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1.2

1. Geometry and Mensuration (Revision)
Straight line and Angles

Straight line : Two points in space determine a straight line. It has a definite
direction. It lies in a plane and divides the plane in two halves.

Angle : When a line segment OB, moves from its initial position OB, at O in anti-
clockwise direction or in clock-wise direction, in the plane of paper it traces angle
B,0OB or B,OB as in Fig 1(a).

Fig 1(a) Fig 1(b) Fig 1(c)
Total angle traced in one complete round is 360° Fig 1(b)

Vertically opposite angles : When two straight lines intersect at a point then
vertically opposite angles so formed. © BOD = B COA, are equal.  COB = b AOD
(Fig. 1C)

When a straight line meets another straight line then sum of adjacent angels so
formed, is equal to 180°. In Fig, 1c angles x and y are adjacent angles and x +y =
180°

acute angle, 0<x<90%is acute angle

angley: 90°<y < 180%is obtuse angle
angle z; 180° < z < 360° is reflex angle

Complementary and supplementary angles
if angles x + y = 90° then these are complementary angles.

if x +y = 180°, then these are supplementary angles, complementary angle of q is
(90°-q°) and supplementary angle is (180° - q)

Parallel lines

Lines having same direction are parallel. Distance between two parallel lines is same every
where. Parallel lines meet at infinity. Parallel lines posses some properties. In Fig(2), AB, CD,
EF are parallel lines. Transverse PT and L Y intersect them.

@)

Corresponding angles : (1,5); (2,6), (4,8) (3,7) (1,9) (2,10) (4,12), (3, 11) are equal.
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(b)

©)

(i)

1.3

Alternate angles : (3,5); (2,8); (6,12), (7,9) are
alternate angles and these are equal.

L

41M

Interior angles : Angles (3,8), (2,5), (7,12), (6,9) A /Q \:&2

—_ 0

are interior angles. Sum of interior angles. 3 + 8; 2

+5;7+12;6+9, is equal to two right angles. c - - 56N )

MN is transverse cut by parallel lines AB, CD, QR is / ﬁ

transverse cut on PT transverse. Similarly are MK ¢ RN

and RS are transverse cuts. /5 \Q\lo

MN : NK=QR:RS T Y
MK:NK=QS:RS ... and so on. Fig 2

Triangle

Three points not in a straight line, when joined by line segments, a triangle is formed. A
triangle has three sides and 3 angles.

@)

(b)

©)

Sum of interior angles of a triangle is equal to two right angles (180°)
DA+DB+DHC=180°

In triangle ABC (Fig 3a), BC is base and A is
vertex. Exterior angle © ACK, which results on
extension of BC is equal to the sum of
remaining two Interior Opposite angles BAC

and ABC. B - ¢
Fig 3

Median : The line segment joining a vertex to
the mid point of opposite side is called median. In Fig (3a) BE and CF are medians,
these are 3 medians of a triangle.

Altitude : Perpendicular from a vertex on opposite side is called altitudes. In a
triangle number of altitudes is 3.

The sum of two sides of a triangle is greater than the third side. In Fig 3(a)
(AC+AB)>BC,(BC +CA)>AB, soon.

Area of a triangle = l(base)' altitude.

Equilateral triangle : If all sides of a triangle are equal, it is called, equilateral
triangle. Its

(i)  allangles are equal, each is 60°

(i) all medians are equal,

(ii)  all altitudes equal, here median is altitude.
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14

Altitude = ? (sides)
(iv) area of equilateral triangle = ?(side)2

If altitude is given then area = i(altitude)2

NE

Isosceles Triangle: If two sides of a triangle are equal, then it is called isosceles
triangle. Angles opposite to equal sides are equal. The line segment, joining vertex
to mid point, of unequal side is perpendicular on it.

Scalene Traingle : If all sides of a triangle are unequal, it is called scalene triangle.

Right angled Triangle : If a angle of a triangle is of 90°, then it is called right angled
triangle.

The side opposite to right angle is called hypotenuse.
(i) (hypotenuse)® = sum of the squares of remaining sides of right angled triangle

(i) The straight line joining right angle vertex to mid point of hypotenuse is equal
to half of hypotenuse.

The straight line joining mid points of two sides of a triangle is parallel to third side
and equal to half of it.

Centroid, Circumcentre, Incentre and ortho-centre of a triangle.

Fig 3(b) Fig 3(c) Fig 3(d)

Fig 3(b) shows that medians AD, BE and CF meet at point G. i.e. medians are
concurrent. Point G is called centroid of the triangle. It divides each median in ratio
of2:1i.e.,AG:GD=BG:GE=CG:GF=2:1

Fig 3(c). Right bisector of sides BC, AC and AB are drawn. These meet in O. O is
called circumcentre of triangle OA = OB = OC =R, radius of circum circle of triangle,
In triangle OKC, CK :%BC :%a, and BKOC :%DBOC :%.ZA =A (angle subtended
by arc BMC on center O is thrice of angle subtended by it at any point A on the
remaining circumference of circle).
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©)

1.5

In Fig. 4, AD is median of triangle, ABC; right bisectors of
side BC and AC meet in O, O is circumcentre, O; is
orthocentre. O O; meet median AD in G. OB is joined.

In right angled triangle BOD,
BD=a/2 and BOD = A; OB = R radius of circum-circle

From right angled triangle COK; Ke :ﬂ =sinA
oC R
\ R=—2 ThusR=—2 =2 -_¢
2sinA 2sinA 2sinB  2sinC

In Fig 3(d) angles of the triangle have been bisected. Angle bisectors are concurrent
i.e. meet in one point |, called incentre i.e. centre of circle inscribed in the triangle.
Perpendicular on sides are ID, IE and IF and ID = IE = IF = r, radius of the circle
inscribed in the triangle.

DABC =DICA+DIAB+DIBC
=1a.r+1b.r+lc.b
2 2
1
=§r.(a+b+c)=r.s

\ 1= D_ area of triangle
s SemiPerimeter of triangle

Orthocentre — In Fig (3e) AD, BE and CF are perpendicular from vertices on opposite
sides. These meet in one point O1. Ol is called

orthocentre coincides with the right angle vertex.

orthocentre. A
() If the triangle is right angle triangle then ‘

(i) If triangle is obtuse angle triangle then
circumcentre and orthocentre of triangle, both fall )
outside the triangle. Fig 3(e)

Relation, between Centroid, Circumcentre and
Orthocentre of a triangle

OD=RcosA L. (1)
From right angled triangle O,AQ,

AQ=A0;c0s(90-C)=AO;sinC ... (ii)
And from triangle ABQ,

AQ=ABcosA=ccosA ... (iii)
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From (2) and (3)ccosA=A0O;sinC

o
-0

\ A01=_L.cosA:2RcosA ,,,,,,,, (iv) 8?-R: :
sinC e 2sinc g

from (i) and (iv) A O, = 20D.

Now AP and OD are perpendicular on BC

\ AP||ODP O,A]|OD
Ds; AO;G and GOD are similar\ 0;G:GO =A0;:0D=AG:GD =2:1

\ Gis centroid.

This proves that orthocentre, centroid and circumcentre of a triangle are collinear and
centroid divides O;0 in the ratio of 2 : 1.

Note :
(1)

1.6

In equilateral triangle, orthocentre, centroid, incentre and
circumcentre all coincide.

In isosceles triangle all these four lies on the altitude of
unequal side, O, G, O, incentre | all lie on AD.

In right angled triangle, orthocentre is at right angle vertex
circumcentre at mid point of hypotenuse. Thus orthocentre
centroid and circumcentre all lie on median bisecting
hypotenuse.

Congruence of triangles Fig 5

Two triangle ABC and PQR shall be congruent if each covers the other — completely. There
are 3 cases of congruency.

1.

S.S.S. case, If three sides of a triangle are equal to the corresponding three sides of
the other triangle, then the two triangles are congruent.

S.A.S. case, If two sides of a triangle and the angle between them (included angle)
are equal to the two corresponding sides and angle between them of another
triangle then the two triangles are congruent.

S.A.A. case, If one side and any two angles of a triangle are equal to the
corresponding side and two angles of other triangle then the two triangles are
congruent.

Right angled triangles: Two right angled triangles are congruent if (i) one side and
one angle of one triangle is equal to the corresponding side and corresponding
angle of the other triangle (ii) Two sides of one be equal to the corresponding two
side of other.
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1.7 Similar Triangles

If the angles of a triangle are equal to the three angles of other triangle then the two
triangles are similar. Similar triangles are alike in shape but not in size.

() The ratios of the corresponding sides of two similar triangles are equal.
A

A

(5
o[ ¢
¢ 0
B EM L C B D C
Fig 6(i) Fig 6(ii) Fig 6(iii)
(i) In similar triangles ratio of altitudes = ratio of corresponding sides.

(iii) Ratio of area of similar triangles is equal to square of the ratio of corresponding
sides

a)  Fig. 6(i) Ds ABC and DEC are similar AB || DE. Altitudes % :%

b)  Fig6(ii)) AC || PR,QR || BCand AB || PQ
\ As ABC and PQR are similar.

¢)  Fig 6 (i) DABC is right angled triangle, © A = 90°. AD is perpendicular on BC.
Here Ds, ABC, ABD and ADC are similar.

In triangles ABD and ADC
DABD=DDAC=f, DBAD=DACD=q,
D ADB = b ADC

1.8 Apollonius Theorem

If AD is mediian of triangle ABC then AB? +AC? =2(AD? +BD? )

Proof : In Fig. 7, AD is median of DABC and AL is perpendicular
on BC, Right angled triangle ABL AB? =BL? +Al?

In right angled DALC; AC?*=AL®+LC?
\ AB?+AC?=2AL%+BL*+LC?
= 2AL*+ (BD + DL)* + (CD - DL)®

(-BD+DC)\ =2Al?+(BD+DL)* +(BD- DLY
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1.9
@)

=2Al* +2D* +2BD? + 2BD.DL - 2BD.DL
=2(AL2 +D12)+28D?
= 2AD? +2BD° =2(AD? +BD?)

Property of angle bisector of an angle of a triangle

See Fig. 8(a) BD is bisector of angle B and it meets
opposite side AC in D.

AD:DC=a:c
i.e. angle bisector divides the third side in ratio of its Fig 8(a)
arms.

In Fig. 8(b) AM and BK are angle bisectors of angles A and B of DABC . These meet in
[, which is incentre of triangle.

In co-ordinate you shall see that if (x;, y1) and (x;, y») be
coordinates of two points P and Q and point R divides

PQ internally in rato m : n then R is
ANX; +NX; My, +ny; 0
¢ m+n ' m+n g

Now if co-ordinates of A, B, C (Fig 8(b)) are (x1, Y1), (X2,
Y2), (X3, ¥3) bisector of angle B meets AC inK, CK : KA=a

:C.
\ Co-ordinates of k are m R n
gax; +Cxy ayl+cy3g Pix, vi) (x, v.) Q
8 atc ' a+c H Fig 8(c)
ACp AK——(KC)——(b AK) b AK_ﬁ
Bisector of angle A of DABK , meets BK in I
\ Bl IK=c:AK=c: 2*C
a+c

9 o8, +CX3 0, bc . u

e 2U
\ abscissal = & & atc g’ artc (= X, +bx, +0x,

€ C+7C u a+b+c

g a+c H

. . dax, +bx, +cx, ay, +by, +cy, i
\ Co-ordinates of incentre are S 2%z 3 Y1 7Dy, TCYsU
& a+b+c atb+c H
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1.10  Quadrilateral

If four points in a plane (no three being in one line) be joined in order then the Fig. so
formed is a quadrilateral. It has 4 vertices 4 sides, 4 angles, 2 diagonals, sum of angle is
360°.

(b) Trapezium : If two opposite sides of a A Dm
quadrilateral are parallel (but not equal) then it is P T/\ Q
trapezium. In Fig. 9(a), AD || BC but AD ?* BC, n
then ABCD is a trapezium. Straight line PQ is
parallel to these parallel sides and divides DC in B L C
ratiom : n, then Fig 9(a)

m . n .
PQ =——— (BClonger side) + (ADshorter side)
m+n m+n

Proof : DL has been drawn parallel to BC.

\ DsDTQ and DLC are similar b Q_.m
LC m+n
\TQ:mm:m@oAm
m+n m+n
Now PQ = PT + TQ = AD + MEC- AD)
m+n
=" gc+— " aD
m+n m+n

C) Parallelogram : If two opposite sides of a
quadrilateral are parallel and equal then it is a A L
parallelogram. If opposite sides of a quadrilateral
are parallel then it is a paralleogram.

() Opposite sides are equal. 8 5 —

(i) Opposite angles are equal Fig 9(b)
(iii) Sum of two adjacent angles = 180°

(iv) Diagonals bisect each other

(v) Each diagonal divides parallelogram in two congruent triangles.

In Fig 9(b) AP is perpendicular from A on BC. AP is height of parallelogram.

Area of parallelogram = %base' height
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d) Rectangle : A parallelogram whose all angles are equal is called rectangle. Each
angle is 90°. If Fig 9(b) APLD is a rectangle,PL is length and AP is breadth of rectangle
area of rectangle = length x breadth. Diagonals of rectangle are equal each =

VI +b?
e) Square — If a rectangle has all its side equal then it is a square. Its diagonals are

equal and intersected right angles. If a is side of square, then diagonal = a+/2 , area
= a’ square units.

e) Rhombus : If adjacent sides of a parallelogram are equal, then it is rhombus.
Diagonals not equal, but bisect at right angle.

Side of rhombus = %\/sum of squares of two diagonal

1
ZE di+d§

1.11  Polygon

In a plane closed figures having more than 4 sides are called polygon. If all sides of a
polygon are equal it is called regular polygon.

() If number of sides is 5, it is called pentagon

(i) If number of sides is 6, it is called hexagon

(iii) If number of sides is 7, it is called septagon

(iv) If number of sides is 8, it is called octagon.

Properties :

() Sum of interior angles of a polygon = (2n —4) x 90°, where n is number of sides.
(i)  Diagonals of a polygon are = nfn- 1) n= nn-3)

2

0
(iii) Exterior angle of a regular polygon =

(iv) Interior angle of regular pentagon = (10—54) 90° =108°, of regular hexagon 120°,
of regular octagon = 135°
1.12  Regular hexagon

In Fig. 10, ABCDEF is a regular hexagon. O is center of circle drawn circumscribing it. Let side
AB =a. Interior angle
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(12- 4).
6

A= 90 =120°. If center O is joined to vertices of hexagon, we get 6 equilateral Ds

=60°.

as D BAO = %(1200):600 and D BOA =

C B (23,
(i) area of hexagon = 6° ﬁaz 3\/_( (2. %0)

side)’ /
4 a
a
(i) If O is taken as origin, OA as x-axis and D 0

360°
6

perpendicular on OA at O as y-axis then co- IM /A,
ordinates of vertices are A, (a, 0), B a \/— , C
2 2 E F

® o) ® o) _
-E,Eaz d (a0 E &2 ﬁ: F Fig 10

22 4 2" 2
2 aV3g

2" 2

(iii) Radius of circumcircle of hexagon = a = side of hexagon.
(iv) OK is perpendicular from O, on side EF, OK is radius of incircle of hexagon.
1.13  Circle

Circle is locus of a point, which moves such that its distance from a fixed point is always
same constant. The fixed point is center of circle and constant distance radius of circle.

Properties:

(1) one and only one circle can pass through 3 points not in the same line.
2 Perpendicular from center of circle on its any chord bisects the chord.
(3) Equal chords of circle are equidistant from its center.
(

4) Angle subtended by an arc of circle at its center is twice of that angle which this arc
subtends at any point of remaining circumference.

(5) Angles of same segments are equal.
(6) Angle in semi-circle is right angle.

(7 A quadrilateral inscribed in a circle is called
cyclic quadrilateral sum of its two opposite
angles is 180°.

8) In Figure 11; chords AB and CD intersect at N
inside the circle, while chords PQ and RS
intersect at T outside the circle

10
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(10)

(11)

(12)

1.14

AN.NB=CN.ND

i.e. rectangle contained by the segments of one (AB) is equal to the rectangle
contained by the segments of other, CD.

And PT.TQ =RT . TS, .i.e. product of segments of one is equal to the product of the
segments of other.

In Fig. 11, TK is tangent of circle and TQP is secant. TK* = TQ . TP

The angle between a tangent and a chord through point of contact of tangent is
equal to the angle in alternate segments.

Two tangents can be drawn to a circle from an
external points and these are equal. The
straight line joining two points of contact is D
called chord of contact. It is perpendicular to

straight line joining external point to center of

circle.

In Fig. 12 ABC is right angle triangle, BD is B c
perpendicular from B on hypotenuse AC. Circle Fig 12

drawn on BC or AB as diameter shall pass

through D. For circle drawn on BC, AC shall be a secant and AB shall be tangent.

\ AD.AC = AB?

Similarly for circle drawn on AB as diameter CA shall be secant and CD shall be
tangent and

CD. CA=CB?

Intersection of two circles and common tangents

Let O, and O, be centers of a circle and ry, r, be their radius ry >r».

1)

2)

(2

0, OF;

Fig 13 (a) Fig 13 (b) Fig 13 (c)

If 0,0, < (r;—r,) the circle with radius r, shall lie in circle with radius r; without
touching it.

If 0,0, = r; — r, then circle with radius r, shall touch internally circle with center O,
at point of contact one common tangent possible as in Fig 13(a).

11
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3) If 0,0, > (r; — rp) but < (ry + 1) the two circles shall intersect and two direct common

tangents can be drawn. Length of these common tangents = /(0,0, - (r, - 1,

4) If 0,0, = r; + r, then circles shall touch each other externally. Three common
tangents, two direct common tangents and one at point of contact of circles as in
Fig 13(b).

5) If 0,0, > (r; + 1), circles shall not intersect neither touch each-other. 4 common

tangents, 2 direct common tangents and two transverse tangents can be drawn.

Length of transverse tangent = /(0,0, - (r, +1, ]

1.15  When 3 circles touch each other

Fig. (14) O,, O,, O; are centers of three circles that touch each
other externally; ry, r,, rz are their radius. Oy, O,, O3 is a triangle
whose sides are (ry + 1), (r2 + r3) and (r; + r;). Points of contact
of these circles are D, E and F. Common tangents to circles at
these points shall be perpendicular to sides 0,0, and 0,03 and
030, respectively. These meet in one point O. i.e. common
tangents are congruent. The point O is called radical center i.e. a
point from which tangents to these circles are equal. OD = OE =
OF and these are perpendicular on sides. Therefore O is
incentre of triangle 0,0,0s.

areaof DO,0,0,
semiperimeter

r;+rzand D=/s(s- a)(s- b)(s- ¢)

\ D:,/irl +, 1y i.rlrzr3

\ OD?= (r,+1, +1, )t —_ Il
(+n+nf  ntny

\ OD =radius of in circle = ands=rn +

12
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Solved Examples

Example 1 : A vertical pole, 8 feet high is divided in two parts at O in such a way that the
two parts subtend equal angles at a point on ground, 6 feet away from the pole. Calculate
the lower part of pole.

Sol.: Fig (15) AB is pole. P point on ground A
DAPO=DOPBP OP bisects DAPB
given AB=8ft,PB=6 ft

\ AP=+64+36 =10'

andAO:0OB=10:6 P B

3 Fig 15
\ 0B=_AO

:iAB:EAB
3+5 8

:E'g:g
8

Example 2 : In an isosceles triangle of base 16 cm and of area 120 sq cm. A circle is drawn
inside it touching all sides. Find its radius.
Sol.: In Fig. 16, BC is base of isosceles triangle and AD is its

altitude. A

\ area= %BC.AD

F E
1 r
=} E.lG.ADleO o}
r
\ AD=15cm.
B 8 D 8 C

\ AB?=152+82,p AB=17cm 16cm

Fig 16

BD and BF are tangents from B on incircle.
\ BF=BD=8cm.

In right angle triangle AFO, AF=17-8=9,A0=15-r
\ (15-rf =9%+r?p 225- 30r=81

P 30r=144 \ r:ﬁ:4icm.
5 5

Example 3 : A circle is inscribed in an equilateral triangle of side a. Calculate area of a
square which is inscribed in this circle.

13
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The center of the circle inscribed in equilateral triangle coincides with centroid of
triangle and median is altitude.

\ radius r of circle = ;(altltude)—1 £a—%a Square inscribed in the circle

has its diagonal along the diameter of circle.
0
\ Ifxisside of square x?+x*=(2r) g{aj =%a2

2
a .
\ area of square = x* = = sq. units.

Example 4 : D and E are points on sides BC and AC of triangle ABC; BD = 2DC and AE = 3EC. If
AD and BE meet in P, then calculate BP / BE.
Sol.: Given BD = 2DC, AE = 3EC.

\ BD:DC=2:1;AE:EC=3:1

Now draw EF parallel to DC.

It meets AD in F.

Ds AFE and ADC are similar

E
P\l

FE _AE_3 3
C

FE_AE 3 pe=3pc=3x (LetDC =) B 2 D 1
DC DC 4 4 4

Ds, FEP and BPD are similar
\ BP_BD__ X _g/3.
PE EF (3/4)

\ BP:BE=8:(3+8)=8:11

Fio 17

Example 5 : Two adjacent side of a quadrilateral are 2 and 5 angle between them 60°. If
third side is 3, then find 4" side.

Sol. : InFig. 18, AB=2,BC=5,AD=3,AC=x,DC=y.
In triangle ABC

cosB =cos60 —1 —m
2 225

b 29-x>=10b x*=19

ABCD is cyclic quadrilateral

\ DADC=180°- 60° =120°

14
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\ In DDAC, cos120° =-

1_9+y*- ¥
2.3y

P -3y=9+y?-19p y*+3y-10=0
b (y+5)y-2)=0 \ y=2

Plane Geometry & Mensuration

Example 6 : P is a point inside a circle whose center is O. Find locus of mid points of chords
of circle through P. (b) what will be the locus if point P
lies outside circle.

Sol. :

APB, CPD, EPF chords of circles pass through
P. OM, ON and OR are perpendiculars from
center O on them.

\ DOMP= D ONP= D ORN =90°

\ M, N, R mid points of chords, lies on the
circle drawn on OP as diameter.

PAB, PCP, PEF secant give AB, CD, EF chords.
Lines joining their mid points to center OM,
ON, OR are perpendicular on them

\ D OMP = D ONP= D ORP =90°

o

B

F
Fig 19(a)

Fig 19(b)

15
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16

10.

Practice Worksheet (Foundation Level) — 1(a)
The bisector of an angle of a triangle bisects third side. The triangle is :
(a) Scalene (b) isosceles
(c) equilateral (d) right angled.

A square is inscribed in a circle of radius 4cm and then a circle is inscribed in this
square. The radius of circle is :

(@) 2+/2cm (b) 3+/2 cm (c) 2.5 cm (d)4 2

ABC is a right angled triangle, B B = 90° BD is perpendicular on AC. If AD = 9cm
,DC=7cm.Then AB is:

(@ 15cm (b) 12cm (c)10cm (d)8cm
In question 3, AB: BC =
(@)3:2 (b)3: 7 ©4 7 d)2: 7

ABC is a triangle. P, Q, R are points on AB, AC and BC such that PQ parallel BC
and QR parallel AB; AP : PB =2 : 3. Now from R parallel is drawn to AC which
meets AB in S. then AS/ AB =

(@) 3/5 (b) 2/5 (c)5/8 (d) 3/8
In question 5; PS =
(@) 0.25 AB (b) 0.3 AB (c)0.2 AB (d)0.4 AB

D and E are points on BC and AC sides of triangle ABC, such that BD = 3 DC and
AE = 2EC. AD and BE intersect in P, then BP / BE =
7 9 11 7
a) — b) — c) — d) —
@ g (b) 71 © 3 () 77
The base of an isosceles triangle is 10 cm and its one side is 13 cm. A circle is
inscribed in it. Radius of circle is :
(@3cm (b)3.5cm (c) 10/3 cm (d)8/3cm

Side of a regular hexagon is 6 cm. Ratio of areas of its circumcircle and inscribed
circleis:

(@)4:3 (b)4:2+/3 ©)2:+3 (d)3:2
Area of hexagonin Q.91s:

(a) 24+/3sg. m (b) 54+/3 5q. m

(c) 36+/350. m (d) none of these
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

ABC is a triangle, BC = 6, AC =4 and AB = 5 cm. Bisector of angle B meets AC in E
and bisector of angle A meets BE in P, then BP : PE =

(@)11:5 (b)11:6 (©)11:4 (d)y11:7

Two circles with radii ry, ry, (r, > ry) intersect in A and B, AB is joined and
extended both ways. P is any point on extended AB and PT and PK are tangents
from it to the two circles, then

(@) PT=PK (b) PT > PK
(c)PT<PK (d) none of these

Centres of two circles of radii 10 and 6 cm are 6 cm apart. Length of direct
common tangent is :

(a) 5+/2 (b) 32 (c)4+/5 (d) 2+/5

Length of direct common tangent of two circles is twice the length of transverse
common tangents of these circle. If radii of these circles are 5 cm and 3cm.
Distance between their centers is:

@2+2lem  (b)5v2cm (c)3+/2cm (d)3+/21 cm
The sides of a triangle are 18, 24 and 30cm. The radius of incircle is :

(@4cm (b) 6cm (c)3cm (d) 8cm
Diagonals of a rhombus are 6cm and 8cm. Then side of rhombusiis :

(@) 6cm (b) 8cm (c)5cm (d)10cm

ABCD is a cyclic quadrilateral AD = DC = x, BC = 2x, B ADC =120, then AB is :
(a) V3 x (b) x (©) g X (d) none of these

Radius of two circles are 3 and 5cm, and distance between their center is 10cm.
Length of transverse common tangent is:

(@6cm (b) 8cm (c)9cm (d) none of these

In triangle ABC, BC = x, CA =5 and AB =4 cm. AD is perpendicular from A on BC
and 2BD = DC. The bisector at angle A meets BC at E, then DE =

x x
9 12

PAB and PCD are two secants of a circle that meet circlein A, Band C, D; PC =
CD=xand PA=2AB. Then ABis:

1 1 1 2
(8) 5x (b) 3 ) T (d) 3

(a) (b) (©) g (d)

0o | <

17
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21.

22.

23.

24,

25.

ABCD is a quadrilateral ® ADB = B ACB then angle bisectors of these angles and
right bisector of AB are :

(a) concurrent (b) angle bisectors bisect AB
(c) angle bisectors of angles meet right bisector at different points
(d) none of these

ABCDEF is a regular hexagon. AB+ AC+AD + AE+ AF=n AB thennis:
(a) (3+3+/3)AB (b) (3++/3)AB
(c) 3+2+/3)AB (d) none of these

If R and r be radii of circumcircle and incircle of a regular pentagon then r/R =

(@) % (b) \/§4+1 (c) % (d) none of these

AB and CD are chords of a circle. AB goes through centre and CD meets AB in P
and is perpendicular on AB. If CP =5 cm and PB = 3cm. Then radius of circle is :

(@) 6cm (b) 19/3cm (c)7cm (d)17/3cm

Diagonals of a parallelogram are 10 and 8 cm and included angle is 60°. Then
side of parallelogram opposite to this angle is

(a) 9cm (b) 2+/21 cm (c) 4+/6 cm (d) 3+/7 cm
2 2 2
(Hint : apply cosq :aw;b—b-c ,g angle between a and b)
a
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1.16

Surface and Volume of solids

Prism

A right prism is a solid whose top and bottom faces are parallel to each other and identical

polygons, lateral faces are perpendicular to base. Base is

E

bottom face. Distance between face and base is called height
of the right prism. A °
(@ Lateral surface = perimeter of base x height 5 c
(b) Total surface = Lateral surface + 2 x area of base.
(c) Volume of right prism = area of base x height. /E\
1.17  Cuboid — (Rectangular solid) : : ’
(@) A right prism, whose base is rectangle is called B, ¢
Cuboid. If a and b the sides of rectangle base and ¢ be Fig 20
height of cuboid then:
(@) Total surface of cuboid = 2 (ab+ bc + ca) sg. u. .
(b) Volume of cuboid =abc cu. unit .
(©) It has 8 vertices, four diagonals and 6 faces | -
diagonals are equal and one diagonal = _
Va? +b? +¢?
(b) Cube: If the base of a right Prism is a square and height
equal to side of base, then it is called cube.
Herea=b=c .
(a) Total surface area of cube = 6a° sg. unit ' B
(b) Volume =a* cu. unit
Diagonal = a+/3 unit . )
(c) Parallelopiped : If any pair of opposite sides of a Fig 22

cuboid are turned parallelograms then it becomes
parallelopiped. Thus parallelopiped is a right prism whose base is parallelogram.
The opposite faces of the parallelopied all can be
parallelograms.

In Fig. 23 parallelogram ABCD is the base of
paralleopiped. If B DAB = a and coterminous edges
AB, AD and AA’ are a, b and c; and DD’ make angle g 0
with the vertical, then volume of paralleopiped = (ab & 5

sina).Ccos q. Fig 23

19
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=areaofbase” heightof prism.
Totalsurface =2(absina +bcsinb +acsing)

1.18 Cylinder

If base of a right prism is circle then it is cylinder. In the Fig, ABCD is cylinder, radius of base
=r, height =h.

OO0’ is called axis of cylinder. If rectangle OO’CD rotates an axis OO’, cylinder shall be
formed. Lateral surface area of cylinder = 2 prh sg. units

Total surface area = Lateral surface + areas at top and bottom A = b
— 2 _ H
= 2prh+2pr® =2pr(h+r)sg. unit )
Volume of cylinder = area of base x height
= pr?h cu. unit
B L 3 c
Hollow Cylinder
R = Outer Radius Fig 24
r = Inner Radius N o 0
h = height of cylinder e
Total lateral surface = 2ph(R+r) h
Total surface = 2p(R+r)h+2p(R2 - rZ)
Volume = p(R?- r*h cu. unit
( . )1 B (—ﬁ‘c
1.19 Pyramid
A solid whose base is polygon and sides are triangles with a Fig 25

common vertex are called a pyramid. Perpendicular from
common vertex on the base is height of pyramid.

Volume of cylinder = % (area of base) x height
In pyramid, the side triangles are congruent. If the base is regular polygon, then
Lateral surface = 1 (perimeter of base) x slant height

Slant height is length of straight line joining vertex of pyramid with the mid point of side of
base regular hexagon. It is perpendicular on the side.

20
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1.20. Tetrahydon

If the base of a pyramid is triangle then it is called tetrahedron. If the base is an equilateral
triangle then it is called regular tetrahedron. If h is height, | slant height and a base side then

V3

(@) total surface area = 3. ;a [+—

B
l_a/__Saz +h
3g4

(b) Volume =
[
(c) Relation between h, | and a is h

.2
P =(GEP +h?, =2 Be® +1? o
e3 g

aZ
+h2 Z +ph?
és 2 ;, 12 c

(d) If all the four faces of tetrahedron are congruent
then height of this pyramid H is

H? = AE? - GE? :Eé—a% - g

p H:,/ga
3

1.21. Cone

A right pyramid with a circular base is called a cone In the Fig. O is vertex of cone, ¢ center

of circular base; r its radius; h = OC is height of cone and OB =1 is .

slant height of cone B COB = a is called semivertical angle of

cone.

1. Surface area of cone = prl h '
2. Total surface of cone = prl. pr® =pr(l+r)

3. Volume of cone = Eprzh

Fig 27
Frustum of Cone

When a plane parallel to the base of a cone cuts the cone, frustum of cone result. In Fig.
ABCD is frustum of cone. O and O’ are centers of base and upper end r; and r, are their
radii.
Height OO’ = h.
21
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DC is slant height of frustum of cone.

1. Lateral surface area of frustum of cone = p(r, +r, )
2. Total surface area = p(r, +r, )l + p(rl2 +r22)
3. Volume of frustum of cone = %h(rl2 +1, +r22)

= %h(Al +M+A2)

where A; and A, are area of the base and upper face

4, Slant height of frustum of cone = 4/h? +(r, - r, f

1.22. Sphere

When a circle revolves at one of its diameter, sphere is generated. Mid point of this
diameter is centre of sphere and half of it is radius of sphere. All points on the surface of
sphere are at equal distance from center. If ais radius of sphere, then

1. Volume of sphere = %pr?’ cu. u

2. Surface area of sphere = 4pr?sq.u

When a sphere is divided in two equal parts by a plane which goes through its center,
hemisphere results.

1. Curved surface area of hemisphere = 2pr? sq.u
2. Total surface area of hemisphere = 2pr? + pr? =3pr?sq.v
3. Volume of hemisphere = %pr?’ cu.u

If a sphere is cut in four equal parts i.e. when a hemisphere is bisected.

4. Volume of each part = %pr?’cu.u

5. Total surface = 2pr?

Spherical shell

In the Fig, R is radius of outer surface of shell and r is inner
radius of the shell. (R—r) is thickness of shell.

6. Volume = %p(R3 - r?’)cu.u
Fig 29
22
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7.
8.

Total surface area = outer surface area + inner surface area = 4p(R2 +r2)cu. unit

If d is density of the metal of this shell.

Total wt. = %p(R3 - r?’)' d

23
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Solved Examples

Example 7 : 16000 small similar balls of radius 0.2 cm. are melted to form (a) a sphere or (b)
a cone of height 48 cm or (c) a cylinder of height 24 cm. Find their radii?

Sol. : Radius of iron ball =2/10 cm.

4 o2 6
—pPCc—=CU. CM
)3 P&10 4

\ Volume of 16000 balls = (16000

(@) Letradius of sphere be R

\ —pR3 16000?—1 %ez 0

b R=16"4"8 P R=8cm.
(b) Letradius of cone be R, height is 48

1 4 220,

\ =pR%.48=—p¢—= " 16000
3P 3P%10,

=} Rzz% =} R=—'§Zcm

(c) Height of cylinder = 24 cm, let radius be R

2 6.

\ R* 24 = 16000
p 3p%g
R? = 4" 8" 16
324
P R=8/3cm

Example 8: Diameter of a metallic sphere is 60 cm. It is melted and drawn into a uniform
wire (solid) of diameter 0.8 cm. Find length of wire.

Sol.: Let | be the length of wire.

Volume of wire = volume of sphere

2l &
\ p(;——|=— p(30)°
- 30 30” 30" 10" 10
443

=9000" 25=2250000 cm
=2250m =2.25k.m

24
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Example 9 : A uniform wire of certain length is melted and recast into a wire of cross
section 5% length. How much % its length be increased.

. : : : 95
Sol.: Let r be the radius and I, length of wire In new wire cross section pr? - 100 pr
Volume in both cases is same.

95 100
\ —prld, =prib |, =—1.
100P 7P 1 95

Increase in length = @I- I:EI
95 95
Increase % = S 100 100 :53%
95 19 19

Example 10 : A sphere of radius 6 cm is dropped slowly into a right circular cylinder half full
of water. Sphere completely immersed in water. Water level rises by 2cm. Calculate radius
of cylinder.

Sol.: Let r be the radius of the cylinder.
Water level rises by 2cm,

\" Volume of cylinder 2 cm high = volume of sphere
4
\ pr’2=—p6*
p 3 p

br’=4"6"6b r=12cm

Example 11: A well of 6m inside diameter is dug 15 m deep.
Earth taken out from it is spread all round it to a width of 3m
to form an embankment. Find height of embankment.

Sol.:  The earth spread round the well forms a hollow “
cylinder of internal and external radii of 3m and 6m. w
If its height is h, then.

p(62 - 32)1 = Earth dugout

6m

=p3? 15 Fig 30

V=22 By
9°3
Example 12 : A uniform canal is 300 m wide at top and 200 m wide at bottom and is 5m
deep. Water flows at 10 km/hour. How much area it will irrigate in 30 minutes if 8cm of

standing water is required for irrigation. Water of canal is 4m deep.
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Sol. : Vertical section of canal is trapezium ABCD, AD = 30 dm, BC = 20 d.m. CK is
perpendicular on AD and MN is water level in canal

Ds, KCD and PCN are similar. Let PN =
X

KD =50m, and KC =5m, PC =4m

VX =4 x=a0m.
50 5

\ MN=200+80=280m

Volume of water goes out in % hour = volume of pyramid whose base is trapezium
MBCN and height is 5km = 5000 m. (Water flows at 10 km/hour)

If area irrigated is x sg. m then

, 8 .
X~ —— =Volume of pyramid
100 24

= % (200 +280)" 5000

100" 480" 5000
= sq.m

\ X i
2°8
s 1n6
=15000000sq. m = % =15sg.km

Example 13 : A funnel is made by joining frustum of a hollow cone with one end of a hollow
cylinder. (See Fig) The free end of cylinder is then closed. Calculate volume of water it will
hold. Also calculate total internal surface.

Sol. : Volume of water

= volume of frustum of cone + volume of cylinder

:%phl (rl2 +nh +r22)+ przzhz

:%p12(36 +6+1)+p.1.10

=(4" 43+10)p=182" % =572cm® 12
Total inner surface = Surface of frustum + later surface cylinder + {
base 10

=pr, +1)l, +2prh, +prf

26 Fig 32
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=p(6+1)13+2p.1.10+p.1
=p(91+20+1)=112p

= 112X% =352cm?

Example 14 : A conical vessel of radius 12 cm and height 16 cm, is full of water. A sphere is
gently lowered in it and as soon as it touches sides, it gets just completely immersed in
water. What percentage of cone water overflows?

Sol. : In Fig. A is vertex of cone, BC is base and O is center of base. The sphere on being
immersed in water, touches cones slant
surface at D and E and center of base O;. Letr 5 ~—  © C

be radius of sphere and q semi vertical angle

of cone. Oy is center of sphere.

\ O,Dis * onAB.

From right  angled triangle  AOB;
12 3

tanq=—=—
16 4

\ sing=3/5; from right angled triangle O,DA

r/AO, =sinqb r=0,Asinq=(16- r)g

\ 5r=48-3rb r=6cm.

Volume of sphere = %p.G?’cm?’

Total volume of cone = %.p.122.16.

\ % of flow water = 5o p.6°%/ 1 p.1226() 100
&3 g3 U

-5 37.5%
2

Example 15 : A plane parallel to the base of a cone cuts it in two parts. The volume of cone

removed is % of the total volume of cone. Find total surface of frustum of cone left. Radius

of cone is 15 cm and semi-vertical angle 30°.

Sol.: See Fig. Cone ADC is removed. Let kr be its radius.
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Ds ADC’ and OAC are similar.
\ OC'=kh,0OD =0L =KOA .

Volume of ODL = A volume OAB.

1, v lae , 16
\' =plkr).lkh)==¢cpr-h.==
bl )= - Frn 20

k=t p k=l
8 2
\ sinSOzéz% \ 1=2r=30:

Ve

For frustum ry = 15,1, = 15/2,1=15; h =7(15)

Total surface = p(r, +r2)l'+p(rl2 +r22)

2250
2 2 4 H
= p§450+M§—618 75cm?

Example 16 : Side of base of regular tetrahedron is

16+/3 cm and height is 15cm. Find its volume and total
surface.

Sol.: In Fig., BCD is base-equilateral triangle of side

16+/3 . BP is its median = \/— (16+/3) = 24 cm.

is centroid of Base triangle)

GP=124-8
3

AP is median of DACD, AP? = AG? + GP?
b AP?=152+82pb AP=17cm.
)
(a) Volume = 1@.3.162 715
3x 4 P
= 960+/3 cm3

(b) Total surface area = 3 x area of DACD+ area DBCD

28
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= 3.%CD.AP + ? l6v3f = g (16v3) 17+19243 = 6003cm’

Example 17 : The base of a tetrahedron is a right angled triangle, sides forming right angle
are 12 and 16 cm. Perpendicular from vertex on this base is 16 cm and meets at right angle
corner. Calculate volume and total surface.

Sol. : See Fig., volume = DABC” OA
16l U 0
=-.72-.16.12-16
3’8 H
=512cm?®
Total surface = DOAB + DOAC + DOBC + DABC 16 162
Ds, OAB, OAC, CAB are right angled D
In DOBC; OC=16 /2, 0B =20, BC =20 A 016 c
Total surface area =
1., .. 1, .. 1 12 20
E.16 12 +§16 16+8«/§.4x/ﬁ+§16.12
B
= (320 +32+/34 m?

Fig 36
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1.

30

Practice Worksheet (Foundation Level) — 1 (b)

The areas of three faces of a cuboid are 48, 60 and 80 cm?. Diagonal of cuboid it.

(a) 10/3 cm (b) 104/2 cm (c) 8~/3cm (d) 6+/5cm

Angle between the diagonals of a cube is :

(a) 2 sin—— b 2 (©) sim 132 @ P

J3 2 3 4

The sides of a cuboid are 12, 6 and 4cm, angle that diagonal makes with base is :

.14 .16 .12
(@) sin 2 (b) sin - (c) 2sin"= (d) none of these
Angle between diagonals of cuboid of Q.3 is:

. 13 .14 .12

(@) 2sin - (b) 2sin 2 (c) 2sin - (d) none of these
A solid sphere of 30 cm radius is melted and then cast into similar balls of diameter
0.6 cm. No. of balls obtained is :

(a) 10° (b) 10° (c) 10° (d) 10*

A hemispherical bowl of diameter 38 cm is full of liquid number 1. Bottles which are in
shape of frustum of a cone, radius of top and bottom being 2 cm and 3 cm are filled
with this liquid. Number of bottles needed, when height of each bottle is 3.8 cm are.
(@) 190 (b) 1900 (c) 380 (d) 760

A conical vessel of radius 15 cm and height 15cm and height 25 cm is full of water
upto 20 cm height. This water is then poured in a cylinder of diameter 24 cm. Height
of water in cylinder is

(@ GEcm (b) 3lcm (c) 4cm (d) 1gcm
3 3 3
A cube is melted and liquid purified and in process it loses 27.1% of its volume. It is
now cast in cube again. What fraction of the old side is side of new cube.
7 8 729
- (b) — oY
10 10 1000

8 and 15 cm are two sides of a right angled triangle, Angle between them is 90°. A boy
rotates this D at axis 8 side and another boy rotates it at axes 15 side. Ratio between
volumes of the solids form is:

(a)15:8 (b)8:15 (©)17:15 (d)15:17

@ ©) % (d)
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10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

The perimeters of ends of a frustum of a cone are 48 and 36 cm and height is 17.6 cm.
Volume of frustumiis :

(a) 2318.4 cm® (b) 323.2cm?®
(c) 646.4 cm® (d) 1292.8 cm®

A plane parallel to the base of a cone cuts the cone and the volume of the cone so

removed is 2—17 of the original cone. The plane divides the height of cone in the ratio of :

(@)1:3 (b)1:2
(c)2:3 (d) none of these

The ends of circular rod are conical. Total length of rod is 16 m Diameter of rod is 7 m.
Total volume is 147 pm?® . Find height of cones at its end.

Find volume of largest right circular cone that can be cut from a cube of side 14 cm.

The difference between outside and inside lateral surface of a metallic cylindrical pipe
of length 14 cm is 44 sq. cm. Volume of pipe metal is 99 cm®. Calculate its inner and
outer radii.

A solid toy is in form of a hemisphere surmounted by a circular cone. Height of cone is
4 cm and diameter of base is 4 cm. If a right circular cylinder circumscribes this toy,
then calculate how much more space it will cover.

A cylindercal bucket 32 cm high and of 18 cm radius if full of sand. It is emptied on the ground
in such a way that a cone of height 24 cm is formed. Calculate radius of base of cone.

A tent is in the shape of a cylinder and is surmounted by a cone. Diameter of tent is
16 cm, total height 6m, height of cylindrical portion 2m. Calculate cost of canvas of
tent at Rs. 10 per sq. meter.

A reservoir is in the shape of frustum of a cone. It is 8m across the top and 4 m across
at bottom. Capacity of reservoir is 336 m®. Calculate slant height of tank.

A cone is scooped from a hemisphere of radius 21 cm; base of cone completely
covering hemisphere. Height of cone is such that its volume is equal to %volume of
hemisphere. Find its height.

Base of a tetrahedron is isosceles triangle of sides 12\/5, 36, 12\/5. Its volume is
1620 cm?. Find its height.

The base of a right prism is regular hexagon a side 6 cm. Its height is 21 cm. It is
scraped and turned into a cylinder of same height and maximum volume. What % of
volume is reduced
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22.  Adamroo is of shape given below. The ends are moulded by thin skin, rest is made of
wood one cm thick. Calculate its cost. If cost of wood is Rs. 100000.00 per 1 m®,
Moulding of skin with skin is Rs 10 .00 per square decimeter.

8
e
2
Fig 36
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1.24

Image of a point

We can find image of a point in a line, also image of a
point in a point. Plane mirror rule is applied. The image
of a point in plane mirror is as far behind the mirror as
the object is infront and the straight line joining the
object to image is perpendicular to the surface of
mirror. In case of image of a point is the straight line,
straight line serves as surface of mirror.

@)

©)

In Fig. 38, AB is the straight line P is above the
line P’ is image of P in straight line AB. PP’ is
perpendicular to AB and P’'M = PM, (PP’ meets
AB in M). Similarly image of a point Q is Q" and
QN=Q'N.

