3. 2/,-D visual features

As we have already said a number of times, taking 3-D visulfes into account
is based on the hypothesis that these features can be neasliably. In practice,
they are more sensitive to measurement errors than 2-Dl¥eatares, since they are
obtained from 2-D measurements and from a pose estimatitrowtiany particular
smoothing properties. It is therefore a good idea to comBieand 3-D visual fea-
tures to increase the robustness to measurement erroesmaihtaining good decou-
pling properties. In [MAL 99], the task function is definedfalows:

e=(z—a*, y—y*, log(Z/Z*), 6u) [6.73]

where:

—(x,y) and (z*,y*) are the current coordinates and the desired coordinates,
respectively, of a characteristic point in the image;

— Z/Z* is the ratio of the current depth to the desired depth of thistp
— fu represents the rotationR.. that is to be achieved.

In this case, we obtain the following control law:

-1 or-1
7L} —ZLML.,, | | 6.74]

Va=—A 03 I3
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where (see [6.16] and [6.51]):

LE’U = 0 -1 Yy and Lva = (1 + y2) —XyY —X
0 0 -1 —y x 0

Therefore, the resulting decoupling is satisfactory sitmgecontrol matrix is tri-
angular. Additionally, the trajectory of the charactecigioint that was chosen will
be a straight line in the image. By properly selecting thigyp(in the object’s cen-
ter of gravity for example, or as close as possible to the drsrdf the image, which
results in the same drawbacks as those described at thenlregof the previous sec-
tion), it is usually possible to keep the object inside thegmaFurthermore, thanks
to recent results in projective geometry, it is possible ge this control scheme on
objects whose 3-D models are unknown [MAL 00]. Because trse mstimation is
no longer involved, it is then possible to determine the il form of the actual
interaction matrix (meaning a form that does not rely on tineng) hypotheses used
before) and get it to display the camera’s calibration errdhanks to the triangular
form of the matrix, it is then possible to determine the atiedy conditions that ensure
the system’s local and global asymptotic stabilities [MAQ, S1AL 02].

In our example, the behavior resulting from the control I&W#] and from choos-
ing the object’s center of gravity as the characteristimp@ shown in Figure 6.13.
Notice the straight line trajectory of this point in the ineeand the fact that this behav-

ior is very similar to the one obtained when choosing (°t,, fu) (go back to Fig-
ure 6.11).

7N
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Figure 6.13. Servoing results when choosieg= (x4,log(Z,/Z;), 6u)

Another version of this technique is described in [MOR 0djeTonly difference
involves the third component efwhich explicitly takes into account the fact that all
of the object’s points must remain, as much as possiblejérthie image. However, the
triangular form ofL., is then lost, making it difficult to determine analyticallsitdy
conditions when calibration errors are present.
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A second 2!/,-D visual servoing technique is described in [CHA 00] in these
of an eye-in-hand system. The task function is given by:

e= ("t z—a", y—y', Ou.) [6.75]

where(z, y) and(z*, y*) are again the current and the desired coordinates of a charac
teristic point in the image, and whetg is the third component of the rotation axis
betweenR. and R... Using [6.54], [6.16] and [6.45], we infer the expressiorthud
associated control law:

‘R~ 03
Ve = —A . 1 le 6.76
c —LL7L., R, L' [6.76]
where:
-1 0 =z xy —(1+22) y
L., 0 -1 y and L., = | (1+¢%) —xy —x
0 00 lh Iy 3

[l1 I3 I5] being the third line of the matrik,, given in [6.46].

Compared to the previous case, the camera will follow agtttdine trajectory, its
orientation controlled so that the trajectory of the cheeastic point follows a straight
line in the image (see Figure 6.14). This control law is tfemeeextremely useful in
practice. If we select, as our characteristic point, thenpof the object closest to
the limits of the image, the discontinuity of the control lashen changing the point
will now involve the components of the angular velocity. O tother hand, note
that the control matrix is no longer block-triangular, whiggain makes it difficult to
determine analytical conditions ensuring the systemisilittawhen calibration errors
are present. The same is trugii, is replaced by the orientation of a segment, of
a straight line, or of an object in the image (see sectiongt@2and 6.2.4.3). More
2-D visual features are then used and the only change in #igrdef the control law
consists of replacing the coefficients on the last linekof andL.  with their new
values.

Finally, in [AND 02], the Plicker coordinates of straightdis are used, which
also leads to a 2/,-D visual servoing approach. However the resulting trajees
in 3-D space and in the image are not as satisfactory as iniheases described
previously.
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Figure 6.14. Servoing results when choosiag= (C*tc, Xg,0uz)

6.3.2.2. Case where the dimensionis greater thart (k > 6)

We will now describe the different possible choices (ﬁrandf; (see [6.64])
when the visual features that are chosen are redunélast®). Aside for the studies
described in [MART 96, SCH 04] where the coordinates of sav@fD points are
taken into account, this case only involves the choice of Ziddal features since
selecting six independent visual features is then a diffimablem.

Remember tha€ has to be & x k constant matrix with rank. The simplest
choice consists of choosing &35 the pseudoinverse of an approximate value of the
interaction matrix in the desired position:

C=Tofy [6.77]

As we saw in the first part of this chapter, the interactionrmatepends on the
value of the visual features that are chosen and the deptrebetthe camera and the
object. The calculation af requires the value af* to be known, as well as the depth
parameters in the desired position. If the 3-D model of thieaihks available, these
parameters can easily be calculated by a pose estimatiog tls desired image.
Otherwise, they are usually determined during the taskipetion itself.

Using [6.77], the control law [6.64] is expressed:

Vg = —A (IT+ LAS>71 e [6.78]

S|s=s*

and, by choosing/;‘szs* to approximatd/;, we get:

Va=-Ae=-ALg . (s—5) [6.79]



Visual Servoing 313

We should point that, even # is perfectly regulated (i.ee = 0), it does not
necessarily imply that the visual task is achieved @.e= s*), because the set of
configurations such that:

(s —s") eKerC [6.80]

leads tce being equal to zero withos—s*) being equal to zero. Hence it is important
to make sure during the selection of the visual featuresaotdate local minima in
the workspace. As an example, consider a centered squalieptar the image plane.
It is possible to show that by choosing, as the visual feafutee coordinates in the
image of the square’s four corners, the configurations spaeding to local minima
are such that the camera observes the square on its sideotihpdints are then
aligned in the image and what we have is a degenerate casaletiie workspace of
course.

Additionally, the stability condition is now written as:

—~+
Lo joesr

Ls >0 [6.81]

Even with a perfect estimate d/if; s—s-, this positivity condition is only ensured
in a neighborhood around the desired position. Usually, mdal asymptotic stability
can thus be demonstrated. Likewise, the decoupled expaheeahavior ofe will only
be ensured around this desired position. It is thereforsibles if the camera’s initial
pose is far away from the desired pose, that the resultingctaies in the image
turn out to be poorly satisfactory, or do not even lead to aveayence of the system
(see Figure 6.15a). In practice, this only occurs if conside rotational motions are
required [CHA 98].

In our example, note the convergence of the servoing in Eigut6, despite the
very significant rotation that has to be achieved. HoweVer,domponents of. do
not behave well, except near the convergence.

These problems are commonly solved by directly choosingathe pseudo-

inverse of an estimated value of the current interactiorrimjahstead of a constant
matrix:

C =1L, [6.82]
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Figure 6.15. (a) possible trajectory in the image when choosttig= LASTSZS*,
(b) expected trajectory in the image when choodihe- f,\s+
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Figure 6.16. Servoing results when choosiag= (z1,y1, ..., z4,y4) andC = L;r‘s:s*
This leads to:
—~—+ «
vg=—-ALs (s—s") [6.83]

It is now necessary at each iteration of the control law torede either the 3-D
parameters involved in the interaction matrix, or to perf@n online numerical esti-
mation of the elements of this matrix (see section 6.2.4m}he absence of time
smoothing in the calculation of this matrix, the system'idgor will therefore be
less stable than in the previous case.

Also, the convergence condition [6.66] no longer appliessithe calculation af
would have to take into account the variationg{see [6.61]), leading to virtually
unfeasible calculations. Once again, only the local asgtigstability can be demon-
strated. Considering the behaviorspfwe get:

§= ALy L. (s—s%) [6.84]



Visual Servoing 315

As in the previous case, it is therefore impossible to en#iueestrict decrease

. : . . —~+
of ||s — s*|| at each iteration since the x & matrix Lsy Ls only has ranks. All
configurations such that:

(s —s¥) € Ker f,j [6.85]

correspond to attractive local minima, the existence ofciwhs demonstrated in the
very simple case of a square [CHA 98].

The drawback of this method is that it attempts to ensureghat —\(s — s*)
(directly providing the control law [6.83]), which impliels constraints when only
6 degrees of freedom are available. In other words, the “tasktion” (s — s*) is
no longerp-admissible [SAM 91]. On the other hand, the advantage sfittéthod is
that, when it succeeds, it provides very nice trajectongaté image. If, for example,
s is comprised of the coordinates of points in the image, theeeted trajectories of
these points will be straight lines (see Figure 6.15b). &tfice, the actual trajectories
will not necessarily be as good (since the actual behavigiven by [6.84]). Also, the
robot’s trajectory needed to achieve these trajectori¢sdrimage is not necessarily
an advisable one [CHA 98].

These properties are summed-up in Figure 6.17: the trajeofdhe points in the
image is no longer a true straight line. Additionally, theneaia’s movement is not
ideal given the components of. and the trajectory of the camera’s optical center.

—20 10
-8 —20 B 5 20
0 25 50 75 100 20
(a) (b) (©)
Figure 6.17. Servoing results when choosiag= (z1,%1,...,%4,y1) andC = LT

—~T
Finally, other methods can be found in the literature. Faneple, L can be

used in the control law (instead @;ZS* or f,\s+) [HAS 93b]. However, the advan-
tages of this method compared to those described beforeoa@bwious, since they
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do not show good decoupling properties. On the other handyaasrecently sug-
gested [MAL 04], the choice of:

c-(lo 4l : [6.86]
- 2 s 9 s|s=s* .

leads to satisfactory results in practice, as Figure 6.18vsheven if the camera’s
trajectory is not a straight line.

8

—20 10
-8 —20 20
0 0
0 25 50 75 100 20
(a) (b) (c)
Figure 6.18. Servoing results when choosieg= (z1,y1,. .., %4, Y4)

andC = (3Ls + 3Lsjs—s-) "

Again, we insist on the importance of the choice of the visaatures inside the
control law. As an illustration, Figure 6.19 shows the resabtained in our example
when choosing irs the parameterép;, 6;) which represents the four straight lines
forming the sides of a square (see section 6.2.4.2). Notdlthae parameters can of
course be directly calculated from the position of the faainfs in the image. No addi-
tional information is necessary. Also, the control law thails chosen is the one that
uses a constant matrix f&, namelyLJ ___. which is easily obtained from [6.31].
As can be seen in Figure 6.19, the behavior is quite diffefrent Figure 6.16, even
though it was also obtained using a constant matrix, andsisgsl satisfactory as the
one obtained in Figure 6.18.

0 25 50 75 100 20

@) (b) ©)

Figure 6.19. Servoing results when choosiag= (p1, 01, ..., ps,04) andC = L;"s:s*
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To conclude this section, we should point out the importasicthe condition-
ing of the interaction matrix and of the combination matrixthe system’s behav-
ior [FED 89, NEL 95, SHA 97]. A good conditioning of the formlerads to a good
sensitivity for the system, whereas a good conditioningheflatter leads to a good
robustness for the control law with respect to measurenteotse Even if all of the
methods discussed above provide very satisfactory pedcésults, there is still much
work to be done to determine which visual features are the retes/ant.

6.3.3. Hybrid tasks

We will now consider the case where thevisual features that are chosen do not
constrain all of the robot’s degrees of freedom. The visask$ associated with the
k constraints can then be categorized depending on the Mitkaan extension of
the concept of links between solids, between the sensotaedvironment.

6.3.3.1. Virtual links

The constraints(p(¢)) — s* = 0 induced by the visual features define, when they
are achieved, airtual link between the robot and its environment. Becaiise 0
is an immediate consequencesip(t)) = s*, the setS* of motions that leave
unchanged, that is:

S* = Ker Lg (6.87]

enables us to fully characterize this virtual link.

For a pose» where these constraints are satisfied, the dimensiohS* is called
the classof the virtual link inp. Letm = 6 — N. Whenm = k, the k constraints
resulting from the visual features are independent. lintlit, the size ok then corre-
sponds to the number of degrees of freedom that we can and wish to control using
As we have already seen previously, it is also possible tcecatnoss the case where
the visual features are redundaht£ m).