Plane Geometry & Mensuration

Q

A M cC D

P’Q is joined. It meets AB in C. If a man wants to go from P to a point in AB and then

from that point Q, then PCQ is the shortest
route. We shall prove it.

PM=PM’' b PC=P'C b PC+CQ=PQ.

If any other point say D is taken on AB, then
PD + DQ = P'D + DQ and (P’'D + DQ) > P'Q.
(sum of two sides of a triangle is greater than
the third side)

In Fig, 39 x’0x is x-axis yoy’ is y-axis. P is point

(X1, 1) in 1* quadrant.

(i) image of P in x-axisis P’, (X; — Y1)

(i) Image of P in y-axis is P”” (—x; —y1)

(i) Image of P’ in x-axis and image of P in y-
axisis P’ (=xq, -y1)

(iv) (X1, —y1) in also image of P in point O.

In Fig. 40 A’B’ is image of AB in x-axis; A”B” is

its image in y-axis, A”’B” is image of AB in

origin, image of A’B’ in y axis, image of A”B” in

X-axis.

In Fig. 41 AB is x =y image of P(xq, y1) is P’

which is (y1, X1). PP’ is perpendicular on AB.

Abscissa of P is ordinate of P’ and ordinate of
P is abscissa of P’.
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In case y = — x, image falls in 3 quadrant.
Ordinate of P is abscissa of P” with sign y
changed. Abscissa of P is ordinate of P” with Plx) B
sign changed.

Image of y*=xinx-y=0isx*=y
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Solved Examples

Example 18 : AB is a rod. Two towns P and Q are situated at distance a and b from it on the
same side. A pumping station S has to be installed on this road such that PS + SQ is shortest
distance. If distance between foot of perpendicular from P and Q be C then find position of
S.

Sol.: In Fig. 42 P’ is image of P in the road AB.
Join P’Q. It meets road in S, S should be

position of pumping station.
If MS = x, then SN = ¢ — x ° b
X c-X B

DsP’MS and QSN are similar. A M S N
a
\ L:EID bx =ac- ax
C' X b Pl
\ x=2 Fig 42
atb

Example 19 : Find volume of the greatest cone that can be inscribed in a sphere of radius r.

Sol. : Fig is the vertical section of sphere through its
center O; PQR is cone; height of cone OC shall pass
through O. POL and base QCP is perpendicular.

\ if R be radius of sphere, r radius of cone and CL
=h, then,

r*=h (2R -h)

Volume of cone, V = %pr2 .PC

:%ph(ZR- h)(2R - h)

. dv
for maximum value E =0

ie. (2R-hf+h2(2R-h)(-1)=0

b (2R-h)(2R- 3h)=0
hi 2R \ h=2/3R
2
a _ (2R- 3n)- 3(2R- h)=0- 333R-—R—_-4R:-vc
%]
.2

y=P2 RGER- 2R9 _32Pps
33 e 3 g 81
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1.

10.

11.
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Practice Worksheet (Foundation Level) — 1(c)
Image of (4, -5) in origin is:
(@ @4,5) (b) (-4 -5) (c) (-4,5) (d) none of these
The image of curve y?=xin x =y is:
(@) y*+x=0 (b) x> =y ) x*+y=0 (d) none of these

Pisin 1% quadrant, Q is in second quadrant, image of P in x —axis coincides with the
image of Q in origin, then relation betweenPand Q is :

(a) P is image of Q in x-axis (b) Q is image of P in x-axis

(c) No relation between P and Q (d) none of these

P point is (4,3). Its image in x-axis is P, and in y-axis P,, area of triangle PP,P; is:

(a) 48 cm? (b) 24 cm® (c) 36 cm? (d) none of these

Volume of the solid generated when DPP,P, of Q.4 is rotated on P,P, axis is :

384 512 1048
a) —pcm C) ——pcm
(®) —=p T © =P

Area of quadrilateral formed by point P and its images in x-axis, y-axis and origin. P is
4,-3):

(a) 24 cm? (b) 48 cm® (c) 64 cm? (d) 60 cm®

P, isimage of point P(2, 1) in x =y and P, is the image in x +y = 0. Area of triangle
PP,P, iS:

(a)4 (b)6 (c)8 (d) none of these
Pis(2,4)and Qis (4,2), P’Q’ isimage of PQ in y-axis. Area of quadrilateral P’Q’ QP is :

(d) none of these

(a) 12 (b) 12+/2 (c) 24 (d) none of these
The sides of a triangle are 4,5,6 cm. Length of median bisecting third side is :

V23 V27 V25 J19
@7 O A A

The two sides of a triangle are 12 and 18 cm and the median bisecting third side is 15;
then third side is :

(@9cm (b) 8cm (c) 6cm (d)10cm

Centre of a circle is (0,0) and radius 5 cm. Through point (3,2) chords of circle are
drawn. Locus of mid point of these chord is

(a) a straight line (b) Qon diameter (0,0) and (3,2)
(c) Q with center (3,2) (d) Qwith center (3/2, 1)
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12.

13.

14.

15.

Centre of circle is (2,4) and radius 5. P is (8, 10). Through P chords of circle are drawn.
Locus of mid points of these chords is a circle whose center is :

(@(9,5) (b) (5,7 (c) (6,6) (d) none of these

Center of a circle is (2,1) radius 4, From point P, (8,4) secant PAB is drawn and tangent
PT drawn. If PA=9cm, PB =12 cm, then PT=

(a) 6+/3 (b) 8 (c)8+/3 (d) none of these
X — axis divides the line joining (5,4) and (-1, =3) in the ratio of m : n then m/n =
(a) 4/3 (b)5/4 (c) 6/7 (d)3/4
Sides of a triangle are 5,5,6 radius of incircle is:
(a)2 (b) 1.6 (c)1.5 (d)1.75
S — %
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2. Points in a plane and Straight Lines
2.1 Points in a plane

Points on a line (straight line) are in one dimension and represent set of real numbers
with reference to a point O on it denoting zero.

-4 -3 -2 -1 0 1 2 3 4
Fig1
A plane has two dimensions. A point in plane can only be located with reference to two

straight lines. These lines are not parallel but intersect. Angle between them has been
taken 90° for convenience. Angle can be acute as well obtuse.

In figure (2) below XOX’ and YOY’ are two reference lines called x-axis and y-axis. These
intersect at right angles at O. O is called origin. The two axes divide the plane in four
parts called quadrant. YOX is first quadrant,

YOX’ is second quadrant, X’OY’ is third quadrant y

and Y’OX is fourth quadrant.

Set R is the set of real numbers. Set R gives set Ql+x.y) H
of ordered pairs (a, b); (al R, b1 R) and is ° o
called Cartician. product. Elements of set (R~ R) o(4:2)
are points represented on this plane. Points P
(% ¥), Q (1, Y1) R (2, ~y2) and S (x5, -y) are ¥ o
points situated in first, second, third and fourth

quadrants respectively. REH-y.)

(o]
S(+Xiu“ys)

In figure 2, point P is (x, y). PM is perpendicular
on x-axis. OM =, is called abscissa of the point
P and PM =y, is called the ordinate of point P. If Y
co-ordinates of a point T are (a, b) then a is Fig. 2

abscissa and b ordinate of the point T. (a, b) is

an ordered pair so point (2, 4) and point (4, 2) are two different points (see figure 2)

’

(@ An algebraic relation between ordered pairs is a sub-set of R~ R and its graph is
either a straight line or a curve.

() y =x+ 1 gives points
(-5,-4), (-4,-3) ... (1, 2), (2, 3), ...
If we plot them and join them, we get a straight line.
(ii) x* +y® = 25 gives points
(0, £5), (2, +4/21 ), (3, £ 4), (4, £ 3), (5, 0)..., when these are plotted and
joined, we get acircle.

(b) Graph of a curve: When equation of a curve is given, to draw its graph, we take x
as independent variable and y as dependent variable and express the equation
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of curve y = | (x). We give values to x and find respective values of y; plot (x, y)
and join them. The curve is traced. If independent variable takes values from set
A, then A is called the domain of x; values of y constitute the range.

2.2 Theorems related to points:

You know

(a) Distance between two points (x, y1) and (X2, y2) = \/ X, - X2+ (Y - Vo)

(b)  Distance of point (x, y) from point origin = /X2 +y2

(c) Co-ordinate of point dividing line

y
segment AB, A [(x1, Y1), B (X2, ¥2) )
internally in the ratiom : n'is o
émx, +nx, my,+ny, 0 P(%Y) N
& m+n ' m+n H
A(x,,y;) A
In case of external division the co- Vi L
ordinates of this point are .
émx, - NX; my,-ny,;u _C D E
& m-n ' m-n H x — X x x
Proof: Points A and B are (x;, y1) and (xz, ¥2). v _
Join them. Point P (X,y) in AB divides AB in the Fig. 3(a)
ratioof m: n.

AC, PD and BE are perpendiculars from A, P and B on x-axis. AL and PN are drawn parallel
to x-axis meet BE in L. PD in M.

() From right angled triangle ABL
AB? = AL? + BL? = (CE)* + (BE — LE)®
= (OE — OC)? + (BE — AC)? = (X2 — X1)* + (Y2 — Y1)2

(i) Ds PAM and BPN are similar and
AM=CD=X-Xx;,,PN=ML=DE=Xx,- X
PM=PD-MD=PD-AC=y-y,,BN=BE-PD=y,-y

. , AP _AM _PM _m
From similar triangles —=—=—=—
PB PM BM n

\ AMzi-xl:mID izmx2+nxl

PN X,-X n m+n
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and Y PM y Y-¥: _ m by= my, +ny,
BN y,-y n m+n

\ Co-ordinates of point P which divides AB internally in the ratio of m : n are

émx, +nx, my, +ny, u

&€ m+n " m+n H

If point P divides AB externally in the ratio of m : n, then from figure.

-N

e
A- 5 -P
“ - b
Fig 3(b)

émx, - Nx; My,-ny,u

Ratio is m : n. Co-ordinates of P are none ,
& m-n m-n H

(d) Centroid of a Triangle: Point of intersection of medians is centroid and it divides
each median in the ratio of 2 : 1. In figure (4). G is centroid of D ABC, AD is

median.
Alx,y)

\ DIS(:, Xs y2+y30

2 g
G, divides AD, A(xt, 1), D 89‘2”3 yz;yso ¢

[
B(x2,Y.) 5 Clxsys)
Intheratioof2: 1. If Gis (X,y) then )
Fig. 4

+X30
272 S+ ly,
2 1] _XaFXgtXy _ X Xy HXg

2+1 3 3

Similarly y = Y1722

\ Centroid is 89‘1 Xy T Xs ,yl Y2 7Ys 0
e 3 3 @

(e) Area of a triangle: The co-ordinates of vertices of triangle ABC are A (x4, y1), B
(X2, Y2), C (X3, Y3)
AM, CK an BN are perpendiculars from A, C and B on x-axis. From figure (5)

DABC = Trapezium [AMKC + CKNB — AMNB]
1
= E[(Y1 - Y3) (X3 = Xg) (Y5 +Yo)(X - X3) - (Y1 +Y2)(X; - Xl)]
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1
ZE[X(yZ - Ya) X, (Y3 - Y1) HXs(Yy - yz)] y Coaryi)
. X, X X3 . A B(x,Y,)
:E Y1 Y2 Y3 :Exz Y1
1 1 1 X3 Y3 1
Alx,v.) :
Y,
yl
) MK N
X ey x, . X
y
Fig. 5
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Solved Examples
Example 1: If (x, y) lies on the line segment joining (a, 0) and (0, b) then prove X +% =1
a

Sol. In the figure point P (X, y) is on the line segment, joining A (a, 0) and B (0, b) PM

is perpendicular on x-axis PM =y, OM =x, MA=a
y

—X
Ds, BOA and PMA are similar B(0,b)
\ m:ﬂp X:ﬂ P(x,y)
BO OA b a
p i +X =
a b o A(a,0)
Example 2: The vertices of triangle ABC are A (6, 3), B (-3,
5) and C (5, -3). If a point P lies on the median AD such v
that DPBC/DABC = % then find P. Fig. 6
Sol. In the figure 7, AD is median, AM and PN
are perpendiculars on BC. A(6,3)
L BC>PN
DPBC _ »
DABC EBC SAM
B(-3,5) . c(5,-3)
b PN_2 - (0) Dy N M
AM 3 Fig. 7
Ds ADM and PDN are similar,
AM_AD_3 P P divides AD in the ratio of 1 : 2; D is mid point of BC = (1, 1).
PN PD 2
WIS Caciacl PN SN
e 3 3 g e3 3g

Example 3: In what ratio does (-3, 7) divide the join of (-5, 11) and (4, —7) internally?
Sol: Let P (-3, 7) divide AB [A(-5, 11), B (4, -7)] in the ratio of m : n.

4m + (- 5n) -7m+11in
= and =
m+n m+n

\ -3m-3n=4m-5nb 7m=2n

\' -3 7

43



Points in a Plane and Straight Line Math-Ordinate

p M :% i.e. (=3, 7) divides AB in the ratio 2 : 7
n

We shall get the same result from other relation.

Example 4: The vertices of a triangle are (3, 5), (-4, 3) and (0, —4). Find centroid and
circumcentre.

Sol.  LetA(3,5),B (=4, 3)and C (0, -4)
a8-4+0 5+3-4p_ 21 49

i) Centre of Gravity CG = , b ¢-=,—=
0 y 8 3 3 o 83325

(i) Let the circumcentre O, be (X, y)

\ OA=0B=0CP (OA)’=(0OB)*=(0C)*
(OA)*=(0B)* P (x=3)"+(y—5)"= (x +4)+ (y - 3)°
P —6x-10y + 34 =8x -6y + 25

P 14x+4y=9 (D)
and (OB)’ = (OC)* P (x+4) + (y—3)" =x" + (y + 4
P 14y-8x=9 - (2)
: 33
Solving (1) and (2 :—,
g(1)and (2) Y=2g
\ Circumcentre is EEE §9
38'38 g

Example 5: The centre of two circles are (5, 2) and (1, 5). The radius of first circle is 3
units. If these touch externally then find point of contact.

(i) If the radius of first circle be 8 units and circles
touch internally then find point of contact. ws)
(52) r, r, )
Sol. Centres O, (5, 2), 0, (1,5) 0, P o

\ 0102: \116"‘9 =

Circles touch externally i

\ ri+r,=0,0,=5

nEinE2 o 5207, 19
Point of contact P shall divide 0,0, internally in o 0. n

theratioof 3:2

(il
Fig. 8
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\ Pis¢ﬁ+10’15+49p 6@3’19(':5
e 5 4 g &5 5g

(i) Circles touch internally
\ r—-r,=0,0,=5
\ rh=r—-5=8-5=3

\" Point of contact P shall divide O,0, externally in the ratio of 8 : 3.

SN BRI ST
e 5 5 g e 5 5g¢g

Example 6: A point moves such that the sum of distances from points (ae, 0) and (-ae, 0)
is always 2a. Find locus of the point.

Sol:  Letthe moving point P be (h, k)

From given condition /(- ae)? +k? ++/(h+ae)? +k? =2a

b h?-2aeh + K+ h?+ 2aeh + K’ + 2a%7 + 2y/(n- ae)’ +k’/(n+ae)’ +Kk* =4a’
b [h*+k*+a%(e’-2)]*=[h* + kK’ — 2aeh + a’e?’] * [h? + k® + 2aeh + a%e?]
b h*+k*+a*(e?- 2)° +2h%a?(e? - 2)+2k%a’(e? - 2)+2h%k?
= h* + 2h°k* + 2aeh® + a’e’h” + k* + 2aehk® + k*a’e” — 2aeh® — 2aehk® — 4a%e’h’ —
2a’e’h + a’e’h” + a%e’k® + 2a%°h + a'e’
b —4a'e?+4a* - 4h%a® - 4k%a® = —-4a’e’h?
b 4h? - 4e’h’ + 4K® = 4a° - 4a’e’
P h*(1-e?)+k*=a%1-¢€?)
2 2
b % +m =1
Since (h, k) is any point.

2 2
Locus —2+y— =1

a® a’(l- €?)

Example 7: ABCD is a rhombus Diagonal AC and BD intersect at M; BD = 2AC; If D and M
be (1, 1) and (2, -1) respectively then Ais ...

Sol.  Diagonals bisect each other

\ IfBis(x,y)then

45



Points in a Plane and Straight Line Math-Ordinate

1

H CREVENC R

X_+1:2;y_+1:-1
2 2
b Bis(3,-3)

AC= 18D b AM = 1pMm
2 2

Let A be (xy, y) \ (X — 2)% + (y1 + 1)* =

15

P xi+y?- 4xl+2yl:-T ()

and AB = AD (rhombus)

\ (o= 3)°+ (ya 3= (-1 + (1 - 1)° o TR
P X2 +y?- 6x, +6y, +18=x,2 +y2 - 2x, - 2y, +2

P x;=2y;+4 -2 -

Solving (1) and (2) Fig. 9

(2y1+ 4 +y” —4(2y1 +4) + 2y, = - %

b 16y, + 64y, + 64 + 4y,> — 32y, — 64 + 8y, =—15
b 4y,2+8y,+3=0P (2y;+3)(2y1+1)=0

3 1
\yi=-=, - = and\ =1,3
Y1 55 X1

\ Alis ﬁ,-ggor {%19
e 20 e 2pg

Example 8: Prove if (a,b),(@+3,b+4),(a-1,b+1)and (a-4, b+ 3)are vertices of a
rhombus or of a square.

Sol.

46

LetA(a,b),B(a+3,b+4),C(a-1,b+7)andD(a—4,b+3).
AB=+/3?+4? =5, BC=+4?+3% =5,

CD=+/3%+42 =5 DA= /(-4 +3? =5
AB =BC=CD = DA It is square or rhombus.
AC?=1?+7?=50and BD?= 7%+ 1%=50

Diagonals are equal.\  ABCD is a square.
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Example 9: The two opposite vertices of a square are (4, 4) and (2, —2). Find co-ordinates
of other vertices.

Sol.  ABCDis asquare; Ais (4, 4), Cis (2, -2). If Bis (x, y) then (x — 4)* + (y — 4)* = (x —
2% +(y+2)?

P —8x—-8y+32=-4x+4y+8b —-4x-12y=-24

\ x+3y=6 .. (i)
and AB? + BC* = AC* and AC® = 2* + 6° = 40

\ X2—BX+16+X°—AX+4+y?—8y+16+y2 + 4y + 4 =40

P x*+y*—6x-2y=0

P (6-3y)’+y*-6(6—-3y)-2y=0 from (i)
P 10y*-20y=0 Pyy-2)=0

\ y=0,y=2bP x=6,x=0

\ Two other vertices are (0, 2), (6, 0)

Example 10: A (x, y), B (-1, 2) and C (3, —2) are vertices of triangle ABC. The medians AD
and BE are 4 and /10 respectively the DA's ...

Sol. D is mid point of BC is (1, 0) and E is

B+tX -2+y0 A(x,y)

£2 72 5

AD?*= (x—1)*+y*=16

b x*+y*—2x=15 ... (i) |

ge= B 1. 3X8 B Y20y e . o
e 2 g & 29 Fig. 10

p (-5-x)*+ (6 —y)?=40

p X +y”+10x - 12y + 61 =40

b (15 +2x) + 10x — 12y + 61 = 40 from (i)

p 12x-12y +36=0 p X—-y=-3

From (i) (y-3)°+y*—2(y—-3)-15=0

b y(y-4)=0 b =—4or0

\ x=1,0r-3

\ Vertex Ais (1, 4) or (-3, 0)
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Example 11: A (-1, -1), B (5,-1), C (3, 7) and D (-1, 5) are the vertices of a quadrilateral.
ABCD; P, Q, R and S are mid point of AB, BC, CD and DA. Area of PQRS is ...

Sol. When mid points of sides of a quadrilateral are joined, a parallelogram results
\ PQRSis a parallelogram
The diagonals of a parallelograms divides it into two equal parts.
\ areaof PQRS =2 DPQR
Pis(2,-1),Q=(4,3),R(1, 6)

2 -1 1
\ Requiredarea=|4 3 1 =2(-3)+1.3+1.(21)=18sq. units.
1 6 1
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10.

11.

12.

13.

Practice Worksheet (Foundation Level) —2(a)
What point on x-axis is equidistant from points (6, 5) and (-4, 3)?
Prove that points A (0, 5), B (-2, -2), C (5, 0) and D (7, 7) are vertices of a rhombus.

The vertices of a triangle are (2a, 4a), (2a, 6a) and (2a + J3a, 5a). Prove that
triangle is equilateral and its area is NEXS Sq. units.

Prove that points P (at?, 2at); Q g 2 %9 and S (a, 0) are collinear andip+% is
o
constant (1.1.T.)
A circle passes through (0, 0), (=3, 3) and (5, 5). Its centre is
(@) (4, 1) (b) (1, 4) ©) (2.3 (d) (=19
Points (7, a), (-5, 2) and (3, 6) are collinear then a is
(@)8 (b) 6 (c)-2 (d) 4
The vertices of a triangle are (7, 3), (0, —4) and (8, 2). Centre of its circumcircle is
(@) (4, 1) (b) (4,-1) € (3.-3) (d) (1. 4)
The vertices of a triangle are (0, 4), (3, 0) and (3, 4). Its in centre is
@ (3,2 (b) (2,3) (€) (=2,3) (d)(2,-3)
The centroid of a triangle is (2, 3) and circumcentre is (3, 2), then its orthocentre is
B 706 B 90 @ 90

1 b y C — ,_+ d 0, 5

@& OG5e © 837 @ ©,5)

O is the origin and y* = 6x is a curve. P is any point on this curve. The locus of mid
point of OP is

(@)y? = 4x (b) y? = 3 (©) y? = 2x (d)y?= %x

The co-ordinates of the mid points of sides of a triangle are P (2, 4), Q (0, -2) and R
(4, -2). Its centroid DPQR is

(@) (4,0) (b) (2, 0) © 3.0 (d) (0,2)

A diagonal of a square is along y = x. If one vertex of the other diagonal is (6, 4)
then its other vertex is

(@) (5,9) (b) (4, 6) (c) (6,6) (d) (8. 6)
In question 12, area of square is
(a) 85q. u. (b) 4+/2 sq. u. (c) 62 sq. u. (d) 4sq. u.
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14.

15.

16.

17.

18.

19.

20.

21.

50

Centres of two circles are (-2, 3) and (3, -9), radius of first circle is 8. Circles touch
each other externally. The point of contact is

a84 879 a8l - 1o © B4 570 2 2L 690
€13 13 5 €13 13 €13 134 €13 134
A, B and C are collinear, Ais (3, 4), B is (7, 7) and AC = 15 units. The co-ordinates of
Care

(@) (18,12) (b) (15, 13) (c) (15,12) (d) (15, 10)

The locus of the point which is always equidistant from points (a + b, a — b) and (a
—b,a+b)is

(@) (b) (d)

@x-y=0  (b)x+y=0 (c)ax=by (A y=2x

Ais (2, 3) and B is (-2, 5). Point P moves such that DAPB is always 90°. Locus of P is
(@) x*+y*—8y+11=0 (b) x> +y*-8x+11=0

) x> +y*+4x—-8y+11=0 (d)x*+y*-4x—-8y+11=0

Centre of the circle inscribed in a triangle whose vertices are (-36, 7), (20, 7) and
(0,-8)is

() (4,0) (b) (1,0) () (-1,0) (d)(=2.1)
ABCD is a parallelogram; A is (3, 1), B is (-1, 0) and mid point of AC is 8%;9 then
e 29

find vertex D and area of parallelogram.

A rod of length 10 cm, slides between two rods perpendicular to each other and in
vertical plane. Find locus of point which divides the moving rod in the ratio of 3 : 2.

The vertices of a quadrilateral are (-1, 1), (4,-1) (5, 4) and (1, 6). Its area is ...
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2.3 Equations of straight lines

A straight line is parallel to any axis or inclined to
them. The inclination of straight line is measured with
x-axis in anti-clockwise direction. In figure 11 straight
line AB is inclined at an angle g with x-axis while CD is
inclined at an angle f with x-axis. q is acute angle and
f is obtuse angle incline. Straight line LM is parallel to
x-axis i.e. inclined at 0° with x-axis. Straight line GK is
parallel to y-axis i.e. inclined at 90° with x-axis.

2.4 Slope or Gradient of a straight line:

If a straight line makes an angle g with x-axis then tan
g is called gradient or slope of the line. It is denoted
by m.

When 0 £ g < 90 slope is positive
When 90 < g < 180 slope is negative

The slope of y-axis is not defined as tan 90° is not defined.

2.5 Standard Equations of straight lines

Points in a Plane and Straight Line

Fig. 11

You have already studied the following standard equation of straight lines in class XI.

(@ Slope-intercept form: This equation isy =mx+c

where m is the gradient of the straight line and c is the intercept on y-axis by the
line. If the intercept is above x-axis, it is positive, if below x-axis it is negative.

From this equation we conclude

()  y=mxis the general equation of all
lines passing through origin.

(i) y=1,1T Risthe general equation
of all lines which are parallel to x-
axis. (m=0)
- B(O,b)
(i) x=1,1 T Risthe general equation 4
of all lines parallel to y-axis.
em g
. e . . K A (a,0)
(iv) y=0isthe equation of x-axis D :
x = 0 is the equation of y-axis '
Y
(b) Double Intercept form: If a straight line Fig. 12

intercepts of length a and b from x-axis
and y-axis respectively then its equation is
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X Y-

a b

In figure (12) OA = a, OB = b Co-ordinate of A are (a, 0) and of B (0, b).

Math-Ordinate

(c) Normal or perpendicular form : x cos a +y sin a = p is the equation of straight
line in normal form; p is length of perpendicular from origin on the line and a is

the inclination of this perpendicular with x-axis (see figure 12)

(d) Equation of straight line through two given points (x;, y1) and (xz, y») is

v _Yoo Y1

y-
X, - X

Yoo V1

From figure 13, it is clear that
X, - Xy

is the gradient of this line.

\' y-y:=m (x —xp) is the equation of all lines passing through (xi, y1). If m is

given, then this equation shall given the definite straight line.

(e) The equation y —y; =tan g (x — X;) can be written as

Y-Yi_X-X

sing  cosq

This is the equation of straight line in symmetric form or parametric form or
distance form. If Q is a point on this line at distance d from (xy, y;) then we can
calculate the co-ordinates of Q with the help of this equation.

w:m:d,then point Q is (d cos q + X, d sinq + Vi)
sinq  cosq

2.6 Equation of a straight line in General form:

A linear equation in x and y represents a straight y
line i.e. ax + by + ¢ = 0 is general equation of a

. . Q(x,,Y,)
straight line. It can be reduced to the standard
forms given above.
\ A
a_ ¢
(@) ax+by+c=0pP y=-—x-— slope-
b a Py A6
intercept form « >
XX,
a _ coefficientofx Vs v
Please note m=- - =- ————
b coefficientofy M N
X’ OleX
X y < _
(b) ax+tby+c=0Pp _c+_c =1 intercept v
"a b Fig. 13

form.
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©)

2.7

From figure 14, the angle between the straight lines AB and
CDisf andf =q;—0Q»

©)

axtby+c=0pP - x_ . by = is normal or symmetric form.
Jai+b2  NJai+b? a2 +b?
cosa = ——2_ sina =—— p=——"
& +b? Ja?+b2 \Jal+b?

[fC=0theny= - %x i.e. lines passes through origin.
Ifa=0,y= - % straight line is parallel to x-axis

Ifb=0,x= - ¢ straight line is parallel to y-axis. v
a

Angle between two straight lines:

\ tanf = _taN% - tang, % 4

1+tang, tanq,

- m, - m,
1+mm, A

Ifmy—m,=0ie.m;=m;i.e.linesare parallelf =0 Fig. 14

1+mm,

cotf = =0b 1+mmm,=0P m;xm,=-1

m, - m,

\ If the product of the gradients of two lines be equal to -1, then lines are
perpendicular to each other. Therefore L, = 0 and L, = 0 shall be perpendicular if
product of their gradients =-1

IfLy=0isax+by+c=0,m; = - % for L, = 0 to be perpendicular to L, = 0,
gradient m, of L, should be equal to = E .
a

P thatis in perpendicular straight line L, = 0, coefficient of x is b and of y is —a
\ L,=0is bx-ay = ()

If we compare it with ax + by + ¢ = 0, we find co-efficients of x and y have been
interchanged and sign of one of these co-efficient has been changed

\" Perpendicular line to 3x—4y =5is 4x + 3y =
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2.8 Straight line through the point of intersection of two lines

(@ If L, =0 and L, = 0 be two straight line then L, + | L, = 0 are straight lines which
pass through the point of intersection of Ly =0 and L, = 0. The value of | will give
the particular line. | shall be calculated from the data given.

(b) If L, =0, L, =0 and L; = 0 be three straight lines then if | L; + ni, + nL3 = 0 then
the three given lines are concurrent i.e. pass through one point.

(c) Given a;x + by + ¢, =0, apx + by + ¢, = 0 and asx + bay + ¢; = 0 three straight lines.
a'l bl Cl
These lines shall be concurrent (meet in one point) if ja, b, c¢,/=0
a; by g

2.9 To find the equation of a line through a given point (x;, y;) which makes angle a
with a given liney =mx +c.

In figure 15, P is point (x;, y1) and AB is straight line A
y = mx + c. Straight lines PL and PM make equal
angles a with this straight line. In fact these lines
are inclined at a and —a with AB. If M is the slope of
these lines then,

P(X,Y)

tan(zxa) = M- m and it gives two values of M. (i)
1+mM

_ m+tana i m- tana
1- mtana 1+mtana

\ Straight lines are

m+tana

-y, T ——— % (x- X
Y-y 1. mtana( 1)
m- tana
and - = (X- X
Y-y 1+mtana( 1)

2.10 Distance of a point from a straight line

(@) AB is the straight line. Equation is x cos a + y sin a = p. In Fig. 16, OM s
perpendicular from origin on it. OM = p; Point P is (x4, y1) perpendicular from P
on straight line AB is PQ. PQ is distance of point P from straight line AB.

Equation of straight line through P and parallel to AB is
xcosatysina=p’

p’=ON, " from origin on it, ON = p’
PQ=MN=ON-OM=p' —-p=x,cosa+y;sina—p
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(b)

©)

If the straight lineisax+by+c=0

ax+by _ c

In normal form it is =
Jai+b2  a? +b?

ax, +by, +c
Va© +b?

Va2 +b? =sq. roots of sum of squares of co-efficients x and y.

\ Distance of (xi, y;) from straight line =

Distance from origin of the lineax + by + c=01s

c
Va© +b?

Distance between two parallel lines is equal to the difference of the
perpendicular from origin on them. Care should be taken that while determining

the length of perpendiculars from origin, sign of x in both equations be the same
(either both positive, or in both —ve).

() 2x + 3y = 6 and 6x + 9y + 10 = 0 are parallel lines on the same side of
origin
6 _ 10

= = >
P1 \/E’pz 3\/E P1> P2

\ distance between lines=p, - p, =

6 10 _ 8

J13 313 313

(i) X—2y+4=0,6y-3x+16 =0 are parallel lines but lie on opposite sides
of origin.

Putting themasx—2y+4=0,3x-6y—-16=0
4 _-16

P1=E, Pz—ﬁ

\ Distance between lines = p; —p, = 4 , 16 _ 28

-+ =
V5 35 35
\" Insolving such questions-

1. The sign of co-efficient of x in both equations should be kept
same.

2. p;and p, should be determined with their sign.

3. p1~ p2gives the distance between parallel lines.
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2.11 Position of a point with reference to a straight line
Let AB be y = mx + c. Points Py (X4, Y1) is above the line, point P, (x,, y,) is on the line

\ yo=mxptce

Vi>Va \ yi> mx + ¢ (Xs, Ys) is Ps and it is below the !
line. Y3<Y2
\ ys<mxp+c g

P(x,y.)
It follows that point (x4, y;) shall be above the line, or on
the line, or below the line as (y; — mix —c¢) >0 or (y; — P(XQ)
myx — ¢) = 0 or (y; — mix — ¢) < 0. Point (x;, Y1) is above -
straight line 3x—4y +5=0 Fabiil
If (4y; — 3x, —5) > 0 and shall be below this line. X 0
If (4y1 - 3% - 5) <0 y B
Note: Always take sign of y positive in these questions. Fig. 17
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Solved Examples

Points in a Plane and Straight Line

Example 12: A straight line passes through (-5, 4) and its segment between the axes is
divided at this point in the ratio of 3 : 4. Find its equation.

Sol.

Let the straight line be i+% =1. It meets axes in (a, 0) and (0, b) Point (-5, 4)
a

divides the segment joining these points in the ratio of 3 : 4.

points (a, 0), (0, b) point (-5, 4) ratio 3 : 4

3.0+4a - 3b+4.0 _ _ 35

\
7 7 4

\ Straight lines is 4—X5+2—:;:1D 16x- 15y +140 =0

Example 13: A straight line cuts off intercept of —2 on y-axis and is equally inclined to
axes. Find equation of straight line.

Sol.

In figure 18, straight line AB and CD pass
through point P (0, -2) and are equally
inclined to axes.

Inclination of AB is 45° and that of CD 135°. o
Equation of straight lines are

135°

y+2=tan 45° (x-0) and
y+2=tan 135° (x - 0)
ie.y+t2=xandy+x+2=0.

Example 14: A straight line through A (1, 2) is inclined
at 60° with x-axis. It intersects straight line x + y =6 in
P, find AP

Sol.

Equation of straight line through (1, 2) and
inclined at 60° with x-axis is

y—2=tan60° (x-1) b y—2= /3 (x-1)

It meets =—Xx+6inP.

4+43 -4+f _2+5/3
then x = , y=

1+4/3 143 1443
LA = B8 ¢ LBr5V3

T e 2;

X

P(0,-2)

Fig. 18
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® 3 & ae3fo 3%(1+3)

TN §1+IQ, L+

3% &6

=3y "€l = of
\ AP =3(/3-1)

Aliler Equation of straight line through (1, 2) and inclined at 60°, in symmetrical
formis

-1 _y-2 _
cos60 sin60°

Any point distance r from (1, 2) on this line is

Jar

[(rcos60 +1),(rsin60+2)] i.e §2 +1, T+2
%)

And this pointisonx+y =16

5
\ &1+1+£r+2j=6, b r(1+/3)=6
2 2 P
\ r=AP 3/3- 1)
1+\/_

Example 15: Find equation of right bisector of line segment of straight line ax + by = ¢
between axes.

Sol.

Straight line ax + by = ¢ meets axes in éei ,g . Mid point is ec cu

&a by &a’ 2bH

straight line perpendicular to ax + by +c=01is bx —ay=|

It goes through g €0\ | be &

a2bg 2a 2b
\ Equation of right bisector is bx — ay = ¢ (b* — a°)/2ab
i.e. 2ab (bx —ay) = ¢ (b* —a%)

Example 16: Find equation of straight line passing through (a cos® g, a sin® @) and
perpendicular to x sec q+ycosecq=a (Roorkee)

Sol.

58

Equation of given line is

L+L =ab xsmq+ycosq—§sin2q

cosq sing
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Equation of straight line perpendicular to itisxcosq-ysinqg=1

It passes through (a cos® g, a sin® )

\ I =acos'qg-asin’q=a(cos’ q-sin®q) (cos’ g+ sin’ q)
=acos2q

\' Required straight lineisxcosg-ysing=acos2q

Example 17: A straight line is 5 units away from origin and is perpendicular to /3 x -y +

5=0. Its equation is...
Sol.  Equation of line perpendicular to 4/3x—y+5=0is x++/3y+| =0

Itis 5 units away from origin b =5
+41+3

\ [ =+10
\ Equation of straight line is x ++/3y +10=0

Example 18: Find the equation of the line which joins (4, 1) with the foot of

perpendicular from (3, —2) on the straight line 2x—3y =1
Sol. Equation of the line through (3, —2) and perpendicular to 2x — 3y =11is
3x+2y=1 =9-4p 3x+2y=5
2x- 3y =1
Point of intersection of Y= aé7 lo
3x+2y = s}g §13' 135

\" Equation of required line is

7
.13 _
y-1 17_ x-4)p y-1=—-(x-1)
13
P 35y-6x=29

Example 19: p; and p, are perpendicular from origin on straight line x cos g +y sin q ==

cos 2¢ and x sec g -y cosec = a, then 4p5 +p? =

Sol.  Straightlinexcosq+ysing —acos2gq=0

acos2q

\ p,=—————=—==ac0s2q
Vcosq? +sin’q
Second line is X L =a
cosg sinq
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. o 1.
P xsing-ycosg=asingcosq= Easm2q

Esin2q
\sin? q+cos?

\ 4p,2+p2=a’sin®2q+a’cos? 2q=a’

~ from originon it p, =Esin2q

\ pl+dpl=a’

Example 20: In what ratio the line segment joining (3, 4) and (7, 8) in divided by straight
line passing through (-5, 1) and (1, -3).

Sol.

Equation of straight line joining (-5, 1) and (1, -3) is

y-lzg(x+5)b 2X+3y=-7 ()]
Point dividing line segment of (3, 4) and (7, 8) inratiok : 1 is EM , Bkt 49
ek+l k+l g
This point should lie on straight line (i).
5
\ 2(7Tk+3)+3(8k+4)=-7(k+1) . W .
Solving 45k = — 25 b k:§ ) 5 >

Fig. 19
\ Straight line divides AB externally in the
ratio of -5 : 9 (figure 23)

Example 21: Find equation of straight line which passes through the point of intersection
of straight lines 3x +4y=7and x+y=2and is

@)
(b)

Sol.

60

perpendicular to 2y —x =3

makes equal angle with axes.

X+4y=7pgx=1
X+y=2 %y =1

Straight line perpendicular to 2y — x=3 is 2x +
y =1, it passes through (1, 1) B (c/aQ)

x’ D X
\ 1 =2x1+1=3
Equation of this straight lineis2x +y =3

Solving v

A(0,c/b)

Make equal angles withaxesbP m;=+1

\ Equationsarey—-1=+(x-1) Fig. 20
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Example 22: Prove that area of rhombus formed by straight linesax+ by +c=0is Zib :
a

Sol.

ie.y—-x=0,y+x=2

2

(L1.T.
Straight lines are
AB,ax+by-c=0;BC,ax—by—-c=0;CD,ax+by+c=0; AD,ax—by+c=0
From figure it is clear that area of rhombus

=4DAOB

. 2
= EL0- 2
@2 a bg ab

Example 23: Find area of triangle formed by straight lines x =0, y = m;x + ¢; and y = mpx

+ Co.

Sol.

x = 0 is y-axis and the remaining two lines meet
y-axisin A (0, ¢1), B (0, c,) lines

y = mix + ¢, and y = myx + ¢, intersect in C.

Whose abscissa = I R B CLin figure
my - m,
\ Area of DCAB
L AB)” CL v
‘E‘ ) Fig. 21
:1(02 - Cl)xu
my - m,

_1(c,- c,)’

2m;-m,

Example 24: The vertices of a triangle have integral co-ordinates. Prove that it can not be
equilateral triangle.

Sol.

Let (X1, Y1), (X2, ¥2), (X3, y3) be the vertices of triangle. Xy, X2, X3, Y1, Y2, yST |i.e.are
integral numbers and set | is closed for addition, subtraction and multiplication.

\ areaof D= %{xl(y2 - y,)} = Integral number

NE

While we know, area of equilateral triangle is T(side)2 (Irrational number)

\ Triangle with vertices of integral numbers cannot be equilateral triangle.
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Example 25: Find the orthocentre of the triangle whose vertices are A (2, 3), B (8, -3)
and C (5, 6).

Sol.  Orthocentre is the point of intersection of perpendiculars dropped from vertices
on the opposite sides.

Given A (2, 3), B (8,-3),C (5, 6)
Slope of BC = +—2 =-3p Slopeof” onit= %

\ Equation of perpendicular from A on BC s

y-3:%(x-2)b 3y-x=7 ()]
Slope of AC = 2:1 \ Slopeof” onit=-1

\ Equation of perpendicular from B on AC is
y+3=—(x-8) b y+x=5 .. (i)
Solving (i) and (ii) y = 3, x = 2, orthocentre (2, 3)

Note: The orthocentre is the point A itself. This is possible only when triangle ABC is
right angled triangle and DA = 90°

Example 26: Find the orthocentre of the triangle whose sides are y =0, y = 2x and y = 6x
+5.

AB,y =0 5(270)5"

Sol.  Let BC, y=2x {,CE‘?Z,-EQ
i € a

AC,y =6x+5 ..

b AZ 2 00

e6b o

Perpendicular on AC fromBis6y +x=0 ()]

Perpendicular on BC from Ais 2y +x =-

oo,
_
=

N .. . 5 &5 509
Solving (i) and (ii) orthocentreis y=—Db ¢- —,—=
g (i) and (ii) y=oaP &3 24

Example 27: Assuming co-ordinate geometry prove that altitude of a triangle are
concurrent. (1.1.T.)
Sol. Let the three sides of triangle be

BC, y=mix+¢c;

CA, y=myxX+c¢C;
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AB, y=mszX+Cs3

-G MyCs- szsg

-Mm; M-M; g

.. &
A point is g Cs
m,

Equation of perpendicular from A on BC is

M.y +X :mlaenzcg - C,m, %aec3 - C, g

my-M; g M- M3 g
P my(m,—m3)y +(m,—mgz)Xx=m;m,Cc3—mM;M3Cy+C3—Cp ()]
Equation of perpendicular from B on AC is
m;, (M3 —my)y + (M3 —My)X =M, M3C; —M; My C3+C;—C3 .. (i)
Equation of perpendicular from C on AB is
m3 (Mg — My)y + (Mg — M3)X = M3 M1C, — M3 My €y + C; — Cy ... (iii)
Adding (i), (i) 0 xy +0 xx=0
\ Altitudes are concurrent

Example 28: Relation between co-efficients of equation ax + by + c=0isa+b+c=0.
Prove that straight line passes through a fixed point.

Sol. atb+c=0b c=-a-b
\ ax+by+c=ax+by-a-b=0
P ax-1)+b(y-1)=0

b (x=1)+2(y=1)=0b Li+1 L=0
a

\ Straight line passes through point of intersectionof x—1=0andy-1=0i.e.
(1, 1) a constant.

Example 29: Straight line bx + ay = ab moves in such a way that i2+i
a

1 .
02 == where cis a
c

constant. Find the locus of foot of perpendicular from origin on it.

Sol. Equation of straight line bx +ay=ab - Q)
Equation of perpendicular onitisax—by =0 (2
: . : . ®ab® ba® O .
Solving (1) and (2) point of intersection is ¢—— ,———=. If (h, k) is foot of
ving (1) (2) poi i ion i §a2+b2'a2+b25 (h, k) i

perpendicular on line, then
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2 2
h= ab K= ba
a +b? a2 +b?

aZbZ(bZ +a2) B a2 b2

h? +k? = =
(az +b2)2 aZ +b2
L a?+b* 1
From the condition given —az 2 :C—2

\ h?+k’=c’b Locus x> +y*=c?

Example 30: The base of an equilateral triangle x + y = 2 and its vertex is (2, 1). Find
equations of sides of the triangle (1.1.T. 87)

Sol.  Angles of equilateral triangle are 60° each.
Lines through A should makes angles 60° and —60° with x +y =2
Slope of given line m =-1.

In figure, if slope of AB be m then

tan(iGO):m—+1

1-m

A(2,1)
, V3-1
) V3-+/3M=m+1p m=">""=
(i) Jael
y 1+4/3
i) - V3++/3m=m+1b m=
(ii) 731
\ Equations of sides are
y- 1:@()(_ 2) and y- 1:%()(_ 2)
J3+1 V3-1

Example 31: The two opposite vertices of a square are (3, 4) and (1, 2). Find co-ordinates
of the other two vertices. What shall be these vertices if the two opposite vertices be (3,
4)and (1, -2).

Sol. LetAbe(3,4)and C (1, 2)
Mid point of ACis (2, 3)

Equation of other diagonal, perpendicular onitis,y- 3=- ﬂ(x -2)bp y+x=5

N

Slope AC =% =1,45°0of BD=-1, 135°

\ Sides are parallel to axes.

64



Math-Ordinate Points in a Plane and Straight Line

(b)

\" Other two vertices are (3, 2) and (1, 4)
IfAis (3, 4)andB (1, -2), then mid point M is (2, 1)

Equation of other diagonal BD is y- 1 =- %(x- 2)

i.e.BDis3y+x=5 ()]
Now if B is (x,, y2) then BM = AM

P (x2—2)°+(y2-1)*=(3-2%+(4-1)*=10

P X5+Yy5-4x,-2y,- 5=0 (i)
Blieson AB\ 3y, +Xx,=5

\ From (ii) (-3y, + 5)* +y,° —4(-3y, + 5) - 2y, - 5=0

b 10y,” - 30y,” + 12y, — 2y, + 25-20-5=0

P 10y,”-20y,=0

\ y,=2,0r0

y>=0givesx,=5andy, =2 gives x, =-1

\ Other vertices are (5, 0) and (-1, 2)

Example 32: Points (1, 3) and (5, 1) are two opposite vertices of a rectangle. The other
two vertices lie on y = 2x + ¢. Find ¢ and remaining vertices. (1.1.T. 81)

Sol.