Figure 6.20 lists the most common frictionless mechaninksl The class of each
link and the number of unconstrained degrees of freedomrdimstation (T) or in
rotation (R)) that allow such a categorization are alsodatid. With a vision sensor,
itis possible to achieve all of these links. For example ctee of the rigid link (which
constrains the robot’s six degrees of freedom) has already kstudied in detail in
the previous section. For the other links, examples of aessigonstructed from the
most common geometric primitives (points, straight lin@dinders, etc.) are given
in [CHA 93a].
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Name of the link Class | T | R Geometric symbol
B
Al
Rigid 0 0] o0
A A
1 m
. . B
Prismatic 1 110
A
= A
B B
Rotary 1 0| 1
_|® )
—<— (4
Sliding pivot 2 1|1
N
— A
Plane-to-plane contact 3 2 |1
Bearing 3 0| 3
A A
Rectilinear 4 2 | 2
B B
Jﬁ A
. A
Linear annular 4 1] 3
D s
Point contact 5 2 | 3

Figure 6.20. Mechanical links

As an example, we will explain the case of the bearing linkcah be achieved
if the camera is observing a sphere the center of which istédcan the optical
axis, and therefore has the coordina®gs = (0,0, Zy). The image of the sphere
is then a centered circle, and if we selectsirthe areaa of the circle and the
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coordinategz,, y,) Of its center of gravity{ = (a, z4,y,)), the interaction matrix
has the value (see [6.34]):

0 0 2a/Z, 0O 0 0
Ly=| —1/Z, 0 0 0 —(1+72%) 0 [6.88]
0 -1/Z; 0 1472 0 0

wherel/Z, = Zy/(Z¢ — R?) andr? = R?/(Z3 — R?), r being the circle’s radius
in the image, and? the sphere’s radius. By expressing the interaction matrithé
sphere’s center using the screw transformation matrixging6.6], we get:

0 0  2a/Z, O 0 0

L. = | -1/Z, 0 0 0 —(1+r%) 0 [ g3 [XHO]X }

0 -1/Z, 0 1+r? 0 0 5o

0 0 2a/Z;, 0 0 O

= -1/Z, 0 0 000

. 0 -1/Z, 0 000

which gives the form we wanted f&i*:
S = [6.89]

SO = O OO
O = OO OO
_ O O o oo

Itis of course possible to select 3-D visual features toeahihis link (if 3-D mea-
surements are available). In this case, we simply have tosghthe three coordinates
of the sphere’s center i

We will now discuss in detail how to define a hybrid task conigra visual task
controllingm (< 6) degrees of freedom and a secondary task.

6.3.3.2. Hybrid task function

Very often, regulating a visual task is not the only objeetand this task must be
combined with another, such as for example tracking a ti@jgor avoiding limits
of the joints of the robot, since, aside from the case whegevibual task consists
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of achieving a rigid link, other tasks achieve virtual linkih a non-zero class, that
is to say with degrees of freedom that are not constrainedhdyirtk. For example,

a translational motion along the axis of a prismatic linkvisathis link unchanged,
and it may be advisable to put this available degree of freettbuse on a second
objective.

Combining these two objectives can sometimes be done witmples summa-
tion [NEL 94b]. The control law then reaches a compromisé ¢aa lead to none of
the initial objectives being achieved. Here is another,gebegant approach, described
in [SAM 91], among others. It consists of considering theugistask as the priority
and to express the second objective as a cost function tonizieiunder the constraint
that the visual task be achieved. The use of this approadarisng to be common
in visual servoing. [CHA 94, COS 95, BER 00] give examples ehthe secondary
task consists of performing trajectory tracking. This caruseful for inspection and
conformity control applications, but also to perform th®3econstruction of the con-
sidered objects [CHA 96] or to ensure that a system is prgpasitioned [COL 02].
Avoiding limits of the joints and singularities is discuds@ [MAR 96]. Secondary
tasks can also be visual tasks, to try to avoid occlusiongxXample [MAR 98], or
they can be built from measurements provided by exterogeggnsors. For exam-
ple, combining a positioning task by visual servoing withadnstacle avoidance task
using a laser type proximity sensor was studied in [CAD 0Ghicontext of mobile
robotics.

Lete; be the visual task function artd the cost function to minimize, the gradient
of which ise, . The functione; has a dimension af. = n — N < k wheren is the
system’s number of degrees of freedafthe class of the desired virtual link, akd
the number of visual features usedsirThis task function is always written:

e; =C (s—s") [6.90]

whereC is now anm x k matrix that has full rankn in order for them components
of e; to be independent and to control the desired degrees of freedom.  is
chosen constant, the interaction matrixegf with a size ofm x n and a full rank
equal tom, is given by:

L., = CL, [6.91]

and notice that KeL., = Ker L.
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A task functione that minimizesh; under the constraint; = 0 can be expressed
in the form [SAM 91]:

e=W'e; + (I, - W'W) e, [6.92]

where W is an m x n matrix with a full rank equal tom and such that
Ker W = Ker Lg. Hence the matrixI,, — W+W) is therefore an orthogonal
projection operator onto the kernelbf meaning that:

(I, — WtW) x € KerLg , ¥x € R" [6.93]

Hence whatever the function to minimize, and therefore #mosdary tasle,,
only movements that do not distueh will be applied, which also implies that, will
not necessarily reach its minimum value.

However, because the exact value of the interaction mhtris usually unknown,
W has to be constructed based on an approximation or an esﬁ/@alf the kernel
of W is different from the kernel oLg, then the secondary task can lead to perturba-
tions in the achievement &f;. In practice, these perturbations turn out to be not too
harmful, unless if the estimate of the interaction matrigaspletely erroneous.

To construct the matri¥V, the simplest case occurs whegis a full rank matrix
with a rank equal ton = k. We can then directly tak8V = f; Otherwise, then
lines of W can be comprised of the basis vectors of the subspace generateﬂ:by
Note that ifLg has a rank equal to (in other words if the visual task constrains the
system’sn degrees of freedom), we can choddé = 1I,,. It is then impossible of
course to take into account a secondary task, since in teatwa haves = e;. This
also indicates that the task function defined in [6.92] isreegalization of the previous
one in [6.59].

By performing the same analysis as the one described in thi@rbeg of sec-
tion 6.3.2, we get the following control law:

vq=1Lo ' (—)\e—ae> [6.94]

and the sufficient stability condition:

L.L. >0 [6.95]
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Given the difficulty of calculatind.. in practice, it is possible to show [SAM 91]
that the condition [6.95] is usually satisfied if we have:

Lo, W >0 [6.96]

We can then sdf; = I,,, which leads to the following control law:

Vg=-Ae— — [6.97]

As with the rigid link seenin 6.3.2, itis much better to che@s= I,,, if the visual
features are not redundarit £ m). We should point out by the way that it is much
less difficult to select non-redundant 2-D visual featumedihks other than the rigid
link (see for example the case of the bearing link describetié previous section).
By choosingC = I,,, Condition [6.96] can be expressed simplylasW* > 0,
which is respected if the estimate used to biWdis not too coarse. We will also have
an exponential decrease for each componest lofthe case where the visual features
are redundanti(> m), we can choose:

—~+

C=WL [6.98]

S|s=s*

If W is also built fromf;‘szs* (and therefore constant), Condition [6.96] is
expressed as:

—~+

WL, .L;W*' >0 [6.99]

S|s=s*

which at best can only be satisfied in the neighborhood of énéigurations such that
s = s*. In practice, it is also possible to consider matri®&sand C calculated at
each iteration from an estimate of the current value of theraction matrix, but this
choice no longer allows the analytical formI§, to be easily determined.

Finally, if the secondary task makes it possible to kr@fv we can choose:

55 - _;'_5.6\1 + 882
5 =WV + (I, - WTW) o [6.100]
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where the tern%, if it is properly estimated, allows possible tracking esrto be
reduced if the object being observed is moving.

Figure 6.21 illustrates an example of hybrid tasks. We a®@rsid the case of posi-
tioning a camera with respect to a sphere, thus creating @ngdiank as we saw in
section 6.3.3.1. The secondary task corresponds to a movena constant speed of
the three components of the angular velocity. Notice in Fedu21e the exponential
decrease of the three components ¢the matricesSW andC are calculated at each
iteration of the control law). Notice also in Figure 6.214tlhe secondary task is only
properly achieved after the convergence td s* (except for thev, component which
is not involved in the convergence). Finally, note on thimedigure that the projec-
tion operatorl,, — W*W induces translational velocities, andv, to compensate
for the angular velocities, andw, caused by the secondary task, and thus preserves
the sphere’s image as a centered circle.

6.3.4. Target tracking

In this short section, we consider the case of an eye-in-lsgstem tracking a
mobile object. However, the principles described belowadse valid for an eye-to-
hand system where the camera is moving.

A significant part of the studies conducted in visual sergdimat deal with tar-
get tracking consider the object’s motion as a perturbattoat must be eliminated as
quickly and efficiently as possible [PAP 93, GAN 02]. Othardiés use prior infor-
mation on the trajectory or the type of movement of the objaetl 93, HAS 95,
RI1Z 96, GIN 05]. Furthermore, the use of an integrator is \anmon in control the-
ory to eliminate tracking errors. Ldj, be the estimate ofg’—tl at the iteratiork. We
then have:

Ik+1 = I+ M eig with Ip =0 [6101]

k
nY_ e
Jj=0

wherey is the gain of the integrator. This technique can only wordperly in cases
where the object has a constant speed, since welhaye= I, if and only ife;;, = 0.
This implies that the tracking errors are not completelyneiated if the object’s
motion is more complex.
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Figure 6.21. Positioning with respect to a sphere then turning around this sphere: daj-c
era’s initial pose with respect to the sphere, (b) camera’s final pesuperposition of the
initial image and of the desired image, (d) superposition of the final imagkeo the desired
image, (e) components ©talculated at each iteration, (f) componentssfcalculated at each

iteration
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Other approaches consist of estimating as reliably aslgedsie object’s speed in
the image. Indeed, if it is possible to measure the cameedity, an estimate of the
object’s speed is given by:

de;  ~ —

o= €1 — Le, ve [6.102]

whereé, is for example measured at the iteratibrpy éAlk = (e1 — e1,_1)/At,
At being the system’s sampling period. This leads us to anéntladaptive control
scheme and we can then use a Kalman filter (for example) to tbntbis estimate.
In [COR 93], such a filter based on a simple state model at ataohspeed is pre-
sented. In [CHA 93b], a constant acceleration and correlatése model was chosen.
Finally, what is referred to as the GLR algorithm (Generiiikelihood Ratio) is
used in [BENS 95], to detect, estimate and compensate failgesibrupt changes in
the object’s motion.

6.4. Other exteroceptive sensors

All of the rules described in this chapter are valid for anyeesceptive sensor.
The only characteristic involves the modeling of the intdicn matrix between the
considered sensor and its environment [SAM 91].

Consider for example a narrow field proximity sensor thavjgies the distancZ
between this sensor and the closest object in the sens@idn (see Figure 6.22). If
we assume that the object’s surface is perpendicular tetsos's axis, the interaction
matrix related ta7 is given by:

Ly=[0 0 -1 0 0 0] [6.103]

Figure 6.22. Modeling of a proximity sensor
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Various robotic tasks can then be performed, such as obstsoidance or most
of the virtual links that we saw previously, by selecting #ppropriate number and
direction of sensors. For example, a possible choice fatitrg a plane-to-plane con-
tact is the configuration shown in Figure 6.23. Expressedhénftame of reference
Ro = (0, 2,9, Z), the interaction matridLiz, related to each sensét is given by
(see [6.6]):

I —[Xi]
LZi:[O()lOOO]{O ]ng] [6.104]
soin the end:
Lz,=[0 0 -1 =Y, X; 0] [6.105]

whereX,; = (X;,Y;,0) are the coordinates ¢f; in Rp. This shows that the interac-
tion matrix that integrates the four sensors has raakd its kernel is:

[6.106]

DO O OO -
[l eBel -
_ o0 O o oo

The use of force sensors has also been the subject of marigss{&ihM 91].
Finally, we can mention [KHA 96] where the considered sensaromprised of a
camera rigidly attached to laser planes.

6.5. Conclusion

In this chapter, we only considered the most common casejswntrolling a
system that has six degrees of freedom, for which the sefedii relevant visual
features to perform the task is the most difficult problenpeesally if the rigid link is
the objective. Many simplifications occur if the system resdr degrees of freedom.
As an example, the orientation control of a camera mounted pan-tilt head, for
a centering or mobile object tracking task, presents no timagdifficulties. No 3-D
features are even necessary. The main difficulty involvesmiage processing aspects
in order to deal with real, complex objects.
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S

Figure 6.23. Planar rest link

For many years, visual servoing techniques could actuatily de applied
to extremely simple objects (usually producing binary ieg)g because of the
slow time processing for complex images. Advances in algais, particularly
in the field of image motion analysis, but most of all the enous gains in
computing power, have made it possible to consider reakosidte applications
[CRE 00, CRE 01b, TON 97, VIN 00, COM 04]. We should also memtgiudies
where the visual features are no longer geometric, butadstiescribe a motion in
the image sequence [GRO 95, CRE 01a].