Let Abe (1,3)and C (5, 1), AC is diagonal.
Mid point M is (3, 2) (BD is not perpendicular to AC. It being rectangle)
Mshalllieony=2x+c
\ 3x2+c=2bh c=-4
DABC=90° \ IfBis (X, Y1) then

171+g éX1-9g
P x2+yi-6x,-4y, +8=0 andy; =2x; -4
\ x§+(2xg - 4)% - 6xy - 4(2x, - 4)+8=0
P 5x°-30x +40=0b x°-6x,+8=0
P (x;—4)(x,—2)=0\ x;=4,0r2
Vyi=2X1-4P y;=40r0
\" Other vertices are (4, 4) and (2, 0)
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Example 33: A ray of light is sent along the line x — 2y = 3, upon reaching the line 3x — 2y
= 5, it gets reflected from it. Find the equation
of line along reflected ray.

Sol.  AOistheincidentray x—2y=3

It makes angle (-a) with 3x — 2y -5 =0.
Then reflected ray OA’ shall make angle -a a

+a with it. O is the point of intersection c 0 D
ofx—2y=3and 3x-2y=5.0is(1,-1)

Slope of AO m; = % and slope of
Ch=

N | w

N w
1
N

I

~N S

\ tan(-a)=-tana= b tana =-

(I
+

~lw
~N S

4
For acute angletana = —

Let the slope of OA’ be M, then

3
M- >
32 :ib M:g
1+2M 2
2

\" Equation of reflected ray is y+1:%(x- 1)

29x—-2y=31
Example 34: The straight line joining A (2, 0) and B (3, 1) is rotated about A through 15°
in anticlockwise direction. Find equation of line in new position.

Sol.  Slope of line AB = %:1 i.e.q=45°

If now the straight line is rotated in anticlockwise direction through 15° the
slope of line then shall became 60°.

Equation of straight line now is y— 0 = tan 60 (x —2)
\ e y-+/3x+24/3=0

Example 35: The straight line L, is parallel to L, and at a distance of 2 units from it. Ly,
meets 3x —4y = 2 in (2, 1) at right angles. Find equation of L,.
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Sol.  Straight line L, is perpendicular to 3x —4y =2

\ Equation of L; is4x+3y =1

It meets line in (2, 1)

\ EquationL;is4x+3y=2x4+3x1=11

Equation of L, in normal form is %x +§y :1_51

L, is parallel L, and is distance of two units away from it.

\ Equation of L, is ix+§y:EiZ
5 57 5

ie.dx+3y=1or4x+3y=21
Example 36: Area of square formed by lines |x] + |y| =1is
(@) 4sq. u. (b) 2sg. u. (c)8sq. u. (d) 16 sq. u.
Sol.  Sidesofsquarearex+y=1,x-y=1,
X-y=1,—x+y=1,
these meet axesin (1, 0), (0, 1), (-1, 0), (0, -1)

These point when joined give square.

A(0,1)

area=4 DAOB
= 4 S A
2
=250.U. Fig. 24
Example 37: The base AB of triangle ABC is fixed, while
vertex ¢ moves in such a way that % =1 (aconstant), then locus of C is
(a) Circle (b) ellipse (c) parabola (d) hyperbola

Sol. Let A be (a, 0), B (-a, 0) and C (h, k), then from condition given.
(h—a)’+k’=12(h+a)’+k°
P h®’+k?-2ah+a’=1?(h?+k?+2ha+a’)
b (1-1)(+k)-2ah(1+1%)+a’*(1-1%=0

).
(0}

b h2+k2—2ah>§%¢+a2=o
1175
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2

+1°0
Locus X* +y* — & ~2ax+a’=0
G175

Itis circle. (a) Correct.

Example 38: The straight line y = g meets parallel linesx + 2y =6 and 2x + 4y =10 in A
and B. The projection of ABonx +2y=51is

2 4 3 1
a) — b) — C) —= d) =
(@) 75 (b) 710 ©) NG @3
Sol.  Slope ofL,, x+2y=61is - % and y:g is parallel to x-axis. In figure, f = 120°, g =
60°.

Ais @%EQ B 8339
e 20 e 29 \
¢ A(3,3/2)
X' g

AB = 1, projection of AB on line 2x + 4y 5(23/2) 0 - x
=10is AB cos q. N L,

_ _.A 1

—ABcosq—le—E Fig. 25

(d) correct

Example 39: The straight line x + 2y = 6 meets axes in A and B. The line through (5, 8)
and perpendicular to it meets the above line and axes in E, C, D. Area of OCEB is

(@) 6sg. u. (b) 5sq. u. (c)4sq. u. (d) 8sqg. u.
Sol. Equation of straight lineisx + 2y =6 - Q)
\ Ais(6,0),Bis(0, 3)

y

(@]

N e0.3)
slope of straight line - — E(22)
2 " Al6,0)
X’

Equation of straight line perpendicular to and ,,f'""c(l'o)
passing through (5, 8) is

y-8=2(x-5bP y-2x+2=0 (2
point of intersection of (1) and (2), Eis (2, 2)

o

y
Fig. 26

It meets x-axis in C, C is (1, 0), meets y-axis in D, D
is (0, =2).

Area of quadrilateral OCEB

= trapezium BOLE — DECL (see figure)
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(OB+EL)>OL - %CLEL

r\>||—\

%(3+2)>Q- ~x2- )R =4sq.L.

Example 40: A straight line is such that its segment between lines 5x —y =4 and 3x + 4y =
4 is bisected at (1, 5). Obtain its equation

Sol. Equation of line through (1, 5) is x-1 —ﬁ:r or-r ..(i)
cosq sing

If M and N are intersection points of this straight line with 5x —y =4 and 3x + 4y
= 4 respectively. Then points (rcos g+ 1, rsing+5)and (-rcos g+ 1, -rsinq+
5) must lie on them respectively.

\ 5rcosq+5-rsinq-5=4pb 5(5cosq-sing)=4 ..(2)
and-3rcosq+3-4rsinq+20=4
P r(3cosqg+4sing)=19 (3

4 _ 19
5cosq- sinq 3cosq+4sing

\ Equation (1)is X1 =Y"° b g3x_35y+92=0
35 83

\ r=

Example 41: A line meets axes in A (7, 0) and B (0, 5). A variable line PQ, perpendicular to
AB meets axes in P and Q. AQ and BP meet in R. Find locus of R. (1.1.T. 90)

Sol.  Equation of AB is ;% =1b 5x+7y=35
Any straight line N toitis 7x -5y =1
It meets axes in Eé— ,09 and 8%—'9 i.e.in P and Q respectively.
el o e S5g
Equation AQ y = - /5( -Nb | -3
-7 X-7
-5 35x

i (x-0)p | =——
1.0 5-y
7

Equation BP y- 5=

3y _ﬂb y(y- 5)+x(x- 7)=0

From (1) and (2) locus of R is
Xx-7 5-y

P x*+y?*—7x-5y=0
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10.

11.

12.
13.

14.

15.

16.

17.

70

Practice Worksheet (Foundation Level) — 2 (b)

Find the equation of straight line through (1, 2) and inclined at sin'%%g with x-
€°g

axis.

Find the equation of a straight line whose sum of intercepts an axes is 14 and
which passes through (3, 4).

A straight line passes through (-5, 4) and its line segment between axes is divided
by this point in the ratio of 1 : 2. Find its equation.

Find the equation of the line parallel to 2x + 5y - 7 = 0 and bisecting the line
segment AB whose Ais (2, 7) and B is (-4, 1)

A line passes through A (-2, 5), and is inclined at 30° with x-axis. Find the equation
of the line perpendicular to its and cutting it at B where AB =5.

If the intercepts of a line on axes are of length a and b and p, is the perpendicular

from origin on it, then prove iz == +i2 :
p° a b

The intercepts on OX and OY of a line are in the ratio of 4 : 3 and it passes through
(-4, -9). Find its equation.

The slope of a line is 2 and perpendicular from origin on it J5 . 1ts equationis ...

A straight line meets axes in A and B. The area of triangle OAB is 2443 sg. u. The
perpendicular p from origin on it is inclined at 60° with x-axis. Then p is equal to...

In what ratio line joining (1, 2) and (4, 3) is divided by the line joining (2, 3) and (4,
1).

The vertices of a triangle are (-1, 5), (2, -3) and (5, 3). Find its
(a) Centroid (b) Circumcentre (c) orthocentre
Show that points (a, 2a), (—2a, —a) and (-a, 0) are collinear.

Show that in a isosceles triangle whose base is 6 cm and height 4 cm, the distance
of orthocentre from base is 2.25 cm.

A ray of light travelling along 3x — 4y = 12 gets reflected from x-axis. The reflected
ray travels along...

Show that the orthocentre of the triangle whose sides are x + ay = &, x + by = b?
andx+cy=c?is(1,a+b+c+abc).

The equation of diagonal AC of a square is 8x — 15y = 0 and vertex B is (1, 2). Find
equation of AB and BC.

The set of lines ax + by + ¢ = 0 when 3a + 2b + 4c = 0 are concurrent at point ...
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18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

The straight line through the point of intersection of x—3y+ 1=0and 2x + 5y -9 =
0 and at a distance \/5 from originis ...

Vertices of a triangle are (atit,, a(t; + to), (at:ts, a(t, + t3)) and (atsty, a (t;3 + ty)).
Show that its orthocentre is [-a, a(ty + t; + t3 + t t, 3)]

Two vertices of a triangle are (5, -1) and (-2, 3). If orthocentre of triangle is at
origin, find the third vertex.

If lines2x -3y +a=0,3x-4y-13=0and 8x — 11y — 33 = 0 are concurrent then a
is

()6 (b) 7 (©)-3 (d)-7

Perpendicular from  points (i az-bz,o) are dropped on the line

écosq +%sinq =1. The product of these perpendicular is
a

(@ ab (b) b? (c) a* - b’ (d) a®
The distance between parallel lines 3x +4y=5and 12y +9x +10=01is

1 1 5 4
a) — b) - = c) — d) —
(@) - (b) -3 © 3 (d) 3

The point of intersection of line 3x + 4y = 5 with the straight line parallel to 5x —
12y =13 and at a distance of + 2 from it is

27 239 a8 136 a8 20 A .0
— - —= b) c=,—= —,—= d) ¢=,1<
@ ¢ s by ¢ as ©O¢ 7> @Dl

The straight line L is perpendicular to 5x —y = 1. The area of triangle formed by
straight line and axes is 5. Equation of L is

)5y +Xx ++/2 =0 (b) 5y +x++/5=0
(c) By +x£5v2=0 (d)5y+x+5=0

The area of a triangle is 5 sg. units, the two vertices are (2, 1) and (3, —-2) and the
third liesony =x + 3. The third vertex is

e 17 116 o 136 a7 106 2158
B R 1_; C N I d -_1_+
@535 ) %7, ©¢ 2 5, D557

A ray of light traveling along y = 4, strikes a plane mirror placed along x —y = 0 and
gets reflected. The reflected ray again strikes a plane mirror placed along x +y =
12. Now the equation of reflected ray is ...

(@y+4=0 (b)y+8=0 (c)y=12 (d)y=8
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28.

29.

30.

31.

32.

33.

34.
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A ray of light travelling along y + V3 x = 4 strikes a mirror placed along x —y =0
and gets reflected. The reflected ray travels along

(8) V3y- x=4 (b) v3y-x=0
(©) V3y+x=4 (d) 3y +x=0

Straight linesx+y —-4=0,3x+y -4=0and x + 3y — 4 =0 form a triangle. The
triangle is

(a) Scalene (b) equilateral
(c) isosceles (d) right angled

Aray of light is sent along the line x — 2y + 3 =0 and it gets reflected from x +y = 0.
The reflected ray travels along.

(@2x-y+3=0 (b)2x+y+3=0
(c)2x+y-3=0 (d)x+2y-3=0

The diagonals of a parallelogram whose sidesare /x+my+n=0, /x+my+n’=
0,mx+ /y+n=0and mx+ /y+n’=0include an angle

p .1 2/m
(@) 3 (b) tan’* i
(©) g (d) none of these

The angle between the line through (a, b) and the other through (4, 5) is always g.
The locus of the point of intersection of these lines is

(@) anarc of acircle (b) an arc of ellipse
(c) straight line (d) rectangular hyperbola
[Hint: Angle in the same segment are equal]

Equation of straight line through (-3, —8) and having an intersept of length 3
between parallel lines 4x + 3y =12 and 4x + 3y = 3 is

(@) 7x +24y +213=0 (b) 7x— 24y =171

(c) 9x — 24y = 165 (dyx+3=0

[Hint: Straight line x+3 :y._+8. () = r (ii) r + 3, straight point satisfy 4x + 3y = 3
cosg sing

other point 4x + 3y = 12]

If the line segment joining A (3, 2), B (6, 5) is rotated at A through 15° in the anti-
clock direction, then co-ordinates of B in new position are
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&3 ol y SR y
(a) 27(\/§+1),§(4+3\/€)3 (b) 35(2+@’2(4+3\/€)H
&J3 1 Y
(©) e7(\/E - 1),5(4 +34/3)4 (d) none of these
é Q

35. Theimage of X +y*—4x—-6y+9=0inx+y=0is
(@)X +y*+4y+6x+9=0 (b) x> +y* +4x+ 6y +9=0
) X*+y*+4y—6x+9=0 (d) x> +y*—4x+6y+9=0

36. The straight line L is perpendicular to 4x — 3y = 5, the area of triangle formed by L
and co-ordinate axes is 6 sg. u. equation of L is

(@)bx+8y+15=0 (b)6x+8y-15=0
(c)3x+4y+12=0 (d)3x+4y+15=0
37. The orthocentre of a triangle is 8€E§9 and its circumcentre is 8""‘—359 Its
ell 11g @22 22g
centroid is
a 506 a 116 ad 70 Al 56
a)c—,—+ b) c=,—= C) c=,—= d) ¢—.,—=
()833;5 ()g3 3, ()833;5 ()g3 3y

38. Li;5x—y=1; L, x+y=1lintersectin A and straight line L3; x + 5y + 18 = 0 meets L,
and L, in B and C, respectively, then 4[AB? + BC?] — 6AC? =

850 650 850 850
@ &2 (b) - 22 @2 (@S
€6 g €6 g €9¢g el2g

39. A straight line through (2, 2) intersects the linesy + /3x =0 and +/3x —y = 0 at
points A and B. So that the triangle OAB is equilateral. The equation of the line is ...

(@x-2=0 (b)y-2=0
(c)x+y=0 (d)x+y=4

40. The straightlines| x+y+1=0and x + 2y + 3 =0 meet axes in A and B and other in
C and D, respectively. OC > OA and OD > OB. If ABDC is concyclic then | is equal to

(@2 (b) -2 @% © -

41.  Vertex of a triangle is (1, 1); mid points of two sides of the triangle through this
vertex are (-1, 2) and (3, 2) then centroid is

A 76 79 @210 e, 10
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42.

43.

44,

45,

46.
47,

48.
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Straight line Ly, bx + ay = ab meets axes in P and Q. L, is perpendicular on L, and
meets axes in R and S. Locus of point of intersection of PS and QR is

(@) x*+y*—ax—by=0 (b) x> +y*+ax+by=0
) x> +y*—bx—ay=0 d)x*+y*+bx+ay=0

Points A is (0, 2), B (3, 4). The line segment AB is rotated at A through 45° in
anticlockwise direction. The equation of AB in new position is

(@y=7x-14 (b)y=5x+2
(c)y=9x+18 (d)y=3x-6

A straight line through the point of intersection of 3x + 4y = 13 and 4x — 3y = 9 cuts
an intercept of —4 from x axis. Its equation is.

@y-x=4 (b)5y-x=4

(c)7y—-x=4 (d)9y-x=4

A straight line through A (2, 3) meets the line 2x +y = 7 in B. If AB = 2410 then
Equation of line is

(@y+3x=9 (b)y-3x+3=0

(c)3y—-x=7 d)y+2x=7

What is represented by equation (x* — a%)* + (y* — b%?*=0

L;; 4x — 3y = 18 and L,, x — 2y = 7 straight lines intersect at P. L is rotated at P
through 45° in clockwise direction, while L, is rotated at P in anti-clockwise
direction at P the angle between two lines in new positions is

(a) tan’ 18919 (b) tan*(2) (c) tan’ 18@' (d) tan 18§9
e2g &3y &2 g

The straight line joining (-3, 2) and (7, —6) meets y-axis in P. At P it is rotated
through 45° in anticlockwise direction. The equation of line in new position is

(@x-9y=— (b)x-5y=2 (c)x+9y=§ (d)x-15y=6
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2.12  Equation of angle bisector

The locus of a point which moves in such a way that its distance from two arms of the
angle is always equal, is called the bisector of that
angle. Perpendiculars dropped from any point of it to
the two arms of angle are equal.

Let the equations of two arms of an angle be a;x + b,y +
¢, =0, a2X+b2y+C2:0.

If (h, k) is any point on angle bisector then

ah+bk+c, _ah+bk+c,
Jaiebl  E e

as \/_ has i\/_ sign, so equation of angle bisectors is
ax+by+c, _ ax+hy+c,

2 12 - 2 12
\/a1+b1 \/a2+b2

Thus two bisectors of an angle are these . see figure EF and GH are angle bisectors. The
two bisectors are perpendicular to each other.

Note: Keep sign of constant term (cy, ;) + ve. While writing equation of bisectors in
above form, then + sign shall give the equation of that angle bisector which contains
origin. ‘=" sign shall give the equation of other angle bisector.
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Solved Examples

Example 42: The sides of triangle are 3x + 4y +2=0,3x —4y + 12 =0 and 4x — 3y =0 find
incentre of triangle.

Sol.  You know that incentre of a triangle is point !

of intersection of angle bisectors of angles
of triangle c

Let AB,3x+4y+2=0; BC,3x -4y +12=0;
CA 4x — 3y = 0 Equation of bisector of b B is
3x+:y+2:i3x- 4g+12.From figureitis < '
clear that bisector contains origin. A

\ 3x+4y+2=3x-4y+12

y
b 8y=10b yzg .. (i) Fig. 29
From figure 29, it is clear that bisector of BC has positive slope (here origin
cannot decide as CA passes through origin)
Equation of angle bisectors of BDC are 3x — 4y + 12 = + (4x — 3y)
For positive slope ‘-~ sign shall be taken
\ angle bisectoris 7x -7y +12=0 .. (i)
Solving (i) and (ii) incentre is 89 13 EQ
e 28 4g

Note: You will get the same result by applying formula 8@)‘1 +bx, * 0 ! *hy, +ys 9
e atb+c atb+c g

Example 43: Vertices of a triangles are A (1, 1) B (4, -2) and C (5, 5). Find equation of
perpendicular from C to the interior bisector of DA. (Roorkee 94)

Sol: Equationof ABy+2= %(x - 4)

ie.x+y=2

Equation AC,y -5 = -—j(x- 5)b y-x=0

AB (x +y = 2) meets x-axis in (2, 0) and is inclined at 45° with x-axis, angle
between them is 90° angle bisector shall be inclined to them at 45° & -45° slope
of bisector is + ve. Bisector is parallel to x-axis. Equation of bisector of DA are
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ty-Z2_L¥-
f 7
Equation of bisectorisy =1

Equation of perpendicular on it from (5, 5) isx=5

Example 44: A straight line of length ¢, meets axes in A and B. Rectangle OAPB is
2/3 2/3 2/3

completed. Show that locus of foot of perpendicular from P on ABis x™° +y
(.L.T.)
Sol.  The straight line of length C meets axes in A and B.
LetAbe (a, 0),B(0,b)\ c*=a’+b’
Equation of AB is bx + ay = ab - Q)
and point P is (a, b)

equation of perpendicular from P on AB is

ax-by=1 =a’-b*p ax-by=a’-b? . (2)
é a b® U é® bu
Point of intersection of (1) and (2) is : P &5,
Weand @ g7 7 7wl &l
a, _b

\ Ifthis pointis (h, k) then h=— k=—-
c c

213 2/3
3 3 2, 12
\ h2/3+k2/3_aL9 +&)_9 _a+b
&2+ 2+ T 4/3
5 g c
2
- C _us
K

\ Locus is x*/® +y?® = ¢#3

Equation 45: The vertices of triangle OBC are (0, 0), .
(-3, -1) and (-1, -3). Find equation of line parallel to
BC and intersecting OB and OC and whose

perpendicular distance from origin is % (1.1.T.)

Sol.  Bis(-3,-1),C(~1,-3)

equationBC,y+1= 22 (x+3)

P x+y+4=0
Equation of straight line || BC Fig. 30
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x+y=I
AN fromoriginon it = %
I 1 1
\ ==p | =
+2 2 +2

Since the lines intercepts OB and OC are in 3" quadrant.\ | =-

tol-

\ Equation is v/2(x+y)+1=0

Example 46: Straight lines 3x + 4y = 5 and 4x — 3y = 15 intersect in A. On these lines
points B and C are so taken, such that AB = AC. Find possible equation of BC through

point (1, 2). (1.1.T.)
Sol. Point of intersection of 3x + 4y =5 and 4x — 3y = 15 is (3, —1) angle between lines
is 90° as & 34 1% and as AB = AC
e 9 3 [} .
line shall make angle 45° and —45° with Y D

them. The straight line also goes
through P, (1, 2). It is in 1* quadrant,
therefore angle with 3x + 4y =5 is + ve.

3 X,
m+—
\ tan45°=1= 4 X
3
1--—m ,
4 Y
b 4-3m=4m+3 Fig. 31

b 7m=1b m=%

equationBCisy—2= %(x -1

P 7y-x=13

Example 47: Determine a, for which (a, a°) lies
inside the triangle having sides 2x + 3y =1, x + 2y =
3and5x-6y=1 (.L.T.)

Sol. Let AB 2x + 3y =1, BC, 2y + x = 3, CA 6y — 5x
=-1

See figure, y in all equations have been kept
+ve.
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(a, a® shall be inside the triangle if it is above AB, above AC but below BC

\ 3a*+2a-130,b (Ba-1)(a+1)30

\ai &0

e 3g
and6a’-5a+130b (2a-1)(3a-1)30
\ al 89119

€3 2g

ai$?§,19

e 2 g
\al 3198 10
e 2 gel g

Example 48: Let L, be a straight line passing through origin. L, straight lineisx +y = 1. If
intercepts of circle x* + y* —x + 3y = 0 on L; and L, be equal, then find equation of L,.

Sol. Equation of circle is x* +y*—x+3y =0
Lisx+y=1
\ y=1-x
\ X+ (1-x°=-x+3(1-x)
=0
P x*-3x+2=(x-2)(x-1)=0
\ Ly meetscirclein (2,-1), (1, 0)

\ Length of intercept on L, = /2- 1)> +1% =2
Let Equation of L, be y = mx, it meets circle
\ X +m-x+3mx=0

P (1+mi)x*-(1-3m)x=0

\ x=0,andx= 1- 3";
1+m
m(1- 3m)
bv=0 = — 7
y 1+m?

1+m?)(L- 3m)?
1 +m?)?

Length of intercept, (\/5)2 =
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P 2(1+m?=(1-3m)?
P 7m*-6m-1=0

P (m-1)(7m+1)=0P m=1,m= -

~N| -

\ Equation of L, is y=x or 7y+x=0.
Equation 49: A straight line through A (-5, —4) meets the linesx+3y+2=0,2x+y +4 =

0 and x—y-5=0in points B, C and D respectively. If 881—9 8@9 _8939 then find

Bg eACg eADg
equation of line. (1.I.T.)
X+5 _y+4

=2 =k where k is the distance of a
cosq sing

Sol. Equation of line through (-5, —4) is

point on it. Let it be B.

\' [(AB cos g-5), (ABsin q— 4)] is the point on it and on straight line x + 3y + 2 =
0

\ ABcosq-5+3ABsing-12+2=0
15 ,

\ —=cosq+3sin (1
B q q @

Similarly for straight line2x+y+4=0
2ACcosq-10+ACsing-4+4=0.

10 ,
P —=2cosqg+sin . (2
e q+sing 2
Similarly i—cosq- sing
AD

Given condition 881—9 3@9 _26 0

Bs &ACo 6ADo
P (cosq+3sinqg)®+ (2 cos q+sin g)* = (cos q - sin g)°
P 5cos®q+10sin® g+ 10sin qcos g =cos’ q+sin”g—2cosqsinq
b 5sin®q+12sinqcosq+4=0
Dividing by cos’ q
5tan’q+12tanq+4sec’q=0
b 5tan’q+12tanq+4 (1 +tan’q) =
P 9tan’q+12tanq+4=(3tanq+2)°=0
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\ tanqg-= - Stralght liney+4=- 5 (x+5)

Example 50: Let A (2, 0), B ai \/5 and origin be the vertices of a triangle. Let R be the
[

region consisting of those pomts, P inside DOAB which satisfy d(P, OA) £ minor {d (P,
OB), d(P, AB)} where d denotes the distance of point P to the corresponding line.

Sol. In figure 33, BD is perpendicular to x-axis,
BD ZLD DBOD =PBAO=30° Y
V3
\ DOBA is isosceles D. BN
Let M be a point on BA, AM = x, BM = AB ol s WM
X L
_xand AB?= 1+2=2 D K30 A x
2 Y
\BM= e x Fig. 33
DMBN =60°\ MN =BM sin 60°
b MNzgei_ ngﬁzl- EX
&3 g 2 2

Condition to be satisfied.

(distance of P from OA) £ distance of P from OB — distance of P from AB

\ MK = xsin 30° = g £1- gx

fromzsign,z—l-%xbx 3-1)

BD is perpendicular on AD. Point D also satisfies the condition.

J3-1
4

Required area = DDMA = % AD xMK = %>(\/§- 1)sin30° = sq . unit

Example 51: A variable line of slope 4, intersects hyperbola xy = 1 at two points. Find
locus of point which divides this line segment in the ratio of 1 : 2 (Roorkee)
Sol. Let straight line bey=mx +c¢ - Q)

It meets hyperbola\ x(mx+c)=1

Let it meets in (x4, y1) and (X, y2) P mx? + cx-1=0
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C 1
\ X1 +Xo= - — X1 Xp= - — (2)
m m

Points also lie on straight liney; =4x; +¢,y, =4x, + C

\ yr+Yo=4(Xg + Xo) +2cand y; — Yo = m (X — Xp)

2
From (2) . — %, = ;—6+1=%\/02+16 e

2416-¢0
From (2) and (4) x, = lgﬂz
28 45

. (4)

From (4) 2y, = C+4leT‘/Cz +16 =c++/c2 +16

Let (h, k) be the point which divides (x4, y1)
and (X,, y,) inthe ratioof 1: 2
c 1( S )
_X2+2X1_X1+X2+X1_-Z+§ *16-¢

\ h= . (a
3 3 3 @)

c+1(c+\/c2 +16)

and szz+ZY1 ZY1+3;2+Y1 -_ 2 . .. (b)

From (a) 24 h=-3c + +/c* +16

From (b) 6k=2c+c+ m
\ 24h-6k=-6cP c=k-4h.
Putting this value of cin (b)
6k - 3k +12h=4/(k- 4h)> +16
128h* + 8k* - 80kh — 16 = 0
16h% + k* - 10kh -2 =0

Locus 16x*+y*—10xy—2=0

Example 52: For the point A (x;, y1) and B (X», y,) of the co-ordinate plane, a new
distance d(AB) is defined by d(AB) = |x1 — X2| *+ |y1 —¥2|. Let O (0, 0) and P (3, 2). Prove
that set of points in the 1™ quadrant which are equidistant to the new distance from O
and P, consists of union of a line segment of finite length and an infinite ray — sketch the
set in a labeled diagram. (1.1.T. 2001)

Sol.  d(AB) = |x1—Xz| + |y — V2l
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(i)

(vii)

Ois origin and P is (3, 2) and point Q moves such that d(OQ) = d (PQ) since (x, y)
Q liesin 1 quadrant.

|x-0] =x and |y-0] =

x=0
\ 0+y=3+]y-2]
P (y-3)-(y-2) "
b y:E i
2 Y
Fig. 33

i.e. point is 8%,59 but it does not satisfy
e 20
condition.

1
== 1, _—+ 2
5 5ty ly-2|

b (y-2)°=(y - 2)* which means y can have any value when x = % i.e.itisaray
parallel to y-axis.
x=1y+1=2+|y-2| P (y-1)*=(y-2)°

3 L 30
\ y=— ointis a_al,—+
y > p g 25
—E,y+———+|y 2| b Y=y —4y+4b pomtgE§
@
x=2,2+y=1+|y-2| b (y+1)’
=(y-2)
. .aal('j
pointis ¢2,—-~+
e 29
5 5
==, —+ :_+ 2
x=2 5%y ly-2|

P (2+y)’=(y-27°P y=0,

.o 0
oint ¢c=,0=
Pl 82 [}

x=3,(y+3)2=(y-27°pb y= - % Point not in 1% quadrant
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In the figure A’B line segments of fixed length and at x =

N |-

. A ray from A’

upwards parallel to y-axis.
\ Graph consists of a line segment + ray.

Example 53: The base of a triangle passes through fixed point (a, b) and its sides are
respectively bisected at right angles by straight lines y* — 4xy — 5x* = 0. Find locus of
vertex.

Sol. Let vertex A be (h, k) of triangle DABC, B & C are (i, y1) and (xo, y»), figure 34.
(X1, ¥1), (8, b) and (x,, y,) are collinear

a b 1
\' X, y; 1j=0
X, ¥, 1
P a(y: —Y2) —b(X1 = X2) + (Xoy2 — X2y1) =0 ..(a)
(ii) y2—4xy—-5x°=(y-5x) (y+x)=0

lety—5x=0beA toAB,\ ~ V-1
h-x,

ol

p X1+5y1:h+5k

. . ah+x, k+y, 0 .
Mid point of AB, gT T 5 lies on g v (a,b) Clx,,y.
y - Bx=0 Flg 34
\ k+y;—=5h-5x,=0P y; —5x; =5h-k - (2)

Solving (1) and (2), x, =X . ;Zh yy = N+

13
o K-y, _ B
(iii) X+y=0is® ACPb ——==1PbP k-h=y,-x%, -3
h-x,
Mid point Eéﬂlﬁ—yzg liesonx+y=0
e 2 2 g
\ X2+h+y2+k:0p h+k:—(X2+y2) (4)
Solving (3) and (4) x, = -k, y>=-h ..(5)
. 5h+12k 18h+12k
iv Now y, -y, = +h= .. (6
(iv) Yi-¥2 =3 13 (6)
and x, - X, = 5k - 12h +k:18k- 12h ()
13 13
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adk-12h¢o h+12k ¢
X;Y, - YiX; =(- )¢ ++k’€ -
e 13 g é& 13 g

- Bhk+12h* +5kh +12k?
13

_12
13

Putting values from (6), (7), (8) in (a)

aéadSh +12k 9_ bé’aéSk - 12h 9+ E
e 13 g e 13 g 13

(h* +k?) .. (8)

(W +k%)=0

b a(18x + 12y) — b(18y — 12x) + 12(x* +y?) = 0

Example 54: A variable line L passes through B (2, 5), and intersects the lines 2x* — 5xy +
2y2 =0in P and Q. Find locus of R on L, such that the distances BP, BR and BQ are in
Harmonic. (Roorkee)

Sol.  Anyline through (2,5)isL,y—-5=m(x-2) b ():(o-—sz :Zi-_lﬁc? =r
Lines 2x* — 5xy + 2y* =0
P (2x-y)(x-2y)=0
Linesare 2x—-y=0andx-2y=0
Let distance of P from B (2, 5) be r;
\ Pis(ricosq+2,r;sing+5)
Itisonline2x-y=0
P 2ricosq+4-r8ing-5=0
\ rlzm .. (1)
Let distance Q be r, and itison linex—2y =0
(rocosq+2)—2(r,singq+5)=0
rZ:coscf#inq - (2)
If distance of R from B (2, 5) is r,

thenry, r,rparein H.P.
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824
(2cosg- sing)(cosq- 2sinq) = _ 16
cosq- 2sinq+16cosq- 8sinq;  17cosq- 10sing
@ (2cosq- sing)(cosq- 2sinq) @
If (h,k) be the point R
h=rcosq+2 P h-2=r cosq

2rr.
=12
r+r,

\

(D> D> (D> (D~
NCNCNC/

k=rsing+5 P k-5=rsinq
\ 16=17 (rcosq)- 10(rsinq)

b 16=17(h-2)-10 (k-5)

P 17h-34-10k+50=16

\ solocusis 17x-10y=0

Example 55: The co-ordinates of points at unit distance from straight lines 3x -4y +1=0
and8x+6y+1=0are..

Sol.  We know that perpendicular dropped from any point of the angle bisector of an
angle on its two arms are equal. This mean in question points lie on both sides of
the angle bisectors of the angle between thse two lines.

Now X W*L 0 b oax_ay=4 3x-4y=-6
+5
and %ﬁéﬂzlb 8x +6y =9,8x +6y =- 11

3x- 4y =4y A
Point 1 y l’Jpointaé,- ig
gx+6y=9)" &' 10p

Example 56: A line is such that the sum of perpendiculars from a number of points on it
is zero. Prove that the line always passes through a fixed point.

Sol. Let the straight line be ax + by + ¢ = 0. - Q)
Let (x;, i) be points,i=1,2,3, .., n.
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Sum of perpendicular from (x;, y;) on straight line
Y ax; +hy;+c _
Va© +b?

=aax +bay,+cn=0 (2

0 b =3&(ax +by,+c)=0

Multiplying (1) by n and subtracting (2) from it

a(nx— ax;)+b(ny—ay;)=0

b (- &x)+ %(ny— 8y,)=0;

ax; and 3y, are constant. EquationisP+1 Q=0

\' Line passes through x =21y = ayi;geaxi,ayig
n n'én’ ng

Example 57: The vertices of a triangle are A (X1, ¥2), B (X2, ¥2) and (xs, ys). Prove
orthocentre is

éx, tanA+x, tanB+x;tanC y, tanA+y,tanB+y,tanCu

g tanA+tanB+tanC ' tanA+tanB+tanC H
Sol. In figure O, is orthocentre. AD ~ on BC and BE * AC. From right angled triangle
BAD and CAD
AD=BDtanB=DCtanC ()] Alx,y,)
BD _tanC .
- = (||)
DC tanB

\ DdividesBCintheratiooftanC:tanB

. @XgtanC+x,tanB y;tanC+y,tanBy

\ Dis : 7 5
g tanB+tanC tanB+tanC H BbGY:) Clxsys)
(i) From right angled triangle ODC Fig. 35
OD =DC xcot B = AD cot C xcot B ...from (i)
_AD
tanBtanC

\ O,A=AD-0;D= AD%l- 1 u

tanBtanCH

_ ~étanBtanC- 1y
g tanBtanC H
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88

O, divides AD in ratio X(tanBtanC—-1) : 1 (2
In Dtan A + tan B + tan C = tan A xtan B xtan C

+ tanB +tanC
tanC

b1 =tanBtanC -3

tanB+tanC_1

from (3), (2) is anA

\ ratioistanB+tanC:tan A

X3 tanC +x, tanB

tanB +tanC
tanA +tanB+tanC

(tanB +tanC) +X, tanA

\ abscissaof O;is X =

\ pyis éx,tanA+x,tanB+x;tanC y, tanA+y, tanB+y, tanCy
€ tanA+tanB+tanC '  tanA+tanB+tanC H
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Practice Worksheet (Foundation Level) —2 (c)

1. (@ Find equation of straight line joining points P (2, 5) and Q (3, 4).
(b) Find co-ordinates of point which divides its segment between axes in
ratio 3: 4
() The straight line moves at P in anticlockwise direction through 45°. Write

its equation in new position.
d) Find co-ordinates of point on original line distance 6 units away from P.
e) Write equation of right bisector of PQ.
f) Find locus of point R which moves so that DPRQ is always 45°.
Q) Find angle between PQ and straight line 5x — 12y =13
h) Write equation of bisector of acute angle between PQ and 5x — 12y = 13.

i) Find equation of straight line parallel to 5x — 12y = 13 and a distance of 6
units (i) below it (ii) above it.

() Straight line PQ, 5x — 12y = 1 and x = y form a triangle, find its centroid.
(k) Find circumcentre of Din (j)

) Find orthocentre of Din (j)

(m) Find area of Din (j)

2. Find equation of straight line which go through (0, a) and are at distance a from
point (2a, 2a). Find also equation of straight line joining the foot of perpendicular
dropped from (2a, 2a) on them.

3. Find inclinations of two straight lines that go through (1, 2) and whose distance of

points of intersection with x + y =4 from (1, 2) is = 6

NE

4.  Astraight line moves in such a way that the sum of the reciprocal of its segments
on axes is always same constant. Prove that the straight line goes through a
stationary point.

5. Straight lines pix + quy = 1, pox + iy = 1 and psx + gzy = —1 are concurrent, prove
that points (ps, 92) (p2, 92) and (ps, gs) are collinear.

6.  Find equations of straight lines that go through (4, 5) and make equal angles with
straight lines 3x =4y + 7 and 5y = 12x + 6.

7. Find equation of straight line that goes through point of intersection of straight
lines 3x + 4y =1 and x + 3y + 2 = 0 and makes equal angle with axes.

8.  Find points on x-axis which are a distance away from straight line X +% =1.
a
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9.  Find condition so that points (a, b), (c, d) and (a - c, b — d) be collinear.

10. Find a and b if equations 3x — 4y = 8 and 2ax + 3by + 12 = 0 represent the same
straight line.

11. Straight lines 3x — 4y + 18 = 0 meets parallel lines 4x + 3y +49=0and 4x + 3y -1 =
0 in B and A respectively. The angle bisectors of DA and BB meets in C and D.
Quadrilateral ACBD is formed. Find (a) point of intersection of AB and CD, (b) angle
between diagonals AB and CD, (c) area of quadrilateral ACBD.

12. A and B are (3, 5) and (11, 3) respectively. Find point P, so that orthocentre of
DPAB lie on P area of triangle PAB is 17 units.

13. Two points P (a, 0) and Q (-a, 0) are in straight line R is a variable point such that
(DRPQ — DRQP) is always 2a. Prove locus of R is x* + y* — 2ay cot 2a —a” = 0.

14. A variable line is at a distance p from origin. It meets axes in A and B. Rectangle

1 1

OAPB is completed. Prove that locus of P is iz t—- =
X

p
15. Prove that four straight lines §+X :1,5+X =1, §+X :2and§ +X =2 enclose a
a b b a a b b a
2b2
rhombus whose area is ———-
(@ -b)

16. Straight linesy + 3x = 4, ay = x + 10 and 2y + bx = 9 are three sides of a rectangle
taken in order. The fourth side passes through (1, —2). Find a, b and equation of
fourth side.

17.  Ends of a straight rod of length ¢, moves on two mutually perpendicular lines in a
vertical plane. Locus of point which divides the rod in the ratio of 2 : 3 is

2 2 2 2 2 2
(a) X_+y_:€_ (b) X_+y_:€_
9 4 25 4 9 25
2 2 2
©) X?+y?=% (d) 42+ 9y = /2

18. The vertices of a triangle are A (0, 0), B (1, 4) C (5, 1). Find equation of straight line
perpendicular to BC and at a distance 1 unit from origin towards C.

(@) 3x—4y=5 (b)4x-3y+5=0
(c)6x—-8y=9 (d)8x-6y=9
19. Straight lines PA, PB and PC of slope % , 1 and 3 pass through (6, 6). Point Q is (1,

5). Straight lines through Q meets these lines in M, N and R respectively such that
MN = NR, then equation of line through Q is

90



Math-Ordinate Points in a Plane and Straight Line

20.

21.

22.

23.

24,

25.

(@) 3x+2y=17 (b)x+3y=16
(c)4x+3y=19 (d)by—-x=24
: . : , . X,y _ X,y _
A variable line through the point of intersection of — +B =1 and ™ +==1 meets
a a

the axes in A and B. The locus of mid point of AB is
(@) (x +y)ab =2xy (a + b)=0 (b) (x+y)ab+2xy (a+b)=0
()2 (x+y)ab +xy (a+b)=0 (d)2(x+ty)ab-xy (a+b)=0

The equation of right bisector of the line segment joining point of intersection of x
+2=0,y—-2=0,and3x+4y=8and2x-9=yis

@2y-2x+1=0 (b) 2y—4x=3
(c)2y-4x+3=0 (d)3x-2y+3=0

Straight line x =a and y = b intersect in A and straight lines X +% =5 and 3bx - 2ay
a

= 0 intersect in B. Line through (-a, —b) meets AB in P, such that %:g The

equation of thin line is
(@) bx—ay=0 (b) by + ax = &’ + b
(c) 12ax—13bx =6ab (d) 13ay — 16bx = 3ab

The vertex of a triangle is A(1, 6) and base lies along 2x + y = -2. If length of
median AD is 5. The C.G. of the triangle is

@F100 )1y OF 763 @F 6l
e 3g &3 g

The sides of a triangle are 2x + y =6,y = 0 and 3x — 8y + 5 = 0. find set for a such
that point (a®, a) lies inside the triangle.

e 5u & 30
4 b) [1, 3 c gl— d)[-2,3
8 3K (b) [1, 3] ©) 24 (d) [-2, 3]
AD is perpendicular from A on base BC of DABC and AD = DC = 2BD. IF BDC and DA

be taken as x-axis and y-axis then co-ordinates of A are (0, 6). The co-ordinate of
point of intersection of AD and angle bisector of DB are

) [0,34/5 - 1] (m§;£4ﬁ

. U \/_
@3?64@ RN

(D%(D

o C\C
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26.

27.

28.

92

x-axis bisects the angle A of quadrilateral ABCD. While y-axis is along diagonal BD.
Side DC is parallel to x-axis and equal to AD. If AO = 4, and DADO = 30°; then area
of quadrilateral is

(a) 36+/3 sq. u. (b) 483 sq. u.

(c) 24+/3 sq. u. (d) 60 sq. u.

In question 10, the equation of BC is

(@) y- /3x- 4J3=0 (b) y- /3x+4+/3 =0
(€) y++/3x- 443 =0 (d) y++/3x+44/3=0

The co-ordinate of mid points of AB, BC and CA of triangle ABC are (-1, 2), (2, 1)
and (4, 4) the orthocentre of triangle is:

el 650 (b) & 1 859 & 1 .0
€111y

a - —,—= ¢) ¢- —,10= (d) none of these
@ S 1111y © ¢ 73102 (@
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10.

11.

12.

Practice Worksheet (Competition Level)

PART-A
A point moves such that the sum of its distances from two fixed points (ae, 0) and
2 2
(- ae, 0) is always 2a. Prove that the equation of its locus is X—Z +ﬁ =1
a~ a‘(l-e

The co-ordinates of A, B, C are (6, 3), (- 3, 5) and (4, -2) respectively and P is any
point(x, y). Show that the ratio of the areas of the triangles PBC and ABC is
X+y- 2‘

7

The ends of a rod of length | move on two mutually perpendicular lines. Find the
locus of the point on the rod which divides it in the ratio 1:2.

The straight line L is perpendicular to the line 5x - y = 1. The area of the triangle
formed by the line L and co-ordinate axes is 5. Find the equation of the line.

A moving line is Ix + my + n = 0, where I, m, n are connected by the relations al +
bm + cn =0, and a, b, ¢ are constant. Show that the line passes through a fixed
point.

If the straight line through the point P (3, 4) makes an angle p/6 with the x-axis and
meets the line 12x + 5y + 10 = 0 at Q find the length of PQ.

(@) A ray of light is sent along the line x - 2y + 5 = 0 ; upon reaching the line

3x-2y+7=0, the ray is reflected from it. Find the equation of the line containing
the reflected ray.

(b) The ray of light is sent along the line x - 2y - 3 = 0. Upon reaching the line

3x-2y-5=0= 0, the ray is reflected from it. Find the equation of the line
containing the reflected ray.

Two consecutive sides of a parallelogram are 4x + 5y = 0 and 7x + 2y = 0. IF the
equation to one diagonal is 11x + 7y = 9, find the equation of the other diagonal.

Find the equations of lines which pass through the point of intersection of the lines
4x - 3y-1=0, 2x - 5y + 3=0and are equally inclined to the axes.

Find the locus of a point whose sum of the distances from the origin and the line x
=2 is 4 units. Sketch the path.

Find the equation of the straight line which bisects the obtuse angle between the
linesx- 2y+4=0and 4x- 3y+2=0.

Given vertices A (1, 1), B (4, - 2) and C (5, 5) of a triangle, find the equation of the
perpendicular dropped from C to the interior bisector of the angle A.
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

94

(@) The opposite angular points of a square are (3, 4) and (1, - 1). Find the co-
ordinates of the other two vertices.

(b) The extremities of the diagonal of a square are (1, 1), (- 2, - 1). Obtain the
other two vertices and the equation of the other diagonal.

The points (1, 3) and (5, 1) are two opposite vertices of a rectangle. The other two
vertices lie on the line y = 2x + ¢. Find ¢ and the remaining vertices.

One side of a rectangle lies along the line 4x + 7y + 5 = 0. Two of its vertices are
(- 3,1)and (1, 1). Find the equations of the other three sides.

The sides AB, BC, CD, DA of a quadrilateral have the equations x +2y =3,x=1,x -
3y =4, 5x +y+ 12 = 0 respectively. Find the angle between the diagonals AC and
BD.

The vertex A of triangle ABC is given to be (1, 3) and the medians BE and CF are
x-2y+1=0andy- 1=0.Determine the equations of its sides.

In the triangle, the side AB is 5x - 3y + 2 = 0 and the altitude AD and BE are

4x - 3y+1=0and 7x + 2y - 22 =0 respectively. Determine the equation of sides
CAand CB and also the altitude CF through C.

In a triangle ABC, we are given the vertex A(4,-1) and x-1=0 and x- y- 1=0and the
bisectors of angles of B &C Respectively, find the co-ordinates of the vertices B and
C and equations of the side AB and AC.

Straight line 3x + 4y = 5 and 4x - 3y = 15 intersect at point A. Point B and C are
chosen on the two lines such that AB = AC. Determine the possible equations of
the line BC through the point (1, 2).

The equations of a perpendicular bisectors of the sides AB and AC of triangle ABC
are x - y+5=0andx + 2y = 0 respectively. If the point A is (1, - 2) find the
equation of the line BC.

The equation for the base of an equilateral triangle is x + y = 2 and the vertex is
(2, - 1). Find the length and the equations of the sides of the triangle.

The vertices B, C of a triangle ABC lie on the lines 4y = 3x and y = 0 respectively and

the side BC passes through the point P (0, 5). If ABOC is a rhombus where O is the
origin and the point P is inside the rhombus, then find the co-ordinates of A.

One diagonal of the square is the portion of the line 7x +5y=35 intercepted
between the axes obtain the extremities of the other diagonal.

A variable straight line is drawn through o to cut two fixed straight linesL; and L, in
m+tn_m _ n

A; and A,. A point A is taken on the variable line such that .
OA, OA,
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10.

11.

show that locus of P is straight line passing through the point of intersection of L,
and L.

PART-B

The vertices of a triangle are A (p, p tan a), B (g, q tan b), C (r, r tan g. If
circumcentre O of triangle ABC is at the origin and H (u, v) be its ortho-centre, then
show that

u _ cosa +cosb +cosg

v sina +sinb+sing

Derive the conditions to be imposed on b so that (0, b) should be on or inside the
triangle having sidesy +3x+2=0,3y- 2x- 5=0and4y +x-14=0.

Determine all values of a for which the point (a, a°) lies inside the triangle formed
by the lines. 2x+3y- 1=0, x+2y- 3=0, 5x- 6y- 1=0. [1.1.T-1992, 6]
Let ABC be a triangle with AB = AC. If D is the mid point of BC, E the foot of the

perpendicular drawn from D to AC and F the mid point of DE, prove that AF is
perpendicular to BE.

Aline through A (- 5, - 4) meets the linesx+ 3y +2=0,2x+y+4=0andx- y- 5
= 0 at the points B, C and D respectively. If (15/AB)? + (10/AC)* = (6/AD)?, find the
equation of the line. [1.1.T-1993]

A line is such that its segments between the straight lines 5x - y - 4 = 0 and
3x +4y - 4=0is bisected at point (1, 5). Obtain its equation.
A pair of straight line drawn through the origin form with the line 2x + 3y = 6 an

isosceles triangle right angled at the origin. Find the equation of the pair of straight
lines and the area of the triangle correct to two places of decimals.

The ends A, B of a straight line segment of constant length c slide upon the fixed
rectangular axes OX, OY respectively. If the rectangle OAPB be completed, then
show that the locus of the foot of the perpendicular drawn from P to AB is x** +
y2/3 - CZ/S.

A rectangle PQRS has its side PQ parallel to a line y = mx and vertices P, Q and S on
the linesy = a, x =b and x = - b respectively. Find the locus of vertexR.

The line Ix + my + n = 0 bisects the angle between a pair of straight lines of which
one is px + qy + r = 0. Show that the equation to the other line is
(Px+qy +1) (P + m?) - 2(Ip + ma) (Ix + my +n) = 0.

A variable straight line passes through the point of intersection of the lines x + 2y =
1 and 2x - y =1 and meets the co-ordinate axes in A and B. Find the locus of the
middle point of AB.
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13.

14.

15.

16.

17.

18.

19.

20.

21.

A straight line L through the origin meets the lines x +y =1 and x +y =3 at P and Q
respectively. Through P and Q two straight lines L, and L, are drawn parallel to

2x-y =5 and 3x +y = 5 respectively. Lines L;and L, intersect at R, Show that the
locus of R, as L varies is a straight line. [1.1.T-2002, 5]

LinesL; © ax+ by +c=0and L, ° Ix+ my + n = 0 intersect at the point P and make
an angle g with each other. Find the equation of a line L different from L, which
passes through P and makes the same angle q with L;.

Equations of the diagonals of a rectangle are y +8x- 17=0 and y- 8x +7=0 If the
area of the rectangle is 8 sg. units Find the equation of the sides of the rectangle.

A straight line L with negative slope passes through the point (8, 2) and cuts the
positive co-ordinate axes at point P and Q . Find the absolute minimum value of OP
+0Q, as L varies, where O is the origin. [1.1.T-2002, 5]

An isosceles right angled triangle whose sides are 1, 1, v2 lies entirely in first
guadrant with ends of hypotenuse on the coordinate axes, if it slides, find the
locus of its centriod.

A triangle has two lines y = mx and y = m;x as two of its sides where m and m, are
the roots of ax* +bx +c=0. If H(c, a) is the Ortho-centre of the triangle. Then show

that the equation of the third side of the triangle is (a + c)(cx +ay) = ac(a +c- b).

Find the equation of the line passing through the point (2, 3) and making intercept
of
length 2 units between the lines y +2x =3 and y +2x =5. [1.1.T-1991, 5]

If line AB of length 2| moves with the end A always on x-axis and end B always on
the line y = 6x .Find the equation of locus of mid point of AB.

A line cuts the axis at A (7, 0) and the y-axis at B (0, -5). A variable line PQ is drawn
perpendicular to AB cutting the x-axis in P and y-axis in Q. If AQ and BP intersect at
R, find the locus of R. [1.1.T-1990, 5]

Ina DABC,A° (a,b),B°(1,2),C° (2,3)andpoint A liesontheliney=2x+3
where a, b | Integer and area of the triangle is S such that [S] = 2 where [.]
denotes greatest integer function. Find all possible co-ordinates of A.

COMPREHENCIVE PASSAGE TYPE PROBLEMS

22. A triangle ABC is given where the vertex A is (1,1) and the orthocentre is (2, 4) .
Also sides AB and BC are members of the family of the lines ax +by +c=0 where a,
b, careinA.P.

i) The vertex B is
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i)  ThevertexCis
a) (4, 16) b) (17,-4) c) (4,-17) d) (-17,4)
iii)  The triangle ABCis a
a) Obtuse angled triangle b) Right angled triangle
c) Acute angled triangle d) equilateral triangle
23. A0, 3),B(-2,0)and C (6, 1) be the vertices of the triangle and M(b, b+1) be the

moving point

i) M lies on the curve

a)y=x+1 b)y = x? c)x=y+1 d) none of these
i) If M and A lie on the same side of BC then
a) b>2 b) b<2 c) b>- g d) b<g

iii) If M lies within DABC if

a)-g<b<4 b)-4<b<-g c)-g<b<g d) none of these

Assignments (Objective problems)

1.

Level-1

The in-centre of the triangle with vertices (1, C8), (0, 0), (2, 0) is

£B0 e 10 @ V39 10
%5 % Y62 R

Let A (2, - 3)and B (- 2, 1) be the vertices of the triangle ABC. If the centroid of this
triangle moves on the line 2x+3y =1, then locus of the vertex C is the line

P8

a) 2x +3y =9 b) 2x- 3y =7 c)3x+2y=5  d)3x-2y=3
If the non-zero numbers a, b, ¢ are in H.P. then the straight line

X +% +1 =0 always passes through affixed point is

a c

a) (11'2) b) (11 - 1/2) C) (- 1! 2) d) (- 11 - 2)

The line parallel to x-axis and passing through the intersection of the line ax+2by+
3b=0 and bx- 2ay-3a=0 where (a, b) 1 (0, 0) is
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10.

11.
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a) Above the x-axis at a distance of 3/2 from it
b) above the x-axis at a distance of 2/3 from it
c) Below the x-axis at a distance of 3/2 from it

d) below the x-axis at a distance of 2/3 from it
A straight line through the point (2, 2) intersects the lines C8x + y =0 and CBx- y =

0 at the points A and B. The equation to the line AB so that the triangle OAB is
equilateral is

a)yx-2=0 b) y- 2=0 c) X +y-4=0 d)none of these
The in-centre of the triangle formed by the linesx =0y =0and 3x +4y =12 is at
a) (1/2,1/2) b) (1, 1) c) (1,%) d) (%2, 1)

If (a, a°) falls inside the angle made by the linesy :g , x>0 and y=3x, x>0, then a

belongs to

A 0 e, 10 16

a) &= 32 b) &3,-=2 0,22 d) (3%
) & @ ) § 29 )g 2g )3¥)
Ortho-centre of the triangle whose vertices are (0, 0), (3, 4) (4,0) is [I.1.T Sc-2003]
70 50 30

a %,—+ b %,—+ c) (5,-2 d %,—+

)g 35 )8425 ) (5.-2) )8425
The pointsg%,%g, (1, 3) and (82, 30) are vertices of

e 39

a) An acute angled triangle b) an isosceles triangle
c) An obtuse angled triangle d) none of these

Circum centre of the triangle whose vertices are (2,-1) (3, 2) and (0, 3) is

a)(-1,1) b)(-1,1) c)(1,1) d) none of these

The locus of the mid point of the portion intercepted between the axes by the line
Xcos a+ysina= p, where p is constant, is

1 1 4

ax2+ 2_ 2 h)—+—=—
) X“+y“=p )Xz V2 p?
4 1 1 2
O)x2+y2=— d) = +==2
pZ XZ yZ pZ
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12.

13.

14.

15.

16.

17.

18.

19.

The equation of the line passing through the intersection of the lines x- 3y +1=0
and 2x+5y- 9=0and at distance Cb from the origin is

a)2x- y=5 b) x +2y =5 C)2x+y=5 d)x+2y =1

Locus of the centroid of the triangle whose vertices are ( acost, asint), (bsint,
- bcost) and (1, O)where tis the parameter is

a) (3x- 1)*+ (3y)*=a’+b? b) (3x+1)*+(3y)*=a’ + b®
¢) (3x+1)*+ (3y)*= a*- b? d) (3x- 1)*+(3y)’=a* b’

Three straight lines 2x +11y- 5=0, 4x- 3y- 2=0and 24x +7y- 20=0
a) form a triangle b) are only concurrent
c) are concurrent with one line bisecting the angle between the other two

d) none of these

If the lines x +ay +a=0, bx +y +b=0 and cx +cy +1=0 (a, b, ¢ being distinct* 1) are

concurrent, then the value of a + b + ¢ is
a-1 b-1 c-1
a)-1 b)0 €)1 d) none of these
LetP (- 1, 0), Q(0,0) and R(3,3v3) be three point . Then the equation of bisector of
angle PQR is [1.1.T Sc-2002]
a) §x+y=0 b)x+\/§y=0
c)\/§x+y=0 d)x+§y=0

Let PS be the median of the triangle with vertices P(2,2), Q(6,-1)and R(7,3) . The
equation of the line passing through (1,-1) and parallel toPSis  [I.1.T Sc-2000]

a) 2x- 9y-7=0 b) 2x- 9y-11=0
) 2x+9y - 11=0 d) 2x +9y+7=0

The number of integer values of m, for which the x coordinate of the point of
intersection of the lines 3x + 4y =9 and y = mx+1 is also a integer, is [I.I.T Sc-2001]

a)2 b) 0 c)4 d)1
The ratio in which the line 3x- 2y +5=0 divides the join of (6,-7) and (-2, 3) is
a)l:l b) 7:37 c) 37:7 d) none of these
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20.

21.

22.

23.

24,

25.

100

The vertices of a triangle are A (- 1, - 7), B (5, 1), and C(1,4) .The equation of the
bisector of angleDABC is

a)yx-7y+2=0 b) x- 7y +6 =0
C)7x- y+4=0 d) none of these

The co-ordinates of those points on the line 3x + 2y = 5 which are equidistant from
thelines4x+3y-7=0and 2y-5=0are

a) & iﬁg b) aeﬂﬂg
$ 14285 §16'32
o &L 679 o) &L 776

§14'28 5 1632

If (-6, -4) and (3, 5) are the extremities of the diagonal of a parallelogram and (-2,
1) is its third vertex, then its fourth vertex is

a)(-1,0) b) (0, - 1) c)(-1,1) d) none of these.

The coordinates of the middle points of the sides of a triangle are (3, 2) (4, 3) and
(2, 2) then the coordinates of its centriod are

3) ?,19 b) (3, 3) ¢ (4,3) d) none of these,
3g

If A (cosa, sin a), B(sina, -cosa), C(2, 1) are the vertices of a DABC, then as a varies
the locus of its centriod is

ax*+y?- 2x- 4y+1=0 b) 3(x* +y?)-2x-4y+1=0

C)x*+y?- 2x- 4y+3=0 d) none of these.

The nearest point on the line 3x + 4y = 25 from the origin is

a) (-4! 5) b) (31 '4) C) (3! 4) d) (31 5)
Level-2

Let ax + by +c=0 be a variable straight line, where a, b, c are the 1%t 3%and 7™
term of some increasing A.P. then the variable straight line always passes through
the point which lies on

a) x?+y? =13 b) x? +y? =5
29
c)y :EX d)3x+4y=9

Line L has intercepts a and b on the coordinate axes, when the axes are rotated
through a given angle keeping the origin fixed , the same line has intercepts p and
g.then

a) a>+b” = p*+q’° b) 1/a’+1/b*=1/p*+1/¢?
c) a® +p° = b?+q’ d) 1/a°+1/p*=1/b°+1/¢?
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3.

10.

The area of the triangle is 5. Two of its vertices are (2, 1) and (3,- 2), the third
vertex lying ony = x +3 . The coordinate of the third vertex can be

a) (-3/2, 3/2) b) (3/2, - 3/2)

o) (7/2, 13/2) d) (- 1/4, 11/4)

The equation of a straight line passing through the point (4, 5) and equally inclined
to the lines 3x =4y +7 and 5y =12x + 6 is

a) Ix-7y =1 b) 9x+7y =71

C) 7x+9y =73 d) 7x-9y+17=0

The diagonals of a parallelogram PQRS are along the lines x +3y = 4 and 6x- 2y =7.
the PQRS must be

a) Rectangle b) square c) cyclic quadrilateral d)
rhombus

If the one vertex of an equilateral triangle of side a lies at the origin and the other
lies on the line x-CBy = 0 the co-ordinate of the third vertex are

a) (0,a) b) ae*/% g% ¢) (0, a) d) ae@g%
[ [

The point (4, 1) undergoes the following three transformations successively:

I. Reflection about the line y = x

II. Translation through a distance 2 unit along the positive direction of x-axis

[ll. Rotation through an angle of p/4 about the origin in the anti-clockwise
direction. The final position of the point is given by the co-ordinates

a) (1/Ce, 7/C) b) (- C2, 7Cp)

c) (- /,7/C2) d) (C2,7Cp)

Three lines px + qy +r=0, gx + ry + p =0 and rx +py + g=0 are concurrent if
a)p+q+r=0 b) p*+ g’ +r'=pq +qr+rp

¢) p>+ g*+ r*=3pqr d) none of these

The ortho-centre of the triangle formed by the lines x +y =1, 2x +3y = 6, and 4x- y
+9=0 lies in the quadrant number

a)l b) Il c) I d) none of these

ABC is an equilateral triangle. If the coordinates of the base are B(1,3) and C(- 2,7),
the coordinate of vertex A can
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ézﬁ-iiw é 2J§-1-i+5
[ 2 o
c)é 2\/§+1-£-5 §2\/§+1i-5
2 o [
11. All points lying inside the triangle formed by the points (1, 3), (5, 0) and (- 1, 2)
satisfy
a) 3x+2y 30 b) 2x+y- 1330
c)2x-3y-12£0 d)-2x+y30

12. Astraight line through the origin O meets the parallel lines 4x+2y=9 and 2x+y +6=0
at appoints P and Q respectively. Then the point O divides the segment PQ in the
ratio

a) 1:2 b) 3:4 0) 2:1 d) 4:3 [1.1.T S¢-2002]

13. Triangle is formed by the coordinates (0, 0) (0, 21) and (21, 0). Find the number of
integral coordinates strictly inside the triangle (integral coordinates of both x and

y)
a) 190 b) 105 c) 231 d) 205 [1.1.T Sc-2003]

14. Let PQR be the aright angled isosceles triangle, right angled at P (2, 1). If the
equation of the line QR is 2x+ y=3, then the equation representing the pair of lines
PQand PR is

a) 3x? - 3y% +8xy +20x +10y +25=0 b) 3x*- 3y? +8xy - 20x - 10y +25=0
c) 3x?- 3y? +8xy +10x +15y+20=0 d) 3x?- 3y? - 8xy- 10x- 15y- 20=0

15. If the vertices P, Q, R of a triangle PQR are rational points, which of the following
points of triangle PQR is (are) always rational point(s)?

a) centroid b) in-centre C) circum-centre d) orthocentre

16. If x4, Xo, Xz @as well as yy,y», y3 are in G.P. with the same common ratio, then the
points (X1,y1), (X2,y2) (X3,Ya)

a) lie on a straight line b) lie on the ellipse
c) lie on the circle d) are the vertices of triangle
17. Area of the parallelogram formed by the linesy =mx,y=mx+1,y=nxandy =
nx+1 equals [1.1.T Sc-2001]
m+n
| |2 b) 2 9 1 0 1
(m-n) Im+n| Im+n| Im- n|
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18.

19.

20.

21.

22.

23.

24,

25.

i X +% =1and X +% =1intersect the axes at four con-cyclic points and a +b=c +d
a c

then these lines always intersect on the curve (a, b, ¢, d>0)
a)y=x b)y=-x C)y=1%x d) none of these

Equation of circle touching the lines |x- 2| +|y- 3|=4 will be

a) (x- 2] +(y- 3 =12 b) (x- 2)° +(y- 3f =4
c) (x-2f +(y- 3) =16 d) (x-2) +(y-3) =8

The circum centre of the triangle formed by the lines xy +2x +2y +4=0and x +y
+2=01is

a) (01 O) b) (-21'2) C) (-11'1) d) (-11'2)
: , . , X, y_ X, Y _ . .
The point of intersection of the lines — +E =1 and o +==1 lies on the line
a a
a)yx-y=0 b) (x+y) (a+b)=2ab
c) (Ix+ my) (a+b)=(/+m)ab d) (Ix- my) (a-b) =(1-m)ab

The ends of the base of an isosceles triangle are at (2a, 0) and (0, 2a). The equation
of one of its sides is x = 2a. The equation of the other side is

ayx+2y-a=0 b)x+2y=2a
c)3x+4y-4a=0 d) none of these

The equations of two sides of a square whose area is 25 square units are 3x - 4y =
0 and 4x + 3y = 0. The equations of the other two sides of the square are

a)3x-4y+25=0 and 4x+3y+25=0 b)3x-4y+5=0 and 4x+3y+5=0
C)3x-4y+5=0 and4x+3y+25=0 d) none of these.

fu=ax+by+c,=0andv=ax+hy+c,=0and :—izg—i:z—i,thenu+kv=0
represents

a) a family of concurrent lines b) a family of parallel lines
cju=0 dv=0

Points on the line x + y = 4 that lie at a unit distance from the line 4x + 3y - 10=0are

a) (3,1)and (-7, 11) b) (-3,7) and (2, 2)

c)(-3,7)and (-7, 11) d) none of these.

3 3
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3. Change of Axes

3.1 Transfer of axes :

To solve a question some times we need to transfer axes, to some point and to rotate
the axes, keeping origin same through an angle in the anticlock direction. Some times we
need both types of transfer of axes.

3.2 Changing origin to some desired point, keeping axes parallel to original axes.

Letthed

esired point be O’ (h, k).

P is a point (xy) original axes and (X, Y) changed
axes i.e. when origin is transferred to (h,k)

O'N=X,PN=Y
OM=x,PM =vy.

\

X=0OK+KM=0K +O'N=h+X
P x=h+X
P X=x-h ... (a)

PM=PN+NM =Y +k

b

y=Y+kpbP Y=y-k ... (b)

Yooy
P(x,y)
(XY)
X 1; O’l(hk) [N
v
0 e h=lK M
v
v
Fig1

\' When only origin is changed to any point (h, k) then the point (x, y) with reference to
original axis become (x — h, y — k) with reference to changed axes.

(@) If the locus of a point with reference to original axes is f(x, y) = 0 then when origin
is changed to (h, k) it become f(X + h, Y +k) = 0 with reference to changed axes.

y

b) The intercepts of straight lines X+Y =1 onaxesare aandb. After changing origin
b
a

to (h, K) the equation of
X+h+Y+k:1p §+1:1_E_5:ab-bh-ak
a b a b a b ab
ab- bh- ak ab- bh- ak
b ’ a

It can be proved also intercepts of the line AB
on changed axes. (origin O’) are O'M and O’N
OM=LT=0A-0OL-TA=a-h-I

Ds, MTA and BOA are similar TM =0O’L=k
TA _OA

MT OB

straight line becomes.

. Intercepts on changed axes are

Yoy
B
\N
M
X' o’ (h,k) X
A
X o} (—h%L T | X
’ Yl
Y
Fig 2
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l:ED |:a_k
k b b
\ OM=a- h- 2k ab-bk-ak
b b
In the similar manner we can prove NO’ = ap'-hb- ak
a

To find the equation of the tangent to circle x* + y* — 6x + 8y — 24 = 0 which is
inclined at 60° with x-axis.

The circle is (x — 3)* + (y + 4)* = 77

Now changing origin to (3, —4)

The equation of circle with reference to changed origin is X + Y* = 72
Any tangent to it is Y=mX+7J1+m?

Tangent is inclined at 60° to the x-axis

Equation of tangent with reference to original axesis y +4 = \/§(x - 3) +14
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Solved Examples

Example 1: The origin is changed from (0,0) to (1, -1) write the equation
3x? - 2xy - 5y? +7x- 9y +2 =0 with reference to changed axes.

Sol.: Nowx=X+1y=Y-1

\ New equation is

3(X+1F - 2(x+1)(Y- 1)- 5(Y- 1F +7(x+1)- 9(Y- 1)+2=0

b 3X%- 2XY- 5Y2+15X- Y+18=0
Example 2 : To what point should origin be changed so that the first degree terms of
equation x? +3xy +4y? - 4x- 6y +5=0. Vanish
Sol. Let origin be changed to (h, k) Then equation with reference to new axes shall be

(X +h)? +3(X +h)(Y +k)+4(Y +k)* - 4(X+h)- 6(Y +k)+5=0

Co-efficient of X is 2h+3k-4

Coefficient of Y is 8k+3h-6

Putting these equal to O and then solving the two equationh=2,k=0

\ origin should be transferred to (2, 0)
New equation shallbe X2 +3XY+4Y2+1=0
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3.3 Origin kept at (0, 0) and axes rotated through an angle q

In fig(3), new axes are OX and OY. Point P is

(x, y) and with reference to new axes (X, Y) Y
Y
\ OM = X and perpendicular from P on OX, P(&‘Q)
PM=Y ALy X
Drawn MR perpendicular on PQ, which is T
perpendicular on OX. D
X’ Q N

P MPR=90- B PMR
and RMO = alternate B MOQ = q

\ DPMPR=90-(90-q)= q X '
\ RM=PMsing=Ysin q,and PR=Y cos q Flg 3
\ x=0Q =0ON-QN=0M cosg-RM

=OMcosg-Ysing=Xcosq-Ysinqg ... (1)
y=PQ=PR+RQ=PR+MN
y=Ycos g +Xsinq L. 2)

\ If we put in the given equation x =X cos q - Y sin g andy =Y cos q + X sing we
shall get the transformed equation in X and Y i.e. with referenced to changed axes

(b) from (1) and (2) we get
X=xcos g+ysing e (3)
Y=ycosqg-xsing e 4)

\ If the equation is given in X and Y i.e. with reference to changed axes then with
the help of (3) and (4) we can transfer it with reference to original axes in x and y.
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Solved Examples

Example 3 : If axes are rotated through 45° in the anticlockwise direction, then the
equation of straight line x—y =0and x +y =0 are transferred to Y = 0, X = 0. Prove.

Sol. (i) (X cos 45° — Y sin 45°%) — (Y cos 45° + X sin 45°) = 0,
is transferred equation of
x-y=0 i.e. -2Ysind5=0 bY=0
(ii) (X cos 45° — Y sin 45°%) + (Y cos 45° + X sin 45°) = 0

is transferred equation of x +y =0

1 1
X—=+X—== P x=0

V2 2
Example 4 : Axes are rotated through 30° in the anticlockwise direction. Find the
transformed equation of y =J/3x+6

Sol.: Putx=Xcos30°-Ysin SOO-Q-%Yand y=YCOSSO°+Xsin300=§Y+%X
\ Transformed equation is §Y+ X= \/_ae\/l lY T+6

QI
b J3Y+X=3X- +/3Y+12
b 23Y=2X+12

1
b Y=—X+23
NE)

Example 5 : When axes have been rotated through 15° in the anticlockwise direction the
transformed equation is 3x + 4y = 12 what was the original equation?

Sol.:  Transformed equation is 3X + 4Y =12
Now putting X = x cos 15° +y sin 15°
And Y =y cos 15° — x sin 15°
In the given equation we shall get the
Original equation. Therefore original equation is
3(xcos15° +ysin15° )+ 4(ycos15° - xsin15°)=12
x[3cos15° - 4sin15°]+y[3sin15° +4cos15°]=12
b xB(\3+1)- 4(v3- 1)+y[3(v3- 1)+al[v3+1)=24v2
b (7- VBk+ (V3 +1)y =242
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Example 6 : The line L has intercepts a and b on axes. Keeping origin fixed, axes are

rotated through an angle a then p and g are new intercepts on new axes. Find relation
between a, b, p and g.

Sol. :

110

Original equation of line is i+%:1 when axes rotated through an angle a .
a

Xcosa - Ysina +Ycosa +Xsina _
a b
b y&0sa  sinag ,agosa sinag_
g a b g 8 b a g

Equation becomes

1

1 cosa sina
\ ==+ -

p a b
1 cosa sina
and = =—- ——
q b a
. . 1 1 cos’a+sinfa sina+cos’a
Squaring and adding < +—= - + .
P~ q a b
1 1 1 1
P o+o=s+>
p° g° a b
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10.

11.

Practice Worksheet (Foundation Level) —3

The co-ordiantes of P, Q, R and S are (8, 9), (-15, 7), (-3, -4) and (2, -3). Now
origins is transferred to (5, 5). Find new co-ordinates of these points.

On transferred origin at (2, —2) the equations of some lines are x + 3= 0, x + y=5, X°
+ 3xy + 2y’= 0. What were their original equation.

The origin is transferred to (1, 1) keeping direction of axes the same. The equation
7x + 3y = 20 then becomes.

(@) 7x+3y=20 (b) 7x+3y =10
(c)7x+3y=0 (d) 7x+3y+20=0

The equation 3x* + 2xy + y* + 14x + 6y + 19 = 0 loses its first degree terms when
origin in transferred to a certain point. The point is

(@) (-2,-1) (b) (=2, 1) ©) (2 -1) (d)(2,1)

The axes have been transferred to origin at (-3, 2) and now the co-ordinates of
three points are (5, 2), (-3, 4), and (3, —2). Find original co-ordinates of these
points.

The equation of a circles x* + y* — 2x —4y —4 = 0 Now axes are rotated through 30°
in anticlockwise direction. Find the new equation.

Keeping origin fixed axes are rotated through 60° in anticlockwise. Find the
intercepts of line x—y =1 on new axes.

Axes are rotated through 30°, keeping origin fixed. The equation of a straight line
on changed axes is 4x + 2y = 5. Its original equation .......

The vertices of a squares are A(3, 2), B(3, —-2) C(7, —2) and D(7, 2). Origin now is
transferred to  (=2,2). The equation of diagonal AC, with reference to new axes is

(@x+y=5 (b)y—-x=5 (c)x-y=5 (d) none of these

L, is §+%:1 and L, is x- %yzl. Origin is changed to (-1,2). Then point of

intersection of the two lines with reference to new axes is :
(a‘) (2! 1) (b) (21 2) (C) (_21 _1) (d) (_21 _2)

Keeping origin fixed axes are rotated in clockwise direction through an angle of
30°. The equation of straight line ax + by = 1 with reference to new axes is :

(a) (v3a- b+ (V3o +aly =1 (b) (V3a- b +(Vab+aly =2
© (V3a+bj+(30- a)y =2 (d) (Vaa+bj+(3o+a)y =2
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12.

13.

14.

15.

16.
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At what point the origin be shifted so that the equation of circle X* + y* + 4x + 6y —
12 = 0 is transferred as X* + Y* = 25

(@) (-2,-3) (b) (2,-3) ©)(23) (d)(=2,3)

The equation of circle is X* + y* — 6x — 8y = 0 keeping origin fixed, axes are rotated
in anticlockwise direction till present diameter through origin coincides with old x-
axis. Then equation of circle with reference to new axes is :

() X2 +Y?=10x (b) X2 +Y?= %(48Y - 14X)

) X2 +Y2= % (14X - 48Y) (d) none of these

In question 13 axes were rotated through an angle of

@€ 20 o) B0 (a2 (o) an '
e 3o edg edo e2g

Through what degree the co-ordinates axes be rotated at origin in anticlockwise
direction so that the equation x* + 3xy + y* —-3x + 4y = 0 loses its xy term in new
equation :

p p p p
(@) 3 (b) 6 (c) n (d) 8

By rotating axes at fixed origin in anticlockwise direction, through 45°, show that
the following curves represent different conics.:

(8) X*—14xy +y*-24=0 (b) X2 - 2xy +y?—8+/2y =0
(c) 13x* - 10xy + 13y* - 72=0



4. Pair of Straight Lines
4.1. Homogeneous Equations :
ax? +2hxy +by? +2gx +2fy +c =0

is general second degree equation. It can represent a pair of straight line or some other
curve, under different conditions. Relations between co-efficients of x?, yZ, Xy, X, y and
constant terms decide the nature of curves.

ax? +2hxy +by? =0

is homogeneous equation of second degree. In this equation sum of indices of every
term is 2 which is degree of this equation.

4x3 +6x%y +8xy? +3y* =0

is homogeneous equation of third degree. Here sum of indices of every term is 3, which
is degree of equation.
4.2.  Straightlines 3x—4y =0, 4x + 3y =0 2x — y = 0 all pass through origin.

() (3x — 4y) (4x + 3y) = 0 is combined equation of two lines that pass through origin.
Itis 12x* - 7xy —12y* = 0. It is second degree homogeneous equation.

(i) (3x — 4y) (4x + 3y) (2x —y) = 0 is combined equation of three straight lines that
pass through origin. This equation is

24 x3 - 26Xy + 31xy* -12y*=0
It is homogeneous equation of third degree.

\ Homogeneous equation of degree 4 shall represent 4 straight lines that pass through
origin, and so on.

Let homogeneous equation ax* + 2hxy + by? = 0 represent straight line y -m;x =0, y —m;
x = 0 that pass through origin.

Combined equation of these lines (y — myx)(y —myx) =0
b y?>- (m,+m,xy+mmy*=0 ... (b)
This equation and x2 +2Exy+9y2 =0 should be same.
a a

\'m +m, = 2,
1 2T T T
a

b
m,m, =3

These relation of slopes of two lines must always exist.
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4.3.  Auxillary Equation of slopes :

In straight line that pass through origin y represent the slope of straight line.
X

\ fromax*+2 hxy + by?=0

8&19 20 %a=0
exg exg

i.e.bm®+2hm+a=0
This equation is auxillary equation of slopes and see from this equation also

m, +m, =-2h/b; mm, = a

4.4.  Angle between two lines represented by equation ax* + 2hxy + by* =0
Letlinesbey—m;x=0andy-myx=0.

2h a
\'m +m, =- F,mlmzz—

If straight lines are inclined at g, and g, with x axis
then angle between them is g, -q,

\ angle q between lines give.

tang, +tang,

tang =tan(g, - )= 1- tang, tanq
1 2

— m, - m, .
1+mym, Fig1

_ \/ +m2 - 4mm,
1+mm,

_2h*- ab

~ a+b
If h>—ab = 0, then g =0, lines are parallel.
Ifa+b=0.Then cotq=0; lines are perpendicular.

Equation of two straight lines that go through origin and which are
perpendicular to each otheris x? +1 xy- y? =0
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Solved Examples

Pair of Straight Line

Example 1 : Find joint equation of two lines that go through origin and one is parallel to

3x + 4y = 3 and the other perpendicular to 4x — 5y +15=0.

Sol.:  Straight line through origin and parallel to
3x+4y=3is3x+4y=0

and straight line through origin and perpendicular to 4x — 5y + 15 = 0 is

5x+4y=0.
\ Combined equation is (3x+ 4y) (5x + 4y) =
i.e. 15x°+32xy + 16y°=0

Example 2 : Find joint equation of two lines that form equilateral triangle with x = 3.

Sol.: In fig. Straight line (i) is inclined at 30° with x —
axis while straight line 2 in inclined at — 30° with x-
axis.

DOAB is equilateral

\ combined equation is

g,y \/_x—gy+\/_xg—0 i.e. 3y’-x*=0

30°

-

-30°

B
[s2]
x\

y
Example 3 : Find combined equation of two straight Fig 2

lines that make equal angles of 30° with straight lines

2x-y=0.

Sol.:  Given straight line y = 2x, tan q=2, where qis the angle this line makes with x-

axis. If one straight line makes angle q+30° with x-axis then other straight line
should make q-30° with x-axis, then the two shall make equal angle 30° with 2x

_y:O_
2+ L
. 1
tan(q+30°): tanq+tan300 _ 3 _23+1
1- tanqtan30° ;2 4/3-2
V3
s
> 5
and tan(q- 30)= 23 =5/3- 8
1+ %
J3

\ straight line [y+(8+5\/§x)][y- (5\/5- 8)><]:
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P y?+16xy- 11x* =0
Example 4 : Combined equation of straight line through origin making equal angle f

l+tanf e 1-tanf O
X3gY - xz=0
1- tanf ¢ l+tanf g

withx-y=0are g;a/

b y?- 2xysec2f +x* =0
Example 5 : Find angle between straight lines
(@ y*-3xy=0
(b) 3x*-4xy=0,
(©) (a-b)x*+2abxy+(b-a)y*=0
(d) x*+2xycotq +y*=0
Sol. :

(a) Straight lines y’—3xy = y(y-3x) = 0, y = 0 is x axis, y — 3x = 0 is inclined at tan™ 3
with x axis.

\ angle between the two straight line = tan ™ 3.

(b) 3x2 - 4xy =x(3x- 4y)=0
X =0isy—axis. If 3x —4y = 0 isinclined at tan‘lg with x-axis then it is inclined at
43 . .
90 —tan 1 with y-axis.

\ angle between lines is tan(90 - q)=cotq=4/3
\ angle is tan™ (4/3)
() Equation (a -b)x* + 2ab xy + (b —a)* = 0.

Here (a — b) + (b —a) = 0 straight lines are perpendicular to each other. Angle
between them = 90°

(d) Equation x* + 2xy cotq +y*=0
a=1,b=1h=cotq

2 2
\ tanf =2\/h -~ ab =2\/CO; q-1 =+/cot’q- 1

a+b

=4/cos2q.cosecq and, cosf =cos *(tanq)
Example 6 : Find equation of lines through (3, —4) perpendicular to 4x* — xy — 3y* = 0.

Sol.:  Given equation is 4x* —xy —3y” = 0 auxiliary equation of slope is

116



Math-Ordinate Pair of Straight Line
3m?+m-4=0b (m-1)(3m+4)=0
P m=1m=-4/3
Lines through (3, —4) and perpendicular to given lines are y + 4 = —(x — 3) and

y+4 :;(x - 3) combined equation is (x +y + 1) (3x — 4y —25) = 0

P 3x?- xy- 4y*- 22x- 29y - 25=0
Example 7 : Find relation between a, b and h, co-efficient of equation ax* + 2hxy + by? =
0, if slope of one line of this equation is square of the slope of other line.
Sol.:  Given equation

ax®+2hxy+by’=0 . (1)

Aucxillary equation of slopes is

bm?+2hm+a=0 ... (2)

The slope of lines are m1 and m?

\ (m1+m§):' Zb_h and m,.m; =mi’=§
and (m1+m§)3:m‘l5+mi’+3mi’(m1+mi)

.3 2 .
e2hg _a a ,aze2ng
&b g b> b bé bg
b -8h®=a’b+ab”- 6abh
8h* +ab(a+b) =6abh
Example 8 : Find condition so that the acute angle between lines given by equation ax® +
2hxy + by? = 0 is equal to acute angle between lines 3x* —xy — 2y’ =0

Sol. : Given equation  ax’ + 2hxy + by? = 0 angle between lines given by it.

2+/h? - ab

tang =
d a+b

angle f between lines given by equation 3x* —xy —2y*=0is

2,/[—+6

tanf = =5
3-2

N

Given g=f \ 2Jh?-ab=5(a+b) b 4 - ab)=25(a+by
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10.

11.

12.

118

Practice Worksheet (Foundation Level) —4(a)

The slope of 3 lines are %1 2 and these pass through origin. Write combined

equation.

Write the combined equation of straight line 3x+ 4y = 0 and the line through
origin perpendicular to it.

Write the slopes of straight lines given by equation 3x%y -5xy* + 2y® = 0

Two lines pass through origin, write their combined equation if

(@) they bisect the angles between axes.

(b)  Oneis parallel to ax — by = ¢ and the other perpendicular to 3ax + 4by = ¢,
(c) Eachisinclined at 60° with x-axis.

Write the combined equation of straight lines through (0, 2) each making angles of
30° with y —axis.

Find angles between straight lines given by following equations :

(a) 3x2- 7xy +4y?* =0 (b) x* - 2xycosecq+y? =0
(c) a®” +5abxy +4b%y* =0 d)xy=0
(e) x* +2xytang+y® =0 (f) 2xy-3y=0

Find joint equation of straight line which pass through origin and make :
(a) angle 60° with line x ++/3y =0

(b)  angle 45° with line 3x—y =0

() angle 30° with line ax +by = 0

Find k if slopes of lines 3x? + kxy + y* = 0 differ by %.

Find the condition (a) if straight line 4x — 3y = 0 coincides with one of the lines
given by ax? +2hxy +by? =0.

(b) If straight line ax+by=0 is perpendicular to one of the lines given by equation
ax*+2hxy+by? =0

Find the angle between the lines given by equation (x* + y?) sin‘a

= (xcos g- ysing)>

Find the condition that of the slope of one line given by equation ax* + 2hxy + by? =
0is n times the slope of other line (0O<n< a).

Find the equation if one of the straight line given by equation ax* + 2hxy + by? = 0
is the angle bisector of angle between axes.
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13.

14.

15.

16.

Find combined equation of straight lines through (2, — 3) inclined at 30° and 60°
with x-axis.

Straight line ax + by +c = 0 meets axes in A and B. The combined equation of lines
through A and B, passing origin is .............

Find combined equation of lines through (2, —3) perpendicular to line given by
equation 3x* + xy —-2y> =0

Angle between the lines ax* + 2hxy + by® = 0 is 60°. Express h in terms of a and b.
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4.5.

4.6

120

To find equation of lines through origin perpendicular to ax* + 2hxy + by? = 0.

Equation is ax+2hxy+by’=0 ... (1)
Let it represents line y-mx=0,y—-my,x=0 ... (2)
Thenm;+m,= %h ,mm, :E ............... (3)

Straight lines perpendicular to lines (2) are
myy +x =0, my,y+x=0

\ combined equation (myy + x) (myy +x) =0

b mm,y? +(m, +m, xy +x*> =0

Putting value from (3)

%yz-z—bhxy+x220 P bx?- 2hxy +ay? =0
Equation of the angle bisectors of the angles between lines ax’ + 2hxy + by =0
Let equation ax+2hxy+by’=0 ... (1)
Represent two lines y-mx=0,y—-mx=0 ... 2
Then m, +m, =- 2Fh;mlm2 :g ............ (3)

y- le =+ y- mzx ...........
\/1+mf \/1+m§

Equation of bisectors are

b oYM y- mx &y - myx er—mzxgz0

g\/1+mi \/1+m§ 2\/1+mi \/1+m§‘+a
b y? - 2mxy +mix®  y? - 2m,xy +m3x’®
1+mi 1+mj

=0

b y?- 2mxy +mix? +may? - 2mmaxy +mZmax? - y?

+2m,xy - max® - may? +2m,méxy - mémax* =0
p (mi - mg)x2 - (mf - mg)y2 =xy[2ml +2mm3 - 2m, - Zmme]
=2xy(m, - m,)(1- mm,)
b (m, +m, ) - y?)=2xy(1- mm,)

& - mm, 0

P x*-y?=2x h—
g g m, +m, g
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—oxy - 20/ 0
xyg b 8bﬂ
-b)
D 2_ 2:(a 2
X -y n Xy
Xy
a-b h

Note : Equation of angle bisector of line xy = 0;
Here,a=0,b=0,h=%

Equation XY 80 2 2=
Xy h

47  To find the condition that one of the lines given by ax’ + 2hxy +by? = 0
coincides with one of the lines given by a'x* +2h'xy +b'y? =0
Let y = mx be the common line
\ substituting this value of y in the equations of the lines given -
ax? +2hmx? +bm?x* =0
P bm®+2hm+a=0
Similarly bm?*+ 2h'm +a’ =0

2 m 1

2ha-2h'a ab-ba  2h'b- 2hb'
_2ha-2h'a _  ab'-ba

~ ab-ba  2hb- 2hb'

b (ab'-ba'f =4(ha- h'a)(h'b- hb')

By cross multiplication -

P m

48 To find the condition that one line of equation ax®+2hxy+by?=0 be
perpendicular to the one line given by equation a'x? +2h'xy +b'y? =0

Lety = mx be the line of equation ... (1)
\ ax’+ 2hmx*+ m®bx’=0

bm?+2hm+a=0 ... (a)
Line » toy=mxis y=- lx.ID X =-my
m
\ a'm?y®- 2h'my? +b'y* =0
b am?-2h'm+b'=0 .. (b)
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4.9

122

By cross multiplication from (a ) and (b)

m? m 1

2hb'+2h'a aa-bb' - (2h'b+2ha)

\ m=

b

_2hb'+2h'a _  aa’- bb’
aa-bb' - (2h'b+2ha)
(aa- bb')? +4(hb+h'a)(h'b +ha’) =0

General equation of second degree : ax?+2hxy+by?+2gx+2fy+c=0 is the
general equation of second degree in x and y. It can represent a pair of straight
line or a circle or ellipse, or parabola or hyperbola. When co-efficeints a, b, c, f, g,
h satisfy certain conditions.

Condition that it represents a pair of straight lines
Equation ax? +2hxy +by? +2gx +2fy+c=0 ... (1)
b a?x?+2haxy +aby’ +2gax +2fay +ca=0
b a?? +2ax(hy +g)=- a(by2 +2fy +c)
b & +2ax(hy +g)+(hy +g) =(hy +g)? - alby? +2fy +c)
=y? (h2 - ab)+2y(gh- af)+(g2 - ac)

b ax+hy+g =i\/y2(h2- ab)+2y(gh- af)+(gz- ac)

Equation 1) shall represent two straight line if
y? (h2 - ab)+ 2y(gh- af)+ (g2 - ac) is a perfect square

i.e. 4(gh- afy’ =4(h2 - ab)+(g2 - ac) simplifying abc + 2fgh —af® — bg? — ch? = 0.
It can be denoted by D.
\ General equation of second degree shall represent two straight lines of
D=abc +2fgh- af? - bg® - ch? =0
If D1 0 anda=Db, h=0it represent a circle.
If D2 0 and h® = ab it represent a parabola
If D2 0 and h*<ab it represent an ellipse.

If D2 0 and h®> ab it represent an hyperbola.
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Solved Example

Example 9: Find | if equation | xy- 8x+9y- 12=0 represents a pair of straight lines.