The major advances to come in visual servoing involve sicgnifi progress needed
in determining the optimal visual features and taking intocaint unknown objects,
that do not require prior 3-D knowledge. The studies in tHe fi€projective geometry
have already shown promising results [MAL 00, RUF 99]. Ingbice, if the learning
of the desired image is impossible, obtaining the desirdédevid be reached when
working with a coarsely calibrated system can be quite diffi¢-urthermore, aspects
of trajectory planning in the sensor’s space [HOS 95b] areectly the subject of suc-
cessful studies [MEZ 02, COW 02, ZAN 04]. With the same idésyal task sequenc-
ing would deserve to be developed further. It would then besiide to broaden the
very local aspect of the current techniques. Likewise, imgrgneasurements pro-
vided by several exteroceptive sensors, which may or maypeatf different types,
inside the control scheme should make it possible to dedl miany new applica-
tions [CAD 00, MAL 01].
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Also, the development of omni-directional vision sensdB&K 99, GAS 00]
paves the way for many studies in the field of visual featuredeting, given how
peculiar and complex its projection model is [BAR 02, MEZ 04]

Finally, the use of visual servoing has expanded consitie@ker the past few
years in several fields. We will mention of course mobile tais particularly appli-
cations in automatic driving of vehicles [DIC 91, PIS 95, KI98, TSAK 98]. In
addition to the image processing problems, the main diffidigs in designing con-
trol laws that take into account the non-holonomic constsaof this type of robots.
We can also mention the control of flying machines (droneisngs, helicopters)
[ZHA 99, HAM 02, ZWA 02, RIV 04] where one of the difficulties owe from the fact
that these aircrafts are under-actuated. Finally, the dietdedical robotics is showing
great promise for the application of visual servoing teghes [KRU 03, GIN 05].
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Chapter 7

Modeling and Control of Flexible Robots

7.1. Introduction

The object of this chapter is to give an overview of the current state of the art
regarding the modeling and control of flexible robot manipulators. The modeling
method suggested in section 7.2 is devoted to control. It particularly leads to
reduced complexity models as compared to their finite element competitors, more
adapted to analysis than to control. Within this framework, the approach presented
leads to the most competitive algorithms in term of calculation time and enables an
easy tuning of the model resolution. Section 7.3 presents the control methods of
flexible structures for regulation and tracking objectives in the joint space and
operational space.

7.2. Modeling of flexible robots
7.2.1. Introduction

In the 1980s many studies dealt with the dynamic modeling of flexible multi-
body systems and their control.

Chapter written by Frédéric BOYER, Wisama KHALIL, Mouhacine BENOSMAN and
Georges LE VEY.
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As far as modeling is concerned, among the most advanced developments we
quote those of Simo [SIM 86], [SIM 88], Cardona and Géradin [CAR 88], Kim and
Haug [KIM 88], Serna and Bayo [SER 89], Sharf and Damaren [SHA 92],
Schwertassek et al. [SCH 99], etc. In the field of robotics, two types of systems
justified these efforts. The first one concerns the production industry. These are the
manufacturing robots for which there are efforts to increase their bandwidths in
order to accelerate the work pace. In addition, progress made regarding the material
and mechanical design fields make it possible now to lighten the structures
considerably, so it is obvious that a future generation of high-speed industrial robots
has to go through the control of their structural deformations. Nevertheless,
lightening and flexibility of the industrial robots are limited by gravity. The second
systems concerns the manipulator arms traveling within an orbit, they are by nature
very flexible systems because of their extreme length and smoothness and due to the
heavy loads that they handle (up to a few tons). To solve the problem caused by the
dynamic modeling of these two types of systems, two great theories were born. The
first, which is the most widely used [BOO 84], [BOY 96a], [BRE 97], [HUG 89],
[MEI 91], [SIN 84], [SHA 90], [SHA 92], etc., is more particularly adapted to the
modeling of high-speed industrial robots. Indeed, this theory, known as the “floating
frame”, regards the deformations of each isolated body as the result of linear
disturbances of the overall rigid motions of a reference frame which, as the term
“floating” indicates, cannot be attached to anything material [CAN 77].

In this theory, two great formulations distinguish the models, according to
whether they are written in the formalism attributed to Lagrange [BOO 84], [CHE
90], [SIN 84] or “Newton-Euler” [BOY 96a], [HUG 89], [MEI 91], [SHA 90],
[SHA 92]. It seems established today that the second formalism is the most efficient
one, both in the field of flexible manipulators and of their rigid counterparts. Among
other advantages of this formulation, we mention the easier refinement of the
model’s texture (in this respect we quote [BOY 00] which extends the method of the
floating frame, until then restricted to the linear deformations, to the domain of
quadratic disturbances), its algorithmic efficiency (recursive algorithms in o(n)
[BOY 95], [BOY 98], [DEL 92], [FIS 97], [VER 94]), its general nature (the
Newton-Euler models lead to the Lagrangian models through the operation known
as assembly [BOY 96b], [GLA 99]).

The second theory [CAR 88], [IBR 98], [SIM 86], [SIM 88], [BOY 04], [BOY
05] was initially developed with the aim to model the huge space structures,
subjected to finite deformations, but the theory can equally model low amplitude
vibratory phenomena. It is based on the use of Galilean references (not mobile like
in the previous situation) and takes into account each finite overall motion attached
to a beam. This approach belongs to the non-linear method of finite elements and is
most often based on a Newmark implicit numeric integration [SIM 91] associated to
an exact linearization [HUG 78] coupled to a Newton-Raphson algorithm. Finally,
we must note that if the general approach is, from the point of view of the mechanic,
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“more rigorous” than the floating frame approach, once the fields of deformation are
reduced through modal truncation, makes it possible to obtain models which are
better adapted to control engineering applications (lower state dimension).

7.2.2. Generalized Newton-Euler model for a kinematically free elastic body

The objective of this section is to generalize the Newton-Euler equations for an
elastic body denoted S, kinematically free and subject to external actions similar to
those applied to an isolated body in an open robotic chain. For more details on the
developments which will follow we invite the reader to refer to [BOY 94], [BOY
96a]. When such a model is sought, the following question arises: which principle of
the dynamic balance is to be applied? The equations of Lagrange or the theorems of
Newton and Euler? Actually we will see that neither of these two methods is
naturally adapted to our objective, and that we will consequently have to apply a
principle of the dynamic balance that unifies both of these two approaches: “the
principle of virtual powers”. In order to clarify this last point, we will firstly
reconsider the fundamental difference between a Newton-Euler model and its
Lagrangian counterpart. This difference is based on the concept of motion
description formalism.

7.2.2.1. Definition: formalism of a dynamic model

The continuous medium mechanics proposes two formalisms to describe the
motion of a solid material [GER 86]:

i) Lagrangian formalism: the motion is described by the knowledge of the
successive positions occupied by each material particle. The motion is consequently
described in terms of trajectories. The material particles are identified by their
position in a reference configuration denoted 3 and usually chosen as the initial
configuration of the motion. In this formalism the basic kinematic unknowns are
unknowns of position in an infinite number for the general case (position field).
Once certain constraints such as rigidity are considered, or once the reduction
operation (modal, finite elements) is carried out, the position field is parameterized
only by a finite set of time functions which take the meaning of generalized
coordinates of Lagrange mechanics. Consequently, the Lagrangian model of a
holonomous system (which is the case of a flexible manipulator) can be written as
follows:

1(q.94.9.Q) =0 [7.1]

where q is the vector of generalized coordinates (Lagrangian kinematic unknowns)
and Q is the vector of external generalized forces applied on the system.
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ii) Eulerian formalism: the motion is described knowing the velocity field over
the current configuration >.(¢) of the body at every instant ¢ of the motion. Knowing
this field makes it possible to obtain X (¢+dr) from > (¢#) without an explicit
reference to the past of the motion and particularly to the reference frame. Such a
description can consequently be described as amnesic and it is contrary to the
mnesic nature of the Lagrangian description. Attention, the mnesic or amnesic
nature refers here only to the geometric condition and not to the internal condition of
materials governed by their constitutive laws. In this formalism the basic kinematic
unknowns are defined by the velocity field which, once the possible constraints are
considered, can be reduced to a finite set of velocities such as, for example, the
components of the velocity screw of a rigid body. Consequently, in such formalism,
the dynamic model of the material body will be written:

f(V,V,®,F)=0 [7.2]

where V represents the velocity field on the body, while F represents the dual
quantities representing the external loads applied onto the body. The configuration
of the system is represented by the symbol ® and is related to the velocity field
through the so-called reconstruction relations, such as: ® =h(®,V). We shall note
finally that the Newton-Euler model of the rigid body, usually obtained from the
theorems of Newton and Euler, is of the type [7.2], where the velocity field
degenerates into a simple screw. Thanks to what has just been recalled, we are now
ready to decouple the formalism of a dynamic model from the balance principle
which generates it. Thus, model [7.1] applied to the rigid body can for example
result from equations [7.2], once the unknown fields are replaced by their
parameterized expression (by a set of generalized coordinates). Reciprocally, the
form [7.2] can result, in the case of a rigid body, from Lagrange equations through
the inverse change of kinematic unknowns.

7.2.2.2. Choice of formalism

Keeping in mind the previous definition, we notice that the Eulerian formalism is
imposed by our initial objective, while the Lagrangian formalism is essential to
describe the system’s internal deformations (here reduced to an elastic body only).
Indeed, the elasticity of the internal state of the body of a chain depends only on its
current configuration and on a privileged configuration, called reference
configuration, and naturally identified in its elastic static state. Thus, the description
of elastic deformations is necessarily mnesic and the formalism adopted to describe
it is Lagrangian. This opposition makes us separate the motion of each elastic body
into two types of motions (this is the basis of the floating frame approach). The first
type does not imply any deformation and consequently the corresponding motions
are labeled as rigid. The second type refers to pure deformation motions, which are
labeled as elastic.
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Such a classification requires a prior selection of the reference of rigid motions.
Multiple choices are possible. In this chapter we will deal only with “embedded
references”. Such a choice is based on the following physical reality. In the vicinity
of the joint between a body and its predecessor in the chain, there always is a three-
dimensional material area that does not get deformed. We will thus assign a
reference frame R(?) to this area, and the mobile configuration, i.e. embedded and
denoted 2 (¢), will be defined as the “prolongation” of the rigid geometry of the
body which resulted from this area (see Figure 7.1). Note that such a choice will
force us to adopt modal bases that verify the condition of “embedding at the origin
of the mobile reference frame R(z) of the body”. The continuous succession of
2., (t) in space defines the rigid reference motion. We will call S, the fictitious
rigid body occupying at every moment the embedded configuration. As for the
elastic motion, it will be identified with the relative motion of the actual body S
compared to S,. Once the classification of motions is done, we will adopt for each
segment:

— the Eulerian formalism to describe its rigid reference motions;

— the Lagrangian formalism to describe its elastic motions.

It follows that the kinematic unknown quantities of the elastic body are obtained

by a set of Eulerian unknown quantities (subscripted “7” as “rigid”), and by a set of

Lagrangian unknown quantities (subscripted “e” as “elastic”’), and that its dynamic
equations are written as follows:

f(VrnVrnqeaqeaq)aFraQe) =0

where Q, represents the vector of the elastic generalized forces. Thus, such a model
is neither Eulerian, nor Lagrangian, but both at the same time. Moreover, it enables
the generalization of the Newton-Euler model for an elastic body because, by
removing the elastic unknown quantities, it gives again the form [7.2] of the
Newton-Euler model for a rigid body. Consequently, we will call this model
“generalized Newton-Euler model”. After these general comments, we will establish
the kinematic model of the elastic body in this mixed formalism.

7.2.2.3. Kinematic model of a free elastic body

In order to lighten the developments, we will adopt the formalism of wrenches
and screws, which will be noted by double characters. In this formalism, the
Galilean screw field of the body S occupying the current configuration X(¢) is
written as:

y(M)
MeZXZ(t)> V(M) =
o(M)
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[T

where underlines either a vector of the space R’, or a vector matrix as a screw
or a wrench. The vector v(M) (respectively o(M)) represents the linear Galilean
velocity (respectively the Galilean angular velocity) in M (M) (point of X(¢) image
of M, e X (¢) (see Figure 7.1)). If we insert the motion of the reference body S,
we have:

o, (M)

=r

{X, +o, Xr(M )} {L(M )}
MeX(t) > V(M)=V (M)+V,(M)= +
[7.3]

where we used the rigidity property of S, and chose the point 4 — the origin of the
mobile frame R(¢) (and the embedding point) — as a reference frame of its velocity
field. The vector AM is denoted here r(M). The velocities . and v, create a set
of Eulerian unknown quantities for the rigid component of the motion and are
grouped together in the body reference screw:

v
v -{¥}
9’”

The fields of vectors v, and ®, are respectively the fields of elastic linear
velocity and elastic angular velocity. The hypothesis of elasticity makes it possible
to totally parameterize the internal state of the solid by the position field applying
S, on S. This field is later reduced to a truncated basis of Rayleigh-Ritz functions
[MEI 89]:

VM) | K] RuM)]|
. _ 74
Y.(M) {9@(M>} ;{9,.k(Mu>} o -

where ®,and ®, are respectively the A" displacement and rotation form

functions, and N is the total number of form functions. We shall note that the vector
r(M) appearing  in [7.3] can be  expanded @ as follows:

N

r(M)=r(M, )+ Zg,k (M,) q,. Finally, we shall underline that in the three-
k=1

dimensional case of a classic medium (non-Cosserat) the rotation form functions are

not independent of the displacement form functions, but they are linked by the “curl
operator”:

1
D, (Mo)ZEZXQdk (M,)
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where V is the “nabla operator”. In agreement with our choice of reference
configurations, the form functions are supposed to be embedded in 4= 4, i.e. they

verify:

P, (A=D,(4)=0

Equations [7.3] and [7.4] define the kinematic model of elastic body. This model
is well parameterized by a set of Eulerian and Lagrangian kinematic unknown

quantities: (©,,V, , Gu>Ger-s Gen )-

Figure 7.1. Parametric transformation of a flexible segment

7.2.2.4. Balance principle compatible with the mixed formalism

Once the kinematic model is established, we must choose a dynamic balance
principle irrespective of the type of adopted formalism. Such a principle, reuniting
the two formalisms previously discussed, is the principle of virtual powers. It is
defined as follows:

}):rc/g(S):P* (S)+1)(:I/g(S) [75]

int
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Where, from left to right, we have the virtual power of acceleration quantities,
the virtual power of constitutive internal forces and that of external load. The index
“/g” means “as compared to a Galilean reference denoted R,”. For the virtual
balance to be relevant, the virtual velocity field applied to the system “frozen” in
time must be compatible with the parametric transformation [7.3] and [7.4]. We will
use the symbol “*” in order to distinguish a virtual field from its real counterpart.
Under these conditions we will adopt as the test field:

o

=r

. . . {V t+o, xr(M)}
VM=V, (M)+V (M)=

S dk(
+Z{ ®, (M, )} 7ol

7.2.2.5. Virtual power of the field of acceleration quantities

This contribution is an immediate result once the dynamic wrench field is
known. Such a field evaluated in M is identified with the dynamic wrench of
material particle having a mass dm located in M at ¢. It has as dynamic resultant
dmy(M), and as dynamic momentum dmh(A/). This last momentum is zero, the
particle having no spin, since there is no volume extension (non-Cosserat medium).

This makes it possible to write:
M
a1, (M) = dm(M){Y( . )}

Once the motion of the mobile reference S, is inserted, we have:

YM) =7 +y (M)+2 0, Xy (M)+0, %(®,Xr(M))+o, xXr(M) (7.7]

with:

dv dv (M do
1=(2) L pon-[R0D) o (2]
- dt IR, dt IR(t) dt IR,

where the symbol “/” means “compared to” and, as we recall, R, is the Galilean
inertial reference frame, while R(#) is the mobile reference frame fixed at the
embedding in 4.
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The virtual power generated by the acceleration quantity of the considered
particle is written as the interior product of its virtual distributor and its dynamic
wrench, both evaluated in AM:

dP.. (M)= <V (M),dT

ace,g acc

(M) >

Let us recall now that the vector space of wrenches and the one of screws are in a
relation of duality via the internal product <, >. Later on, we will adopt the following

.- . . - y
writing convention. The internal product of a distributor V = {_} , and of a wrench
[0)

F
T= {E} will be marked:

<V, T>=F.v+C.0

where the symbol “.” indicates the contracted product of two tensors (the scalar
product of the two vectors being a particular case). We will also use the alternative
writing:

<V,T>=Fy+Co=v F+0'C

where XT indicates the dual vector of vector V. Finally, by integrating on the entire
body the virtual power of the acceleration quantities of each particle in the virtual
field [7.4], we will have:

Pl = [dP. (M)= [ y(M)dm.y, +

acc,g

(1) 2, (1)

[ @)+ ®@,(M,)q,)x y(M)dmw, +Y" [ 7(M)®,(M,)dm g, [7.8]
2, (1) k=1 k=l 3,0

In order not to complicate the notations, in [7.8] and subsequently, the
accelerations depending on M appearing in the integrals on > (¢) are considered to
be composed functions: y(M)=y(M(M,)).
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Figure 7.2. Parametric transformation of the chain

7.2.2.6. Virtual power of external forces

Later on, we will consider the case of an open robotic chain, with point and
revolute joints. Under these restrictions, each body is subjected to:

— gravity;
— the control and constraint torques transmitted by the joints to the contact points
A and B of the body with the rest of the chain.

We shall note here that since the joints are punctual, B is the embedding point of
the next body in the chain (see Figure 7.2).

Virtual power of the gravity field

The gravity wrench is a “force wrench” of the type:

dT,(M)= dm(M){(g)}

where g is the gravitational acceleration.
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Consequently, its virtual power is written:

P, = [ <V (M),dT,(M)> [7.9]

pes.g
()

5

If we compare [7.9] with the initial expression of P, ., we realize that to

consider the gravity means to replace y(M) by y(M)—g in[7.7].

Virtual power of constraint and control wrenches

The “reaction-control” wrench transmitted by the joints on the two sides of the
body b are written:

F -F
T (A= {E} » T.(B) = {_E}

where we use a negative sign for the forces and torques applied by a body to its
predecessor in the chain. The virtual power of these wrenches is written:

s

P, = <V (AT (4> + <V (B),T.(B)>,

c.g

i.e. in terms of the mixed set of kinematic unknowns (Lagrangian-Eulerian):

P, =[F-Fl.v,

C,,

{9 —g'—(z(Bo>+ﬁ%(&)qek)xz}-gi +

N
+y [-F.®,(B)-C @, (B)]q, [7.10]
k=1

where B, is the antecedent of B by the current deformation applying X (¢) on X(¢)
(see Figure 7.1).

7.2.2.7. Virtual power of elastic cohesion forces

Since our body is assumed to be elastic, its internal state can be entirely
described by a potential of deformation according to the elastic parametric Rayleigh-
Ritz transformation at the current moment:
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Uint (S) = Uint (Qei )'

We obtain the virtual power from the internal forces:

* u aU o
£,(8)= —Z{ P ] 9

i=1 ei

Limiting our developments to linear elasticity, the potential is taken in the
quadratic form:

1 N N
Uint (qe[) = EZ} Z]kijqeiqej
=l j=

where k, represents the generalized Rayleigh-Ritz stiffness. Finally, we obtain the
following expression of the required power:

PL(S) =3 ~(k, 4,)d, [7.11]

i=1 j=1

7.2.2.8. Balance of virtual powers

We can now state the balance of virtual powers. Considering [7.8], [7.9], [7.10]
and [7.11] in [7.5], we obtain the following integral equation:

[ vy dmy, + | (£(M,)+Y ®,(M,)q,)x y(M))dmw,

2, (1) 2, (1) k=1

+3 [ 0@, 00 )am g, = [E-F |+

=3,

{(Q -C)—(x(B,)+ igdk (B, )qgk)xﬂ'} o+

+Z|:_E'Qdi (Bu ) - _, 'Qri (Bo ):| q:: +z Z _(ki/ ’qej )q: [7 12]

i=1 j=1
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which can be re-written as follows:

N
Av, + Bo, + >0,.4, =0

i=1

The Eulerian velocities Xt and 9’: and their Lagrangian counterparts

G.1»G.n»>-q4.y are independent and arbitrary because “virtual”. This enables us to
draw from [7.12] three sets of dynamic balances (2 Eulerian and 1 Lagrangian) with
the form:

=0, B=0, 0, =0,...0,, =0

7.2.2.9. Linear rigid balance in integral form

From “A = 0” and from [7.7] we obtain:

[ dmy + o, x([ r, )+Z(I>dk(M ) qudm) +
X, (1) X, (1)

+0,x(,x( [ rM, )+Z<I)dk(M ) G dm))+
2, (1)

N
43 [ @, ,) dm Gy +20,x(Y) [ @, (M) dm ) =F-F+ [ dng
(

k=13 (1) k=13 (1) o

[7.13]

7.2.2.10. Angular rigid balance in integral form

From “B =07 and from [7.7] we obtain:

| (gT(ng(M))dm-w( [ (z(Mg>+i9dk(Mo>qek)dm]x ¥+

2, () 2, (1) k=1

+i{ j r(M,)x®, (M, )dm+z j a(M)X®, (M,) dm qa}jw
2, (1)

k=1 =y
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+o,x( [ F(M).EM))dm.o,)+
Z, (1)

2y | [(z(MmiQw (M»q@,)x(g, x®,, (M»)j dm g, =

kX,

g_g _LE(BO)—i—igdk(Bo) qeijg

k=1

+[ [ (£(M,)+ @, (M, )q,) deXg [7.14]

2, (1)

where above as well as further on, “ > underlines a tensor of R’ ® R’ (®is the
usual tensorial product), and W is the antisymmetric tensor associated to vector w

such that: W.au=wxu,Vue R’.

7.2.2.11. Elastic balances in integral form

The " elastic balance results from “Q,; = 0” and from [7.7]:

N
> | @ (M)®,(M,)dm i, + [ ®,(M,)dmy +
k=13, (0) 2, (1)

+(2 [ @, (M)x®,(M,)dm g, + | E(MU)XQd,-(Mg)dMJ-%
o(

k=13, (1) 2, (1)

N
+ 230 [ (@, (M)X®,(M,)).dm).o,q,; +
k=1 >, (1)

N
+{ [ (@ xx(M,)x®,(M,)dm+Y | (9,,xgdk(M»qgk)x@di(MU)dm]-gr
z, (1) k=L%, (1)

N
+Y kyqy =—F @,(B)-C @,(B)+ [ ®,(M,) dng [7.15]
k=1 ¥, ()
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7.2.2.12. Linear rigid balance in parametric form

In order to extract the kinematic unknown quantities from the preceding integrals
and to factorize the tensorial inertial parameters independent of time, the following
relation is used:

AT A
V,x(V,xV,) =~V V).V,

Moreover, the integrals appearing in [7.13], [7.16] and [7.15] referring to
quantities related to the static geometry of the body, the integration field X (¢) can
be replaced by X _, the initial configuration of the body.

Hence, balances [7.13], [7.14] and [7.15] are rewritten in a parametric form
which we will now develop.

Linear rigid balance in parametric form
my + o, xMS +0 x(@, xMS)+

N N
+Zl_>q +2@r><(;lgkqek>=£—z +mg, [7.16]

where we introduced the following inertial parameters:
— the body mass:

Idm =m;
%,

— the vector of its rigid “first moments™ of inertia:

[r(M,)dm=MS,;
%,

— its £ elastic counterpart:

J. gd/c (M() )dm = Ek;
%,
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— the total vector of its first moments of inertia:

[¥(M,)+ 3@, (M, )q,dm=MS, +3 b, = MS.

s, k=1 k=1

Angular rigid balance in parametric form

IIi—t

.0, +MSx v i(ﬁ +ZM, j Gu +

k=1

N N
+9r X (!'Qr ) + 22! k 'Qy-qelx I ik _rqm ek —
= =i=re, = =ee,i
N
+C -C’ —(E(BUHZQdk(B(,)qgijEJrM_SXg [7.17]
k=1 -

where we introduced the total tensor of inertia of the body:

=re,

N
1= [ (M).EM))dm =1 +Z<I A g, + 21 a4,
= z = i,j:l_wyv -

This tensor depends on the configuration, and its detailed expression means it is
necessary to know the following constant tensors:

— the tensor of inertia of the rigid solid:

JEM)iM,) dm=1 ;
%,

— the tensor of inertia of the rigid-elastic:

[F' )@ (M)dm=T ;

=re,i
2,
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— the tensor of inertia of the elastic-elastic:

J.QZI (Mo)‘gdj(Mo) dm=1
Z,

=ee,ij

Angular balances require also knowing the two sets of following vectors:

[ ¥(M)x @, (M,) dm =B ;
%,

[®,(M)x®,(M,) dm = b,
Z,
i" elastic balance in parametric form

N N
Z mik dek + Ei .Xr + (Z&kiqek + ﬁi )°gr +
k=1 k=1

=eri —

N N
+ 22&1(,' 0,4, —0.d o _ZQr 8 | k"‘_‘)r Gu T
k=1 k=1

=ee,i

N
+> kiqy =-F.@,(B)-C.@,(B)+b,.g, [7.18]
k=1

which means it is necessary to know, apart from the parameters previously
introduced, the generalized Rayleigh-Ritz masses:

I (®,M,)®,(M,))dm=m,.
%,

7.2.2.13. Intrinsic matrix form of the generalized Newton-Euler model

Finally, we can bring together the parametric balances [7.16], [7.17] and [7.18]
as the following intrinsic matrix:

M MS' MS

= = de Xr Ein (qe > qe > Qr ) 9 Eg AEC
Mé I mr@ gr + gin (qe > qe ’9;‘ ) + Q + g = Agc [7 19]
MS; MST) mee de Qin (qe’qe’gr) k@eq@ Qg AQL
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Where the blocks of [7.19] imply:

— the matrices of generalized coordinates, velocities and Rayleigh-Ritz
accelerations:

qe:(qelaqezs-"qg]v)T ) qe: (q.gliq.ezi"'q.eJV)T ’ qe: (delséjeza"'dav)T;

— the matrices of generalized mass and stiffness of the structure:
m, =mat, ;. (mlj) » K, = mat; ;_, y (kij)

where mat, ;_, (a;) is the square matrix of generic component a,;, and where i and
j are respectively the row and column indices.