Sol.: a=b=0, h:I—,c:-12,g:-4,f:g
2 2

Equation represents two straight lines
\ abc +2fgh- af? - bg® - ch® =0

2
p 0+2.9.(- 4)'—- 0-0+120 =0
2 2 4

b -181 +31°=0 P | =0 or | =6
| 1 0 because then the equation shall be reduced to single degree.\ | =6
Example 10 : Find angle between lines given by equation
3x? +8xy - 3y? - 40x+30y- 75=0.
Sol.:  Angle between straight lines ax? +2hxy +by? +2gx +2fy +¢ =0 will be the same as
angle between parallel lines to them through origin.
\ angle between given lines = angle between straight lines 3x* + 8xy — 3y* = 0.
a=3,b=-3,i.e.a+b=0,\ angleis90°.
Example 11 : Find angles that straight lines given by equation y* — 4xy + X* + 8y — (16 +
2+/3 )x + 15 =0 make with x —axis.
Sol.: Inclination of straight line y = mx +c is given by straight line y = mx

\ Inclination with x-axis of the straight lines given by equation shall be given by
y2- dxy +y? =0 antitis y? - 4xy+4x? =3x2

b (y-2xf = i(\/§x)2
P y=le+V3hy=(e- vak
angles 15°, 75°.
Example 12 : Straight lines given by equation

(tan2 a +cos? a)><2 - 2xytana +y’sin“a =0 make angles ¢, and g, with x-axis, prove

(tang, ~tang,)=2

Sol.:  Given equation (tan2 a +cos? a)><2 - 2xytana +y?sina =0. Let the straight line
be y-mx=0,y- mx=0

_ 2tana

\'m,+m, =—
L2 sinx

=2tanacosec’a
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= 2tana(1 +cot? a) =2(tana +cota)

_tana +cos’a
MM =7 a

=sec’a +cot’a
=1+tan’a +cot’a

_ 2
(ml' m2)2 _(ml +m2) - 4m1m2
=4(tana +cota)’ - 4(1 +tan® a +cot? a)
=8-4=4 \ (tanqg, ~tang,)=2

Example 13 : Find condition if straight lines x* — 2pxy —y? = 0 bisect angles between
straight lines x* — 2gxy —y* = 0.

Sol.: Given equation of straight lines x> —2qxy -y*=0 ... (1)
2 2
Equation of angle bisectors is Xy o
-q
b -gx?-2xy+qy*’=0 L 2)
But angle bisectorsare x?- 2pxy- y*=0 ... (3)
-q_1_q _
2)and (3)aresame \ —===—PpP pg=-1
(2) and (3) 1 p -1 Pq

Example 14 : Find combined equation of two straight line that pass through (0, 3) and
are inclined at complementary angles with x-axis.

Sol.: Ifm= tanq, then tan(90 - q)=cotq=i.
m

\ straightlinesarey—3=mx,y—3= ix :
m
_ . s 1.0
Combined equation [(y - 3)- mx]g(y- 3)- EXEI:O

b (y-3)+x*- x(y- 3)8?n+1920
e Mg

2 2 2
and m+l=m tl_1+tan’q_sec q=2005e02q
m m tang tang

\ Equationis y? +x* - 2xycosec2q+ 6xcosec2q- 6y +9=0

where q is angle, any one straight line makes with x-axis.
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Example 15 : If in question of previous example straight lines pass through (3, —4) and
are inclined at supplementary angles with x-axis. Then equation of straight line shall be,

y+4=(x-3),andy+4=—-m (x—3) because tan (1800 - q)=- tanq.
Combined Equation is [(y+4)- m(x- 3)][(y +4)+m(x- 3)]=0
b (y+4f - m*(x- 3f =0p (y+4)- tan’q(x- 3Y =0
g is the inclination of either line with x-axis.

Example 16 : Prove that product of perpendicular dropped from (x;, y;) on straight lines

aXZ + 2th + byZ =0 |S (axi +2thyl +byi)
J(a- b)Y +4h?

Sol.: Letgivenlinesbey—-m;x=0,y—myx=0
_2h _a
\'m +m, =- F,mlm2 5
_Y1- MiXy Y1 - MpXy
and p
' w/1+ml \/1+m2
- myX - myX
b p,p,= (2 - mox, )y, - mpx,)

2 2 2.-2
\/1+m1+m2+mlm2

2 2
Yi- (ml +m, )lel +m;m,X;

\/1 + (ml +m, )2 - 2mym, + mimg

_ a_,0 4 2a a
?2 lyl+bxiz/\/l ?'?+b72

_axi +2hxyy, +by;
J(a- b +ar?

Example 17 : Prove that each of the lines is at distance a from point (x;, y;) of the

equation. (x,y- xy,f =a’ (x2 +y2) (R-89)
Sol.:  The given equation is homogeneous in x and y. Let one line be y = mx distance
from (xy, y;) of thisline is a
\ a=dinMX
1+m?
or a2(1+m2)= (y, - mx, )
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Q IO:,\J

put :Xwegetagu 28?/ Yy,

or a’ (X2 +y2)= (xys - yx, f
which is the given equation, hence proved.

Example 18: From point A(1, 1), straight line AL and AM are drawn perpendicular to
straight lines 3x? +7xy +2y? =0. Find area of quadrilateral ALOM, O is origin.

Sol.:  3x2+7xy+2y? =(x+2y)(3x +y)=0 y
A (1, 1);AL A x+2y=0
p 2X-y:2'1:1 L

A(1,1)

AMA 3x+y=0 , 0 g

P x-3y=-2 M

2x-y=1
Now @/5 1/5)
X+2y =0 Fig 3

3X+y Ou el 30

X - 3y=-2% & 555
area AMOL = right angled D AMO + right angled D AOL

-1 AMOM +10L.AL
2 2

\ area———\/_ \/_ 11\/_\/—.

2 3 7
==+-—=— g(q, units.

5 10
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Example 19 : If pair of straight lines ax* + 2hxy + by? = 0 make equal angles with the lines
ax’ + 2h’xy + b’y? = 0, then prove (a-b)h’ = (@’ — b’)h.

Sol.:  This is only possible when angle bisectors of two pairs are identical (1), (1) are
lines given by 1% pair and 2, 2 lies are given by 2™ pair. They make equal angles
g, when the angle bisector of two pairs are the same.

\ h(x2 - y2)=(a- b)xy {i h_a-b
h'(x2 - y2)=(a'- b')xy% h' a-b

\ h(a-b)=h(a-b)
Example 20 : The area of the triangle formed by the lines x—y =3 and x* + 4xy +y* =0 is :
a) 3+/3 squ. (b) %.3\/5 squ. (c) 6+/3 squ. (d) 4+/3 squ
Sol.: Equation x* +4xy +y*=0

y2 + 4xy +4x2 = 3%

\ y+2x=i\/§xb y=x(\/§- 2), y=- (\/§+2)><
2NJ4-1 0

=3P q=60

1+1 V3 a

() angle between these lines, tanq =

(i)  angle betweenx-y=3andy = (\/5 - 2)><

1-4/3+2 3-43
1\/_2f1\/_

\  f=60°.\ triangle is equilateral perpendicular, p, from origin on the

tanf =

straight line x — y = 3 side of equilateral D p -3 and it is altitude of

J2
2
triangle. Area = P i 3\/_
3 23 2
units
y
Note : Point of intersection of x — y = 3 and 5
. 3 _3+43
=l/3-2k is x= = and y=[/3- 2
[W-2his x=r =38 ana (5 2) |
is x = 3 =3+\/§ andy=—\/§_3 X & ©
3-\/§ 2 2 60°
\ side OA’= (3”_)2 ( 3)2 %=6. y

Fig5
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J3 _3/3
2

Area= ~— (side)’ =
rea 4(S| e)

Example 21 : Find area and internal angles of the triangle formed by straight line y* —4xy
+x?=0and x+y +4+/6 =0.

Sol.:  y*- 4xy+x*=0 P y®- dxy+4x® =3¢’

b (y-2x) = (\/§x)2 by= (\/§+2)><,y =- (\/§ 2)>< and, angle between them

2\/42-_1:\/§

tang =

\ q=60°
and angle between y=x(\/§ +2) andx+y+46=0
2 i

tanle_(\/g+2)—_(\/§+l)
_ W33 +1)_
= =3

acute angle f =60°

D is equilateral ~ from (0, 0)onlinex+y+4 6=0

46
:—:4\/5
T2
\ area=p2/f=ﬁ=16\/§

NE

Example 22 : If equation ax® + 2hxy + by + 2gx + 2fy + ¢ = 0 represents two parallel lines
then prove distance between them is 2y/(g? - ac)/(a® +ab)

Sol:  We know for this equal to represent two parallel lines
h’=abandbg’=f ... (1)

\  ax? +2hxy +by? =ax? +2+/abxy +by? =0
b (ax+byf=o )

\ Parallel lines are (\/ax ++/by + A)(\/ax ++/by +B)= 0

given equation is ax? +2hxy +by? +2gx +2fy +c =0
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\ Equating co-efficients of xand y

Va(A+B)=2gfl 2(g+1)
P A+B=—~——~ ... 3
Jb(A+B)= Zf% T lar ©
and AB =c.
Now (A—B)’ = 4(g+fy Cdoe (g +f2+2gf) w0 @)
Wa+bf — [a+bf
And 2 2\b
9> +f2 +2gf=¢° + g +29 \/_ from (1)

=L fus+2yab)= L {1+

2 2
\ from (4), (A- BY _A40 4= 4(9 - ac)
a a

2 2 A

- - -acO

Distance between parallel linesis d = A-B p d2=(A B) =£&g aci
Ja+b atbh aga+tb g4

:2\/g2- ac

a(a+b)
Example 23 : Show that the straight lines (A* — 3B%)x” + 8 Abxy + (B? — 3A%)y”* = 0 and Ax +

2
By +C =0 form an equilateral triangle of area

c

\/§A2+BZ '

Sol.: Let, lines given by equation (A* — 3B%) x* + 8ABxy + (B® — 3A%) y* = 0 be OL and OM
in the fig. and LM be Ax + By + ¢ = 0 Let D OLM be equilateral. Slope of LM = —
A/B=mofOL=m;y

y

\ tan(+60)= " m*tAB .3 2
1+mm, 1 ml(A/B)
\ 3(B-mAf =(mB+AY .(2) _
X 60°

Since equation of OL isy = m;x ;

y N 6'&
\' putting m; == in(2)

X v

& 2 Fig 6
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which on simplification gives, (B2 - 3A2)y2 +8ABxy+(A2 - SBZ)x2 =0 which is the
given equation

\ triangle formed by lines is equilateral

area = %p.L.M =p.NM

1,
=p.pcot60 =—
p.p \/§P
c
and p=——
JA? +B?
CZ
\ area=
J3(A% +B?

Example 24 : If the pair of lines ax® + 2(a + b) xy + by? = 0 lie along the diameters of a
circle and divide the circle in four sector such that area of one is thrice the area of the
other then :

Sol. :
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(a) 3a” +2ab + 3b° =0 (b) 3a* + 10ab +3b*=0
(c) 3a*-2ab +3b’=0 (d) 3a*-10ab + 3b*=0
360

From fig. 7 acute angle q =5 =45°, 2
\ 0angle betweeny —mx=0andy —myx=0is 1 \ei\se
457,

m-m, _

1+mm,

b (m,-m,)=1+mm, (1) Fig 7

and from the straight lines
ax? +2(a+b)xy +by* =0 .(2)

- 2(a+b a
m, +m, =%, mym, :E -.(3)

2 2 )
from (3) (m, - m,)f = 4(a+b)’ - 4ab :4(a +ab+b )

b? b?
2 2 .2
\ from (1) M:§+Eg
b e bg



Math-Ordinate Pair of Straight Line
P 4a +4ab+b*4=a" +b’ +2ab
P 3a*+2ab+3b*=0
Example 25 : The equation of straight line AB is x = 2. Itis rotated about its point P(2, 5)
in the anticlock wise direction through an angle of 60° and takes position A.P. a boy

further rotates it in anticlock wise direction through 60° more. Now new position of
straight line is A,P. Find combined equation of straight line A;P and A,P.

Sol.: x=2is a straight line parallel to y — axis and meets x-axis in (2, 0); point P(2, 5)
when rotated through 60° in anti-clock-wise direction, it makes angle 150° in
position A;P

Equation y - 5=tan150°(x - 2)

by- 5=-i(x- 2)

V3
When further rotated through 60°, its inclination with axis become 30°.
. 1
\ Equation PA -5=—"F+(x-2
g 2 y ﬁ( )

Combined equation [\/§(y 5)+(x - 2)][\/§(y 5)- (x- 2)]=O
b 3(y? - 10y +25)- (x? - 4x+4)=0
P x?-3y?- 4x+30y- 71=0

Example 26 : ABC is right angled isosceles triangle Its base BC is inclined at 15° with x-

axis. Point B is on x-axis, © A=90°, and point A is (5, v/12 ). Find combined equation of AB
and AC and also area of D.

Sol.: Infig. D A=90°, AB=AC., D ABC = D ACB = 45°,
AD is perpendicular from A on x-axis. D is (5, 0) In D ABD, © ABD = 60°.
\ IfBD=x,then AB=2x.and AD= +/3x=+12 \ x=2.
Co-ordinate of B (5-2,0) i.e. (3, 0)

A(S,\lz)
Equation AB  y= Q(x - 3) N
2 .
b y-/3x+3/3=0 S5
X D
ACis A AB. Equation of AC ’ Figs

p \/§y+x=\/§.«/ﬁ+5
b \3y+x-11=0
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\ combined equation is (\/§y+x- 11Xy- \/§x+3\/§)=0

V3y? - 3xy +9y +xy - 4/3x% +34/3x - 11y +114/3x - 334/3=0
b A/3y?- 2xy- +/3x? +144/3x - 2y - 3343 =0

(i) area = L asac=1ap?
2 2

“Les gy 4(yiz-ofu=t
=>§5-9) +(V12 0)23_2.16

=8sg. units
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o ~ DN

o

10.

11.

12.

13.

14.

15.

16.

17.

18.

Practice Worksheet (Foundation Level) —4(b)

If equation 6x° + 11xy — | y*+ x + 31y — 15 = 0 represents two straight lines then |
is equal to......

The angle bisectors of straight lines ax* — by’= 0 are .......
Product of perpendicular from (a, b) on lines x* —=xy +y-x=01is ..........

The angle between the lines given by equation X’ —xy +y —x=01s ........

The two pair of lines (x+3y) - 6(x+3y)=0 and 4x*-4xy+y’~6x + 3y = 0 form a
parallelogram. The equation of diagonal passing through originis ......

The area of triangle formed by straight lines 4x* —y*=0andy =ais .........
Equation Ixy + mx + ny + ¢ = 0 shall represents two linesif .............

The equation of angle bisectors of the angles of angle bisector of X* + 2hxy + by? =
Oare ...

Equation of lines through (4, 5) parallel to the lines 3x* — 5xy + 2y* —2x +y—1=0

The area of triangle formed by straight lines 5a* x* — abxy — 4 b’? = 0 and ax + by =
lis...

If 8x* + 8xy + py” + 26x + qy + 15 = 0 represents a pair of parallel lines, then

If pairs of straight lines ax* + 2hxy — 9y* = 0 and bx? + 2gxy — by? = 0 be such that
each pair bisects the angles between the other pairs, then find relation between a,
b, handg.

Find value of a and ¢ when equation ax® + 3xy — 2y* + 13y — 6x + ¢ = 0 represent
two straight lines perpendicular to each other.

Find condition that slope of a line given by ax* + 2hxy + by? = 0 is complementary
to the slope of other line.

The distance of point P(xy, y;) from each of the two lines passing through origin is
p. Find equation of pair of straight lines.

The slope of a line given by equation 3x* — 4xy +| y* = 0 is 3 times the slope of
other line. Find | .

The equation x* = 3xy + | y*+3x -5y + 2 =0 where | 1 R, represents a pair of
straight lines If g is the angle between them, then find value of sinq .

The angles between straight lines ax* + 2hxy + by? = 0 and between lines a’x* +
2h’xy + b’y® = 0 are complementary; prove (a+b) (a'+b'f’ = 16(h2 - ab)(h'2 - a'b')
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19. A line meets axes in A(7, 0) and B(0, 5). A variable line PQ perpendicular to AB,
meets axes in P and Q. If AQ and BP intersect in R, prove locus of R is X* + y* — 5y —
7x=0.

20. Prove, angle between lines (x* + y°) (p> + ¢ - r’) = (px + qy)* shall be p / 2if p* + ¢
=2r

21.  Angle between the lines x* + 2xy cotq +y*=01is

) tan'lé (b) cos *(tanq) (c) sin"*(cotq) (d) tan't2

22.  Angle between the lines x> — 2xy cosecq +y* = 0is :
(a) tan"*(cotq) (b) 90+q (c) 90- q (d) g/2

23.  The Equation of two pairs of opposite sides of a rectangle are x* — 8x + 12 = 0 and
y>~20y + 96 = 0 Equation of its diagonals are :

y-Xx=6 y+x=6

(a) b
X-y+6=0 x+y=14
X-y+6=0

c (d) none of these
x+y=14

24.  The equation of angle bisectors of the lines x?cos? q- xysin2q=y?sin’q are

(a) x? - 2xycosec2q+y? =0 (b) x? +2xycosec2q- y* =0
(c) x? - 2xycosec2q- y* =0 (d) none of these
25.  The locus of point equidistant from straight lines y* + 5xy — 6x* is
(a) 5(x2 - y2)+ 14xy =0 (b) 5(x2 - y2)=14xy
() (xz- y2)+3xy=0 (d) (x2+y2)- 3xy =0
26. The straight line represented by the equation x* + xy — 6y* + 7x + 3ly— 18 = O are :
N Xx+3y+2=0 Xx+3y-2=0
X-2y-9=0 X-2y+9=0
(c x-3y+2=0 (d)none of these
X+2y-9=0
27. Ifequation 9x*+| xy +y*+ 6x + 2y -8 =0 represents two parallel lines then | =
(2) 6 (b)—6 (c) 4 (d)3
28. Distance between two parallel lines given by equation 8x* + 8xy + 2y* + 26x + 13y +
15=0is:
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29.

30.

31.

32.

33.

34.

35.

36.

745 745 13 13
a) —— by —— c) —/— dy ——
(a) c (b) 10 () 70 (d) NG
The product of perpendicular dropped form (4, 5) on lines y? + 4xy + x> = 0 is :
2 2
(a) EGEQ (b) 8@9 (c) 36 (d) none of these
e2g 2 g

Equations 3x* + 10xy + 8y” + 14x + 22y + 15 =0...(a ) and 8x° + 10xy—12y°~4x+14y—
4=0....(b) represents pair of straight line, then :

(@) astraightline given by a is || to one given by b
(b) astraight line given by a is ™ to one given byb

(c) of the two lines given by a one is parallel and other perpendicular to the
lines given by b.

(d) Exists no relation between lines given by a and b

If equation x* +y? + 2gx + 2fy + 1 = 0 represents a pair of straight line then,

@ F- g =1 (b) £ +g? =1
© ¢- 2 =1 (d) gZ-f2=§

The sum of slopes of straight lines given by equation 4x* + 2hxy — 9y* = 0 is equal to
twice the product of slopes then h =

(a)2 (b) 4 (c)—4 (d)1

Equation of pair of straight lines perpendicular to the lines of Ix* + 2mny + ny? = 0
is:

(@) ly? - 2mxy +nx? =0 (b) Ix* - 2mxy - ny? =0
() ly?- 2mxy - nx> =0 (d) none of these

The acute angle between the lines given by equation | y? +(1+I 2)><y+| x?, when
| =tanq is:

(@2q (b) 90+ g ()90-2q (d) none of these

The angle between straight line of equation ax® + 2hxy + by’ = 0 is p /3 then 4h’ =
(a) 3a° + 10ab + 3b® (b) 3a* - 10ab + 3b?

(c) 3a° + 8ab + 3b* (d) none of these

The equation of angle bisectors of the angles between lines (ax + by)* = 3(bx — ay)
is
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(@) one parallel to ax + by + ¢ =0 (b)one N toax+by +c=0
(c) one paralleltoax—by +c=0 (d)one N toax—by+c=0

37. Find value of a and b, when lines given by equation ax’> — 7xy + by? = 0 are
perpendicular to 4x— 3y =0and 4y + 3x = 0.

(@a=—-12b=12 (b)a=12,b=-12
(c)a=b=12 (dya=b=-12

38. Iflines given by a®?* + bcy? = (b + ¢) axy , are coincident then :
(@=0 (b)a=b (c)b=c (d)a=c
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4.10

411

Equations of line joining origin to the point of intersection of two curves or a
curve and a straight line.

Let f (x, y) = O be the equation of a curve in second degree and L = 0 be the
equation of line. We know homogeneous equation in second degree represents
two lines passing through origin.

\ If with the help of L = 0, we can make second degree equation f(x,y) = 0
homogeneous, we shall get the equation of line joining origin to the point of
intersection of f(x,y)=0andL=0

Letax’+2hxy + by’ + 2gx + 2fy +¢c=0 ... (1)
be equation of the curve

andIx+my+n=0 .. 2
be the equation of straight line.

IX+my _
-n

From (2) we have 1

IX +my

Multiplying first degree terms of equation (2) by and the constant term by

2
ax+myo . . .

<, equation (1) will become homogeneous in second degree as follows.
e -nN g

ghrmy 9‘+Ca@(+my(‘+)2 =

ax” +by” +2hxy +(2gx +2fy )¢ 0
¢ -n g & -ng

this is homogeneous in second degree.

\ represents two line passing through origin and because this equation has been
obtained from (1) with the help of (2), so the lines pass through the points of
intersection of (1) and (2).

Find the equation of two lines joining the origin with the point of intersection of
two curves ax® + 2hxy + by® + 2gx = 0 and a’x* + 2h’xy + b’y? + 2g’x = 0 and also
find the condition that they are at right angle.

Givencurvesare ax’+2hxy+by?+2gx=0 .. (1)
ax?+2hxy+by?+2g’x=0 ... (2)

Our aim is to get a second degree homogeneous equation with the help of these
two questions. Single degree terms must go.

It can be done by multiplying (1) by g’ and (2) by g and then subtracting/
ie. ag'x” +2hg'xy +bg'y- +2gg'x =0
a'gx? +2nh'gxy +b'gy? +2gg'x =0
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Subtracting; (ag'-a'g)x* +2(hg - h'g)xy + (bg-b'g)y* =0
It is homogeneous second degree hence represents 2 straight lines through origin.
Lines shall be perpendicular if (ag'- a'g) + (bg'-b'g) =0
b gla+b)=g'(a+b).

Example 27 : The straight lines joining origin to the points of intersection of curve x* + y?
+x -2y +| =0 with the line x +y = 1 include an angle of 90°. Find | ?

Sol.: Curveisx*+y*+x—2y+1 =0 ... (1)
Straight line xty=1
\ XE YR X (X +Y) =2y (x+Y) + | (x+y)*=0

is homogeneous in second degree, represent 2 straight line through origin. The
straight lines include angle 90°.

\ (1+1+1)+(1-2+1)=0 P I =-1/2

Example 28 : Show that the straight lines joining origin with the point of intersection of y
=-x—2 and 5x* + 12xy -8y” + 8x — 4y + 12 = 0 are equally inclined to axes.
Sol.: Straightliney=x-2 b % =

Making curve equation homogeneous with it

" " .2
5xC +12xy -8y’ +8 2 YR 4y@ Y0, o Y0 g
€2 g '€e2g e2g

P 5x% +12xy - 8y® +4x% - 6xy +2y? +3x? - 6xy +3y?=0
P 12x*-3y*=0 b y=42x=0

Lines are equally inclined to axes y

J\y
Example 29 : Find equation of straight lines joining
origin with point in section of circles X* + y* — 4x — 2y — 4
=0,x"+y*—6x+8y+5=0.
Sol.  To get a homogeneous equation from two ble 0
circles directly not possible circle intersect. < - N
7 X
Linear equation of common chord can be * 0
obtained
X2+y?-4x-2y-4=0 ... (1)
X2+y?- 3X+4y+5/2=0 .. @) vy
Fig9
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Solving - X- 6y- 1—2320

2x +12y

p =13

Now making equation (1) homogeneous with its help.

+ +
X2 +y? - 4Xaéx 12y 6. Zygéx 12y6 géx 12yo 0
e-13g & -13 g é -13 g

or 169k +y?)+52x(2x +12y) +26y(2x +12y)

- 4{ax? + a8xy +144y?)=

b 257x% +484xy - 75y* =0

This is the required equation of straight lines
Example 30 : Prove that the two straight lines of the equation

Ax® +3Bx%y +3Cxy” +Dy* =0 shall be perpendicular if A>+3AC+3BD+D*=07?

Sol.: Let the two perpendicular lines be x* +1 xy- y? =0 and the third line be Ax — Dy
=0 combined equation is

(x2 +1 xy - yz)(Ax- Dy)=

P A +(I A- D)X’y - (A+I D)xy? +Dy* =0
comparing with Ax® +3Bx%y +3cxy? +Dy* =0
|A-D=3B and A+l D=-3c

Eliminating | we get

A% +3AC+3BD+D*=0

Example31: Find the area of the triangle formed by ax?+2hxy+by’=0 and
IX+my+n=0

Sol.: Givenequation ax*+2hxy+y*=0 ... (1)

Letit represent y- mx=0, y- m,x=0

2h a
\ m1+m2:'Fv mlmzzg --------- )
OAisy-mx= OU 0,(0,0)

Now OB y-myx= OyB -n - m,n
AB Ix+my—-n|O J+mm, '|+mm,
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and AS—~" LU
g+mm, '1+mm, §
éO 0 1[] , 2 2
area ==& y 19=12 L AL
=5& Y1 575 é ) u
2% 19 2é(l"'mml)(l"'mmz) ( )( )0
& Y. 1
_1e n*(m, - m,) H
2 & +Im(m, +m,)+m’mm, §
2
and m, - m, 42 4222 b
b b b
2
pr= 2. 21m +%:[bl2 - 2him +am?|/b

\ area= (nzx/h2 - ab)/(bl2 - 2h|m+am2).

Example 32 : Equation ax® + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents a pair of straight
lines and xy = 0 represent another pair of straight lines. Then prove that the equation of
third pair of straight lines which pass through those points where first pair of straight

line met co-ordinate axes (i.e.) xy = 0 is ax’ — 2hxy + by® + 2gx + 2fy + ¢ + ifgxy =0 Prove.
C

Sol. :

140

Given pair of straight linexy=0 ... (1)
ax? +2hxy +by? +2gx +2fy +c=0 ... (2)
Equation (2) represents a pair of straight lines
\ abc+2fgh- af®- bg®-ch*=0 ... (3)
The curve going through the point of intersection of equation (1) and (2) is
ax? +2hxy +by? +2gx+2fy +c+l xy=0 . (4)
This equation shall represents two straight line
.. 2
abc +28h +|—99f- af? - bg? - o +L9 g
e 2g e Z2¢
I 2
b (abc +2fgh- af? - bg? - ch?)+1 gf - ¢ ol h=0
I 2
blfg-cz-hcl =0 10

lc

) T=fg-hcb | =4(fg- hc)/c
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Putting this values of | in equation (4)

4(fg - hc)X
c

ax? +2hxy +by? +2gx +2fy +c + y=0

4fg

ax? +2hxy +by? +2gx +2fy +c+—=xy =0
c

Example 33: Prove that chords of the curve 2x? - 3y?- 4x+7y =0 which subtend a right
angle at origin always pass through a fixed point.
Sol: Lletax+by=2 . 1)

Be the chord of curve 2x* - 3y?- 4x+7y=0 ... 2)

i.e. the angle between the lines joining origin with the points of intersection of
(1) and (2) is 90°.

Making (2) homogeneous with the help of (1)
2x% - 3y? - 4x(ax +by)+7y(ax +by)=0
Co-efficient of x? is 2+4a ; Co-efficient of y2 is-3+7b
Sum of these co-efficient =0
\ 2+4a-3+7b=0

b b:-4a+1

-4a+1

\ Equation of chords is ax + y=1

p 7ax-4ay=y-7=0
b (y- 7)+a(7x- 4y)=0
P P+1 Q=0 i.e. line passes through the point of intersection of the curve y-7=0
7x-4y=0 i.e. straight line (chord) always passes through a fixed point (4, 7).
Example 34 : If (x,y1) be the orthocentre of the triangle formed by lines

ax? +2hxy +by? =0 and Ix+my+n=0 then prove

Xt _Yi_ n)(a+b)

| m am?+bl*- 2him
Sol: Letequation of sides of triangle ABC be
BC, y-mix =0
CA, y—myx=0

141



Pair of Straight Line Math-Ordinate
AB,Ix+my+n=0

& (- - 0
Where C s (0,0) and A is ) ,( M) T
§I+mml [+mm, &

Equation of perpendicular from C on AB

mx-ly=0 (a)
Equation of perpendicular from A on BC
mly +X+ M llllllllllll ( b )
[+m,m

Orthocentre is point of intersection of (a ) and (b)

x(+mpn) _ yl+mm) _ 1
-In(l+mm,) - mn(l+mm,) mm, +
X_Y _ n(1)+m,m,
b2=Y_-_
I m  (I+m,m)mm, +)
- n(1+m1m2)

mi(m, +m, )+ m?(m,m,)+F

But mim, = g andmy+my= - 2—; ortho center is (X1, Y1)

ag
- na_el+—+
\ X_]-:h: g bﬂ = - n(a+b)
I m -2ml a . o am’+bF- 2him

b

Example 35 : if lines of equation ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 be equidistant from
origin. Prove f* - g* =c(bf2 - agz)

Sol.: Letlinesbe y- mxx+c, =0,y-myx+c, =0
\y2- (g +my ey +mumpx? - (em, +em e+ (e +ey)y +ec, =00 (a)
Given equation ax® +2hxy - by? +2gx +2fy +¢ =0 ..(b)
. 2h a
Comparing. (m, +m,)=- Lomm, =
em, +e;m,=- 23 ¢ v, =2 e, =8
12 271 b M1 2 b V12 b

142



Math-Ordinate Pair of Straight Line
" c, _ G . -
condition = equidistanct from origin
Jiem? o f1+m?
p c§(1+m§)- c§(1+m§):o
P ¢i-c5+cims- cim? =0
P (Cl -G )(Cl + Cz)+ (Clmz + CZml)(ClmZ - szl) =0

, 4h?*  4c
(i) (- ¢, F =(c,+¢,f - 4epe, v (A)
(ii) (Clmz - szl)2 :(Clmz +sz1) 4c,c,m;m, = 4bgz } 4bazc

- 2 - -
\ from 2f /4f 4cb Zg /4g 4ac

b fo/f2-cb= g( g -ac)
p fz(f2 )— ( ac)b - —c(bfz- agz)
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144

Practice Worksheet (Foundation Level) —4(c)

Equation (x- 1) +4(x- 1)y +2)+p(y+2)° =0 represents a pair of straight lines
thempis=

(a)3 (b)5 (c)-3 (€©)-5
Straight lines x> — 4xy + y* = 0 and 2x + 3y = 1 form a triangle OAB. Median OD is :
(@ 7x+8y=0 (b)7x-8y=0 (c)5x+7y=0 (d)7x+6y=0

Point of intersection of lines given by equation 12x?- 7xy- 12y?- 41x +38y +22=0
is:

@ (1,2) (b) (=1, 2) © (1) (d)(2,-1)

Straight lines joining origin with the point of intersection of x* + hxy—y” +gx + fy = 0
and fx—gy =1 are

(a) equally inclined to x-axis (b) mutually perpendicular
(c) coincident (d) none of these

If intercept of Ix + my = 1 by the curve X* + y* + 2gx + 2fy + ¢ = 0, subtends a right
angle at the origin then :

) c(l2 +m2)+2(gl+fm +1)=0 (b) c(l2 +m2)=2(gl+fm +1)

(©) c(lz+m2)=gl+fm+1 (d) c(lz+m2)+(gl+fm+1)=0

ax® - bx?y - cxy? +dy® =0 represents three straight lines through origin, two of
them are perpendicular then :

(a) a*> +ac- bd+d*=0 (b) a®- ac+bd+d* =0

(c) d*- bd- ac+a’ =0 (d) d> +bd- ac- a2 =0

The slopes of straight lines given by equation ax* +2hxy +by? =0 are in the ratio
1:3, then

(a) 8h*=9ab (b) 4h* = 8ab

(c) 8h* = 3ab (d) 3h? = 4ab

The acute angle between the lines given by equation (x+y- 1) =4x? is:

(a) tan'lgég (b) tan*2 (c) tan''3/2

e2g
Equations of lines through origin perpendicular to lines 5(x- 2)* +4(x- 2)y - 3y? =0
is
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10.

11.

12.

13.
14.
15.

16.

17.

18.

19.
20.

21.

22.

(a) 3x*- 4xy- 5y =0 (b) 3x? +4xy - 5y =0
(c) 5y?- 4xy- 3x*=0 (d) 5x* - 4xy +3y* =0

The equation x> — 3xy + | y*+ 3x — 5y + 2 = 0 represents a pair of straight lines then

| =
(2) 4 (b)3 (c)2 (d)1

Inclination of straight lines given by equation ax® — hxy + by® + 4x — 4y + 4 = 0 with x
0
— axis are complementary. If inclination of one straight line with x — axis is 22% :

then:
(@) (at+b) (a+b+4) = 4h (b) (atb)(atb-4)=4h
(c) (atb) (a-b +4)=4h (d)(a-b)(a-b+4)=4h

One of the straight lines given by equation ax?+2hxy - 6y* =0 is inclined at 45°
with x-axis and other is inclined at 120° with x-axis, the h = ........ LaA=

Lines given by equation x* + 3xy + 2y* + 4x + 5y + 3 = 0 intersect in point .........
Angle between straight lines x* + hxy — 6y —3x + 14y —4 =0 isthenh = .........

The area of triangle formed by straight lines ax* + 2hxy + by’ =0 and Ix + my = 1 is

The area of triangle formed by straight lines 5a’x* + abxy — 4b%? = 0 and ax — by =
lis.....

Two straight lines through origin include an angle of p/2. One is inclined at q
with x-axis. The combined equation of straight line s ...........

Equation 3y? — xy — 4x° + 4x — 18y + 24 = 0 gives a pair of straight lines. Equation y?
— Xy —2x* — 4x — 2y = 0 gives a pair of straight line. Equation y* — xy — 2x* — 4x — 2y =
0 gives another pair of straight lines. If one line be common to them, then
calculate angle between the remaining two lines.

Find equation of lines through (1,2) and perpendicular to lines 3x* - xy — 4y® = 0.

Two straight lines intersect in (a, —a) at right angles. If one of them is inclined at
45° with x-axis then find combined equation of straight line.

Find internal angles of triangles formed by straight lines y* — 4xy +x? = 0 and y +x +
4+/6 =0. Give co-ordinate of vertices and area of the triangle.

L=ax+by+c=0,LisIx+my+n=0and these intersect in P and include angle
q. Find line L, different from L, which passes through P and makes angle g with
Ls.
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23.

24,

25.

26.
27.

28.

29.

30.

31.

32.

33.
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Show that straight lines 12x* + 7xy — 12y* = 0 and 12x* + 7xy — 12y* —x+ 7y —=1 =0
lie along sides of a square. Find area of this square.

Prove that the angle bisectors of straight lines (ax + by)* = 3(bx — ay)® are
respectively parallel and perpendicular to ax + by + ¢ = 0.

If angle between straight lines 4x* + hxy — 3y? + 4x + 7y —2 = 0 be tan™ (7) then h =

Angle between straight lines ax® + 4hxy + by’ =0 be 66°, then 16 h* = .........

If a straight lines given by equation ax® + 2hxy + by? = 0 be coincident with one of
the lines given by equation a'x? +2h'xy +b'y? =0 and other lines of the two include
angle 90, then prove

b-a b-a 2

If ax®+2hxy +by®+2gx+2fy+c=0 represent two parallel lines then prove

g?- ac
distance between themis 2| ———.
a(a+b)

Prove that the equation of perpendicular lines from (x;, y;) on ax® + 2hxy + by’ =0
is b(x- x, J' - 2h(x- x;)(y- y;)+aly- y,f =0

Prove that the perpendicular dropped from origin on straight lines ax® + 2hxy+
c

by?+2gx+2fy+c = 0 when multiplied give result ————
(a- by +4n’

If 4x — 3y = 0 coincides with one of straight lines through origin represented by ax’
+ 2hxy + by?=0 then prove 16b + 24h + 9a = 0.

Find point equation of pair of straight lines which pass through origin and make
equilateral triangle with (a) x = | (b)y=5
Find p and q if straight lines 3x* — 8xy + qy* + 2x + 14y + p = 1 represent pair of

perpendicular lines.



5.1

5.2

5.3

5. Circle

Definition

The locus of a point, which moves in plane, in such a way that its distance from a
fixed point is always the same constant, is circle. If (h, k) is the fixed point and ‘a’
the fixed constant distance then locus is

(x-hP+(y-kP=a> (L)

This is the standard equation of a circle. The fixed point (h, k) is called centre of the
circle and fixed distance a is called radius of circle.

xX2+yi=at 2)

is equation of circle whose centre is origin and radius a.

General equation of a circle : Equation (1) on expansion is

X2+y?- 2hw- 2y +(2+k2-a2)=0 @)
This is a second degree equation . There is
() no term of xy in this equation. And
(ii) co-efficient of x* = co-efficient of y* = 1
X +y*+2gx+2fy+c=0 (3)

is the general equation of circle.
Comparing it with (a ) we see.

(a) its centre is (g, —f) and h* + k* —c = a*

\ (radius)’= (-g)° + (-H)*—c b r=4/g° +f* - ¢

Equation of circle touching axes :

(@) Infig. (a) cis centre of circle. Co-ordinates of c are (a,b). Circle touches y-axis

y y Y

Fig 1(a) Fig 1(b) Fig 1(c)

~

radius r = a . Equation of circle is

(x-af +(y-bJ =a®
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P x?+y?-2ax- 2by+b?=0
(b) Infig. 1 (b) circle touch x-axis at A. Centre Cis (a,b), radius r =b here;
\ Equation Q, (x- a)*+(y- by’ =b?
P x*+y?- 2xa - 2by+a®=0

(c) Infig. 1 (c) circle touches both axes. X-axis at A and y axis at B. Centre C is
(a,b) thiscircle is in first quadrant a =b =r

\ Equationis (x- a)’ +(y- af =a?
P x?+y?-2ax-2ay+a’=0

(i) In 2" quadrant centre of such circle shall be (- a,a); Equation
x?+y? +2ax-2ay+a?=0

(ii) In 3 quadrant centre of such circle shall be (-a-a); Equation
x?+y?+2ax+2ay+a’=0

(i)  In4™quadrant centreis (a,-a) Equationisx* +y*—2ax+2 y+a®=0.

5.4 Equation of circle drawn on the line joining (x4, y1) and (x;, y,) as diameter.
Let A be (x4, Y1), B(X2, ¥2) and P any point (x, y) on this circle.

» APB = 90 (angle in semicircle is 90°)

" Y29
s

b (X' Xl)(x' X2)+(Y' Y1)(Y' YZ):
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Solved Examples

Example 1: A (3,1), B(14,-1) and C(11, 5) are three points. Find the equation of the
circle passing through them.

Sol. :

Letcirclebe X’ +y* +2gx +2fy +¢c=0 ... (1)

It passes through three given points.

Point (3, 1) 10+6g+2f+c=0 ... 2
Point (14, -1) 197 +28g-2f+c=0 ... (3)
Point (11, 5) 146 +22g+10f+c=0 ... 4)

3)-(2) 229-4f+187=0 (5)

(3)-(4) 6g-12f+51=0 ... (6)

Solving (5) and (6) g=- % ,f=0.

Putting valuesofgand fin2,C=41

\ Equation of circle isx* +y*—17x+41=0

Note : Circle is circumcircle of triangle ABC.

Example 2 : Find equation of circles whose centres are on x-axis and who touch straight
line x +y +/3=6 + 2/3y and x-y~/3 =6-2+/3 . What shall be its equation if centre lies on

y-axis?

Sol.

Given straight line x +y v/3=6 +2+/3
X —y\/§ =6-2+/3 (Let its centre be (a ,0) and radius be r)

a-6-2v3 __ a-6+2y3
2 T2

+sign shall cancel a

\ a-6-2J/3=-a+6+2J3b a=6

\

=l

Equationis (x- 6 +y? =3p x?+y?- 12x+33=0
(i) When centre is on y-axis (0, b ) then

bV3-6-2J3 _ 2@ by3-6+2/30_
== =r]
2 S 2
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+sign; b=2, and thenr=3

Equation X*+ (y—2)°=9b x*+y?- 4y- 5=0

Math-Ordinate

Example 3 : How many circles are possible that touch the three linesx +y =1,y =x+1 7x

—Yy =6. Find their centres and radii.

Sol. :

@)

(b)

150

Given straight lines are

AB x+y =1y
E'/)B(o,l)
BCy=x+1

B(0,1)

a 1o

>Ac—,—=
BC y=x+1 0 o7 13¢ &8 8g
CATx-y=6) &' 6 o
Thus straight line form triangle ABC.

Four circles are possible. Incricle of DABC and
three escribed circles.

X-y

-6

. . x+y-1
i Angle bisectors of angle A =+
(i) Ang gleA=—p

+ sign gives external, -sign gives internal.

\ Internal, y:-3x+17r1,

Angle bisector of angle C,

y-x-1 _+7x- y-6
V2 T 52
Internal y =2x- E,External y=- 1x+E
6 2 4
Incircle : Bisectorsy =+1, y =2x - 1 centre Eel
6 el2
_T7/12+1-1 7
J2 1242

Eseribed circle opposite to A;

External angle bisector of Bisx=0,0fC y =- %x +% , centre 8‘5,71

542

External y :%x- =

12
9

1
6

Angle bisectors of angle internal B, y = +1, External x=0.

(Slope of internal bisector is (+ve))

r =" onany side.
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0+ =N 1 v
radius r, = 4 =
V2o a2
() Escribed circle opposite to B. Inter bisector B B; y =1, external bisector of  C
7
. 7.--1-6
zy=- 1x+E centre 85,19, radius r, = 2 = 35 = !
2" 4 &2 g 52 102 242
(d) Excribed circle opposite to C. External angle bisector of B B, x =0, Internal angle
1
| 1 16 ‘ 6 O 1‘ 7
bisectorof BC=y=2x - . Centre gf) g+,r =

zs‘ J2 ‘:6x/§

\ centres are, Eel 198%E98§19€% 19 and radii
el2 gé 4ge2 gé 6g
7 7 7 7

r= I = = =
124270 4277 24270 e\2

Example 4 : Find equation of three diameters of the circle x* +y* + 4x — 6y + 4 = 0. (i)
passing through origin (ii) parallel to x-axis (iii) parallel to y-axis (iv) parallel to x —y = 10.

Sol.: Equation of given Q x*+Yy? + 4x + 6y + 4 = 0 centre is (-2, -3). Diameters shall
passed through it.\ equation of diameter is
y+3=m(Xx+2) .. 0)

(i)  Diameter passes through origin (0,0)

\ 0+3=m(0+2) P 3x-2y=0b ng

Equation y+3 = g (x+2) P 3x-2y=0

(i)  Diameter || tox—axism=0,y=-3

(i) Diameter || toy axis i=O P x=-2. ¥
m
(iv) Diameter || tox-y=10, m =1, equation x \ B
-y= 1 b
Example 5 : Find equation of circle which goes through 5 -
origin and cuts of intercepts 2a and 2b on axes.
v

Sol: Infig. (3) OA = 2a, OB = 2b. intercepts cut off by Fig 3

circle point Aiis (2a, 0), B is (0, 2b)
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\ (x- 2a)(x- 0)+(y- O)(y- 2b)=0
b x%+y?- 2ax- 2by =0 is equation of circle.

Example 6 : A circle touches y-axis at (0, \/5) and goes through (-1, 0). Find centre and
radius of this circle.

Sol.:  Circle touches y-axis at (0, +/3)

\ Ifcentreis (a,b) then |a|=radius and b =+/3 . It passes through (-1,0). This
means centre is in second quadrant.

\ Centreis ( a,\/§), r=la|
Equation x? +y?+2a x—2+/3y+3=0
Pointon Q is(-1,0) P 1+2a+3=0\ a=-2
\ Centreis ( 2,\/5) and radius = 2

Example 7 : Find equation of circle which touches x axis and the straight line 4x — 3y + 4
=0. Its centre lieson x —y— 1 =0 and is in the third quadrant. (Dhanbad 92)

Sol.:  Circle touches x-axis, and centre is in third quadrant.
Letcentrebe (- a,-b), \ |b|=r
Equationx*+y?+2ax+2a b+a®=0 . (1)
Straight line 4x — 3y + 4 = 0 touches the circle

\ perpendicular from (- a,-b) onit=radius—4a +3b +4=4+5b.

+sign given b =-2a +2; -sign, b:%- % centreliesonx-y—-1=0
P -a+b-1=0.
\ b=1+a, \ ()l+a=-2a+2b a=1/3.

b:1+1 :i
3 3
i)1+a=2-1p a=-3 b=-2
2 2
This value not admissible as centre ( a,- b) now is (3,2) . 1* quadrant.