— the tensor of linear mass of the body having the mass m:

M=m

Ion

where & is the tensor whose components in the mobile base of R(¢) are the
symbols of Kronecker;

— the antisymmetric tensor of the first moments of inertia:

~ ~ N A
MS=MS +>'b g,.
= A

As well as the row matrices of vectors which we underlined as vectors:
N N
MS, =(b,,..h,), MS = [El + D AP+ ZM%}
=1 k=1

their duals being written by simple matrix transposition and passage to dual vectors:

T N N r
s’ = (b0}, M’ =(Ej+z Mg +z;:ngkj :
k=1 k=1
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— the resultant of inertial forces:
. N N .
F,(q,.q,,0,) =0, x(®, X(MS, +> b,q,)+20, (D b,4,);
k=1 k=1

— the resultant of inertial moments:

N
gin (qe s qe’o_‘)r) = 9;‘ X (l'g)r) + ZZI (D qek + 2 Z ILL ki —rqezqek s
k=1
— the generalized inertial forces:
Qin (qeﬂqnﬂ 1 L.N [ZZ_IJ (") an 9;‘ 'lerl'gr Z_; ee,ik Qr (k];

— the gravity forces and moments:

— the resultants of forces and torques transmitted by the joints:
AF, =F-F, AC,=C ~C —r(B)xF’
— the i"™ generalized force transmitted by the joints:
AQ., = -F.@,(B) -C.2,(B,).
NOTES.

— We note that the matrix product of [7.19] represents, in turn, the contracted
product of a vector by a tensor, the scalar product of the two vectors, the product of
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a scalar by a vector or a simple product of the two scalars, according to the tensorial
nature of the concerned factors.

— Equation [7.19] generalizes the Newton-Euler model of a rigid solid to the case
of an elastic solid subjected to small deformations in the expected sense because by
removing the elastic unknown quantities and equations in [7.19] we have the usual
Newton-Euler equations for a rigid solid:

AT
M MS |(y)] [0 X xMS) mg AF,
—r + + - = —
M§ 1 |lo) | exd .e) | |MSxg| [AC

r =rr

— The equations given above are written in an intrinsic form and can
consequently be expressed in any reference frame; nevertheless, the embedding
reference frame R(f) leads to the simplest formulation.

7.2.3. Velocity model of a simple open robotic chain

We will now consider a simple open robotic chain, each body of which is of the
type we have previously studied. The number of bodies is n and they are
denoted S,,...S,, starting from the base towards the end-effector. The base, marked
S,,1s assumed to be rigid. The joints are assumed to be point-revolute. The unit
vectors, support of joint axes, are denoted starting from the base towards the end-
effector: a,, a,,..a . Their angular variables are denoted g¢,,q,,..q,. The
dynamics of isolated segments results simply from [7.19], by subscripting all the
tensorial magnitudes of this generic balance with the index of the body considered.
We will now complete the set of dynamic equations thus defined with a recurrence
on the reference screws of the bodies, imposed by the joints. This recurrence creates
a kinematic model of the chain.

In order to establish the kinematic model of the joint ;+1, let us consider the two
bodies S, and S, connected by this joint. These two bodies are connected to the
contact point B, = 4,,,, where B is the last point of S, and 4,,, the first point of
S,,, (these two points are often aligned because of the assumption of point character
of the joint ). We then write the velocity screws of §; and S, in B, and 4,

j+
respectively. We have for the first of these two screws:

+V,(B) [7.20]

Yy

\V4 (B)ZV + 9XI'XI—‘./'(BJ')
—Jj N7 —1j 9
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as for the second, we have more simply:
/+1(A/+1) —r/+1 [721]

Thus, the relative motion introduced by the joint centered in 4,,, being modeled
as:

0
Vuld)=V,(4,.)=V,,(4,)-V(B)=q,, {a N } [7.22]
i+

we obtain, considering [7.20] and [7.21] in [7.22], the recurrence on the reference

SCIrews:
(B, ) {war.(A. ) 0.
r+ —V, =djk of + —r =] J+l + - qr'+ [723]
gl T = Z{ r]k( ) 0 a;, !

where B, is the antecedent by the current deformation onS; from the point
B =4,
J j+lt

7.2.4. Acceleration model of a simple open robotic chain

In order to generalize the Newton-Euler algorithms developed for the control and
simulation of the rigid robot manipulators in the case of a flexible manipulator, it is
necessary to establish the recurrence on the accelerations of the segments. This
recurrence is obtained from its velocity counterpart by simple Galilean derivation,
using the operators:

where R, (¢) is the reference frame (i.e. embedding) of §,. After some tiresome but
simple calculations we obtain the required recurrence.
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Recurrence on the accelerations

For j=0,.,n—-1:

o Xr (4. 0 g[ﬂ/'+
,,+1 _ y +Z{—djkEBo/)} +{—Xl —6( j+l)}+{a_ } qrjﬂ + Zlinr, j+1 [724]
= _r/A of hd =+l g -

—angr, j+1
where we introduced the following notations for j =0,..,n:

g

lin, j+1

=0, x2P,(8,)q,)+®,x(®,Xr (4,,))
8, = 4@, +@,(B,)q,)xa,, +(0,x2,(8,)q,)

d Xr' Xr' <
7 — 7 — y)j ,
dt/ R, Qri grj

de(Bo_j) _ del(B )(I)djz(B )a ’_a']N( /)
,8,)) | ®,(B,)®,(5,).2,, (B,)

7.2.5. Generalized Newton-Euler model for a flexible manipulator

We are now able to write the generalized Newton-Euler equations for a flexible
robot manipulator. This is practically done by associating to the balance equations
[7.19] written for each body, the recurrence on the velocities [7.23] and on the
accelerations [7.24]. In addition, the “reaction-control wrench” applied by S, on
S,,, via the centered point joint in 4,,, is denoted:

i+l
oo [E
—j+l Jj+1 gj+1
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with these notations we obtain the algebraic differential system

Dynamic equations

Forj=1,..,n
AT
M MS MS,
- ! ! x':f F +Eg/
MS I MS, [{o,+ C, +C, -
— =y i =
qej Qinj +ng +keej 'qej

MS, MS' m,

0

E,‘ _E/H
C -C, r, (A 1)><Fj+1 [7.25]
co j=l,.n (COIk:I,..N/( —j+l ’—d/k(B ) C/+l _r/k(Baj )))
Recurrence on the velocities
For j=0,.,n-1:
®, Xr, (A o) .
1 G0 [726]
a/'Jrl

vy 43 [2u ]
_rj+l__rj+z

k=1

@, (Bo,»)

Recurrence on the accelerations

For j=0,.,n
[7.27]

0
- =angr,j+1

o . Xr (A ) 0 Zlinr, j+1
=g = N = Ly J
+ ot
} { } {ajﬂ 9, .

_r/+l _r/ Z

_r/ k (Bol )

{_djk(

In order to complete this model it is necessary to add the boundary conditions, in

motion for the base and in forces for the end-effector

7.2.6. Extrinsic Newton-Euler model for numerical calculus

Finally, the numerical application of this model for the simulation and control
problem requires expressing the preceding intrinsic equations in a set of adapted
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reference frames. This is carried out in practice by projecting all the tensorial
quantities attached to a body S, in the corresponding reference frame R (1). We
will write /v, the matrix of components of a vector v or of a tensorv, in R, (7).
Moreover, the 6 X 6 matrices of corresponding wrenches and screws components
will be indicated in double characters. Hence, we obtain, based on [7.25], [7.26] and
[7.27], the generalized Newton-Euler model of an open chain with revolute joints
and embedded references, which are as follows:

Body balance
Forj=1,..,n:
By LAV PEL_PE =TT E [7.28]
Jer/ Jee/' q, ¢ _j(D/ /R/HH Fj+1

Recurrence on the bodies

Forj=1,..,n
’Vj = JTH HVH + ’RH f-fcbl,f,qejf, +q,j fAj [7.29]

Recurrence on the accelerations

Forj=1,..,n
j Vj — J"H*j_] J'*IV]’_I + _/‘]RH jflq)j_] qq/_] + _/Hj [7.30]

where we introduced:

—the 6 X 1 matrices:

. Tv | Ty | 0 . JF.4+'F
v, :{j r/}, v, :{jy'./ A, = a1 iC, = j_C"n/+nga ’
’ O, a, ' j inj 2

IF = jF,/' J j _ jglin,j J _ J
L =9 +7,74,,'G, =1, , TH, =6,A,+7G,

J
gangJ'

where 7, is the torque delivered by the actuator of the 7" joint;
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— the 6 X 6 matrices:

iR = jRj-] psxz T = jRj-I _jRj-l-HPj
Jj-1 0 ‘/R/._] > Tl 0 /R./’-l ’

3x3 3x3

I mL, ‘MS
SR ST

where 'R, is the 3 x 3 matrix of the axes of R,_, in those of R, and '"'P,is the
3x1 matrix of the position of point 4, in R, ;

—the 6XN ; matrices:

ip = jq)dfl (Boj)"" j(Ddi/(Boj) J =J' = jMSde/' .
J .iq)rjl(Buj)’“’ /'q)'y_Nj(Buj) R erj MS ’

rej
—the N X1 matrices:
C]- = Qmj +ng + keejqej;

—the Nj ><Nj matrices:

eej eej *

Finally, we will see later on how it is possible to obtain the inverse and direct
dynamics of a flexible robot manipulator based on these recursive equations.
Alternatively, these two problems can also be dealt with due to the Lagrangian
model [BOO 84], [BOY 94], [CHE 90], [SIN 84]:

[M,, Mj{q}= {TH} [731]
M, M) 4] (T.] (0

where matrices M, and M, are respectively the rigid and elastic inertial matrices,
M,, represents the coupling matrix between the two sub-systems, T, and
T, contain the elastic, centrifugal Coriolis and gravity forces, acting respectively on
the rigid and flexible degrees of freedom and 7 is the vector of torques generated by

the actuators. In order to obtain this model, we will have to give up the direct
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calculation using the Lagrange equations and use instead the operation known as
“assembly” of the Newton-Euler model [BOY 96b], [GLA 99].

7.2.7. Geometric model of an open chain

The three sets of equations [7.28], [7.29] and [7.30] must be completed by a
geometric model of the robot manipulator, i.e. by a model enabling to pass from the
reference frame of any body of the chain to its successor. Let two such bodies be
S,, and S,. By using the 4x4 homogenous transformation formalism, the
transformation applying the reference frame R, , on R, is written:

j_lT. — - R,/ . P/ .
! 0 1

where /'R ; and ! P, were previously defined. These two matrices are easily
calculated due to the relation:

»/_71T. _ Jj-1 Rej—ljilR;y' ./'*1Prj+ Fldej .
! 0 1

where the following notations were introduced:

—the 4x4 matrix:

R, P,
T =| 7 1y
K 0 1

is the homogenous transformation applying R, , on R, when the robot is considered
rigid (the set of these homogenous transformations creates the usual geometric
model of the rigid robot);

—the 3x1matrix:

N,

j_ldej = Z j_lq)dj—],k (BQH) Dej-1k

k=1

represents the displacement induced by the deformation of S,  evaluated at the
connection point with S ;
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—the 3x3 matrix:

Neoo
_ j-1
Rej—l = Z (I)rj—l,k (an-1)~qej-1,k
=)

represents the rotation induced by the deformation of the body S, evaluated at the
connection point with §;. It is relevant only under the assumption of small elastic
displacements and small deformations of the body, i.e. within the framework of
linear elasticity. In order to exceed this limit, we refer the reader to [BOY 99a],
[BOY 99b], [BOY 00] where a non-linear kinematic of a Euler-Bernoulli beam as
well as generalized Newton-Euler models are detailed, creating a consistent
approximation of order one and two of the energy balance (consistent linear and
quadratic models). These two models particularly make it possible to model certain
non-linear effects occurring in fast dynamics (such as the “dynamic stiffening”
[SHA 95]). In addition, the quadratic model can model the dynamics of a
manipulator subjected to finite elastic displacements (i.e. the arrows at the end of the
body representing half the length of the bodies).

7.2.8. Recursive calculation of the inverse and direct dynamic models for a
flexible robot

7.2.8.1. Introduction

Let us reconsider the form [7.28] of the dynamic model of a flexible robot. The
inverse dynamic model, which is used for the control, makes it possible to calculate
the vector of actuator torques as well as the vector of elastic accelerations in terms
of the state of the system (rigid and elastic positions and velocities) and of the vector
of rigid accelerations. At this level, it is important to notice that the elastic
accelerations are neither input nor output accelerations of the algorithm, but internal
variables constrained by the lower part of equation [7.31]:

4,=M_(T,-M,4q,) [7.32]

By reporting this result in the higher part of equation [7.31], we obtain the
reduced joint dynamics:

(M, =M, M_M, ), +(M M_T,-T)=1 [7.33]

e

In section 7.2.8.2, we will present a recursive and effective algorithm (from the
point of view of the number of operations) in order to calculate the inverse dynamic
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model without explicitly calculating the matrix elements of equation [7.31] (or
alternatively of the two equations above). This algorithm creates a generalization of
the inverse algorithm for rigid robot dynamics proposed by Luh, Walker and Paul
[LUH 80] which is presented in Chapter 1 of this book.

To simulate the behavior of the robot, the direct dynamic model is used. This
model makes it possible to calculate rigid and elastic accelerations according to the
joint torques and to the system status vector (rigid and elastic position and
velocities). The calculation of the direct dynamic model starting from form [7.31]
requires the inversion of the total inertial matrix of the robot (or, alternatively, the
inversion of the reduced dynamics matrix [7.33]). We present in section 7.2.8.3 a
recursive and effective algorithm in order to obtain rigid and elastic accelerations
without explicitly calculating the matrix elements of equation [7.31]. This algorithm
constitutes a generalization of the algorithm for rigid robots proposed by [ARM 79],
[BRA 86], [FEA 83], [KHA 02].

7.2.8.2. Recursive algorithm of the inverse dynamic model
The algorithm uses three recurrences:

i) forward recurrence for j=1,..n in order to calculate ’ H,, ] C,c;, J,,, J.,

J,,» 'R, "'T, defined by equations [7.28], [7.29] and [7.30], in terms of the
elastic and rigid velocities and positions as well as rigid accelerations;

ii) backward recurrence for j=n,..1 in order to calculate matrices and vectors,
making it possible to express ¢, and ‘I, according to 'V

iii) forward recurrence for j=1,..n in order to calculate q,,, / F,and 7.

The equations of the first and third recurrence are obtained directly from the
relations developed in sections 7.2.6 and 7.2.7. Consequently, we will deal in detail
with the first two iterations of the backward recurrence, and then we will give the
complete algorithm.

First iteration: j=n

We will start from equations [7.28] and [7.30] when j =n:

JVI’}’[ JVGVI nVn + nCn — "Fn 7 34
Jern Jeen qe}‘l c'l 0 [ . ]

”Vn = ”Tn—l ”_lvnfl + anfl n_l(bn—lq.en—l—‘r”Hn [735]



Modeling and Control of Flexible Robots 365

We suppose that the end-effector does not have any contact with the
environment, ie.: "'F, =0. Otherwise, we establish "'F_ =F_  and

n+l n+l

consequently we change "(Cn andc,. The elastic accelerations of the body n are
obtained from equation [7.34]:

i, =92, (-7.,"V,—¢,) [7.36]
If we report this vector in the higher part of equation [7.34], we obtain:

"F, =, ~3..03..)"Y,~1,3.e,+"C,
which gives:

"F,=K,"V, +"M, [7.37]
with:

K,=J,-J,J.d,., "M =-J_J'¢c +"C,

n rmn ren” een ern?’ ren~ eenn

By using equations [7.35] and [7.37] we obtain:

”]Fn = IBn " anl +Hn(.ien71 + "P [738]

with:
]Bn = Kn nTnfl 2

Hn = Kn anfl " q)i

-1

n}P;n — K’.l rlHn + nMﬂ

Second iteration: j=n-—1

By using equation [7.38] in [7.28] as well as equation [7.29], we obtain for
j=n—1:

[“ern—] Jj'en—] J{ " anl } + { " C:—] } _ { " ]anl }
J:/‘nfl J:enfl qen—l CTH 0 [739]
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" Vn—l = n_lTn—Z n_ZVn—Z + n_an—Z " n—2(.jen—2+n_l]H[n—l [740]

with:

* _ nepT * _ nnT
Jrrnfl - Jrrnfl + IjrnflIBn s Jren—l - Jre'n—l + Tn—lHn’

5

_ n—-1 T n-1
Jem—l - Jern—l + q)n—l Rn]Bn
* _ n-1 T n-1 n—=1~* _ n-1 nenl  n
Jeenfl - Jeenfl + q)n—] Ran’ <Cnfl - (Cnfl + ’]Tnfl ]Pn
* _ n-1 47T n-1 n
cnfl - cnfl + anl IRn IPn [741]

Equations [7.39] and [7.40] have the same form as [7.34] and [7.35]. We can
thus calculate:

s = (T 7V, -0 [7.42]

" F,_ =B, " anz +H,.q,,+ " P, [7.43]
with:

K, = “H:‘n—l - Jjen—lJ:e:r:—lJ:rn—l B =K, n_lTnfz

H,_ =K, HRnfz " o,

M, =T, J e, + T C

'H]P)n-l =K, nilHn—l + nilMu-l [7.44]

We can repeat this procedure for j = n — 2, ...1. The last iteration of the

. 1 . Ot .
recurrence gives I, in terms of "V, whose elements are known since

0
OVO = —{ g} . This recurrence provides the elements K.,B., H,,
0 J J J

'P,,’C,’M,, ¢, forj =1,...n.
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In short, the complete calculation algorithm of the inverse dynamic model is
given by the three following recurrences:

i)for j =1 to j=n, calculate:

J

then calculate jHj,"'Cj, c,J

If the base is fixed, we set 0(00

ii) forj =n to j =1, calculate:

K= -JJJ

Jj rrj rej = eej “erj?
__ * 1 * j *
M, =-3, 3¢ +C),

if j #n calculate:

J _ J] + j+lTTIB

rrj rrj Jj+l?

*_ JHlenT
J,=J4,+""TH

Jj+l

*

J =Jr

erj rej 2

J =J,, +(I)T’R H

JHLITT 4

1T 1
’(C —’(C +’+’I[‘ 7 ]ij
*_ idT i 4l
¢, =c¢;+ (Dj. RM P’j+l

if j #1 calculate:

B, =K,’T,,,

j g o

J - J J-1 J J-1 J
o,="'R_ "o +'R_"®  q,,+¢q,'a,

J . J 'R T

rej > “erj > i’ i

:0;
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o .
H,=K,R,,"®

12
jP/ =K, '/H,/ + jM/‘

. o R . ntn
This recurrence is initialized by:J,, =J1,., J,,, =J,..» I, =J C,="C,,

een?

c, =c,;

no

iii) from equations [7.35] and [7.36], we obtain the equations of the third
recurrence:

forj = 1 toj = n, calculate:
jVj — jTj,] ’HVj,l + jRj—l j_l(bj—qu‘—l—‘erj
.yl * g *
q; = Jec'j (_Jfrj IVJ —C])

The torque of joint j is obtained by projecting F,on A ;5 using equation [7.37]
we have:

t, = 'ATNK,’V,+'M,)

J

0
When the base is fixed, this calculation is initialized by *V, = —{ g} , 4, =0.

7.2.8.3. Recursive algorithm of the direct dynamic model

The calculation of the direct dynamic model through a recursive algorithm based
on the Newton-Euler equations was first proposed by D’Eleuterio [DEL 92]. Its
solution consists of gathering the rigid and elastic accelerations of each body in one
vector and then applying the resolution procedure suggested for the rigid robots. We
propose a different approach here, which initially calculates the elastic accelerations
using equation [7.36].

The algorithm uses three recurrences:

i) forward recurrence for j=1,..n in order to calculate the matrices
'H,,’C, e, I, 3. I, TR, HTj which depend on the elastic and rigid
positions and velocities;

rej 2 erj?
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ii) backward recurrence for j=n,..1 in order to calculate the matrices and
vectors making it possible to calculate ¢, q, and ’'F,according to 'V ;

iii) forward recurrence for j=1,..n in order to calculate the ¢, and q,,.

The equations of the first and third recurrences are obtained directly from the
relations developed in sections 7.2.6 and 7.2.7. Further on, we will deal in detail
with the first two iterations of the backward recurrence and then we will give the
complete algorithm.

First iteration: j=n

Using [7.30] we replace "H by "G, +4g,"A, in equation [7.35] in order to
express the n” joint acceleration, which is unknown in the case of the direct dynamic
model, we obtain:

"V, ="T_ "'V _+"R,,"'®, d,. "G, +q,"A, [7.45]
As in the inverse model, based on equation [7.34] and [7.36], we have:

"F =K, "V +"M, [7.46]

with:

K, =3, =3 oded o "M, ==3,JI ¢ +"C,
To calculate §,,, we pre-multiply [7.45] by "ATKK , which gives:

ATK, "V, =

ALK, A, + AK T Y R, TR+ G (747

Then by pre-multiplying [7.46] by "A”, we obtain:

no

TVI - "A: "Mﬂ = nA:KVI nVVI
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Finally, by using [7.47], we obtain:

qrn = k’l_] {T” - nA:[rlM)‘l +Kn('1Tn—l n_lv

n-1

+'R,,"'®, 4, ,+"G,)]} [7.48]
where the scalar f is given by:
k,="ATK "A,
We can now eliminate the acceleration ¢ in equation [7.45]:

"V, =E,"T, "'V, +E,"R, ,""'®, _d, +B,"G,+k'"A,(zr,-"Al "M,)
with:

E, =1, -k'"A, "ATK,
and I, is the 6X6 identity matrix.

If we report this last expression of "Vn in [7.46], we obtain the interaction forces
for the following iteration:

"F,=B,"'V,_+Y, 4, +"W, [7.49]
with:

]Bn = KnEn nTn—l

Y, =K,E,"R, "D,

nWI? = K’l (]E’l "G)l +k’l_1 'ZAM (T’I - 'ZA;II- "MH )) + "MYI

Second iteration: j=n-1

The insertion of [7.49] in the balance equation of the body n—1 gives an equation
similar to the one we started from, in order to “solve” the preceding iteration. And
we have to consider the fact that the inertial matrices and forces are replaced by
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those of equation [7.41]. This enables us to obtain equations [7.50] and [7.51] in a
way which is similar to the method used to calculate [7.48] and [7.49]:

q”lfl = kn_fll {Tnfl - A:—l ["‘1 M + anl ( " ’I[‘nfz n_ZVn72 +

n—1

+"'R,, " ®, L4, + "G, )]} [7.50]
’HF,H =B, nianfz +Y, 4, + i W, [7.51]
with:
K, = J:rn—l - ien—lJ:;nl—lJ:m—l’ i M, = _J:en—lJz;—lc;—l + nil(c,;fl’
k. = i A;LKH " A,
E,, =1 _k;-ll nilAn—l nilAi—lKn—l

IBn—l = Kn—lEn—l ”_]’]I‘

n=29

_ n—1 n-2
Yn—l =K En—l Rn—Z q)n—Z

n-1

nilwnfl = anl (Enfl nilanl +k117711 nilAn—l (Tnfl - ”’IAZA nian—l)) + " Mnfl [752]

This procedure is repeated forj=n -2, ...1.

Finally, we obtain the rigid and elastic accelerations of the first body in terms of
the known acceleration of the robot base, and the accelerations of the other bodies
by a forward recurrence for j=1,..n.

The complete algorithm with its three recurrences is written:

i) This recurrence is similar to the first recurrence of the inverse dynamic model
except for the calculation of ’ Hj which is replaced by that of / G;;

ii) the forward recurrence is given by:

For j=n toj=1, calculate:
K, and / M, : as for the inverse model,

k; = jAﬁKi in
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if j#n calculate:
— calculation of: J J J 0

inverse dynamic model),

/C’,¢; (see the corresponding part in the

eej

if j#1 calculate:
_ -1 i AT
B =L -k 'A;AJK,
B,=KE,'T,

_ i j-1
Y, =K,E,'R_""'®

J
P, =K,(E,’G,+k" A (z,- AT /M ))+'M

5

=t J=J "C,="C,,

rrn > Y ren ren > Yeen — een H

This recurrence is initialized by: J

rm

c,=¢,;

ii1) From equations [7.48], [7.45] and [7.36], we obtain:

For j=1 to j=n, calculate:
G, =k {z,~ /A7 '™, +Kf(jTj—1 VLR Ty Gf)}}
V=0T Y R G, + G G, A
qg —Juj (_J ij_cj)
0
When the base is fixed, this algorithm is initialized by OVO = —{ g}’ q,, =0.

0

We note that this algorithm requires only the inversion of scalars k, and
diagonal matrices J,, of dimension N, XN, while the algorithm of [DEL 92]
requires the inversion of the matrices of d1mens10n (6+N,)X(6+N,).
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7.2.8.4. Iterative symbolic calculation

The preceding algorithms can be calculated numerically. However, in order to
reduce their number of operations, it is preferable to program them by using an
iterative symbolic calculation which considers particular values of the geometric and
dynamic parameters. The method is based on the development of the preceding
equations without using loops and according to the following rules [KHA 87],
[KHA 02]:

1) to create an intermediate variable each time that an element of a matrix or
vector contains a mathematical operation;

2) not to create an intermediate variable to represent a result that does not
contain an operation, but to use it as it is for the rest of the calculation;

3) to eliminate all the intermediate variables, which are not used in the
calculation of the desired variables. Thus, once the model is generated, all the
created variables are searched for in the equations and those which do not appear in
the calculation of the desired variables are removed.