.2 .2 .2
\ Circleis 8?<+19 +8‘§/+£9 ol
e 30 ¢ 3g e3g
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2 8 1
P xX*+y*+=x+—-y+==0
y 3 3y 9

Example 8 : Find equation of circle whose radius is 3 and centre lies on y = x -1 and
which passes through (7,3) Roorkee — 88.
Sol.: Letthecirclebe (x- a)f’+(y- b} =9. It passes through (7, 3)

b (7-a)f +(3-bf =9

P a?+b?-14a- 6b+49=0

(a,b) liesony=x-1Pb b=a-1

\ a’+(a-1f-14a-6(a- 1)+49=0

b a’-11a+28=0pP (a- 7)(a-4)=0

()a=7,b=a-1=6 (i) a=4,b=3

\ Circleare (x- 7/ +(y- 6 =9

and (x- 4 +(y- 3f =9

Example 9 : Prove that the quadrilateral whose sides are 5x + 3y =9, x =3y, 2x -y =0
and x + 4y +2 = 0 is concyclic. Find equation of circum circle. (R-80)

AB 5x+3y=9(;B_ a8 16

Sol.: Let BC X =3y % |Sg§,§;

CD 2x- y=0}Cis(0,0)

.2 49
DA x+4y+2=0; Dis¢= —,- —=
y } ¢ 9" o;
and point A is ael_Z’_ EQ Slope of AB = - E,ofBC, l;ofCD, 2; ofAD—l.
€17 179 3 3 2
1.5
tanB:ﬁ:GI_g:g
1_§ 374 2
9
2+l
tanD=—4=- = =tan(p- B)
1
1-=
2

\ B+D =180° Quadrilateral is cyclic
Cis (0, 0) circle shall pass through origin.
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Circleis X’ +y® +2g x + 2fy = 0.
5

&2 1‘?!: E+3g+f=0-}:J
L

$©25
) y
PointD & 2 805 gapr=21
e 9 9g 9

PointB

Solving the equations g =- % f =§

\ Equation of circum circle is 9(x2 +y2)- 20x+15y =0

Example 10 : Two circles of radii 5 units touch each other at (1, 2) . If the equation of
common tangent is 4x + 3y = 10. Find equation of circles.

Sol.: Line joining centres passes through (1,2)
Equation of line is y_2 X1 (1)
sinq cosq

And it is perpendicular to tangent tanq :; centres are at 5 and -5 unit distances from
(1,2

\ y-_Z:X-_lziS

sing cosq
(i) +sign, x=5005q+1=5%+1=5; y=5" §+2=5
centre of this circle is (5, 5)
(i) -sign, x=—4+1=-3,y=-3+2=-1
Circles are (x-5)%+(y-5)*=5°
(x+3f +(y+1) =52
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10.

11.

12.

13.

14.

15.

16.

17.

Practice Worksheet (Foundation Level) —5(a)
Find condition between f, g and ¢ so that x*+y*+2gx+2fy+c=0 represent a circle.

Find values of a, h and k if equation a X*+hxy+2 y*+16x-8y+k=0 represent a circle
of radius 5.

Find equation of circle that passes through (-2,1), (5,-6) and (4,1).

Find circumcentre of the circumscribed circle of ? whose sides are y=x, y=2x and
y=3x+2.

A circle touches straight line 2x-y-4=0 and its centre is (1,-3). Find its equation.

Find equation of circle which passes through (1,-2) and (4,-3) and whose centre
lies on 3x+4y=7.

Find the equation of circle which touches x-axis at distance of 3 units from origin
and cuts an intercept of 6 units on (positive direction) of y axis.

The sides of a square are 3x+4y=0, 3x+4y = 20, 4x-3y=0 and 4x-3y=20. Find
equation of circle circumscribing it.

Find concentric circle of circle x*+y>-8x+12y+15=0, which goes through point
(5.4).

Points O (0,0); A(0,2); B(0,4) are fixed points while P is a moving point. If
PO*+PA%+PB*=35 then prove locus of P is a circle and find its equation.

y-2=m(x-1) and y-4=t(x-3) are two straight lines where m and t are variable and
mt=k where k is a constant. Find the locus of point of intersection of the two
lines. If itis a circle then find value of k.

Radius of a circle is 3; circle goes through (7, 3) and its centre liesony —x + 1 =0.
Find equation of the circle.

A circle touches y axis at a distance of 4 units (positive direction) and cuts of an
intercept of 6 units from x-axis. Find equation of the circle.

y = mx is the chord of the circle whose radius is a and whose diameter is along x-
axis (positive direction). If circle goes through origin then find the equation of
circle drawn on this chord as diameter.

One end of a diameter of circle ¥ + y* -2x + 6y — 15 = 0 is (1, 2). Find the other
end.

Find equation of chord of circle x* + y* — 6x — 8y = 0 whose mid point is (3,3).
Prove that its length is 44/6.

y = 2x is a chord of circle X + y* — 10x = 0 find equation of circle whose diameter
is this chord.
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18.  Find equation of circle passing through A(-1, —3) and touching the line 4x + 3y —
12 =0 at point P(3,0).

19. Find equation of the circle whose centre lies on x —y = 5 and which touches the
lines2x+y=5and x—-2y=4.

20. 3x+4y=16 and x -2y = 2 are two diameter of the circle and straight-line 3x — 4y
+7 =0 touches it. Find equation of circle

21. The two diameters of a circle are x + y = 1 2x + 3y = 5 and circle cuts off an
intercept of 6 units on the line 3x— 4y -2 = 0. Find equation of circle.
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5.5

5.6

Length of intercepts of axes by a circle :

If a circle meets x —axis in two points A and B then length of intercept AB can be
calculated by putting y = 0 in the equation of the circle. If circle is

X2 +y? +2gx+2fy +c =0
theny =0 gives x* +2gx +c =0
If the two points are (x;, 0) and (x;, 0) then

X1+X2—Zg, X1 X2 =C

\" Length of intercept x;, ~ x, = /40> - 4¢c =2,/g’ - ¢

Similarly by putting x = 0 in the equation of circle, y? - 2fy +¢ =0 shall given the
length of intercept on y-axis as Zm

a. I circle touch x-axis theng?—c=0 b g*=c

b. I circle touch y-axis then f>- c=0p f?=c

Length of chord of a circle :

Let y = mx + ¢ be the chord and circle S; = 0. It meets the circle in point (x4, y), (X2,
Y2)

\ Length of chord = \/(xl - Xz)2 + (yl - Yz)2

Points (x4, y1) and (X, y2) lieony=mx +c
\ y, =mx,; +ci

y2=mx2+c%p (yl' yz):m(xl' Xz)

\' Length of chord = y/(x, - X, +m?(x, - X, )

=(x, - %, )m

So find X, — X,; put y = mx + ¢ in the equation of given circle. It shall result in 2™
degree equation in x. Get x; + X, and X, X,. Calculate x; — X,.

Note : This formula is applicable for all curves. In case of circle to calculate the length of
the rod, we can utilize the property of circle “Perpendicular from centre on the chord
bisects the chord”. If p is length of perpendicular from centre on the chord, then length

of chord = 2/r?- p® .
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5.7

5.8

5.9

Equation of common chord of two circles :

If S; =0 and S; = 0 are the equations of two circles and if in these equations co-
efficients of x* and y? are unity, then

S1—S; =0is the equation of common chord.
Equation of a circle through the point of intersections of two circles

If S, =0, S, =0 are two circles then S, =1S,=0,1 T Ra is the equation of circles that
pass through the points of intersection of circles S; and S,.

i. IfS; =0 isequation of a circle and L = 0 equation of a straight line intersecting
it, then S+1L=0is the equation of all circles that pass through the point of
intersection of circles ;=0 and L=0

Circles touching each other :

When two circles touches each other internally or externally the point of contact
and the centres of circles are collinear. i.e. are in a straight line

(@) When the contact is internal, then O;, O, and point of contact P are in a
straight line. If ry, r, are radii (r; > r;), then point of contact P divides 0,0,
externally in the ratio of r; : r, but if the circles touch each other externally
then point of contact P divides, 0,0, internally in the ratio of ry : 1».

Tangent at the point of contact to S; is also tangent to S,. i.e. it is common
tangent.

5.10 Position of a point with respect to a circle.
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Let circle be x* + y* + 2gx + 2fy + ¢ = 0. Its centre C is (-g, —f) and radius

r=4g°+f*-c. Point P(a,b) shall be in side the circle if PC < r i.e.
(o-aP+(-bP<g+f-c
b g?+a’+2gh+f>+b*+2fb<g? +f°- ¢

b a®+b?+2ga+2fb+c<0

(i) Point P, (a,b) shall be out side the circle, if CP >\/m
i.e. a®+b*+2ga +2fb+c>0

(iiif) Point P (a,b ) shall be on the circle if CP =r
i.e. a®+b®+2ga+2fb+c=0.

\ To find the position of a point with respect to a circle, put the point in the
equation of the circle, it shall results in a constant. If it is negative. The point is
inside the circle; if it is = 0, point is on the circle and if it is positive i.e. > 0 point is
outside the circle.
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Solved Examples

Example 11 : A circle touches y axis at (0,3) and cuts an intercept of 8 units from x-axis.
Find its equation.

Sol. :

Let (a,b) be the centre of the circle. It touches y —axis at (0, 3)
\ a =radius of circle, b=3.

\ Equation of circleisx’+y* -2 ax-6y+9=0

It meets x — axis \ x*-2ax+9=0

\ X, +Xx,=2a, X1 x=9

\ X1 =X = m =8

b a’-9=16 b a=45

\ Circleis x* +y® +10x- 6y +9=0

Example 12: Find equation of circle which cuts an intercept of 6 on straight line 2x — 5y +
18 = 0. Given centre of circle is (3,- 1)

Sol. :

Perpendicular from centre (3,- 1) of the circle on the chord is p,

2.3+5.1+18 \/—
= — =429
P e

Length of chord is 24/r* - p?

\ 6=2r*-p°b 9=r*-29
\ r*=38

Equation of circle is (x- 3)° +(y+1)* =38

Example 13 : Find the equation of circle which passes through A (4,3) and B(2, 5) and
touches y-axis and also find P on y-axis such that angle APB has largest magnitude.

Sol. :

Circle touch y-axis. Its equation is x* +y*—2ax—2by+b*=0 ... (1)

point(4,3) 25-8a- 6b+b*=0 {i

Point (4, 3)
point(2,5) 29- 4a - 10b+b° =0}

Subtracting4 +4a- 4b=0
\ b=a+1
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from (2) 25- 8a- 6(1+a)+(1+a) =0
b a?-12a+20=0b (a-10)(a-2)=0

\ () a=10,b=11
(i) a=2,b=3

Circlesx? +y?—4x—6y+9=0 ... (a) B(2,5)

And x? +y? - 20x —22y + 121 =0........ (b) P \3“(“'3’

From fig (4) it is clear from circle (a) for max. y%

>0, 0>B

D APB, P is (0,3) and at this point Q touches y-axis.

Example 14 : A circle passes through the point (2, 0) and its
centre is the limit of the point of intersection of lines 3x + 5y
=1and (2 +c¢)x +5c% =1 as C tends to one. (I.L.T) Fig 4

I+5y =140

Sol. : Point of intersection of
(2+c)x+5c?y = 1{,

_c+l 1-3x
3c+2’y 5

Lt C+1 2 ad 6o_ 1

c®13c+2 57 & 255 25

\ Centre of circle is 8@ - ig
&5 255
20 el &
It passes through (2, 0) \ ai- —I +C—= =r?

e 55 &25g

2 2
\ circleis x* +y*- 4x+£y+i 8‘&9 _8@9 +gei9
5 257 25 é25g ébg é25g

b 25( +y2)- 20x+2y- 60=0

Example 15 : Find equation of the chord of a circle whose mid point is (3,3). Circle is X* +
y>—6x — 8y =0. Find length of chord too.

Sol.: Circle x*+y*—6x—8y=0.
Centre (3, 4); radius 5.
Slope of line joining centre (3, 4) with mid point M of chord

tang= % P cotq=0.Line s parallel to y-axis.
\ chord shall be parallel to x-axis.
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\ Equation of chordy—-3=0

p=CM=,/0?+(4- 3} =1

\ Length of chord = 2y/r? - p? =24/25- 1 =4./6

Example 16 : Show that the locus of the point, which moves such that the ratio of its
distances from two fixed points is constant is a circle. Also show that the circle cannot
pass through these points. T 90

Sol.: Let the fixed points be A(a, 0), B(-a,0). Let P, (h, k) be the moving point
Given %:I b PA® =|%B?
PB

b (h- af +k* =12|(h+a) +K|

o+ 2

5
bh2+k2-§ ~2ah+a’ =0
1-12

+129
Locus is x* +y? - g%ﬁax +a? =0, which is equation of circle.
g

2.

+1°0
Point (a, 0) or (~a, 0) do not satisfy it 2a* iZazéa—lzil 0. Circle does not pass
1 0

L
through these points.

Example 17 : Find locus of mid point of chords of the circle x* + y* = r* which pass
through (h, k).

Sol.:  Equation of chord through (h, k)
y-k=m(x-h) ... (1)

Equation of perpendicular from centre (0,0) on this chord

y:-lx ............. (2
m

The locus of mid points of chords shall be the locus of point of intersection of (1)

and (2) eliminating m y - k=- > (x - h)
y

P x*+y?- xh- yk=0

Note : Centre (0,0), point (h, k) equation of circle on this line segments as diameter is
x(x—h) +y (y-k) =0 b x*+y?—xh-yk =0.

161



Circle Math-Ordinate

Example 18 : A point moves such that the sum of the squares of its distances from the
sides of a square of unit side is equal to 9. Show that its locus is a circle whose centre
coincides with the centre of square. Find also its radius.

Sol.: Let one vertex of square be at origin and its two sides be along OX and OY. Let
P(h, k) be the moving point.
y

2 2 2 2 _

\ KL P (LK eht =9 O3

b 2k*+2h*- 2h- 2k =7 o

Locus X* +y?—=x—y—-7/2=0 ’

h
) — .
It is a circle, centre %,%gwhich is also the centre ~ * ALY
€2 2g

of square. Radius = /£+£+Z:I . Fia 5
4 4 2

Example 19 : Find locus of the centre of the circle which touches x* + y* = a® and x* + y* —
4ax = 0 externally.

Sol.: Let the centre of the circle be (h, k), radius =r.

Give circle x* + y* = a% centre (0, 0), radius = a, other circle x* + y* —-4ax = 0,
centre (2a, 0), radius = 2a. Since the circle touches both given circle externally.

\ a+ r=distance between centres

=vh2+k> (a)

and 2a+r=q/(h-2af +k* ... (b)

from (a) and (b) a+vh2+k? =\/(h- 2af +k? thus r has been eliminated.
Squaring a2 +h? +Kk? +2avh? +k? =h? - 4ah+4a? +K2

b 3a2- dah=2ah? +k?

b (3a- 4n) =4n +k2)

Locus is 12x% - 24ax - 4y? +9a? =0.

Example 20 : If circle x* + y* + 2gx + 2fy + ¢ = 0 bisects the circumference of the circle X* +
y?+2g’x + 2f'y + ¢’ = 0 then prove 2¢’ (g—g') + 2f (fF—F)=c—c.

Sol.:  Equation of common chord of two circle is 2x(g- g')+2y(f- f)+c- c¢'=0 The
centre of second circle must lie on it.
\ -29'(g- @)- 2f'(F- f)+c-c'=0
b 2g9'(g- g)+2f(f- f)+c-c'=0
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Example 21 : Consider a family of circle passing through two fixed points A (3,7), B(6, 5)
show that the chords in which circle. x* + y* — 4x — 6y + 3 = 0 cuts members of family are
concurrent. Find this point.

Sol.:  Centres of circles ¢, ¢,, c3 must lie on right bisector of AB. Mid point of AB, M is
E‘i ,69. y
e2 g cl

\ Equation right bisector of AB s,

y-6 =§§< - gg A(X3'7) M_ B(GX,S)
b 6x-4y=3 . (1)

Let (h, k) be centre of one of these circles. y

\ (x- hP+(y- Kk =(h- 6} +(k- 57 Fia 6

b x?+y?- 2xh- 2yk+12h+10k- 61=0 ... )

(h, k) lies on bisector b 6h- 4k =3

b k= GhL; 3 and putting this value in (2)

h-3¢ ah- 309
x2+2-2xh-2haés Z+12h+10 =-61=0 . 3
’ §4 0% 4 o ©

b givencircleisx*+y*-4x-6y-3=0 ... (4)
common chord of (3) and (4) is

- 2xh+4x- y?hz' 30, 6y. %+27h=o
%)

b 4xh- 8x+6hy- 3y- 12y- 54h+131=0
b (8x+15y- 131)- h(4x +6y- 54)=0

\ Chords are concurrent. Point is point of intersection of
8x +15y - 131=0( 23 226

\/ X:21y:_!%1_+
4 +6y- 54=0 g 3'€' 3¢

Example 22 : If circle Cy, X+ y2 = 16 intersects circle C, of radius, in such a manner that
common chord is of maximum length and has slope of % then centre of circle 2 is .....

Sol.: Circle Cy, X* +y® = 16. Centre (0,0), r=4
Let C, be (x—h)?+ (y—k)* =25

\ common chordisC;-C,=0
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2xh+2ky=h’+k*-9
Slope of this chord is given and is %

je. .23 1)

k 4
Length of perpendicular from (0, 0) on this chord is p, if then

_h?+k?-9

e T

Length of chord = 2,/r? - p? =216 - p?

For maximum length p=0

\ from (2) h?+k?=9 and from (1) h=- ;k \ 1—96k2+k2:9

2
b &40 —gp 2k=23p k=22 and h=- k=52
84 [} 4 5 4 5

\ Centre of circle C, is 89 EE9 or 8@ EQ
e 55g é5 5y
e 160 ) . .
Example 23 : If gm;,,—=m, >0 and i=1,2,34 are four points on a circle then m; . m, . m;
m; g
.My =
(@0 (b) 1 (c)-1 (c)2

Sol.: Let Q bex’+y®+2gx+2fy+x=0
, 1 1
Then m* +—-+2gm+2f—+c=0
m m
b m*+2hm®+cm? +2fm+1=0
from this equationm; . m,. mz. my=1

Example 24 : Prove that the length of common chord of circles. (x —a)* + (y — b)? = ¢® and
(x-b)? + (y-a)? = c?is +/4c?- 2(a- b}

Sol.: Circlesare x? +y? - 2ax- 2by +a? +b*- ¢ =0
x? +y?- 2bx - 2ay +a2 +b*- ¢ =0
Equation of common chordisx—y =0

Perpendicular from centre (a, b) onitis p=(a- b)/~/2
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Length of Common Chord = 2 /r? - p?

:2\/@ == \4c’ - (a- b)?

Circle

Example 25 : A ball moving round a circle x*+y?- 2x- 4y- 20=0 leaves it tangentially at
point (4,-2). After getting reflected from a line, it passes through the centre of circle.
Find equation of line if its perpendicular distance from point P is 5/2.

Sol.

Let Q be x*+y?-2x-4y-20=0
\ Center(1,2),r=5.

InFig 7, C is the centre of Q, P is th point
(4,-2), PM is the tangent. Ball travels in this
direction after leaving the circle, strikes straight
line LL’ (plane mirror) at M and returns along MC.

The Normal (”~ to LL’) at M should bisect BCMP.
Let DPKMP=a b BDCMP=2a b DPML'=90- a
PM(tangent) ~ PC

PM

——=cot2a
CP
\ PM=CPcot2a =5cotza . (1)
from right angle triangle PNM (PN=5/2)
\ m:seca p PMziseca ........... (i)
PN 2
from (i) and (ii)
5 _ 5cos2a b 1= cos2a
2cosa 2sinacosa sina

b 2sina+sina- 1=0
P (sina +1)(2sina- 1)=0

\ sina:%b a=30",sinat-1

Slope of CP= ——Z==- = p Slope of PM = 3
4-1 3 4

And if slope of LL’ =m, then

L
C(1,2) 90-a
K M
- 3 90-a N
P(4,-2)
L}
Fig 7
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3
m_ —
tan(90 - a) = tan60° =— 4 =3
1+—m
J3(4+3m)=4m- 3b m _43+3_ 44343
4-3J3  3J3-4
+
Equation of LL’ y=+4\/§ 3x+
4- 33
y=mx+c
AN from (4,-2) onitis g
\ 5_Ma4- (- 2)+c
2 y1+W?
J36 1
& 02
W= N 57+24 ge 100 @ _ 10
43-24\3 5 &43-2435 4-33
_5g 10 o ae1J§+3o _-10J§
\ C——.g,
2'& 4-3J35  4-343
+
\ Equation LL’ y=4\/§ 3 5 1043
1-303 " 2-343
b yla- 3v3)=(av3 +3k- 5243-
Example 26 : Find equation of circle whose diameter is common chord of circles.
X2 +y2+4x+3y+2=0, x2+y2+2x+3y+1=0.
Sol.: Common chord of given circle S; — S, = 0.
2x+1=0 ie.P=0

and equation of the circle passing through point of intersection of S; =0, S; =0 is

Si+1P=0.

ie. X2 +y? +4x+3y+2+] (2x+1)=0

b x> +y?+x(4+2l )+3y+2l =0

Its centre is & (2+1 ),- 30U 1t must lie on common chord b -2(2+1)+1=0

g 2H
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\ I =- \ Circle required is

N w

X +y +(4—3)x+3y+28& 39, x> +y? +x+3y-3=0
e 2¢
Example 27 : Show that chords of curve 3x* — y? — 2x + 4y = 0, which subtend right angle
at origin are concurrent.
Sol.: Equation ofcurve 3x*—y*—2x+4y=0 .. (1)
Letchordbey=mx+ ... (2)
Making (1) homogeneous with the help of equation (2)

3x2 - ZXg —+4 gy me 9=9 angle between these lines is 90°.
@

\ coefficient of x* + Co-efficient of y* =0 b 3+2—m+€? 1+£9—O
C

e Cog
\ C=—-(m+2)
Equation of chord isy = mx — (m +2)
b (y+2)- m(x- 1)=0 and this is of type P+1 Q =0

\ Chords always pass through point of intersection ofy+2=0andx -1=0i.e.
through (1, -2).

Example 28 : The straight line xcosa +ysina =p cuts the circle x* + y* = a*in M and N.
Find equation of circle drawn on MN as diameter. (R-81)

Sol.:  Equation of circle passing through the points of intersection of given circle and
the given line is

(x> +y? - a®)+| (xcosa +ysina - p)=0. Centre of circle is 89 IEcosa,- Esinag.
e o
If MN is diameter of the circle then centre must lie on it
b-Leos?a- Lsra =p
2 2
Pl=-2p

\ circleis x* +y*- a® - 2p(xcosa +ysina)+2p® =0
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2p

Example 29 : Find locus of the mid point of chords that subtend an angle of 3 at the

centre of circle 4x? +4y® - 12x+4y+1=0.

Sol. :

168

In the (fig. 8), AB is chord of circle ® BCA =2p/3
CM is perpendicular from centre C on it. M is mid
point of AB. Let it be (h, k).

From right angled triangle CM/AC = cos p /3
ie.CM=r/2.

B A
Circle is 4x* + 4y* = 12x + 4y +1=0 M(h,k)
Centreisasi,-lg r= §+1_1: Fig 8
2725 Va2 3

N | w

b h?+k?- 3h+k+£:0
16

\ Locus mid point is x* +y” - 3x+y+%:o
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10.

11.

12.

Practice Worksheet (Foundation Level) —5 (b)
Find the equation of circle which goes through (-3, —6) and touches both axes.

Find the equation of circle which goes through origin and cuts intercepts of length
2(atb) and 2(a—b) from axes.

Find the equation of the circle which goes through (a, b) and (b, a) and origin.
Find the equation of the circle which touchesx=—4,y=0and x=6.

Alis (2, 5) and B is (6, 5) a circle passes through A and B the centre of circle is 6 cm
away from AB. Find the equation of the circle.

A circle goes through origin and points of intersection of the straight line 3x + 4y =

12 with axes. Its equation is (MNR 90)
(8) X +y*—3x—4y =0 (b) x> +y*—4x-3y=0

©) (x-2)%+(y+3/2)%=0 d)x*+y*+4x+3y=0

Points (2, 0), (0,1), (4,5) and (0, c) lieson a circle thencis: (MNR 82)
(@)1 (b) 14 ()7 (d) 14/3

OP and OQ are tangents to the circle from origin. Circle is x> + y* + 2gx + 2fy + ¢ = 0.
Centre is C. The circle circumscribing the quadrilateral OPCQ is :

(@) x"+y ~gx~fy=0 () x(x+g)+y(y+H=0
(c)x* +y*~2gx~2fy =0 @x(x-g)+y(y+f=0

The equation of the circle which passes through (5, 4) and is concentric with X% + y?
—-8x+12y+15=0is:

(@)X +y*—8x+12y+7=0 (b) x> +y*—8x+12y-49=0
€)x*+y*—8x+12y+49=0 (d) none of these

A circle goes through (1, 5) and (-2, —3) and its centre lieson 2x -3y + 4 =0
equation of circle is :

(@)X +y*+x-2y-17=0 (b) x> +y*-x—-2y—-15=0
) x> +y*+x+2y—-36=0 d)x*+y*+x+y-8=0

For circles x* + Y +6x —4y —3=0and x* + Y —4x + 20y + | =0 to touch each
other externally | should be:

(2) 8.4 (b) 31 (c) 23 (d) 29

X +y = 4 is a chord of circle ¥ + y* — 3 (x + y) +2 = 0. The equation of circle drawn
on this chord as diameter is

(@)X +y*+4x—-4y+6=0 (b) x> +y* +4x+4y+6=0
) X*+y*—4x-4y+6=0 d) x> +y*—4x-4y-6=0
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Locus of mid points of chords through (2, —2) of the circle x* +y*= 16 is :
(@)X +y*+2x+2y=0 (b) x> +y*-2x—-2y=0
) xX*+y*-2x+2y=0 d)x*+y*+2x-2y=0

The equation of circle passing through the points of intersection of circles X* + y* —
6x +2y—4=0and x* +y* + 2x — 4y = 0 and having its centre aty = x is

(@) 70 +y?) - 10x - 10y - 12=0 (b) 5(x* +y?) —10x—10y-12=0
() 7(x* +y?) —10x— 10y + 12 =0 (d) 7(x* +y?) +10x + 10y + 12=0

Abscissa of two points A and B are roots of equation x* — 2ax — b? = 0 and ordinates
are roots of equation x* + 2px + g° = 0. Equation of circle on AB as diameter is :
(11T 84)

a) X°+Vy?+2ax+2py—b?-g?=0
y py q

b) x?+y?—2ax+2py+qg>—b?=0

(b) y py+q

¢) X*+y?—2ax-2py+q°-b’=0

(© y py +q

(d) none of these

A circle touches y axis and is concentric with x* + y* —4x — 6y + 4 = 0. Its equation is

(@)X +y*—4x—-6y+4=0 (b) X2 +y*—4x—6y—9=0
(C)X*+y?—4x-6y+9=0 (d)2x2 +2y? - 8x— 12y +4=0

C, is concentric with circle C, ; x> + y* — 6x + 12y + 15 = 0 and area of C; is just
double to the area of C,. Equation of C; is :

(8) X* +y*—6x-12y —75=0 (b) X* +y* - 6x + 12y - 15 =0
(C) 2x° +2y* - 12x— 24y -15=0 (d)x*+y*-6x+12y-60=0

A circle touches y-axis at (0, 2) and cuts of intercepts of lengths 3 from positive
direction of x-axis. Its equation is :

(@) x*+y*+5x—6y +6=0 (b) X +y?>—B5x -4y +4=0
) x*+y*-5x+4y+4=0 (d)x®+y?-5x—4y +4=0

The equation of the circle whose two diametersare 2x -3y +12=0andx +4y =5
and whose area is 154 sq units is :

(8) X* +y* —4x+6x—36=0 (b) x> +y*+ 4y —6x-36=0
€) x> +y*—6x—4y—-36=0 (d) x> +y*+6x+4y-36=0

A circle whose radius is a, passes through origin and its diameter is along x-axis. y =
mx is a chord of this circle. The equation of circle described on this chord as
diameteris:
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21.

22.

23.

24,

25.

26.

27.

28.

() (1+m®) (X" +y?) +2a (x+ my) =0 (b) (1 +m?) (x* +y?) ~2a(x +my) = 0
(c) (1+m?) (x*+y*)-2a (x-my) =0 (d) (1+m?) (" +y?) +2a (x~my) =0

Two circles x* +y? —4x + 6y + | =0 and x* + y* — 10x — 6y + 14 = 0 touch each other
at (3,-1) externally then | is:

(@) 8 (b) 6 ()11 (d) 15

Sides of a triangle are x = 0, y = 0 and Ix + my = 1. The centre of the circle
circumscribing itis :

a mo am 1§ al 1906 a2 20
—,—= b) ¢—,—=< —,—= (d)¢c=,—=
(@) 82 29 ()e2 29 © e2l 2mg ()gl mg

A circle passes through points of intersection of straight line I x- y+4=0 and x —
2y +2=0with axes. Then | =

(@)+2 (b) -2 © -5 (d)2

The equation of circle which passes through point of intersection of circles x* + y* =
6 and x* +y* —6x + 8 =0 and passes through (1, 1) is :

(@) x*+y*—3x+1=0 (b) x*+y*+3x-5=0

) x> +y*-5x+3=0 (d) x> +y*+5x-7=0

From point (8,9) secants are drawn of the circle x* + y* = 36. Locus of mid points of
the chords so formed is :

(8) X +y*—8x-9y =0 (b) x> +y*+8x+9y =0
) x> +y*-8x—-9y+36=0 (d) x> +y* +8x + 9y + 16 =0

Point (4, 5) is inside the circle x* + y* — 6x — 8y = 0. Chords of circle pass through
this point. Locus of their mid point is:

(@) (x—4) (x-3)+(y-4)(y-5)=0 (b) x> +y* - 7x-9y+30=0
) x> +y*-x-y+19=0 (d) x> +y*-7x+9y+18=0

The equation of circle whose diameter is the common chords of circles X + y* + 4x
—6y—-4=0andx*+y*-x+6y+2=0is:

(@) 302 +y?) +4x+6y—-4=0 (b) 1302 +y?) +12x + 18y -4=0

(€) 130% +y?) + 7Tx—6y—6=0 (d)x*+y*+9x—-18y-10=0

The equation of a circle whose centre lies on X. %:2 and which passes through
a

the point of intersection of x* + y> — 2ax = 0 and x* + y* —2by = 0 is

(@) x*+y*—ax+3by=0 (b) x*+y? +ax—3by =0
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(€) x> +y*-3ax+by=0 (d) x> +y*+ 3ax—2by =0

29. The locus of mid points of the chords of the circle x* + y* — 6x + 8y = 0 which
subtend a right angle at the centre of the circleis :

(8) X* +y*—6x + 8y + % =0 (b) a concentric circle

(c)x2+y2+6x—8y—§=0 (d)x2+y2+8x—6y+§=0
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5.11 Parametric Co-ordinates

(acos a,asin a)is any point on circle X + y* = a% as it satisfies the equation. In
co-ordinates of point there is only one variable a thus when co-ordiantes of a
point of a curve are expressed in terms of one variable, these are called parametric
co-ordiantes.

5.12 Tangent

If a straight line meets a curve in two coincident points it is called tangent to curve
at that, point.

(@) Qis x* +y® + 2gx + 2fy + ¢ = 0 a straight line

meets it in P and Q. P is (X3, Y1) Q IS (X2, ¥2)
Equation straight line Q )
Yo- Y1

Y'ylzm(x'xl) 7

Pointslieon Q
\ xi+yZ+2gx, +2fy, +c=0 . 2) Fig 9
X5 +Y5+2g%, +2fy, +c=0 ... (3)

Subtracting, (xi - x§)+(yf - y§)+Zg(xl - X, )+2f(y, - y,)=0

P (yl - yZ)(yl Y, +2f):' (Xl - XZ)(Xl X, +29)
b Y2 Y1 __ X1 +X; +29
Xp= Xy Yty +2f

X, +X, +29
Y1y, +2f
y2) ® (xq, y1) the straight line becomes tangent.

2X, +29
2y, +2f (x- %)

Now equation (1) is y-y, =- (x- x,) as Q approaches P i.e. (x,,

\ fortangenty-y, =-

P (y- )0y, +6)+ 0, +g)(x- x,)=0
b xx; +yy; +gx+fy- X - y1 - gx, - fy; =0
But from (2) X2 +y? +gx, +fy, =-c- gx, - fy,
\' Tangentat (x;, y) is xx, +yy, +g(x +x,)+f(y+y,)+c=0
(b)  The equation of tangent can also determined with the help of calculus.

Given curve X* +y? + 2gx + 2fy + ¢ = 0
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. . : dy dy _
Differentiating with respect to x 2x + 2y.d— +2¢ +2fd— =0
X X
Vo Gy (g+x)
dx f+y
_ (g+x)

at (Xl, yl) m=-

~—

(F+y,

—

\ Equation of tangent at (xy, y;) of (y- y,)=- (?:Xlg(x- X,)
Y1

P (x- %, )g+x,)+(y- v, )(f+y,)=0
Which on simplification as done in (a) gives tangent at (xy, y1)
XX, +Yy, +g(x+x,) +f(y +y,)=0
(c) Equation of tangent at (xy, y1) of the circle x* +y? = a® is xx; +yy; = &’
(d) Ingeneralifin the equation of curve x* is replaced by xx;
y?is replaced by yy;
2x is replaced by x + x;
2y isreplaced by y +vy;

then the resultant equation is the equation of tangent to that curve at (x;,
y1)

(e) If pointis (a cos a, y sin a) then tangents is xcosa+ysina=a to circle
x*+y?=a’. Similarly  (x- h)cosa+(y-k)sna=a is any tangent
Q(x—h)*+(y-k)*=a’

To find the condition so that y = mx +c is tangent to circle x* + y* = a°.

Circle has the special property, the radius through the point of contact of tangent
is perpendicular tangent. Thus if perpendicular from centre on a straight line is
equal to radius of circle then that straight line is tangent to circle

straight line y = mx + ¢, centre of Q is (0, 0)

\ % —4ap czzal1+m?

1+m?

\ y=mxz*av1l+m? isany tangent to the circle.

(i)  Point of contact — If (x, y1) is point of contact then tangent is xx; + yy,;—a’ = 0
comparing with mx -y + v/1+m”.a=0
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5.14

5.15

5.16

y=_2am . _ @
CoViemr T J1em?

am a O
J1+m? '\/1+m2é;

&
\ point of contact of this tangent is é T

Normal

The normal at any point of curve is perpendicular to the tangent at that point of
the curve. In case of circle all normals pass through the centre of the circle.
Therefore equation of the line joining point on circle to the centre of circle shall
given the equation of normal of that point.

Chord of contact

P (x4, Y1) is a point outside circle X’ + y* = a® PA and PB are tangents to the circle.
Point of contact are A and B. The line joining these point of contact is called chord
of contact with respect to point P.

Let Abe (X', y") and B(x”, y”). Tangents at these points are

xxtyy'=a® (1)

xx+yy'=at (2) N | S
Both pass through (x4, y1) ‘r

\ xx'=yy'=ad,  xX'yy'=a® (a) Plx,v.)

from equation (a) it is clear that (x’ , y’), (x”, y”) lie on Fig 10
XX, +yy; =&’
\ Equation of chord of contact of (xy, y1) W.I. to circle x* + y* = ais xx +yy; = a°

Pole and Polar

Fig 11(i) Fig 11(ii) Fig 11(iii)
In fig. 11(i), (ii) and (iii) point P has taken, inside, outside and on the circle
respectively. In every figure chords of circle AB and CD pass through P, or are

drawn from P. In every fig tangents have been drawn at the ends of these cards
and tangents meet at T, and T,.
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The polar of a point P with respect to a circle is the locus of point of intersection of
tangents drawn at the ends of those chords that pass through P.

(@) Infig (i) P is inside the circle, polar T, T, is outside the circle.
(b) Infig. (ii) P is outside the circle, polar T, T, is chord of contact of P.
(c) Infig. (iii) P is on the circle, polar is tangent at P.
The equation of polar of (X1, y1) is XX + yy; = a°
Point P is called pole of polar T,T.

Length of tangent :

Let circle be x* +y* +2 gx + 2fy + ¢ =0

Centreis (- g,-f),r=4/g* +f*- ¢

PT is tangent from point P (xy, y;) to this circle. CT shall
be perpendicular on PT.

\ PT2=pC®-r?

P(x,y.)
Fig 12

=(x, +gf +(y, +ff - g*- P +c
i.e. PT? =xi +y2 +2x,9+2y,f+c

i.e. if the equation of a circle is give such that all terms are on the L.H.S. and R.H.S.
is zero then to find the (length of tangent)? from a point P, substitute the point for
x and y and remove zero.

Power of a point with respect to a circle

If P, (x4, y1) is @ point on side the circle S = 0 and PAB is a secant meeting it in A
and B the PA. PB is called power of point P, with respect to the circle S =0 and you
know PA. PB = PT? where PT is tangent to the circle.

Properties of Polar :

1) If polar of a point P with respect to circle S = 0 passes through a point Q,
these polar of Q with respect to this circle shall pass through P.

2)  The chord of the circle is parallel to the polar of its mid point.
Let (h, k) be the mid point of a chord of circle
X +y*+2gx+2fy+c=0 L. (1)
Polar of (h,k)isxh+yk+g (x+h)+f(y+k)+c=0

eae @)

Slope of this polar = - T,
p p K+f g
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3)

Slope of line joining mid point (h, k) to the centre of circle ( g,- f) is :%f
g
But this line is perpendicular to the chord.
\ slope of chord = - 90 nich is (a)
Ek+f g

\' Chord is parallel to the polar of its mid point.

The line joining P to the centre is perpendicular to the polar of P. If G is point
of intersection of OP and polar of P then OP. OG = (radius)®.

Let x* + y* = a° be the circle and P(xy, y1)

Polar of Pis XXy + Yy = a°

Slope of polar = - % and slope of OP = Vi product of slope =-1
1 X3

\ OP is perpendicular to the polar of P.

(i) OP = \/x2 +y? and point of intersection of OP and polar of P is G.

\  OG is equal to perpendicular dropped from centre on polar of P.

aZ

2, .2
VX1 tYyp

\ OG=

P OP.0G = a’ = (radius)?
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Solved Examples

Example 30 : Find equation of tangent and normal of circle x* + y* — 2Ix = 0 at point
[I[(1tcosa),lsin a]

Sol.  Given circle X* + y* — 2Ix = 0, tangent at (xy, Y1) XX, + yy1 — I(x + x;) = O at
(1+cosa),Isina] x(I+Icosa)+ylsina- I(x+I+Icosa)=0

b xcosa +ysina =I(1+cosa)
(i) Normal, slope of tangent = cot a
slope of normal =tana
Equation (y—1Isin a)=tan a[x—1-1Icos a]
P ycosa - Isinacosa =xsina - Isina - Isinacosa
P xsina - ycosa =lIsina
Example 31: Find the equation of tangent to the circle (x -3)? + (y + 2)* = 25 which is
(a) inclined at 60° with x-axis
(b) equally inclined with axes.
Sol.: Anytangentto (x—3)°+(y+2)*=25isy+2=m (Xx—3) +5+/1+m?
(@) m=tan60°= /3, tangentisy+2= /3 (x—=3)+5.2
i.e.y-/3x=+10-3+3-2
(b) Equally inclined to axesmeansm=+1
\ tangenty+2=+(x—3)+5+2
Example 32 : For what value of k the straight line 4x + 3y + k = 0 is tangent to circle 2x° +
2y? =5,
Sol.: Circle x*+y? :g circle (0,0), r = +/5/2 straight line shall be tangent if A from

centre (0,0) on it is equal to radius of circle. Straight line is 4x + 3y + k=0

k [3 55

=2 pk=x22

+5 |2 L2

Example 33 : Find the equation of circle whose centre is (2,0) and are tangent to it is
\/§y- x-2=0.

\

Sol.:  +/3y- x- 2=0 is tangent

\ perpendicular from (2, 0) on it = radius of circle
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2

N3+1

\ Circleis (x-2)°+y*=1b x*+y*-4x+3=0

\ r=

Example 34 : Find equation of tangent to the circle x* + y* — 2x + 8y — 23 = 0 from
external point (8, -3).

Sol.: Circleis (x- 1) +(y+4)? =40= (2JE)2 .......... 1)

Any tangent is y +4 =m(x- 1)+2JI0V1+m? ... )
It passes though (8, -3).

\ -3+4=m(8- 1)+2v10.J1+m?

b (7m- 1)? =4o(m )2

P 9m?- 14m- 39=0

P (9m+13)m- 3)=0p mz-%;ands

Equation of tangent y+4 =- 1—93(x - 1)+24/10/1+169/81

b 9y +13x = +13- 36.+2/10+/250

b 9y +13x =77
and y +4=3(x- 1)+24/10/10
P y-3x=13

Example 35 : Show that y — x + /2 =0 is tangent to circle 3% + y* — 2x — 2y + 1 = 0. Find
point of contact as well.

Sol.: Equation ofcircle x* +y*-2x-2y+1=0 ... (1)
Its centre is (1, 1) and radius =1
Perpendicular from (1, 1) ony-x++2 =0 .. 2
p =% =1=radius
\ straight line is tangent to the circle. Let (xy, y1) be point of contact. Tangent at
(X1, Y1) is
XXy +YY; - (X% )- (y+y,)+1=0
b x( - 1)+yly, - )+@-x-y,)=0 (3)
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our line X +y+s2=0 . @)
. - Xg-1_y;-1 1-x-y
Comparing co-efficient =2——=21_— = 1”1
paring - 1 5

b X, +y; =2 and x, +y, (V2 +1)=+2 +1

. V2 +1 J2-1
Solving x=———, y=———
Y- B AN
&2 +1 «/519

\ point of contact is é

2 2

Other Method : The equation of straight line y = x -2 putting this value of y in the
equation of circle

x2+(x- \/E)Z 2x - 2(x- \/§)+1:O

b 2 - (a+2v2k+ (242 +3)=0

b (V2xf - 2421 +v2)+ (V2 +1f =0
=) [ﬁx (ﬁ+1) =0

Equation is perfect square. If shows that two values of x are coincident. Straight
line is tangent.

Point of contact x = (\/E +1)/ V2
®2+1 42-10

From straight line point is é

EAE

Example 36 : Show that the circle X’ +y* - 4x + 6y + 8 =0 and x* + y* — 10x - 6y + 14 = 0
touch each other. Find equation of tangent at this point.

Sol.

180

Givencircleare X’ +y*—4x+6y+8=0 ... (1)
Andx*+y*-10x-6y+14=0 ... (2)

Centres are (2, -5) and (5, 3) radii r; = +/5,r, =2+/5

\ Distance between centre = +/3% +36 = 3\/3

Nowri+r,=3 \/E = distance between centres

\ Circles touch each other, externally.

And S; — S, = common chord b 6x + 12y — 6 = 0 becomes tangent as it is
perpendicular on the line joining centres.
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\ Equation of common tangentsisx + 2y =r

Example 37 : Prove that there are two points on x — axis such that the tangents from
them to the circle x* + y* — 10x — 8y + 31 = 0 contain a right angle.

Sol. :

From P tangent to circle whose centre is C are PA and PB.D PAC = B PBC = 90°.
Given B APB =90°.

\ APBCisasquare b PA=AC=radius.

The point P is on x axis. Let it be (x;, 0) Length of
tangent from (x,, 0) = radius of circle.

\ X2 - 10x, +31:(\/25+16- 31)2 =10

b x?-10x,+21=0
b (x,- 7)(x,- 3)=0

\ (7,0)and (3, 0) are two such points.

Example 38 : Find pole of straight line 2x +y + 12 =0
with respect to circle x* +y? — 4x + 3y —1=0.

Sol. :

Equation of circle, X2+y?-4x+3y-1=0 .. (1)
Let (x4, y1) be the pole of 2xX+y+12=0 ... (2

\ polar is xx, +yy, - 2(x+xl)+§(y+yl)- 1=0

3, 3 5
P X(ts - 2+ Y0y +5)+ V- 2% 12=0 L. (3
%)

Equation (2) and (3) represent the same line
3 3

e 2:yl+§:§yl- 2%, -1
2 1 12
(i) (i) (iii)
\ from (i) and (ii) X,-2y,=5 .. (iv)
\ from (i) and (ii) 16x, - 3y, =22 . (v)

\ from (iv) and (v) X, =1y, =-2,pole=(1,- 2)

Example 39 : Prove that pole of straight line 5+% =1with respect to circle x?+y® =c? is
a

on a fixed line.

Sol.:  Equation of circle is X2+y2=c? (i)

181



Circle Math-Ordinate
Let the pole of straight line bxtay-ab=0 ... (i)

be(x,,y;)\ polar is XX, +Yy; - €2 =0 o, (iif)

(i) and (iii) are same line

a b ab
c? c? a
px:_’ :_’_1:_
SRPRR S x, b

i.e. (x,,y,) lies on the y zgx , afixed line.
Example 40 : Find the equation of the chord of circle x?+y?- 6x- 8y =24 whose mid-
pointis (-1,2).
Sol.  Equation of circle x?+y?- 6x- 8y-24=0
The chord should be parallel to the polar of its mid point. Polar of (-1,2) is
-X+2y-3(x-1)-4(y+2)=24

slope of polar is iz =2

\ Equation of thechord y- 2=-2(x+1)pb y+2x=0

Example 41 : If Polar of P with respect to circle x?+y?=a’ touches circle
(x- a)? +(y - b)?> =b?, then find the locus of P.