7.3. Control of flexible robot manipulators
7.3.1. Introduction

As regards the case of rigid robots, the control of flexible robot manipulators
implies different problems because of the intrinsic difficulties due to the very nature
of these systems. First of all, these systems are underactuated in the sense that the
motorized joints are in a finite number, while the dynamics of the bodies are
rigorously described by PDE (partial derivative equations) governing the evolution
of an infinite number of degrees of freedom. This under-actuation is still present in
the simplified models obtained by Rayleigh-Ritz discretization because then one
rigid degree of freedom and at least one elastic mode are considered for each body.
A second characteristic of flexible robots is that their dynamic in the operational
space is of non-minimum phase and consequently the inversion techniques used in
the rigid case are no longer adequate because of the instability of the zero dynamics,
rendered unobservable by feedback [DEL 89].

In this context, we usually classify the control problems in order of increasing
difficulty, based on the following objectives:
— regulation: placing the robot on a desired constant configuration;

— point-to-point in fixed time: in this case an additional constraint is added to the
regulation problem, i.e. the time of the joint motion, which becomes a fixed
parameter;
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— trajectory tracking in the joint space: the robot is constrained to follow a joint
time law, whilst canceling or minimizing the vibrations of the end-effector at the end
of the desired motion;

— trajectory tracking in the operational (or Cartesian) space.

Later on we will present some control results, which made it possible to achieve
the goals previously described. These methods are synthesized for the models
exposed in section 7.2, whose notations we will discuss again below.

7.3.2. Reminder of notations

We recall below equation [7.31] of the dynamic model of a flexible robot:

ooy ) (1S
=l [7.53]
Mé‘)‘ Mé‘(f qe Te 0

We can also use another form of this model, expressing the terms of Coriolis,
centrifugal and gravitational. Hence, the equations of motion can be written as
follows:

M(q)q+C(q,9)+K(q)q+D(q)q+G(q) =7 [7.54]

Matrix M is the inertial matrix, matrix C represents the Coriolis and centrifugal
effects, G represents the forces of gravity, K is the stiffness matrix and D is the
damping matrix. These two last matrices will be considered constant and diagonals.
Equation [7.54] can be rewritten by separating the rigid variables q, from the
elastic variables q, :

M}‘T M}"é‘ ql‘ C)" T C"E qi“ GI‘ 0 T
A |t nal = [7.55]
Mer ML)G qe CCI" CC@ qe GE Dq(:‘ + Kq(:’ 0

where q" =(q] q’)". Equation [7.55] clearly shows that the control acts only on
one part of dynamics and that the system is thus underactuated. However, in the case
of planar robots, the indirectly actuated modes remain controllable via the actuated
states [LOP 94].
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7.3.3. Control methods

As in the case of rigid robots, in order to control flexible robots we firstly
generate a time law translating the desired reference motion of the robot. Then we
determine the control law which ensures its monitoring.

Further on, we will briefly recall some control results for each one of the
objectives mentioned in section 7.3.1 by detailing certain recent methods.

7.3.3.1. Regulation

The goal here is to reach a point of desired equilibrium point which will be
marked q, =(q,,.q,,)- The linear case of a flexible axis was studied in the first
works [SCH 85], where the author compared the performances of a PD regulator on
the joint coordinates to that of LQ regulators. The passivity theory was also used in
[LAN 92], [WAN 92], where the authors studied the case of a flexible axis, and
demonstrated the passivity of the transfer between the joint velocity and the control
torque, hence proving that it is possible to stabilize the joint position by a simple PD
on these variables. Moreover, the authors underline that the observability of elastic
variables, via the stabilized joint velocity output, implies the systematic regulation
of elastic vibrations, and this without considering structural damping and without
feedback on the elastic variables. The non-linear case of the flexible multi-axis
robots was studied in [CAN 97], [DEL 93], where the authors show that a joint PD
control, associated to a term of compensation for the gravity effects G,, makes it
possible to fully and asymptotically stabilize the joint positions. This control is
written as follows:

T= Kp(qrd -q,)-K, 4,+G,(q,,,9.,) [7.56]

where K,,, K, are positive definite diagonal matrices.

7.3.3.2. Point-to-point movement in fixed time

This problem was dealt with in [MEC 94] using a mass-spring model. The
method consists of decomposing the control signal on the basis of sinusoidal and
linear functions. The decomposition coefficients are calculated by minimizing the
control energy during the movement and the elastic accelerations at the end of the
desired movement. In [CHA 95], a method based on optimal rigid trajectory is
suggested for a mass-spring model. The joint movements are planned in order to
minimize the elastic velocities, accelerations and “jerk” (time derivatives of the
accelerations). In [DEL 0la], for the linear model of a flexible axis, the authors
build an output without zero dynamics (i.e. of degree relatively equal to the
dimension of the state vector). This makes it possible to express all the states of the
system according to this output. The joint movement planning, making it possible to
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reach the final joint position without oscillations, is then carried out easily. This idea
is developed in [DEL 01b] for a non-linear manipulator with two axes, whose last
axis is flexible and modeled by only one elastic mode. In [BEN 04a], the problem of
point-to-point movement in fixed time, for the planar multi axis flexible arms, was
solved by a calculated torque type control associated to a backward integration of
elastic dynamics and a planning of optimal joint movements. To conclude, we note
that the methods enabling a monitoring of the movements in the joint space or in the
operational space can meet the objective of the point-to-point control in fixed time.
Next, we present two methods applied to the one-link case.

7.3.3.2.1. Control of one-link flexible robot by operational movement planning
[BEN 00a], [BEN 03]

This method is based on the stable inversion of the transfer between the joint
torque and the operational location of the end-effector. This transfer function is at
non-minimum phase [SCH 85] (i.e. a transfer function admitting zeros with positive
real parts), so its direct inversion leads to divergent controls. To avoid this problem,
an operational movement is planned so as to cancel the effect of the unstable zeros
of the transfer. This approach is presented here for a linear model with two elastic
modes. Equation [7.55] becomes in this case the following:

MG, + MG, + MG, =7
Mg, + Mg, +K,q, =0 [7.57]
MG, +Myq,+K,q,=0

with the elastic vector q, =(q,,4,)".

e

Considering the operational output:
Y, =Lq, )+ (L)q, () +¢,(L)g, (1) [7.58]

where L indicates the length of the flexible arm and ¢, the i"™ shape function.

Equations [7.57] and [7.58] make it possible to write the differential equation:

ay " O +a, yO0+a, yO+a, P O+a y P O+a,y,(0)=

[7.59]
b O+ b7 O+ b7 )+ bz (1) + ()

where y, ¥ indicates the i derivative of y,.
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Associated to the initial conditions:

7(0)=7"(0) = 7 (0) = 7¥(0) = 0

1,(0)=3"(0)=y20)=y"(0)=y"0)=y"(0)=0 [7.60]

The solution of the differential equation [7.59], where we substituted a desired
trajectory y,, with y,, writes:

7(t) =7,(0) + 7,(t) [7.61]

where 7,(t) is the general solution of the homogenous differential equation
associated to [7.59] and 7,(¢) is the particular solution of the non-homogenous
equation [7.59]. By setting for the output a polynomial trajectory as:

=3 ar [7.62]

where the constant coefficients a,,i€ {1... p} will be determined so as to obtain a
bounded solution and the degree p of the polynomial will depend on the initial and
final conditions which we want to impose for the output and on the number of
unstable zeros of the system (see below). The homogenous solution is then given by:

()= Y 4,(a,,1,,7(0), 7 (0),7 (0), 7 (0)) e [7.63]

i=1

where the terms 4, are linear according to the coefficients a,, this being due to the
linearity of the differential equation. The non-homogenous solution is given by:

7,(t) = %Bi (a)t' [7.64]

i=1

where the terms B, are linear in @, and are obtained by the substitution of equation
[7.64] in [7.59] and term by term identification. The coefficients a, are adjusted so
as to cancel the effect of zeros with positive real parts and zero real parts, by
imposing the following equalities:
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A.(a,,t,,7(0),7"(0), 7% (0), 7% (0)) = 0, V't [7.65]

for the 4, associated in [7.63] to the terms e

zero real parts.

, Zz, being zeros with real positive or

The coefficients of the desired movement are then determined by solving the
following linear system:

A (a,,1,,7(0),7"(0),7% (0), 7% (0)) = 0
4,(a,,t,,7(0),7"(0),7%(0),7%(0) =0
A,(a,,t,,7(0), 7" (0), 7% (0),7¥(0)) = 0
v."(0)=0, i€{0,1,2,3,4,5}

YValt) =y,

va(t,)=0, ie{1,2,3,4,5}

[7.66]

The limited nominal control is finally obtained by equation [7.61]. This closed-
form feedforward control is then supplemented by a proportional-derivative
regulator on the joint coordinates.

7.3.3.2.2. Control of a one-link flexible robot through model parameterization

The linear dynamic model of a one link arm, equation [7.57], can be written as a
parameter in which all its variables are expressed as a function of one variable,
marked A, and of its derivatives A”’. This parametric form can be obtained by
various methods, the most direct being the calculation of the companion form for the
control of the controllable linear system [7.53] [KAI 80]. Another approach based
on the parameterization of linear differential operators was presented in [BEN 00b].
We also mention here [DEL 01a], where the parametric form is obtained by creating
an auxiliary output without zeros. According to this idea, model [7.57] can be
written in the following parametric form:

a:(1) = AMD+AAZ )+ ALY (1)

4= AP (O +AAD (0) [7.67]
60=AAD O +AAY (1)

(1) = AAD (1) + AAY () + A, MO ()

where 4,,i € {1 ...10} are obtained in terms of the coefficients of the models [7.57].
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Form [7.67] makes it possible to directly solve the problem of point-to-point
movement in fixed time. Indeed, let us consider a desired movement, characterized
by the time of movement #,and the following initial and final constraints:

q,(t) =4, q.(t)=4q,,

4,(t,)=4,4,)=0 |4,(t,)=4,(t,)=0
0(t) = 4,(6)=0" | q,(t,)=q,(t,)=0
G,(1)) =¢,(%,)=0 ql(tf):%(tf):o

[7.68]

Based on equation [7.67], these conditions result in initial and final constraints
on A:

Alty) =%’,/1"'>(t0) =0, ie{L...,6}
1 [7.69]

9y ’ﬂ(’)(tf) =0, ie {1,...,6}
4

At 7 )=
These constraints are then interpolated by the following polynomial function:
i=13

YROEDIAS [7.70]

with the coefficients:

M ;
Gy =02 q =0, i€ {1..6}, a, =1,716—2_ 4, =—-9,009—~_
K, At, At,
a4, =20,020—7_ 4 = _24,024-17_ 4 =16,380—17_ [7.71]
9 9 10 10 11 11

Altf 1°f 1°f
a, =—6,006—2 4., =924

At, At,

By substituting [7.70] in [7.67], we obtain the desired movements and the
feedforward control, which is associated to a joint regulator in order to realize the
desired movement. The parametric form [7.67] can also be used to control the
operational trajectories [BEN 02c].
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7.3.3.3. Trajectory tracking in the joint space

One of the first studies dealing with this problem is the article [TRU 79], where
an LQR control was used in order to stabilize the tangent linearized system along the
desired trajectories. In [SIC 88] the method of singular disturbances was applied to
the joint trajectory control for flexible robots, the idea being related to the concept of
variables moving on various scales of time. The control is done in two steps: in the
first instance, a slow control is calculated for the slow dynamic (i.e. rigid variables),
as if for a rigid robot. Then in the second instance, we calculate a control which
stabilizes the fast system (i.e. elastic variables). In [SIN 86], [CHE 89], [YAN 97],
the authors proposed a non-linear control decoupling the joint coordinates from the
elastic coordinates. This control, i.e. inversion or computed torque, requires the
measurement or the estimation of elastic states. In [CHE 00] a control based on the
passivity of the system was proposed. The results presented show a compromise
between the precision of the joint trajectory tracking and the damping of residual
oscillations. Below we will present in detail the computed torque method, as well as
the approach suggested in [BEN 02a], which makes it possible to carry out a precise
joint trajectory tracking for flexible multi-axis planar robots, while damping the
oscillations of the end-effector at the end of the rigid movement; and this without
elastic state feedback.

7.3.3.3.1. The computed torque method

On the basis of equation [7.53], we can formally express the accelerations of
elastic variables:

d, =M, (T,-M,q,) [7.72]
which makes it possible to rewrite the joint dynamics according to:
(Mrr _MreMe_,elMer)(.jr = _MI‘C'ME::TS’ + Tr + T [7'73]

Matrix M,, —M_M_'M is called “decoupling matrix”. If we substitute the
joint accelerations vector with the vector W, we can calculate the corresponding
linearizing control T, by:

1, =M, -M,M_M _YW+M M_T —T, [7.74]

and thus the following linear system is obtained:

q, =W [7.75]
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To give some robustness to the feedforward controller, we add a co-located joint
PD, which gives finally:

W:qrd +Kp(qrd _qr)+Kd (qrd _qr) [776]

where the gain matrices K,, K, are diagonal positive definite. The control [7.74]
and [7.76] ensure the tracking of the desired joint movements. However, no action
ensures the damping of the elastic variables controlled by the dynamic [7.72], even
if this dynamic, which is identified with the zeros dynamics of the closed-loop
system, is stable [CAN 97]. However, linear feedback terms on the elastic variables
can be added to [7.76] in order to minimize the structural vibrations. Lastly, let us
note that the control law [7.74] can be calculated online by the recursive algorithm
for the calculation of the inverse dynamic model presented in section 7.2.8.2 [BOY
98].