Sol:  Equation of circle X+y?=a (1)
Let P be (h,k), polar xh+yk-a?=0 . (2)
It touches circle (x- a)* +(y- b =b?
\ perpendicular from (a,b)onit=b
2
i,
b (ha+kb- af =b? (2 +k?)
Locus (ax+by- az)2 :bz(xz +y2)
Example 42: Find power of (3, 1) with respect to circle xX* +y* + 6x+y-8=0
Sol.: LetP be (3, 1)and PT be tangent to the given circle We have to find PT
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PT?=9+1+1+18-8=21
\ Power of P (3,1)is 21.

Example 43 : Find area of triangle formed by tangents and chord of contact of point (4,
5)w.r. to circle X’ +y? —6x + 4y + 4= 0.

Sol.  Equation Q x*+y” - 6x + 4y + 4 = 0 centre (3, —2) radius = 3 In fig. (14), PA and
PB are tangents from point P (4,5) on circle and AB is chord of contact.

Equation AB, 4x + 5y — 3(x +4) + 2(y +5) +4=0
X+7y+2=0

This straight line joining a centre C to point P is
perpendicular on AB and bisect AB. BD = AD

Area of DPBA = %AB.PD =BD.PD

PD=~ fromP on AB = 4+35+2= 4l
J50 52
- 14+
CD=~» fromConABz‘3 14 2|= 9
52 | 542
BDZ:BCZ-CDZ:rZ-CDZ:Q-ﬁzﬁ
50 50
area = 369, 41 _41v369 ‘3695q.unit.
V50 52 50

Example 44. OP and OQ are tangents from origin on circle x* + y* + 2gx + 2fy + ¢ = 0. Find
equation of circle circumscribing the quadrilateral OPCQ; C is centre of circle.

Sol.: Cis centre of circle (g, —f) and OP is tangent
\ CP~OPi.e. DOPC=90° b OCis diameter, O is origin
\ circleisx(x+g)+y(y+f)=0.

Example 45 : Find equation of circle which touches circle x* + y* + 6x — 6y + 17 = 0
externally, and to which the straight lines x* — 3xy — 3x + 9y = 0 are normals.

Sol.: Normals are x*—3xy —3x+9y =0
b (x- 3y)(x-3)=0
P x=3y andx=3

Point of intersection (3, 1) is centre of Q.
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Given circle is x* + y* — 6x + 6y — 17 = 0, Centre O, is (3, —3) and radius
r,=v9+9- 17 =1 04 is (3, 1); 0,0, =4, Circles touch externally\ 0,0,=4=1
+ribri=3
\ Circleis (x- 3) +(y- 1) =3
P x?+y?-6x-2y+1=0

Example 46 : Obtain the equation of straight lines passing through the point A(2, 0) and
making angle 45° with tangent at A of the circle (x + 2)? + (y — 3)* = 25. Find the equation

of circle, each of radius 3 and whose centres are on these lines at a distance of 5\/5
from A.

Sol.: Given circles is X* + y* + 4x — 6y — 12 = 0 tangent at
(2,0)
2x+2(x+2)-3y—-12=0 ... 1) \ L5
b 4x- 3y =8 (2) 45° tangent
Let equation of line through A be
y= m(x - 2) ------------- (3) Fig 15
Slope of tangent is 4/3.
\ tands=1=""4"3p 5 am=3m- 4p m=-7
4m
g

Slope of other line be + 1/7 as two lines are . Writing equation (3) as

Y X2 _iefp
sing cosq

shall give the co-ordinates of centre of circle which are at distance 5 V2 from
A(2,0)

\ x=45v2c0sq+2, y=+5/2sinq
L Sinq:i
V50 /50

\' centres are 5v2.& N LS (1,7) and -sign. (3,-7).
é

50 g J50

() Taking + sign, tang=-7pP cosq=-

(i) m -1 P sin !

1
= q =E,cosq :E
centre +sign (7 + 2, 1) i.e. (9, 1)
—sign (-5, -1)
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radius of all circles are 3.

\ Circlesare () (x+1f+(y- 77 =9
(ii) (x- 3 +(y- 7Y =9
(iii) (x- 9) +(y- 1) =9
(iv) (x+5) +(y+1f =9

Example 47 : The locus of point of intersection of tangents to the circle,x=acos q,y=a
sing at points whose parametric angles differ by p/3.1s...........

Sol.: Circle isx =acosq, y =asingpb x?+y? =a’. The parametric angles of two points
: p
differ by —.

y 3
Letthembe a, a+p/3

\ points (xcosa,ysina) and 8?(0056% +POysind + PR
e & 35 6 3y
tangentsare xcosa +ysina=a ... (1)
and xcos&a +EQ+ sinda +29=a ............ 2
& 35 y & 3 @
é p . _ . pu, é. p . pu
P xg0sacos—- sinasin—;,+yzsinacos—+cosasin—;
g 3 30 3 3H
é1 J3.oou ér . 3 U
P xg-cosa- —sinag+yg-sina+——cosag=a
¥ 2 0 & 2 i

p %(xcosa +ysina)- g(xsina- ycosa)=a

1. 43

b =a- 7(xsina - ycosa)=a from (1)

N

P xsina- ycosa =-

ML
Hy
w
N

Squaring and adding (1

~

and (3)
b 3(x* +y?) =4a

Example 48 : Find the locus of the centre of circle which touch x-axis and circle x* + y* —
6x — 6y + 14 externally.
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Sol.: Givencircle X’ +y*—6x—6y +14=0

Centre is (3,3), radius = 2

Circle which touches x — axis is x? +y? - 2ax- 2by+a®=0;r=b

The two circles touch externally\ r, +r, =0,0,

\ (a- 3 +(b- 3F =(2+b

Locus x* - 6x— 10y +14=0 ,
Example 49 : Origin (A) is the centre of circle C,
and its radius is 5¢cm. Circle C, and C; with radii 4
c¢cm and 3cm. Touch circle C; and also axis of x to /
the right of A. Find equation of any two common  « A©,0)

tangents to C, and Cs.

Sol.:  Centre of C, is (0, 0). Circles C, and C;
touch C; but do not touch each other.
They intersect.

_ Fig 16
\ Two direct common tangents are

possible.
Both touch x-axis P one common tangent is x-axis Itisy = 0.
B, Centre of C, ( 92- 16 ,4) ie. (\/ﬁ4)

BC produced meets x axis in P. Thus tangents are drawn from P.

4-3
——F—IX- +/55
NN RN
Puty =0, \ x=\/§-3(\/ﬁ-\/%)
=44/55 - 3./65 =1 (say)
\ Pis (I ,0). Equation of straight line through P is y =m(x-1 ); If it is tangent
then perpendicular from (\/@4) on it is equal to 4.
m(\65- 1 )- 4 _m(J/65 - 455 +365)- 4
1+m> 1+m?
b 4y1+m? :4[m(ﬁ- J%) 1]
b 1+m’ :m2[120- 10\/143]+1- 2(\65 - /55
P m=0 and mzz[ﬁ- \/%]/[119- 10\/E]

EquationBC y- 3=

\ 4=
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€ 2./65 - 4/ U
\ 2" tangentis y= éM X - (4w/55 - 3\/65)](,
£119- 104/143 B

Example 50 : If pole of a straight line with respect to circle x* + y* = ¢ is on circle

x* +y® = 9¢? then polar shall touch x* + y? = %cz_

Sol:  Let y=mx+c be a straight line and let (h.k) be the pole of this line with respect to
circle X’ +y* = ¢?.
\ polar is xh+yk=c?
pole (h,k) lies on the circle x* + y* = 9¢?
\ polaris h*+ k* = 9¢?

. 1
Polar shall touch circle x* +y? = 3 c¢?,

if perpendicular from its centre (0,0) on it = %

2
e, —— =S =9¢%= 22+ 1K)

Jh?+k? 3

i.e. (h*+k%=9c” which is given.

Thus polar touches x> +y? = % c?

Example 51 : a,b are constant and c variable. Prove that the pole of straight line

X . . . . o
- +% =1 with respect to circle x* +y* = ¢? lies on a fixed straight line.

a
Sol:  Givenstraight line bx+ay-ab=0 ... (1)
Let (h,k) be its pole with respect to x* + y* = ¢
\ polarishx+ky—>=0 ... (2)
2
from (1) and (2) =K =S
b a ab

b L. .
Locus x=—y, which is fixed line as a and b are constants.
a

Example 52 : Find pole of 2x+y+12=0 with respect to circle x* + y* —4x + 3y - 1= 0.
Sol:  Givencircle X +y*—4x+3y-1=0 ... (1)
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Given Straight line 2x+y+12=0 .. 2
Let (h,k) be the pole, then polar is

xh+yk-2(x+h)+ g (ytk)-1=0

x(h-2)+y(k+g) + (gk—Zh ~1)=0

comparing (2) and (3)

h-2_k+3/2 zgk' 2n-1

2 1 12

(i) (i) (i)
from (i) and (ii) h-2k=5
from (i) and (iii) 16h -3k =22

= h=1,k=-2
\ Pole of straight line is (1,-2).

Example 53 : Prove that polar of a given point with respect to circle X* + y* — 2kx + ¢*= 0
(k is a variable) always go through a fixed point irrespective of any value of k.

Sol: Givencircle  x*+y*-2kx+c¢®=0 ... (1)
Polar of (x1, y1) XX1 + YY1 — K(xxg) + ¢ =0
= XX1 +yy1 + 67 —K(x+xy) = 0

b P-1Q=0

\ The Polar always goes through the point of intersection of xx; + yy; + ¢ =0
and (x+x;) =0

2 2
xi-¢

. €
\' point & x,,

u
g Which is a fixed point.
e Yi

Example 54 : The line y=x touches the circle at P and OP = 442.0is the origin. The

point (-10,2) is inside the circle and the length of the chord x+y = 0 is 6+/2 . Find equation
of the circle. [IT 84

Sol: Letthecircle be x*+y?+2gx +2fy+c=0

Its centre is (-g, -f), radius = /g? +*- ¢
Given OP = 442
OP?=0C?-r? (c, centre)
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= 32= (gz+f2)- (gz+f2- c)zc
p c=32 (1)

and perpendicular from (-g, -f) on x-y = 0 is equal its radius.

\ -g+f=\/§\/m
g+ —2gf =29 + 2f° — 2¢
9>+ +2gf=2c
\ (g+f)? =2.32
p g+f=£8 L (2)

Length of Chord = 2 /r? - p?

Equationx+y=0

p = perpendicular from (-g, -f) Fig 17
- 9+t
T
2
\ o 6y2 =2 \/(gz+f2-c)-@
b 362=2 (207 +22- 2- ¢? - 2 - 2gf)
b 36= (g?+f- 20f)- 64
p g-f=+x20 L. (3)
from (2) and (3) g+f=+8and g- f=%10
i)++ g=9,f=-1 i) -- g=-9,f=1
i)-+ g=-1,f=9 i) +- g=1,f=-9

Since point (-10, 2) is inside the circle, centre of circle is (-9,1), r =5 V2
\ Equation (x+9)* +(y -1)* =82-32=50
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Practice Worksheet (Foundation Level) —5(c)
\ x=2,x=6,y=1,y=-3are tangents to a circle, find its equation
Find the equation of the tangent to the circle (x - 3)* +(y +2)* =25, inclined at
60° to x —axis.

Prove that 3x —y — 4 = 0 touches the circle x* + y* — 8x + 4y + 10 = 0. Find point of
contact.

Find equations of tangents to circle x* + y> — 6y = 0, which are equally inclined to
axes.

y? — 3x* = 0 are two normals of a circle and 3x + 4 +15 = 0 are two parallel
tangents. Find equation of circle.

Find equation of tangent of the circle x> + y* — 6x + 4y — 12 = 0 which are
perpendicular to 4x + 3y +5=0.

Find the angle between the tangents drawn at (4,3) and (3, 2) of the circle X* + y?
—7x -5y + 18 = 0. Also find point of intersection of these.

\/§y -x=0andy- V3x=0 are tangent to the circle. Find the locus of centres of
these circles.

In question 8, find the equation of circle whose radius is 4.

For what value of c¢ the straight lines 6x + 8y + ¢ = 0 shall touch the circle x* + y* =
4,

Straight line /3x +y =1 touches circle (x- 1Y +(y- 1)* =3/4, prove. Find point
of contact.

The vertices of an equilateral triangle are (0, 2) and (0, —2) and the third lies on
the positive side of x-axis. Find equation of its circum-circle.

The equation of a circle whose centre is at origin and which passes through the
vertices of an equilateral triangle, whose median is of length aiis ................
(.1.T. 92)

x +y = 1is chord of circle x* + y* = 4. Find equation of circle whose diameter is
this chord.

Find area of triangle formed by x-axis, normals and tangent at (\/5,1) of circle x®
+y? =4,

One end of a diameter of circle x* + y* —6x + 8y = 0 is (6, 0). Find other end.

Find number of common tangents to the circle x* +y? + 2x + 8y —23 =0 and x* -
y?—x-10y + 9 =0.
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18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

Find the condition that tangents from external point (x, y1) to the circle x* + y* =
a”include angle of 90°.

Find pole of straight line 9x + y — 28 = 0 with respect to the circle 2x* + 2y — 3x +
By—7=0.

3x + 4y-43 = 0 is tangent to the circle x* + y*~4x—6y-12 = 0. Find equation of
tangent parallel to it.

The centre of a circle is (a,b) and the circle goes through origin. The equation of
tangent at origin is:

(@) ax+by =0 (b) ax- by=0 (c) axtby=0 (d) ax+2by=0

If the straight line Ix +my +2 touches x? +y? =a?, then locus of (I, m) is

(a) alx2 +y?)=4 (b) 22(x2 +y2)=4
(c)axy =4 (d) a2(x- y?)=4
The pole of the line 2ax + by = a® with respect to circle x* + y* + 2ax = 0 is:
aa bo ad bo ®abg ea bo
a) ¢c—,—+ byc=-=-+ ()¢ === (d)¢-=,-=%
()g3 35 ()g3 35 ()g 3’3, ()e 373y
The polar of a point with respect to the circle x* + y* — 2kx + ¢ = 0; k1 R
(@ always passes through a fixed point
(b) lies outside the circle
(c) lies inside the circle
(d) is at a constant distance from the centre of circle

Circle X’ +y?—12x—3y—18and x* +y*+4x+ 9y + 18 =0
(a) touch each other (b) have one common tangent
(c) have three common tangents (d) radii are inthe ratioof 3: 1

The centres of two circles are (1, 1) and (4, 5) and their radii are 1 and 4. They
touch each other (i) point of contact is ............ prove (ii) equation of common
tangent is 3x + 4y = 12.

The polar of a point on the circle x* + y* = a® with respect to circle x* + y* = b?
touches the circle x* + y* = ¢ then a, b, care in

() A. P. (b) G.P. (c) H.P. d)a>b>c

If straight line y = x + /2 is tangent to the circle x? + y* — 2x =2y + 1 = 0 then
point of contact is
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(a)ae\/§+1 2-10 (b)ae\/§+1 V2+10

é 2 2 3 2 2 3
(C)aa/E-l V2+10 (d)aa/E-l V2-16

§VZ T 2 2
The locus of mid points of chord through (h, k) of the circle x* + y* = &’ is:
(@) x> +y?+xh+yk=0 (b) x*- y?- xh- yk=0
(c) X¥*+y?- xh- yk=0 (d) x*+y?+xy- yk=0

The equation of the circle of radius 3 which touches the circle x* + y* — 4x — 6y —
12 = 0internally at (5, 7) is 25(x* + y*) —230y — 160 x + 560 = 0 prove.

If the tangent at (1, —2) to the circle x* + y* = 5 touches the circle x* + y* — 8x + 6y
+20 =0, then point of contact on this circle is

@ (3 1) 0)(=3,-1) (©31) (d)@3,-1)

Distances from origins of centres of three circle are in G.P. Circles are x* + y* +
21 x-c*=0(l isavariable). Then length of tangents drawn from any point P
(on circle X + y? = ¢%) to these circles are in :

(@) A.P. (b) G.P. (c) H.P. (d) None of these

From origin chords of circle (x + 2)* + y* = 4 are drawn. Locus of their mid point
is:

(@)X +y*+2x=0 (b) X2 +y*+2y=0
) xX*+y*-2x=0 d)x*+y*-2y=0

The equation of circle which passes through (1, 2) and (3, 4) and whose one
tangentis 3x +y-3=01s

(@) x*+y*—8x—-2y+7=0 (b)x* +y* -4x-y+1=0
) X*+y*—6x—-4y+9=0 (d) none of these

The equation of the circle which passes through (-1, 3) and touch straight line x
ty=2and (x-y)=2is:

() x*+y*+6x-4=0 (b)x* +y*+8x—2=0

) x*-y*-10x=0 d) x> +y*-2x-12=0

Circles x* +y® + 2ax + ¢ = 0 and x* + y* + 2by + ¢ = 0 shall touch each other if :
1 1 1 1 1 1

a) —+—==— bh) —+—=—

()abc ()az b* ¢?
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(c)a_12+bi2:% (da~b=0
37. The equation of circle whose centre is (3, —1) and which cuts off a chord of 6¢cm.
Length on 2x -5y +18=0is:
() X* +y® — 6x + 2y — 20 =0 (b) x> +y*—6x+2y—-38=0
€) x> +y*—6x+2y—28=0 (d) x> +y*—6x+2y—-18=0
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Equation of pair of tangents drawn from an external point to the circle

If S=0 is circle x*+y? = a* and external point P is (x1, y1) then equation of pair of
tangents is SS’ = T?

Where S=(x2 +y?- az), s':(xi +y§ - az) and T=xx, +yy, - a2

Proof : Let (h, k) be any point on tangent from P (x;, y:) to the circle x* + y* — a? =
0 Equation of line joining (h, k) and (x4, y1) is

b X(k' Y1)' y(h' X1)+(hY1' kxl):o

since this line is tangent perpendicular from centre (0, 0) on it should be equal to
a.

hy, - kx,

\/(k' 3/1)2 - (h' X1)2

(hY1 kxl) azl_(k yl) (h Xl) J
b hz(yl )+k2 X5 - ) (Xl+y1)
=2hkx,y, - 2a’hx, - 2a’ky,
p hZ(Xi“LYi- az)+k2(xi+)@' az)- az(xi +y2- az)
=2hkx,y; - 2a’hx, - 2a’ky; +h’x; +k°y; +a’
(h2 +k* - )(Xl +Ys - ) (hxl +ky, - @ )2

\ Locus (x +y%- )(x1 +yr-a ) (xx1 +yy, - az)2
.85 =T

i.e. =+a

Common tangents

In the fig. below the two circles do not intersect. 0,0, > (r; + r;) four common
tangents are possible, two direct common tangents and two transverse
tangents. In this figure, direct common tangents have been drawn.

AB and CD are direct common tangents. A and B are point of contacts on two
circles O;A and O,B are radii perpendicular to tangent.

Ds O;AP and O,BP are similar.

% :r—l(rl >r,) i.e. P divides the line of centre of two circles 0,0, externally
2 r2

in the ratio of ry : 5.

\
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5.22

5.23

Fig 18

Given two circles, find P on the line of centres which divides externally 0,0, in
the ratio of ry : r, (ry, > rp). Through P (xy, y1) take a line y —y; = m (x —xy). Drop
perpendicular on it from centre of a circle and equate it equal to radius of that
circle. m shall be determined It shall give two values of m and so two common
tangents.

Transverse Tangents

AB and CD are transverse tangents, a
transverse tangent cuts the line of centres
in P. From similar triangles O,CP and O,DP
it is clear that P divides the line of centres
internally in the ratio of r; : r,. Rest
process is the same.

Fig 19

Angle of intersection of two curves

The slope of a curve of any point is equal to the slope of tangent at that point. In
Fig 20 curves c; and c; intersect in P. Tangents

to the curves at P are PT; and PT,. They include S 2 1

angleq.

C1
This is the angle of intersection of the two

curves.

() Given two curve, first find the point of
intersection of the two curves.

(i) Find value of % for both curves at this Fig 20
point. It gives m; and m,.
(i)  Apply formula tang=—t1"M2.
1+mm,
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Solved Examples

Example 55 : Find common tangents of circles x> + y* — 2x — 6y + 9= 0, X* + y> + 6x — 2y +
1=0.

Sol.: Circlel, x*+y*-2x—6y+9=0
Oy, centre(1,3),r, =1
Circle Il X2 +y*+6x-2y+1=0,

O,centreis(-3,1);r,=3;
010,= V42 +4 =25 > (1, +1,)

(b) Direct Tangents : Let P divide 0,0, in the ratio of 3 : 1 externally,
01(1,3), 02(-3,1),

3+3 9-1
\ X, =——=3, y;=——=4, PG4
17371 Y1 5 (3.4)
any straight line through P is y — 4 = m(x — 3) perpendicular from centre (1,3) on

it.
3-m+3m-4_ 2m-1

V1+m? - \J1+m?

P m=0,m=4/3.

=1b 3m?- 4m=0

() m =0, tangentisy—-4=0
(ii) m = 4/3 tangentisy —4 = %(x- 3)b 3y- 4x=0

(b) Transverse Tangents : Let P divide O,0; in the ratio of 3 : 1 internally,

Straight line through (x2, y») vy - g =mx

Perpendicular from centre (1, 3) onitis 1

5
3-—-m
&-2mo
\2—:1 b ___1
+414+m? 8 (+m)

1- Am+4m?=4+4m?*b -4m=3,m=a

\ tangents y- gz- %xb 4y +3x =10 and x = 0.

196



Math-Ordinate

Circle

Example 56 : Find angle between the tangents drawn from origin to the circle x* + y* + 20
(x +y) +20 =0.

Sol. :

Equation of circle x* + y? + 20 (x +y) +20 =0

Tangents are SS’ = T

(< +y? +20x +20y +20)(0 +20) = (x.0 +y.0 +10x + 10y +20)?
b 20( +y? +20x+20y +20) = 10% (x +y +2)°

b (x2 +y? +20x +20y +20)=5(x +y +2)°

b 4x* +10xy +4y* =0b x*+5/2xy+y* =0

\ tangq=——"— “ \/76 2

1+1

\ g=tan’ 18519

Example 57. Find angle of intersection of the curve x* + 2y* =4 and x*+ y* — 4x — 2 = 0.

Sol. :

From circle xX* +y*—4x-2=0

Yo ==X +4ax+2

\ from other curve x> +2(- x> +4x+2)-4=0

b x?-8x=0 b x=0,x=8.

()x=0,y= +/2 (ii) y= v/- 30 , x = 8 imaginary
\ points of intersection are (0, +/2), (0, - v2)

a2 =ap W= X a0, v2)m, =
dx 2y

X2 +y? - 4x=2b :y 27X 4t (0, 2), mp= 42
X

y
Mzﬁb q=tan'1(\/§)

\ tang=
1+mm, 1

Example 58 : Find angle of intersection of circles x* +y? = 4, x* +y* —4x -6y - 3=0

Sol. :

Circle X + y* = 4, centre (0, 0), r; = 2 circles X + y? o
=4, x*+y* - 4x - 6y-3 =0, centre (2, 3), r,=4 N
P is point of intersection of circles. Radius O;P is

A on tangent at P to circle | O,P is also  to
tangent at P of circle Il. 0,(2,3)

r

0,(0,0)
Fig 21
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\ Angle of intersection =0,P0, = q

rZ+r7-d° _4+16-13 _ 7
and cos q = =—
2nr, 224 16

\ g=cos*(7/16)

Example 59. Straight line AB is divided at C such that AC = 3CB. Circles are described on
AC and CB as diameter. A common direct tangent EF meets AB produced in D. Show that
BD is equal to radius of smaller circle.

Fig 22
Sol.: Infig. 22. DsO,ED and O,FD are similar triangle

\ 0,0=30,D

b (0,8+BD)=3(0,B+BD)

b 5r+BD=3(r+BD)b BD=r
Example 60: Find common tangents of circles x* + y* —2x = 0 and x* + y* + 8x = 0.
Sol.:  Centres O, (1,0), 0, (-4,0)

Radiir; =1 r,=4

ri+r,=5 and 0; 0, =5

Circles touch each other externally, 3 tangents; one tangent is S; — S, =0
P x=0 (y-axis)

Let P divide 0,0, in the ratioof 4:1
Externally i.e.(-4,0),(1,0)

+
X=——=—andy=0
4 3 y

straight line through $§ ,09 isy=m (x —§)
e3 o 3

P 3y- 3mx+8m=0
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perpendicular from (1, 0) on it is equal to 1

-m+8/3m

\ ZESPM g b o5 =91 +m2)p m=+3/4

V1+m?
& 80

3
\ common tangentsare y =+-¢X- —+
4¢é 3g

i.e. 4y- 3x+8=0, and 4y+3x- 8=0.

Example 61: PA and PB are tangents from P(4, 2) to circle x* + y* = &”. Find equation of
circumcircle of triangle PAB.

Sol. :

AB is chord of contact of point P(4, 2) circle is x> + y* = a°

\ Equation AB, 4x + 2y = a

This will be common chord of given circle and required circle.

\ Required Q is (X +y*—a’)+ | (4x+2y-a?)=0

If passes through (4,2) \ 20- a* +I (20
\ Circumcircleis x* +y? —a’ —4x -2y + a

P x*+y?- 4x-2y=0

-a)p | =-1
2-0

Example 62 : Two circles pass through points (a, 5a) and (4a, a) and touch y-axis as well.
Find angle of intersection of these circles.

Sol. :

Let Q be x> +y?+2gx + 2fy +c =0,
It touches y axis \ c=f?

\ circleis x* +y? +2gx +2fy +f> =0
It passes through (a, 5a) and (4a, a)
\ f2+10af +2ag +26a° =0

f2+2af +8ag+17a° =0

eliminating g from (2) and (3)

3f* +38af +27a° =0

b (3f+29a)(f+3a)=0

\ f=-29/3 and f, =-3a

from (2) and (3). g, :%a, g, =- %
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Differentiating the circle equation w.r to x

2x+2y2:y +2g +2f. :y =
X

Dﬂz goat(a 5a) m l:-ﬁ
dx gy““fz

and for (gp, f,) m, =3/4

187

3/4+—
\ tanqg g4 _ 1000__ 40
_ 961 225 9

336

for acute angle g=tan’ 18@9

9¢g

Example 63 : Two parallel tangents to a given circle are 00) /
cut by a third tangent at P and Q. If C is centre of circle

then show that BPCQ =90°. ¥

Sol.: Letthecircle be x*+y*=a’ .
Tangents at (a, 0) and (-a, 0) arey=a

andy=-a

(-a,0) / Q

Let third tangent be xcosa +ysina =a Fig 23

_¢ga(l-sina) 0
\ Pis x>/ 52
& cosa H

ga(1+sina) U

Qisé cosa ' H

é acosa - acosa u
Slope of CP x slope of C ’ /
P pe ofCQ= &a(1- sina) (1+sina)l

- cos’a
cos’a

=-1\ DPCQ =90°

Example 64 : Consider curve ax® + 2hxy + by’ = 1 and point P not on the curve. A line
drawn from P intersects the curve in Q and R. If the product PQ. PR is independent of the
slope of line, then show that the curve is a circle.

Sol.: Equation of curve ax* + 2hxy + by* = 1
Let P be (0, 0), a point not on the curve

Let straight line through P be y = mx.
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\ from curve ax?+2hmx®+bm?x?=1

\ X2 = ;2 b x=4+ !

a+2hm-+bm Ja+2hm +bm?

m

i—
vJa+2hm+bm?

1+
LetQ(xl,yl) \ PQ \/X1+yl m

Straightliney =mx\ y=

a+2hm+bm?
Rbe (oys) | PR=(XEayZ = | 1FM
2 Y2 2 1Y 2+ 2hm +bm?
As (-)?=
1+m? . o
PQ. PR= ————— and according to question it is free from m (slope) P a
a+2hm+bm

+ 2hm + bm? should be divisible by 1+ m?\ h=0anda=b
i.e. curve a(x*+y?) =1i.e.circle.

Example 65 : Find area of triangle formed by tangents from (x, y;) to circle X + y* = &

and its chord of contact.

Sol.:  Equation of circle x* + y* = &’ equation
chord of contact of (x4, y1)

— a2
XX +yy, =a

In the fig. AB is chord of contact
from P on AB is PD, from O is OD.

Fig 24

2 2

2 2
pp="1"Y1"% op=— 2
\/X1+Y1 \/X1+y1
a' _az(xf+yf-a2)

2 2= 2 2
X1tYy1 X1tYy1

/2
area DPAB=1ABPD=ADPD=a /Xl+yl & Xty - @ :a(xf““yf' &
2 2+Y1 \/xi+y§ Xi +yi

Example 66 : Find locus of foot of perpendicular from origin upon and chord of circle x* +
y? + 2gx + 2fy + ¢ = 0 which subtends an angle of 90° at origin.

AD*=A0?- OD?* =&’ -

Sol.: Givencircleisx*+y?+2gx+2fy+c=0 ... (1)
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202

homogeneous with the help of this straight line equation.

x? +y? +2gx(ax +by) + 2fy(ax + by) + c(ax +by)* =0 This is combined equation of
straight line joining origin with the points of intersection of circle and straight

line these include angle 90°.

\ co-efficient of x* + co-efficient of y>=0
\ 1+2ga+ca’+1+2fb+b’c=0

p 2+2(ga+fb)+c(a2 +b2)=0

Line perpendicular from origin on chord is

Putting these value of and b in (2)

X2 +y2

b +y2f

& X 0 y
2+2 =+2f.
Beyy Xy

+C =0
b 2 +y? )+ 2gx+2fy +c =0

b x*+y? +gx+fy+%=0

Math-Ordinate
Let ax + by = 1 be any chord which subtend a right angle at origin. Making (1)
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14.

15.

16.

Practice Worksheet (Foundation Level) —5(d)

Find direct and transverse common tangents of circles X’ + y-2x = 0 and X% + y* +
8x=0. Do the circle touch each other?

Find common tangents of circles x> +y?= 9 and x* +y? — 2(x+/3 +y ) + 3= 0.

Prove that common tangents of circles X* + y* + 2x = 0 and X* + y* — 6x = 0 form an
equilateral triangle.

Find locus of mid points of chord of circle X + y* — 4x — 6y — 12 = 0 drawn from a
point (6, 6) on it.

Find the locus of the point, tangents from which to circle x* + y> — 6x + 8y = 0
include an angle of 60.

Find condition that two circles X* + y* + 2g:x + 2fyy = 0 and x° + y? + 20X + 2fy = 0
touch each other.

From point P(-a, b) tangents PA, PB are drawn to circle x* + y> = a* (b>a); find
equation of circum circle of triangle PAB.

Find equation of circle that lies in third quadrant and touches straight lines y —
V3x=0and +/3y- x=0 and is of radius 5.

Circles X2 + (y—a)?> =a?and (x— 2+/ab )2+ (y — b)? = b? touch.

(a) x—axis (b) y-axis (c) one-another

If circle X* +y? = 2 and x* + y* —6x — 6y + 10 = 0 touch each other then find equation
of common tangent and point of contact.

A circle cuts intercepts of 2p and 2qg on x and y axes respectively. Find locus of its
centre.

Circles go through points (a, 0) and (-a, 0). Prove that these circles intersect the
circle x* + y*+ px + a* = 0 (for all values of p) at an angle of p/2.

From point (3, 4) chord of circle X* + y* — 4x — 6y — 7 = 0 are drawn. Find locus of
mid points of these chords.

C, and C, are two concentric circles and radius of C, is twice that of C;. From a
point P on C, tangents PA and PB are drawn to C;. The centroid of DPAB lies on

(@) Cy (b) InsideC;  (c)outside C  (d) none of these

Side of a regular hexagon is 4cm. Circles have been inscribed and circumscribed.
Sum of their radii are:

@2(v3+3)  ®2(3+2) ©2(3+4) (@)2(s-3)

Straight line x +y + a = 0 is tangent to circle x* + y* — 4x — 2y — 3 = 0 and is chord of
length 8 of its concentric circle C,. The equation of C, is :
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(@) x> +y?- 4x-2y-19=0 (b) 2x? +2y? - 8x- 4y- 19=0
(C) X*+y?- 4x-2y-25=0 (d) 2x2 +2y? - 8x- 4y-21=0
2x—-y=1and 3x —y = 3 are two normals of a circle and 3x + 4y — 3 =0 is tangent to

it. Equation of circle is :

(@) X’ +y? —6x—4y + 12 =0 (b) X* +y?—4x -6y +4=0

) x> +y* +6x—-4y+4=0 d) x> +y*+4x+6y+9=0

AB is fixed base of triangle ABC. If C moves such that CA =2 CB, then locus of C is :
(@) an ellipse (b) arc of circle

(c) a straight line (d) circle.
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5.24

Orthogonal Circles :

When two circle intersect each other at right angle these circles are called
orthogonal circles.

You have seen that angle of intersection
between two circles, q is given by.

2 2 2
r+r -d

cosq=
anr,

where d is distance between two centres O; Fig 25
and O,.

At points of intersection P, angle between two curves is angle between the
tangents to two curves at this point. Radii of circles are perpendicular to these
tangents so angle between radii is equal to angle between tangents, hence
2 2 2
ry+r,-d
cosq= 12 =
no

;q=90"P rf+r; - d*=0

b r7+r; =d® Ifcircles are

x> +y* +2g9,x+2fy+c, =0 and x* +y* +2g,x +2f,y+c, =0
then (gi +f7 - Cl)+(g§ +f; - Cz): (9:~9,f +(f,~ %)

b -c,+c, =-29,9, - 2f,1,

\ 2(9192 +f1fz) =C, +C,

This is the condition for the two curves to intersect orthogonally.
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Solved Examples

Example 67: Two circles pass through (0, a) and (0, —a) and touch the line y = mx +c.
Prove that these will intersect orthogonally if ¢ = a* (2 + m?).

Sol.: Letthecircles be x* +y?+2gx + 2fy +c=0
_(0,a) a’+2fatc=0fl =0
Point Y )
(0.,-a) a2-2fa+c:0% c=-a

Now circle is x* +y? + 2gx—a°=0

It shall touch y = mx +c, if perpendicular from (-g, 0) on it is equal to

T o=

-mg*e_, /gz+a2

1+m?

b

:

b (c- mg) =(1 +m2)(g2 +a2)

P g%+2mcg +a2(1+m2)- ¢®=0

the equation gives two values of g; g; and g,

0102 = @°(1 + m?) - ¢?

circles x*+y?+2g:x—-a®=0,  x°+y®+2g,x —a’ =0 shall intersect orthogonally if
2[0:9, +0]=-a°-a°
2[a*(1 + m?) - ¢’] = - 2a°
a’(l+m?=c?-a’
c¢=a’2+m?

Example 68 : Two circles cut orthogonally. Prove that polar of any point P on first circle

with respect to the other circle shall pass through the other end of diameter of first
circle through P.

Sol: Letcirclesbe x*+y?=a’ (1)
and X +y*+2g9x+2fy+¢c=0 ..(2)
Polar of P(xy,y1) with respect to circle (2) is
XXy + YY1+ g(X +Xq) +f(y +x) +c=0 (3)
P(x1,y1) is on circle X + y* = a®. The other end of diameter of circle (1) through P
IS (-X1,-Y1)-
Putting this value in equation of polar
- X5 - yi+9.0+f.0+c=0
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b x{+y; =c -(4)
Circles cut orthogonally
\ 2(g.0+f.0)=c-a’
b c=a’\ Eqn(4)is b xi+yi=a’
\ polar passes through the other end of diameter through P.
Example 69 : Two circles are S=0 and S’=0 and their radius are r and r’. Show that circles

S + i =0 will intersect orthogonally.
rr

Sol:  Letcentre of two circles be (a,0) and (-a,0)
\ S=0is (x-a)+y*=r
\ S=0is (x+a)’+y*=r?

Now §ii:O P r'S+Sr=0

rr
r'(x*+y? - 2ax+a’ - r)+r(x? +y* +2ax+a’- r?)+ =0
"+ (X% +y? +a2)- 2ax(r'- r)+rr'(r +r')=0

b x> +y?- 2axr;rl+a2- m=0 1)
r+r

and similarly S EI:O shall give
rr

X2 +y° - 2ax€e—.+ r 9+ Z+xr'=0 e )
er-rg
ar'-r) a(r'+r)
Now g, =- =/ g, = i =1=0
91 r+r 9 r-r 't 2

c,=a’-rr', c,=a -+
Now 2[99, +f5,] =2} +0]=2a
And ¢, +c, =a* - rr'+a’® +rr'=2a’
\ 20,9, +ff]=c, +c, \ Circles cut orthogonally.

Example 70 : Find equation of circle which passes through (2, 5) and cuts circles x* + y* —
9x + 14 = 0 and x* + y* + 15x + 14 = 0 orthogonally.

Sol.: Letthecirclebex®*+y?+2gx+2fy+c=0 ... (1)
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Givencircles x*+y*—9x+14=0
X*+y*+15x+14=0

Circle (1) cuts Circles (2) and (3) orthogonally.

é 9
28 0.2 +0Y=c+14b -9g=c+14
g 927y J
é15 U
and 2x—qg+0_
82 97y

and these giveng=0,c=-14

=c+14p 15g=c+14

Circle passes through (2, 5)

\ 4+25+4g+10f+c=0
P 29+0+10f-14=0p f=-3/2

\ Qis X¥*+y*—3y-14=0

Math-Ordinate
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5.25

5.26

Radical axis

The locus of point, tangents from which to the two circles are equal is called
radical axes of the two circles.

IfS1=0, X2 +y2 + 201X + 2fy + ¢, = 0
AndS,=0 X* +y% + 20X+ 2f, y + ¢, =0

Be two circles. Let P(h, k) be the point, tangent from which the two circles are
equal.

i.e. PT,=PT, P (PT,)’ = (PTo)?

h® +k? +2g,h+2fk +c, =h® +k* +2g,h+2fk +c,
b 2h(g, - g,)+2k(f, - f,)+c,- ¢, =0

Locus 2x(g; - 9,)+2y(f, - f,)+¢,- ¢, =0
Thisisclearly S; —S,=0

This is also the equation of common chord, when circles intersect. Thus in case
of circles intersecting each other common chord is radial axis.

If circles touch each other externally then common tangent at this point is the
radical axis of two circles.

Radical Centre

The radical axes of three circles, taken two at a time, meet at one point. This
point is called radical centre. Length of tangent from this point of the three
circles is equal. Let circlesbe S; =0, S, =0, S3=0.

Radical axes  ofS;,S,R;=S5,-S5,=0 ... (1)
OfSQ,SgRQ:SQ—SQ,:O ........... (2)
OfS'g,, S1R3=S;-5=0 ... (3)

Adding Ry + R, + R3 = 0 i.e. radical axes are concurrent.

Note : If S; = 0 is a circle and L = 0 straight line intersecting it. Then S; + | L=0
shall give all circles for different value of | (all numerical) that have the same
radical axisL=10

209



Circle Math-Ordinate
Solved Examples

Example 71 : Prove that the locus of the centre of a circle which cuts two given circles
orthogonally, is the radical axis of these circles.

Sol.: Letthe circles be Xy +20:X+ 2y +C=0 o, (1)
Xy 420X+ 2fy+C =0 (2)
andcircle x—h)*+(y—-k)?=a®> .. (3)

cuts them orthogonally

\ 2, (- )+, (- K)=c, +h? +K? - @]

and 2[g,(- h)+f,(- k)| =c, +h? +k? - a2

on substracting 2h(g, - g,)+2k(f, - ,)=c,- ¢,
\ Locus of centre of circle (3) is

2x(g, - 9,)+2y(f, - f,)+c,- ¢, =0

Which is radical axis of first two circles.

Example 72 : Find radical centre of circle

3x% +3y? +4x- 6y- 1=0,2x* +2y%- 3x- 2y- 4 =0 and 2x* +2y*- x+y- 1=0

Sol.: Circle x2+y2+ix-2y-lzo .............. (1)
3 3

x2+y2-gx-y-2=0 .............. (2)

X2 +y? - x+§x-—:0 .............. (3)

Radical axis of (1) or (2) &+ 3. (2- 1)y- L+2=0
e3 2g 3

P 17x- 6y+10=0 .. 4)
Radical axes of (2) or (3) 2x+3y+3=0 e (5)
Solving (4) and (5)
X:_E@Qy:_g@_lé \ Radical centre = aeE 29
e2lg €63 g e 21 63g

Example 73 : From a point P, tangents are drawn to three circles x* +y* +x -3 = 0, 3x° +
3y? + 5x + 3y= 0 and 4x* + 4y* + 8x + 7y + 9 = 0 are of equal length. Find equation of circle
through P which touches x + y =5 at (6, -1) (R-1992)
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Sol.: Circlesare  x*+y*+x-3=0 ... (1)
x2+y2+%x+y:0 ........... 2)
7 9
Xy +2x+ —y+—=0 ... 3
y PR 3)

Point P is radical centre of these circles.

2 _al
9)- @) §x+y+3—0 i Solving
Ye=0y=.x2
7 21 ?x=0,y=-3;P(0,-3)
3)- (1 +—y+—=0!
3-@ X+oy+, b

Let circle be x* +y* + 2gx + 2fy + ¢ =0

It passes through (0, —-3) and (6, 1)

\ 9-6f+c=0,and37+12g-2f+c=0.

Subtracting 129 +4f+28=0pb 3g+f+7=0

x+y=>5touchesat(6,-2) . (a)

tangent at (6, -1) 6x—-y+g(x+6)+fy—1)+c=0
x(6+g)+y(f-1)+6g- f+c=0

Giventangent x +y-5=0

6+g f-1_ 6g-f+c
1 1 -5

\ 6+g=f-1p g-f=-7 .. (b)
solving (a)and (b) g=-7/2,f=7/2

\

and -30- 5g=6g- f+c
\ ¢=-30-11g+f
:-30+E+Z:12
2 2
\ Circleis X2 +y?- Tx+7y+12=0

Example 74 : Find locus of a point, whose shortest distance from circle x* + y* — 2x + 6y —
6 =0 is equal to distance from straight linex-3=0

Sol.: Shortest distance of a point from circle is its distance from centre of circle -
radius of circle

Given circle X’ +y*—2x+ 6y —6=0
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Center (1,-3), r = 4. Let point be (h, k) Its distance fromx—-3=0is h+—13

+1

V- 17 +(c+3p

Its distance from centre of Q is

\ from the condition given.

N

\ (h- 17 +(k+3F =(h+1F or (- h+7)
k?- 4h+6k+9=0 or k> +6k+12h- 39=0

\ Locus y*- 4x+6y+9=0 or y*+12x+6y- 39=0

Example 75 : The circle x* + y* = 1 cuts x-axis in P and Q. Another circle with centre Q and
Variable radius cuts the first circle in R above x-axis and the line segment PQ is S. Find
max area of DQSR .

Sol. :

212

Circleisx*+y*=1 ..., (1)
Centre (0,0),r=1

\ P(-1,0),Q(,0) >
Equation of Q with centre Q and radiusr is bL0) Qo)

(x- 1P +y2=r* ... ) ’ °
R is point of intersection of these two circles

2
_ox=r-2p x=22" Fig 26

4- A% +r* 4t -1t

and y?=1- x*=1-
4 4

\'y :£V4 - r? +sign taken as R is above x-axis.

1 23] 20
Area DRSQ ==.SQ.c—vV4-r" =
Q > ng -

sQ=r \ Area Az%r2 4-r2

dA _1¢é (- 2r) u_r(g- 3r2)
—r—Z.QZr\M-rZ.- 0=
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. dA
for maximum area d_ =0.
r

\ 3r’-8=0P r=,/8/3

%4/4- 8/3 =¥ s units.

Example 76 :  5x + 12y — 10 =0 and 5x — 12y — 40 = 0 touch circle C, of diameter 6 units
and which lies in 1% guadrant. Find equation of circle C, which is concentric with C, and

\ A=

NI

cuts intercepts of 8 on these lines. (.1.T. 86)
Sol.:  Centre of circle shall lies on the angle bisectors of straight line 5x + 12y —10 =0
and 5x—12y =40
. 5x+12y- 10 _ , 5x-12y- 40
i.e.on =%
13 13

(i) +sign. 24y +30=0; y=- % rejected, not in 1% quadrant. (i) —sign
10x =50, x = 5.
\ Centre of circle is (5, | ), Radius = 3 given.
Perpendicular from centre on 5x + 12y — 10 =0 equal to 3
b 25+12] - 10=+(13.3)=%39

Pl =2orl =- —4:% rejected not in 1% quadrant C’ - centre is (5, 2)
circle Cyis (x—5)* + (y—2)*=3°
P x?+y?- 10x- 4y+20=0

Circle ¢, is concentric P x?+y?- 10x- 4y+| =0. If p is perpendicular from
centre on chord.