7.3.3.3.2. Joint trajectory tracking by backward integration of elastic dynamics

This method of the type open loop “computed torque” is valid for a planar robot
with multiple axes and with » flexible links [BEN 02a]. For a vector of a bounded
desired joint movements:

4, ()= (q,,(0),sd,,, (), 1€ty 1] [7.77]

We try to find the control vector such that:

q,(0)=q,, @), for te[t, ¢,]
q,()=q,,(t,), for t=>1¢,
q.(t,)=0,,. q.()=0, . for 1>z,
q.(,)=0,,, 9. (0=0,,, for 121,

[7.78]

where 0, indicates the zero matrix of dimension (n X m) and n, is the dimension of
the elastic vector q,. The control suggested, of the computed torque type, is
calculated offline from equation [7.55]:

Tbo = Mfrqrd + M‘:@qu + Crd (qrd H qed s qrd H qed) [779]
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where

M; =M, (q,,.9,,)
Mjlg = Mre (qrd ’ qed) [780]
Crd = Cfrq,«d +Cfeqed

and the vector of the desired elastic coordinates is the solution of:

™m;)'q,, +M.4,, +C,,(q,,.9.,.4,,-9..) +Kq,, =0 [7.81]
with

Mje = Mee (qrd s qed)

L O [7.82]
Ced = Cee (qd > qd )qrd + Cer (qd ’qd )qed

The dynamic [7.81] is then integrated backward in time, based on the desired
elastic final conditions:

qe’d (tf) = 0ne><l ° qed (t/) = 0)7(_/)(] [783]

The initial elastic set points obtained, q,(¢,), q,,(¢,), can be non-zero. This can
lead to errors on the initial elastic states. This difference is then corrected by a joint
PD regulator of variable gain, which is added to the feedforward control [7.79], in
order to ensure a local exponential convergence of the error dynamic toward zero
[BEN 02a], [BEN 02b]. However, it should be stressed that because of the local
nature of the obtained stability, in the case of the big initial errors on the elastic
coordinates, the stability of the error dynamics equilibrium point can no longer be
guaranteed. This situation arises in the case of the fast joint movements, for which
the elastic displacements can be considerable. In this case, the causal nominal
control [7.79] is associated to a non-causal feedforward control which is applied
before the control of the desired movement in order to pre-set the elastic variables to
pre-calculated desired values. The non-causal control is obtained as follows:

1) Planning of non-causal joint trajectories q,,(¢) =(G,y>--»G,q, )" like:

Jj=m

i=5
G ()= a,(t/t,) +2 b, (t/1)V", ke{l..n}, me N’ [7.84]
i=0

J=1
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for t€[—ot, t,]. The coefficients a,, are calculated as a function of b, by solving
the constraints:

4,(-60)=0,,, q,,(-6)=0,,, q,,(-6)=0,,

iy X [7.85]
qrd (t()) = 0n><l b qrd (IO) = 0)1><l H qrd (t()) = 0)7><]

The coefficients b, are then obtained by minimizing the quadratic criterion (see
[BEN 02b] for a proof of the solutions existence problem):

A{Zn(% ae (tn )T Klse (to) + %ae (to )T KZéE (to ))

ge(to) =Eled (to)_qed(to)’ KI’KZ > 0

[7.86]

where q, verifies equation [7.81], in which q,, is replaced by q,, and
b=(b,,.b,) .

2) Calculating the non-causal control T, associated to q,, and q,,, by using
equation [7.79].

3) The final nominal control is then given by:

{t;jf;, te[-6t, t,] 7.8

Ty,s 1€y, 1,]

This controller is added to a joint regulator based on the movementq,, for the
non-causal part and on q,, for the causal part of the control.

7.3.3.4. Trajectory tracking in the operational space

This objective is the most difficult of all the control problems for the flexible
robot manipulators, because of the non-minimum phase property which
characterizes the models of flexible robots when the outputs are defined in the
operational space. In this case, the computed torque control schemes, as applied to
the rigid robots, leads to radially unbounded torques and states. Several control
methods were suggested to solve this problem; we mention for example the
approaches of so-called “output redefinition”. The principle of these methods is the
redefinition of the outputs to be controlled, so that the new dynamic is at minimum
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phase. In [WAN 91], it is shown that for a one-link flexible arm, the symmetrical
position of the end-effector:

v, =¢,L-) 0q, [7.88]
i=1

(see equation [7.58] for the notations) leads to a passive system (transfer function at
a minimum phase), if the joint-motor hub-inertia is sufficiently important. The same
idea was developed in [DAM 95], [CHR 00], where the authors show that the
characteristic of passivity remains true for the multi-link case, if the end-effector
load has a mass much larger than that of the manipulator. We will also mention the
methods of the “stable inversion” type, where the control is obtained by model
inversion, via non-causal operators, necessary to obtain a bounded control. Based on
this approach, the case of a flexible axis robot is dealt with in [BAY 87]. A non-
causal bounded control torque is obtained by applying the non-causal inverse
Fourier transform to the inverse transfer function. This approach was extended by an
iterative algorithm in the case of the multi-link planar robots [BAY 88]. Inversion
methods were also proposed in the temporal field. In [BAY 89a], the stable
inversion is obtained by using the non-causal impulse response. In [KWO 94], the
inverse model is decomposed into two dynamics, one stable and the other one
unstable, under the assumption that the inverse system is hyperbolic i.e. “does not
admit imaginary poles”. The stable sub-system is then directly integrated in time,
whereas the unstable sub-system is integrated backward in time. The two
integrations lead to bounded states, implying a bounded control. This approach was
applied in [ZHA 98] to a robot with two planar flexible links with small elastic
displacements. We present in detail below this method, which requires a rather
difficult offline iterative calculation. The authors consider the model given by
equation [7.55], where q, € R* and q, € R* (two elastic modes per segment). The
operational output considered is given by:

Y=, =04,.9,)" +[arctg(v‘ (i“t)), arcig(2 (fz’t))] [7.89]

1 2

where yy, 3, represent the absolute angles of the tangents at the joint extremities of
segments 1 and 2 respectively. As for Ly, L, and v,(L;,t), vi(L,,t), they indicate the
lengths of the segments and the elastic displacements at the end of the first and
second segments. We note that with this choice it is necessary to first establish a
model that links these operational outputs to the “true” Cartesian coordinates of the
tool in the operational plan. This is carried out via the inversion of the geometric
model of a “virtual” rigid robot, whose segments would be supported at every
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moment by straight lines joining the extreme points of each real segment. In any
event, such a construction is valid only for small elastic displacements, i.e. when Y
can be written:

Y=q,+Iq, [7.90]
with
a o g,
L] L]
00 b o
LZ LZ

By substituting q, of equation [7.90] in equation [7.55], we obtain the elastic
dynamics of reference:

M,Y,+(M, -M_T)§,+C, +Kq,+Dq, =0 [7.91]

el

where C, is defined in equation [7.82]. This dynamic is linearized along the
movements in order to obtain the linearized tangent model:

Lli‘ie +L2qe +L3qe = L4 [792]
Where:

L =M, -M,T, L,=D+d;C,

L, =0, (M, -M,D)i,, +K+9, C,+d; M, Y,

L4 = _M(r)eYd + [agl,MreYd :|q60 + [aze (Mee - Merr)qe0:|qe() +
ag‘,ceqe() + ageceqe() _CO

e

agece, 82“Ce indicate respectively the derivative of C, compared to q, and q, (the
superscript 0 indicates that the derivatives are calculated along (q,,,q,, ), solutions
of the preceding iteration). By defining the vector of state n=(q’,q’)", equation
[7.92] will have the following form:

N=A{)N+B() [7.93]
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with:
n=A@n+B(),
A() = ’ ! B(r) = ‘
UL, -L'L, | - |-L'L,
A solution of [7.93] is obtained by considering the initial/final conditions:
n@)e En,)e £ [7.94]

where E°, E* are, respectively, the stable and unstable vector sub-spaces of the
linear system [7.93] [WIG 90]. The condition n(¢,) € E* corresponds to equation:

C.n(t,) =0 [7.95]
and the final condition n(z,)e E" corresponds to equation:
Cn(,)=0 [7.96]

where C, =Y (4,)A(), C, =Y, (1,)A(,), Y,, Y, being respectively the matrix of
the eigenvectors associated to the eigenvalues of A with negative and positive real
parts. To solve the linear problem at the two extremities [7.93], [7.95], [7.96], the
authors propose the following change of variables:

£=(§.8,)" =(Cn,Cn)’ [7.97]
And thus:

|G i 7.98

n= C, g [7.98]

Hence, equation [7.93] will be written:

{él = A, (08 + A, (18, +B, (1) [7.99]

%2 =A, (D +A, ()&, +B,(?)
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where the first equation of the system [7.99] carries out a problem with the initial
values: g (z,) =0, while the second equation of the system [7.99] defines a problem
with the final values: &,(s,)=0. Moreover, these two problems being coupled
linearly, their solutions are thus bound by a relation of type:

&, () =s(0)§, (1) +v(1) [7.100]
with:
s(t,)=0, v(t,)=0
Finally, considering [7.100] in the system [7.99] we obtain:

$(1) = Ay () + Ay (Ds(1) (DA, (1) =s(D A, (1)s(2)

) [7.101]
V(1) = (An (D) —s(DA,([@)v() + (B, () —s(1)B, (1))

Matrix s(¢#) is determined by backward integration in the time of the first
equation [7.101]. This solution is then replaced in the second equation of [7.101]
which makes it possible to obtain the vector v(¢), there again, by backward
integration. Having s(#), v(#) and substituting [7.100] in the equation of the first
equation of [7.99], we obtain a differential equation in &, which is integrated in the
direct sense (i.e. starting from§&, (¢,) = 0); &, is then calculated by [7.100].

Finally, the solution M of the current iteration is obtained by [7.98], then used to
re-evaluate the linearized tangent [7.92] (the first iteration is calculated along the
zero trajectory of the elastic dynamics) and the resolution is repeated until the
difference between two successive solutions is below a given threshold. Once the
limited elastic set point is obtained, the associated joint movementq,, is obtained
using [7.90] and the correspondent nominal control torque is calculated by equation
[7.79]. The nominal control torque thus obtained is added to a joint regulator. It is
necessary to stress that the presence of segment structural damping ensures a
hyperbolic equilibrium point for the elastic dynamics. Moreover, in order to ensure
the algorithm convergence based on the tangent linearized model, the position set
points must be of low amplitude. The assumptions imposed by this method were
relaxed in [BEN 01], [BEN 02b], where a stable inversion approach was introduced,
which was based on a formulation of a boundary value problem. This method leads
to causal controls without hyperbolicity constraints or restriction regarding the
amplitude of the trajectories to follow. However, the controls are also calculated
offline, and have discontinuities at the initial/final instants of the movement. The
faster the desired movements are, the more significant these discontinuities.
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7.4. Conclusion

In this chapter we presented a coherent approach to the geometric, kinematic and
dynamic modeling of a flexible robot. The approach is based on the floating frame
method. The deformation fields are reduced through “clamped-free” modes. The
dynamic model suggested performs a generalization of the Newton-Euler model for
the rigid robot manipulators. This generalization is conceptually guided by the
concept of formalism of description of a motion applied as defined in the continuous
medium mechanics.

This concept, contrary to the current practices in rigid robotics, is dissociated
from the means of obtaining the dynamic equations (Newton-Euler theorems,
Lagrange equations, Hamel equations, etc.). After considering this point, the
principle of virtual powers proved to be best adapted to an Eulerian-Lagrangian
mixed description, as imposed by the generalization of the Newton-Euler models
within the framework of the floating frame. Based on this model, we developed two
algorithms for the calculation of the direct and inverse dynamic models for a
deformable robot manipulator. These two algorithms are in o(n), and can be
numerically or symbolically calculated.

The inverse dynamic algorithm is an essential element of the control laws such
as they are studied thereinafter. On this subject, we adopted a classification of the
control objectives for flexible robot manipulators by separating the point-to-point
positioning tasks from the ones concerning the trajectory tracking. Then we detailed
some control methods, which made it possible to achieve these goals. The general
case of space movements with large elastic displacements remains, from our point of
view, an open problem. Indeed, in the case of 3D space movements, the
controllability problems may occur [LOP 94], making the objective of trajectory
tracking more difficult.

Moreover, the models of the flexible multi-link manipulators with large elastic
displacements are strongly non-linear [BOY 00]. Another problem that deserves
attention is that of flexible robots with closed-loop structures [BAY 89b], [DAM
00]. Additional references on the control of flexible robots are indicated in the paper
[BEN 04b], where a recent state of the art method is presented on the control of
flexible arm manipulators. We will also mention the recent results related to the
synthesis of robust control, namely the robust regulation of the end-effector based
on the input-shaping method [PAO 00], [PAO 03], [PAO 04], [SIN 04], as well as
the regulation controls and robust trajectory tracking, based on approaches through
neuron networks [TAL 05], [JNI 05].
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