_25+24-10 _

5x+12y- 10=0 then p 13

3

% of length of chord is 4

\ rP=42+32 =5
\ circle cyis (x- 5F +(y- 2)° =5°

X2 +y?-10x- 4y+4=0
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Example 77 : AB is diameter of a circle. CD is the chord of circle parallel to AB and equal
to half of it. The tangent at B meets the line AC produced in E Then AE/AB =

(@) 1.5 (b)1.0 (c)2.0 (d)2.5
Sol.: LetAbe (a,0),B(-a, 0)

P r=a;CD=a;LD=a/2

e

\ OL=,/a

2

5
\ Cis ?,ﬁaj
2 2 4
Tangentat b isx=—a ... (1)

D L
Equation ACis y = \/EIZa(X - a)

~-a
2

B(-a,0) 0 \ A(a,0)

y+43(x-a)=0 ... )
E is point of intersection of (1) and (2) Fig 27

(— a,2\/§a)

\ AE=+/4a®+12a’ =4a and AB = 2a
\ AE/AB=2.0=2

Example 78 : Find equation of circle which passes through (2, 8) and touches the lines 4x
—3y—-24=0, 4x + 3y — 42 = 0 and whose abscissa of centre is < 8.

Sol.:  Centre of circle shall lie on angle bisector of 4x — 3y —24 =0, 4x + 3y—-42=0
i.e.on (4x—-3y—-24)=+ (4 x+3y)-42
(1) +sign y=+3 (i) —sign x = 33/4
abscissa of centre is< 8 \ x=33/4 is
rejected. Now centre is (I ,3)
radius = perpendicular from (1 ,3)on4x—3y—-24=0

_M-9-24 41 -33
+5 +5

: Circle goes through (2, 8)
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(41 - 33f
25
P 912+164l - 364=0P (I - 2)(9 +182)=0

\ (2-1y+5%=r’=

| =2,r=5 Circlesis (x- 2 +(y- 3 =25
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Practice Worksheet (Foundation Level) —5 (e)

From a point tangents are drawn to circle X’ +y? =1, x* +y* + 8x + 15 = 0 and x* + y°
+ 10y+24=0. Find the point if they are of equal length.

Find radical centre of circles X’ +y? + 4x =7 =0, 2x* + 2y* +3x + 5y —9 =0 and X* +
2
y"+y=0

Find the equation of the circle which goes through (2a, 0) and whose radical axis
with circle x> +y? = a?is x :g

Find equation of circle which intersects circles x* + y* = &%, x* + (y — b)? = a% and (x—
c)? +y? = a’ orthogonally.

The triangle OAB is right angled triangle at O and lies in the first quadrant. Squares
OALM on side OA, OBPQ on side OB are constricted externally. The point of
intersection of lines AP and BL lies on

(@ angle bisector of B AOB

(b) on line joining mid point of AB with O
() on the altitude through O

(d) none of these

The equation of the circle which touches circle X + y* — 6x + 6y + 9 = 0 externally
and to which lines x* — 3xy — 3x + 9y = 0 are normals is:

(@) (x=3y+(y+1)’=1 (b) (x=3)°+(y-1)°=9
(€) (x=3)"+(y-1)*=1 (d) (x+3)°+(y+1)°=9

A circle touches x — axis and the line 4x — 3y + 4 = 0. The centre of circle lies in 3“
qguadrant in x—y = 1. Then centre of circle is :

&2 -50 el 49
(@) (-2,3) (b)(-3,-4) (0 €373, (d) -

Point a point on the circumference of a circle of radius r. Chord RQ is parallel to
the tangent at P. Max. area of DPRQ is

3 33 33
a) 2r° b) =r? c) ——r? d) ==r?
(a) (b) > (©) 5 (d) 2
The pole of straight line %+% =1 with respect to circle x* + y* = a> moves along
(@) acircle (b) a straight line
(c) parabola (d) no curve
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

The radical centre of circles (x — 2)*+ (y — 3)* = 16; (x + 1)* + (y —4)* = 36 and (x — 4)?
+y?=9is:

Three circles with centres (6,5), (6,2) and (10, 5) and radii 1, 2 and 3 respectively
touch each other externally. Their radical centre is :

(@) (4, 7) (b) (4,5) © (7. 4) (d) (5, 4)

p, g are radii of two concentric circles p > g. AB is tangent to the second circle and
chord of first circle. Then AB =

(@)4pq (b) 4q(2p -q) (c) 4a(p+q) (d) p* +0°
The circle x* + y* — 4x — 6y — 12 = 0 cuts on intercepts AB on x-axis. The area of
triangle formed by tangentsat Aand B is :
(@ 32 squnits  (b) %sq units (c) % squnit (d) 8 sq unit
3 3 5 5
From a point A (0, 3) on circle X’ + y* — 4x — 6y + 9 = 0 a chord AB is drawn BA is
extended outward upto M. If AM =2 AB. Then locus of M is :
(@) x*+y*—8x—6y+9=0 (b)x* +y*+8x -8y +15=0
€)X +y*+8x—6y+9=0 (d)x*+y*-8x+6y+15=0

Line I x+y=1 and x + 3y — 5 = 0 meet axes in A and B; and C and D. If
quadrilateral ABCD is concyclic then | =

1
(@)3 (b)-3 © 3 (d)-2
If circle Cy, X* + y2 = 23 intersects another circle C, of radius 8, in such a manner
that common chord is of maximum length and has slope 4/5. The centre of C, is :
() (-4,5) (b) (4,-5) ©4-5  (d“45)

The centres of two circles C; and C; lie ony =4; ¢, is X2 + y2 — 8y = 0. Common
chord of ¢; and ¢, subtend supplementary any angles at the centre of two circles. If
chord subtends angle of 60° at C4, find equation of C,.

Find equation of the circle which passes through (2, 1) and which touches the
circlexX’ +y*—4x+4y—-9 =0at (3, 2)

From origin chords are drawn of the circles (x — 1)* + y* = 1. Find locus of the mid
points of the chords. (11T 85)

let S =x* +y? + 2gx + 2fy + ¢ = 0 be a given circle. Find locus of foot of
perpendicular drawn from origin on any chord, which subtends a right angle at the
origin.
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A circle passes through (-2,4) and through the point of intersection of circle x* +
y>-2x-6y + 6 = 0 and straight line 3x + 2y — 5 = 0. Find its equation and prove that it
cuts the circle orthogonally.

A circle passes through A(2, 5) and B(6, 2) and its centre is 5 units away from A B.
Find equation of circle.

The extremities of a diagonal of rectangle are (-4, 4) and (6, —6). Circle
circumscribing the rectangle cuts intercept AB on y axis. Find the area of triangle
formed by AB and tangents at A and B.

Tangents are drawn from (2,3) to the circle x* + y* —2x = 0. Find the angle included
by them.

Find angle between the tangents drawn from origin to the circle X’ + y* + 10 (x +y)
+10=0.
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10.

11.

12.

Practice Worksheet (Competition Level)
PART-A

A circle has radius 3 units and its centre lies on the line y = x - 1. Find the
equation for the circle if it passes through (7, 3).

Two vertices of an equilateral triangle are (- 1, 0) and (1, 0) and its third vertex
lies above x-axis. Find the equation of its circumcircle.

The abscissae of the two points A and B are the roots of the equation x* + 2x - a°
= 0 and the ordinates arethe roots of the equation y* + 4y - b? = 0. Find the
equation of the circle with AB as diameter. Also find the coordinates of the
centre and the length of the radius of the circle.

Find the equation of the circles passing through the point (-4, 3) and touching
thelinesx+y=2andx-y=2.

From the point A (0, 3) on the circle x* + 4x + (y - 3)* =0, a chord AB is drawn
and extended to a point M such that AM = 2AB. Find the equation of the locus of
M.

One of the diameters of the circle circumscribing the rectangle ABCD is 4y = x +
7. 1f A and B are the points (- 3, 4) and (5, 4) respectively, then find the area of
the rectangle.

Two circles x* + y* = 6 and x* + y* - 6x + 8 = 0 are given. Find the equation for the
circle through their points of intersection and the point (1, 1).

If the circle Cy, X% + y2 = 16, intersects another circle C, of radius 5 in such a
manner that the common chord is of maximum length and has a slope equal to
3/4, then show that the co-ordinates of the centre of the circle C, are either

(9/5, - 12/5) or (- 9/5, 12/5).

Show that the equation of the image of the circle x* + y* + 16x - 24y + 183 = 0 by
the line mirror 4x + 7y + 13= 0 is x* + y* + 32x + 4y + 235 =0.

A square is inscribed in the circle x* + y* - 10x - 6y + 30 = 0. One side of the
square is parallel to y = x + 3, then determine the coordinates of its vertices.

Two circle, each of radius 5 units, touch each other at (1, 2) If the equation of
their common tangent is 4x + 3y = 10, find the equations of the circles.

Prove that the length of the common chord of the circles x* + y* + ax +by + ¢ = 0

and x*+y* + bx +ay + ¢ =0 is %(a+b)2 - 4c.
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The circle 3% + y? - 2x + 2y - 14 = 0 cuts chords of length 2+/3 from lines belong

to the family of lines (x + 5y- 22)- | (x - 8y + 30) = 0. Determine the equations
of the lines of the family.

Two chords of length 5 are drawn from any point (3, 4) on the circle 4x* + 4y” -
24x - 7y =0. Prove that their equations are given by y - 4 = i% (x- 3).

Find the equation of the circle whose radius is 5 and which touches the circle x* +
y? - 2x - 4y - 20 = 0 at the point (5, 5).

Determine the locus of the centres of the circles which touches the two circles x°
+y?=a” and x* + y? = 4ax and are external to both.

Let S; be a circle passing through A (0, 1) B (- 2, 2) and S; is the circle with radius
10 units such that AB is the common chord of S; and S,. Find the equation of S,.

a) How are the points (0, 1), (3, 1) and (1, 3) situated with respect to the circle
X*+y*- 2x- 4y +3=0?

b) Show that the line (x- 1)cos? +(y- 1)sin?=1 touches a circle for all values of
?.Find the circle.

a) Tangents PQ, PR are drawn to the circle x* + y* = a* from a given point P(h, k).
find the equation of the circum-circle of the triangle PQR.

b) Tangents OP and OQ are drawn from origin O to the circle X* + y* + 2gx + 2fy
+ ¢ = 0 with centre C. Prove that the centre of circle circum-scribing D OPQ is

- g/2, - f/2) and the area of quadrilateral OPCQ is +/c(g? +f* - c).
-9 q g

¢) Tangents TP and TQ are drawn from a point T to the circle X* + y* = &. If the
point T lies on the line px + gy = r. find locus of centre of the circum-circle of
triangle TPQ.

a) If from any point on the circle ¥ + y* + 2gx + 2fy + ¢ = 0, Tangents are drawn
to the circle x* + y? + 2gx + 2fy + ¢ sin” a + (g° + ) cos® a = 0, show that angle
between the tangents is 2a .

b) Show that the circle X + y* + 2g x + 2f y + ¢ = 0. will bisect the circumference
of the circle X* +y* + 29’ x + 2f’ y + ¢’ = 0if 2¢°(g - g')+2f(f —F')=c—’.

If (m;, 1/m;), m;>0,i=1, 2, 3, 4, are four distinct points on a circle, then show

thatm; mymsm, =1.

Find the area of the triangle formed by the tangents from the point (h, k) to the
circle x* + y* = a and their chord of contact.

Prove that the centres of the circle passing through the point (0, 0), (1,0) and
touching the circle x’+y’*=9 are (1/2, +v2).
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25.

a) A s the centre of the circle X’ +y* - 2x - 4y - 20 = 0. If the tangents drawn at
the points B (1, 7) and D (4, -2) on the circle meet at the point C, then find
the area of the quadrilateral ABCD.

b) Find the area of the quadrilateral formed by a pair of tangents from the
point (4, 5) to the circle X + y? - 4x + 2y - 11 = 0 and a pair of its radii.

a) Find the equation of the circle having the lines x* + 2xy + 3x + 6y = 0 as its
normals and having size just sufficient to contain the circle x(x - 4) +y(y - 3)
=0.

b) Find the equation of the circle which touches the circle x* + y* - 6x + 6y + 17
= 0 externally and to which the lines x* - 3xy - 3x + 9y = 0 are normal.

PART-B

Tangent are drawn from P (6, 8) to the circle x*+y*= r*. Find the radius of the
circle such that Area of the triangle formed by the tangents and chord of contact
IS maximum. [1.1.T-2003,4]

a) Let acircle be given by 2x(x - a)+y (2y - b)=0,(a* 0, b * 0). Find the
condition on a and b if two chords each bisected by the x-axis, can be drawn
to the circle from (a, b/2).

b) Find the intervals of values of a for which the line y +x = 0 bisect two chords

- 0
from a point g“fa : ! ﬁaj to the circle [1.1.T-1996,5]

(%)

AB is a diameter of a circle, CD is a chord parallel to AB and 2CD = AB. The
tangent at B meets the line AC produced at E. Prove that AE = 2AB.

Find the coordinates of the point at which the circles x* + y* - 4x - 2y = 4 and x* +
y? - 12x - 8y = -48 touch each other. Also find the equations of common tangents
touching the circles in distinct points.

A circle of constant radius r passes through origin O and cuts the axes of co-
ordinates in points A and B Prove that the locus of the foot of perpendicular

&l 10

from O to ABis (X* +Y*)’g— +— == 4r°.

X Yg
Find the locus of the middle points of the chords of the circle x* + y* = a°.
() Which subtend a right angle at the centre?
(i) Which pass through a given point (Xy, y1);

Two rods of length a and b slide along the axes which are rectangular in such a
manner that their ends are concyclic .Prove that the locus of centre of circle

passing through these ends is the curve 4(x*- y%) = a*- b
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(a) From the origin chords are drawn to the circle (x - 1)* + y* = 1. Find the
equation of the locus of the middle points of these chords.

(b) Through a fixed point (h, k) secants are drawn to the circle ¥ + y* = a*. Show
that the locus of mid points of the secants intercepted by the given circle is
X* +y® = hx + ky.

Lines 5x + 12y - 10=0and 5x - 12y - 40 =0 touch circle C, of diameter 6. If the
centre of C, lies in the first quadrant, find the equation of the circle C, which is
concentric with C; and cuts intercepts of length 8 on these lines.

Let S© x® +y® + 2gx + 2fy + ¢ = 0 be a given circle. Find the locus of the foot of the
perpendicular drawn from the origin upon any chord, which subtends a right
angle at the origin.

Obtain the equations of the straight lines passing through the point A(2, 0) and

making an angle 45° with the tangent at A to the circle (x + 2)> + (y - 3)? = 25.
Find the equations of the circles each of radius 3, whose centre are on these
straight lines at a distance 5C2 units from A.

Distances from the origin to the centres of the three circles x* + y* - 2 x = ¢?
(where c is constant and | is variable) are in G.P. Prove that the lengths of
tangents drawn from any point on the circle x* + y* = ¢ to the three circles are
alsoin G.P.

The circle X’ +y* - 4x - 4y + 4 =0 is inscribed in a triangle which has two of the

sides along the coordinate axes. If the locus of the circum-centre of the triangle

isx+y-xy+| Qx*+y?)=0,findl .

Find the pole of the straight line 9x +y - 28 = 0 with respect to the circle 2x* +

2y?- 3x+5y- 7=0.

a) Find the equation of a circle which touches the line x + y =5 at the point (- 2,
7) and cuts the circle x* +y? + 4x - 6y + 9 = 0 orthogonally.

b) Prove that the two circles which pass through the points (0, a) and (0, - a)
and touch the line y = mx + ¢ will cut orthogonally if ¢® = a* (2 + m?).

Find the equation of tangents to the circle x* + y* - 4x - 8y + 16 = 0 at the point
(2 +4/3, 3) If the circle rolls up along this tangents by 2 units then find its
equation in the new position.

A triangle has two of its sides along the axes its third side touches the circle X* +
y? - 2ax - 2ay +a” = 0. Prove that the locus of the circum-centre of the triangle
isa’- 2a(x+y)+2xy=0.

If 41° - 5m? + 6l + 1 = 0, Prove that the line Ix + my + 1 = 0 touches a fixed circle.
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a) Let 2x* +y* - 3xy =0 be the equation of the pair of tangents drawn from

b)

origin O to circle of radius 3 with the centre in the first quadrant . If A is one
of the points of contact, find the length OA. [1.1.T-2001, 5]

Let C; and C, be two circles with G, lying inside C,. A circle C lying inside C;
touches C, internally and C, externally. Identify the locus of centre C .
[1.1.T-2001, 5]

Find the equation of a circle which is coaxial with the circles 2x* + 2y* -2x + 6y - 3
=0 and x* + Yy + 4x + 2y + 1 = 0. It is given that the centre of the circle to be
determined lies on the radical axis of these circles.

a)

A circle touches the line y = x at a point P such that OP = 4C2, where O is the

origin. The circle contains the point (-10, 2) in its interior and the length of its

chord on the line x + y = 0 is 6C2. Determine the equation of the circle.
[1.1.T-1990, 5]

Consider a family of circles passing through two fixed points A (3, 7) and B (6,

5). Show that chords in which the circle x* + y* - 4x - 6y - 3 = 0 cuts the
members of the family are concurrent at a point. Find the coordinates of this
point.

C;, and C, are two concentric circles, the radius of C, being twice that of C,.
From a point P on C,, Tangents PA and PB are drawn to C,;. Prove that the
centroid of the triangle PAB lies on C;. [1.1.T-1998, 5]

Let C be any circle with centre (0, C2). Prove that at most two rational points
can be there on C. (A rational point is a point both of whose coordinates are
rational numbers). [1.1.T-1997, 5]

The extremities of a diagonal of a rectangle are (- 4, 4) and (6, - 1). A circle
circumscribes the rectangle and cuts an intercept AB on the y-axis. Find the
area of the triangle formed by AB and the tangents to the circle at A and B.

A circle passes through the vertex C of a rectangle ABCD and touches its
sides AB and AD at M and N respectively. If the distance from C to the line
segment MN is equal to 5 units, find the area of the rectangle ABCD.
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COMPREHENCIVE PASSAGE TYPE PROBLEMS

24. A circle C of radius 1 is inscribed in an equilateral triangle PQR. The points of
contact of C with the sides PQ, QR,RP are D, E, F respectively .The PQ is given by

f

the equation (8 x + y- 6 =0 and the point D is ¢—— —— Further it is given that
25

the origin and the centre C are on the same side of the line PQ.

i) The equation of the circle C is
a) (x-2\/§)2+(y-1)2:1 (x 2\/_)2+a§/+—— =
) - V3 +(y+1p =1 d) (x- V3f +(y- 1f =1
ii) Points E and F are given by
3 310
0 B2 22 (o) 0 B2 12 (50)
2 22, 2 24
3 ®/3 10 g B V30 @3 19
§2 22, 222, 2'2;,’§2'2;,
iii) Equations of the sides QP, RP are
2 1
a)y=—=x+1,y=- x-1 b) y=—=x,y=0
f N N
c)y= ﬁx +1,y= -?x-l d) y=+3x,y=0
25. A circle C whose radius is one unit, touches the x-axis at point A. The centre Q of

C lies in the first quadrant. The tangent from origin O to the circle touchesitat T
and the point P lies on tangent such that DOAP is a right angled triangle at A and
its perimeter is 8 units.

i) The length QP is

a) = b) % C) d) none of these
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ii) Equation of the circle C is
2 2 2 2
a) {x-(2+\/§)} +(y- 1) =1 b) {x(\/E+\/§)} +(y- 1) =1
c) (x - \/5)2 +(y- 2y =1 d) none of these
iii) Equation of tangent OT is
a) x- By =0 b) x - @y =0
c)y-CBx=0 d) none of these

REASONING TYPE QUESTIONS
26. a) Consider L;: 2x +3y + p-3=0
L: 2x +3y + p +3=0

Where p is a real number, and C: x> +y? + 6x - 10y + 30 =0

STATEMENT-1: If line L, is is chord of circle C, then line L, is not always a
diameter of circle C

And
STATEMENT-2: If line L, is diameter of circle C, then line L, is not a chord of circle

a) STATEMENT-1is true, STATEMENT-2 is true; STATEMENT-2 is the correct
explanation STATEMENT-1

b) STATEMENT-1is true, STATEMENT-2 is true; STATEMENT-2 is not the
correct explanation STATEMENT-1

c) STATEMENT-1is true, STATEMENT-2 is False

d) STATEMENT-1is False, STATEMENT-2 is true [1.1.T-2008, 3]
27.  Tangent are drawn from the point (17, 7) to the circle x* +y* =169

STATEMENT-1: The tangents are mutually perpendicular.

because

STATEMENT-2: The locus of the points from which mutually perpendicular
tangents can be drawn to the given circle is x*+y® =338

a) STATEMENT-1is true, STATEMENT-2 is true; STATEMENT-2 is the correct
explanation STATEMENT-1

b) STATEMENT-1 is true, STATEMENT-2 is true; STATEMENT-2 is not the
correct explanation STATEMENT-1
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c) STATEMENT-1is true, STATEMENT-2 is False

d) STATEMENT-1is False, STATEMENT-2 is true [1.1.T-2007, 3]
OBJECTIVE PROBLEMS
Level-1
The points (2, 3), (0, 2), (4, 5) and (0, t) are con-cyclic if the value of t is
a)2 b) 1 c) 17 d) 19

The straight line y = mx + ¢ cuts the circle x* + y* = a° at real points if

a) y/a?(1+m?) £]c| b) \/a?(1- m)* £]c|
c) va*(1+m?*)3|c| d) ya’(1- m?)3|c|

The locus of the centre of a circle of radius 2 which rolls on the outside of the
circle X’ +y*+3x-6y-9=0is

a)X*+y*+3x-6y+5=0 b)x*+y*+3x-6y-31=0
) X*+y?+3x- 6y + %:0 d) None of these.

The circle described on the line joining the points (0, 1), (a, b) as diameter cuts
the x-axis at points whose abscissa are roots of the equation

a)xX’+ax+b=0 c)x*- ax+b=0
b)x*+ax-b=0 d)x*- ax-b=0

Four distinct points (2k, 3k), (1, 0), (0, 1) and (0, 0) lie on a circle when
a) all are integral values of k b)0<k<1

c)k<0 d) For two values of k.

A square inscribed in the circle X + y? - 2x + 4y - 93 = 0 which its sides parallel to
the coordinate axes. The co-ordinates of its vertices are.

a)(-6,-9),(-6,5),(8,-9),(8,5) b) (-6, 9), (-6, -5), (8, -9), (8, 5)

¢) (-6,-9), (-6, 5). (8,9). (8, 5) d) (-6,-9). (-6, %), (8,-9), (8, -5)

The point diametrically opposite to the point P(1, 0) on the circle x* +y* + 2x +
4y-3=0is [AIEEE-2008]
a) (-3, 4) b) (-3, -4) c)(3,4) d) (3,-4)

One of the diameter of the circle x* +y® - 12x + 4y + 6 = 0 is given by,
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ayx+y=0 b)x+3y=0 c)x=y d)3x+2y=0
The length of the cord cut off by y = 2x + 1 from the circle x* +y* = 2 is
a) 2 b) 2 0 -& d)ﬁ.

6 5 J5 6

The coordinates of middle point of the chord 2x - 5y + 18 = 0 cut of by the circle
X*+y®-6x+2y-54=0is

a) (1,4) b) (2, 4) c)(4,1) d)(1,1)

Equation of the circle which touches the line 3x + 4y = 7 and passes through (1, -
2)and (4,-3) is

a)X* +y*-94x+ 18y +55=0 b) 15x* + 15y* - 94x + 18y +55=0
c) 15x* + 15y* + 94x + 18y +55=0 d) x*+y*-94x-18y+55=0
The equations of the circle which touch both the axes and the line x=a are

2 2
a)x2+yziaxiay+%=0 b)x2+y2+axiay+%=0

2
C)X*+y’-ax+ay+ %zo d) None of these.

If the lines ax + byy + ¢; = 0 and axx + by + ¢, = 0 cuts the co-ordinate axes in
concyclic points then

a) a;a, = byb, b) a;b; = ayb,

c) a1b, = ab; d) None of these.

If a circle passes through the points of intersection of the co-ordinate axes with
thelinel x-y+1=0andx - 2y + 3 =0then the value of | is

a)2 b) 1/3 c)6 d)3

The condition that the chord xcosa +y sin a - p = 0 of X¥* + y* - & = 0 may
subtend a right angle at the centre of the circle is

a)a’=2p° b) p* = 2a° c)a=2p d)p=2a

If the distances from the origin to the centres of three circles X’ + y* + 2| x - ¢* =
0(i=1, 2, 3) are in G.P. then the length of the tangent drawn to them from any
point on the circle x> +y*=c® are in

a)A.P. b) G.P. c) H.P. d) None of these.

The co-ordinates of the point on the circle x* + y* - 12x - 4y + 30 = 0 which is
farthest from the origin are
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a)(9,3) b) (8, 5) c) (12, 4) d) None of these.
The circles x* +y* + x +y = 0 and x* + y* + x - y = 0 intersect at an angle of
p p p p
a) — b) = C) — d) —.
) 5 ) A ) 3 ) 5

If the chord of contact of tangents drawn from a point on the circle x* + y* = a* to
the circle x* + y* = b? touch the circle x* + y* = ¢? then a, b, c are in

a)A.P. b) G.P. c) H.P. d) None of these.

If (2, 5) is an interior point of the circle ¥ + y* - 8x - 12y + p = 0 and the circle
neither cuts a nor touches any one of the co-ordinate axes then:

aypl (36,47) b)pT (16, 47)
c)pl (16, 36) d) None of these.

The centres of a set of circles, each of radius 3, lie on the circle x>+ y2 =25. The
locus of any point in the set is

Q) 4EX +y* £64 b) x*+y* £ 25
) x*+y?3 25 d)3EX*+Yy?£9

The radius of the circle passing throughout the point (6, 2) and having x +y =6 as
its normal and x + 2y = 4 as its diameter is

a) 10 b) 275 c) 52 d) 45
The locus of the mid points of the chords of the circle x* + y* + 4x - 6y - 12 =0

which subtends an angle of % radians at its centre is

a) (x+2)?+(y- 3)?=6.25 b) (x - 2)% + (y + 3)°=6.25

c) (x+2)%+(y- 3)*=18.75 d) (x +2)%+ (y +3)=18.75
The number of common tangents to the circle x> +y*-x=0and x> +y*+ x =0 is
a)2 b) 1 0) 4 d)3

A circle passes through the origin and has its centre ony = x. If it cuts x* + y* - 4x -
6y + 10 = 0 orthogonally, the equation of the circle is

a)x*+y*- x-y=0 b) x* +y*-6x- 4y=0
C) X +y*- 2x- 2y=0 d)x*+y*+2x+2y =0



Math-Ordinate Circle

Level-2
1. A circle touches the x-axis and also touches the circle with centre (0, 3) and
radius 2. The locus of the centre of the circle is
a) Acircle b) A Parabola c) An Ellipse d)A Hyperbola
2. The equation of the line passing through the point (- 2, 11) and touching the
curve x*+y*=25is
a) 4x+3y =25 b)3x+4y =38
C) 24x- 7y +125=0 d) 7x+24y- 230=0
3. The locus of the mid points of the chords of the circle x*+y? = 4 which subtend a

right angle at the centre is
a)x+y=2 byx*+y*=1 ¢)x*+y’=2 d)x-y=0

4. The locus of the point of intersection of the tangents at the extremities of a
chord of the circle x*+ y?= a” which touches the circle x? +y? - 2ax=0is

a) y> =a(a- 2x) b) x* = a(a- 2y)
0) X*+ y*= (x-a)’ d) x* +y*=(y-a)*
5. If the equation of one tangent to the circle with centre at (2, - 1) from the origin

is 3x +y =0, then the equation of the other tangent through the origin is

a)3x- y=0 b) x +3y =0
c)x-3y=0 d) x +2y =0
6. A line meets the coordinate axes in A and B. A circle is circumscribed about the

triangle OAB. If m and n are the distances of the tangent to the circle at the
origin from the point A and B respectively, the diameter of the circle is

a)m(m +n) b)m+n
c)n(m +n) d)(m +n)/2
7. The equation of a circle with centre (4, 3) and touching the circle x*+y* = 1is
a) x? +y? +8x- 6y+9=0 b) x? +y? +8x+6y- 11=0
c) x> +y%- 8x- 6y-11=0 d) xX? +y? +8x+6y- 9=0
8. The equation of the tangents drawn from the origin to the circle

x? +y? - 2px - 2qy +¢° =0 are perpendicular if
a)p=q b) p*=q c)g=-p d) p*+g*=1
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A square is inscribed in the circle x* +y® - 2x+ 4y-93 = 0 with its sides parallel to
the axes of coordinates. The coordinates of the vertices are

a)(8,5) b) (8,-9) c)(-6,5) d)(-6,-9)

A variable chord is drawn through the origin to the circle xX*+y>-2ax =0 . The
locus of the centre of circle drawn on this chord as diameter is

a) X’ +y’+ax=0 b) x*+y? +ay =0
) x*+y* - ax=0 d)x*+y*- ay=0
If OA and OB are the tangents from the origin to the circle

x? +y?+2gx+2fy+c=0and C is the centre of circle, the area of the
quadrilateral OACB is

AL g7+ i b) ye(@® +f*- ¢

2 2
c) cy/g? +f°- ¢ d) 1/%1‘0

If a circle passes through the point (a, b) and cuts the circle x*+y*= k?
orthogonally, the equation of the locus of its centre is

a) 2ax +2by =a? +b? +k? b) ax +by =a’ +b? +k?
¢) x* +y* +2ax +2by +k’=0 d)x? + y?-2ax- 2by +a?b?- k?=0

The equation of the circle which passes through the origin, has its centre on the
line x +y = 4and cuts the circle x*+y*- 4x +2y +4 = 0 orthogonally, is

a) x> +y*- 2x- 6y =0 b) x? + y*- 6x-3y =0
C) X* +y?- 4x- 4y =0 d) none of these

The number of common tangents to the circles x* + y* = 4 and x*+y- 6x- 8y =24
is

a)0 b)1 c)3 d)4

The angle between the pair of tangents drawn from a point P to the circle

x? +y? +4x- 6y +9sin’ a +13cos? a =01is 2a. The equation of locus of the point
Pis

a) XC+y?+ dx- By + 4= 0 b) X*+y* +4x- 6y -9.=0

0) X’+y? + dx- By - 4=0 d) x*+y* +4x- 6y + 9=0

The locus of the centre of a circle which touches externally the circle x*+y?- 6x-
6y +14 = 0 and also touches the y axis is given by
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24,

a) x*- 6x- 10y+14=0 b) x>~ 10x- 6y +14=0
c) y*- 6x- 10y +14=0 d) y?- 10x- 6y +14=0

The locus of mid point of the chords of the circle xX*+y?- 2x- 2y- 2=0 which makes
an angle of 120° at the centre, is

a) X+ y*- 2x- 2y +1=0 b) x*+y? + x+ y- 1=0
€) X*+ y?- 2x- 2y - 1=0 d) none of these

A line is drawn through a fixed point P(a, b) to cut the circle x* + y* = r* at A and
B. Then PA.PB is equal to

a) (a+b)*- r? b)a®+b*- r
¢) (a- b)*+r? d) None of these.

If two distinct chords, drawn from the point (p, g)on the circle on the circle x* +
y?= px + qy are bisected by the x-axis , then
a)p’=¢’ b)p’=8q"  c¢)p°<8q’  d)p’>8q’

Let L, be the straight line passing through the origin and L, be the straight line x
+y =1. If the intercept made by the circle x*+y*-x+3y =0 on the line L, and L, are
equal, then which of the following equation can represent L,?

a)x+y=0 b)x- y=0 c)x+7y =0 d)x-7y=0

If a>2b>0then the positive value of m for which y =mx- b~/1+m? is common
tangent to x*+y*=b” and (x- a)® +y*= b?is [1I.1.T Sc.2002]

2b b) Va® - 4b? 9 2b d) b
\a? - 4b? 2b a-2b a-2b
The triangle PQR is inscribed in the circle x*+y?= 25 .If Q and R have the
coordinate (3, 4) and (- 4, 3) respectively, then Angle QPR is equal to
a) 90° b) 60° c) 45° d) 30° [1.1.T Sc.2000]

a)

Let AB be the chord of the circle x* + y*= a’ subtending a right angle at the
centre. Then the locus of centroid of the triangle PAB as P moves on the circle is

a) a parabola b) a circle
c) an ellipse d) a pair of straight lines

Let PQ and RS be the tangents at the extremities of the diameter PR of circle of
radius r. If PS and RQ intersect at appoint X on the circumference of the circle,
then 2r equals [1.1.T Sc.2001]
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PQ +RS 2PQRS PQ? +R$?
a) JPORS  b) Q; c)ﬁ d)WIQTWL

25.  The radius of the circle 3x*+3y? +?xy +9x +(?- 6)y +3=0 is

a) 3/2 b) 2/3 c) %Jﬁ d) none
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6. Parabola

6.1 Conic Section :

S is a fixed point and z z, is a fixed straight line. If a point P, moves in such a way that its

distance from fixed point S bears a constant ratio with its distance from fixed line z,z, i.e.
s _ constant 7,

M

Then locus of the point is a conic section. The constant quantity is

called eccentricity and denoted by e.

(1) Ife=1,i.e. PS=PM then locus is Parabola

2 Ife<1,i.e. PS<PM then locus is Ellipse
(3) Ife>1,i.e. PS>PM then locus is Hyperbola.

Z,

. Fig1
Now we can define a Parabola.

6.2 Definition — Parabola

The locus of a point, which moves in such a way that its distance from a fixed point is always
equal to its distance from a fixed straight line is Parabola. The fixed point is called focus and
denoted by S, and the fixed line is called directrix and is denoted by z’ z”” or z,2,.

6.3 Equation of parabola

In fig. 2 7, is directrix, S is focus. Perpendicular from S on % ¥
directrix is SZ. Mid point of SZ is Q. ZA = AS, A is on P (h k)
parabola. Ls

Let A be origin AS x — axis and on it perpendicular YA, y —
axis. LetSA=a Z A S(a,0) X
\ focus S is (a, 0), vertex A (0,0) and equation of directirx \

7175, X + a=0. Now let P(h, k) be any point on parabola and \
PM is perpendicular from P on directrix.

By definition of parabola PS = PM Fig 2
b y(h-af+(k-0f =h+a b k®=4ah
\ Locus y* =4ax

This is the standard equation of parabola. Perpendicular on axis at focus S meets parabola
inLand L’;. LL’; is called Latus rectum of parabola. Please note.

() Vertex Ais (0, 0)
(i) Focus Sis (a, 0)
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(iii) AxisZSisy=0
(iv) Directrixisx+a=0
(iv) Equation of latus rectum LL’; isx =a
Itslength LL’=2SL =2LT
=275=22a =4a
End pointare L, (a, 2a) ; L’(a, —2a)

(v) Focal distance of a point P : If point P on parabola y* = 4ax is (xi, Y1), then its
distance from focus S, is called focal distance PS.
From fig 2. y kL
PS=PM=ZN=ZA+AS=a+X I
6.4 Other standard equations of parabola. L
(a) %= — dax X S(A—a,O) 7
i) Vertex A, (0,0) L
ii) Focus S (-a, 0) / y 2
iii) AxisY=0 Fig 3
iv) Directrixx—a=0 v
V) Equation latus rectumx+a=0
Length, 4a; End points (-a, 2a), (-a, —2a)
()  X*=4ay L(-2a,2) 08 Azaa)
() Vertex A (0,0) X - X
(i) Focus S (0, a)
(iii) axisx=0 z, z Z,
(iv)  Directrixy+a=0 v
)  LR.4a Fig 4
Equation y —a = 0. End points (23, a) (-2a, a) '
(©) x* — day “ Z -
) Vertex A (0, 0) L:Za’_a) ) (23,.:)
i) Focus (0, -a) / 5(0,2)
iii) Directrixy—a=0
iv) Latus rectumy+a=0
Length 4a, end points (-2a, —a), (2a, —a) Y
Fig 4b
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Note: 1. Given the equation of parabola you may be asked to write down co-
ordinates of vertex, focus, equation of axis, directrix and latus rectum.

2. Given vertex and focus you may be asked to write the equation of parabola.

3. Some times equation is not given in standard form. We first reduce it to
(@ (y- 1) =plx- m) (b) (y- 1f =-p(x- m)

or (©) (x- my =2p(y- 1) and then change origin to desired place and further
reduce it to standard from.
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Solved Examples

Example 1 : Find equation of parabola whose focus is (3, —4) and directrix x +y = 4.

Sol.: Let (h, k) be any point on parabola,

ah+k- 48
\ (h- 3F +(k+4) = <
(- 3 +eray =11

b 2h? +2k? - 12h+16k +50 =h? +k? - 8k - 8h+2hk +16
P h?+k?- 2hk- 4h+24k +34=0

\ Equation of parabola a is
X +y?—2xy—4x+24y +34=0

Note: This is second degree equation, but D* 0 and h® = ab.

Math-Ordinate

Y
Example 2 : Find equation of parabola whose vertex is (2, 2) and
focus (4, 2). A22)
Sol.: Axis of parabola is parallel to x-axis and at a distance of 2
2units on its positive side. Now if we change axes to (2,2) 7 ol 20 X
the equation of parabola on changed axes is
Y’=42x=8X y
Fig5
And here Y=y-2.X=x-2
Equation of parabola is (y — 2)* = 8(x — 2) ,
Example 3 : Vertex of a parabola is (0, a) and length of latus-
regturp is sa'. Find its equathn when (i) axis is parallel to x- A(-22.0) 5(0.3) 5(22,0)
axis. (i) axis is parallel to y-axis.
Sol.: (i) When axes is parallel to x-axis, the focus can ,
be on either side of A at a distance 2a from it X X
\ Equation of (y —a)® = 8ax y
or (y —a)* = —8ax Fig 6
(i) When axis is parallel to y-axis 2(3,3)
Y
Equationis  x*=+8a(y-a).
Example 4 : Find equation of parabola whose vertex is (2, 1) A1)

and focus (1, -1).

Sol.:  Vertex A(2, 1), focus S(1, -1) 7
\ AS is not parallel to any axes. Axis of parabola is
AS
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SA produced meets directrix in Z. If Zis (a,b ) then A being mid point of SZ

atl_,b-1_1p a-3p=3,
2 2

Directrix passes through (3, 3) and is perpendicular to SZ, its equation is

y-3=- %(x- 3)bp x+2y-9=0
Focus (1,-1); \ Equation of parabola is

(x- 1P +(y+1f = (X+2;/- of

P 4x%- 4xy +y? +8x+46y- 71=0

Example 5 : Axis of a parabola is 3x — 4y + 5 = 0 and its vertex is (1, 2). Find equation of
parabola if length of L.R. is 8.

Sol. :

(i)

Axis3x—-4y+5=0,  slopetan q=3/4 P
\ cosq=4/5, sinq=3/5 2
Latus —rectumis8 p a=2. (1,2)
Let us find the co-ordinates of points 2 units away on right and 5
left of vertex.

\X1oy2op, Q
cosq sing Fig 8
- 3. .U . € 8 6. .0

Pis 2 —+12—+2-andQis g —+1,- =+2

% A T I
It P is focus aé_3E9 and directrix goes through 89 EfQ Q and is perpendicular
§5' 55 55,

to axis.

\ Directrix is 4x +3y =- %+1—§:O

2 2 2
0 +% 16(:) _ae4X+3y2

ﬂg5ﬂ825ﬂ

Equation of parabola is g& - 1—53
e

P 9x? - 24xy +16y” - 130x - 160y +425=0
if Q is focus and directrix is through P perpendicular to axis.

Directrix then is 4x +3y = 5—5 +§ =20
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.2 .2 2
+3y-

Equation of parabola is 8?<+§9 +g§/- ﬂQ =M
e 950 € 5g 25

P 9x%- 24xy +16y® +190x +80y - 375=0

Example 6 : Find the vertex, focus, directrix, Latus rectum and axis of parabola
y2+6y- 2x+5=0.

Sol.:  Equation of parabola y? +6y- 2x+5=0
b (y-3f=2x+4=2(x+2)

Transferring origin to (-2, -3), Y? = 2x

On changed axes On original aexs

(i) vertex (0, 0) (i) vertex (- 2,-3)

N A .0 . 23 ,0

if) Focus ¢=,0=< il) Focus ¢= —,- 3=

(ii) g0 (ii) ¢ 53
I , 1 I , 1
(iii) Directrix X+§:0 (iii) Directrix x+2+§:0
(iv) AxisY=0 (iv) Axisy +3=0

(v) Equation L.R. X - %:0 (b) L.R. x+g:O

Example 7 : The axis of & parabola is parallel to y axis and its vertex is (2,3). Find equation
of parabola if it passes through (4,5)

Sol.:  Axisis parallel to y-axis and passes through (2, 3) \ axisisx=2
Parabolais  (x-2)’=p(y-3)
It passes through (4,5)
\ 22=p”"2b p=2

\ Equationis (x- 2)° =2(y - 3)

Example 8 : The focal distance of a point P on parabola y* = — 2x is g . Find co-ordinates of

P.

Sol.: Parabolay®=—2x liesin left of y-axis.
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point Pis (- x,,y;) or (- x;,-y;)

Focal distance = |- x, | +a=|- xl|+% :g

\ l-x =2, yi=4p y, =42
\ PointPis (- 2,2) or (- 2-2)

Example 9 : The axis of a parabola is along 5x — 12y + 2 = 0 and vertex is (2,1). If latus
rectum is 4 units. Find equation of parabola.

Sol. :

612
&13

(i)

This type of question has been solved in an example. Now we shall do this question
by transferring axes.

Let origin be at (2, 1) and X —axis along 5x — 12y + 2 = 0. Equation of parabola then is

Y2 = 4X.

Slope of straight line 5x — 12y + 2 =01in tanq=5/12

\ cosq=— 12 smq—3
13 13

Now origin is still at (2, 1) and axes have been transferred in anticlockwise direction
through angle q.

\ Equationis (Y'cosq- X'sing)* =4(X'cosq+Y'sinq)

p B2y 5,0 _ 4282, 5.0
€13 1375 13" 13 g

Now transfer it to origin axis at (0, 0)

12 1). 5 e 2)f a2 2)+ 2y 1) T

13% % T3 i / Jon
Pl ~yy)
b (12y- 5x- 2) =52[12x +5y- 29] °

0 X
b 25x%- 1ZOxy+144y - 604x- 308y +1512=0 \Q(xlrlvg)
6

Other parabola Y? = — 4X B\

[12y - 5x- 2" =- 52(12x +5y - 29) _
Fig 8

25x% - 120xy +144y? +644x +212y - 1504 =0

Example 10 : Find the locus of the point which while moving trisects the double ordinate of
parabola y?=12x

Sol. :

Let AB be one of the double ordinate of parabola y* = 12x. A(xy, y1)
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Point P and Q trisect this double ordinate.
If P is (h, k), then h =x; and

k :%y1 , (X1, y1) is on parabola

\ yi=12x,
b (6k)=12h b kzzéh

\ Locus of this point is parabola y? :%x , (x, and - %yl) also satisfy this equation.

Example 11: Find vertex, focus, and equations of axis, directrix and latus rectum of parabola
y=ax*+bx+c.

Sol.: Parabola ax+bx+c=y
b x2+9x=1(y- c)
a a

,2 2
p §+£X2 :X- £+b_
8 2a g a a d4a

_y,b’-dac
a 4a°
_1€é b’-4acu
=g+ a
ag 4a
® 2. 0
Changing origin to g 3 w;
2a 4da 4

Equation of parabola X? ~1y
a

Transferred axes Original axes

3_!2-4ac!
s’

& b 0
ga da E,

] .
(i) Focus 8,2 %e b M?
2a :

e 4dag 4a E,

(i) Vertex (0,0)

2
(i) Directrix Y =- LbT-dac+l_

4a 4a 0
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. 1 2.
(W) LR. Y= g2 dacrl_
4a
(iv) Axis X=0 y +£ ~0
2a

Example 12 : P is any point on parabola y* = 4ax PM is perpendicular on directrix from P. S is
focus. If P, M, S are vertices of an equilateral triangle then find P.

Sol.: Equation of parabola y® = 4ax
Directrixx +a =0,
Let P be (X1, Y1) \ M(-a,y,) Sis(a, 0)
PM = SP by definition of parabola
MS = PS triangle equilateral

2 2 _ 2 2
\ 4a” +y] =a" +x{ +2ax,
2 _ 2 — a2 2
But y; =4ax, \ 4a” +4ax, =a” +x] +2ax,;

b xi- 2ax,- 3a° =0
b (x,- 3a)(x, +a)=0

x,1-a\ x,=3a, by, =+2/3a

\ Pis(3a, +2+/3a)
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A wonp e

o

10.

11.

12.

13.

14.

15.

16.
17.
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Practice Worksheet (Foundation Level) —6(a)
Focus of parabola s (2, 3) and directrix is x — 4y + 3 = 0. Find its equation.
The focus and vertex of a parabola are (5, 3) and (1, 3). Find its equation.
The vertex and focus of a parabola are (a, b) and (a, 3b). Find its equation

The axis of a parabola is along x —axis and distances of vertex and focus from origin on
positive side of x axis are a and a’. Find its equation.

The vertex of parabola is at (2, 3); and focus at (2, -5). Find its equation.
The focal distance of a point on parabola y? + 20x = 0 is 10. Find the point.

Find vertex, focus, length of latus rectum, and equation of latus rectum and directrix
of

@) (y- 2f =3(x +1) (b) 4y? +12x - 20y +67=0
(c) X* +4x+4y=0 (d) x? - 2ax +2ay =0

The focus of a parabola is (-8, —2) and directrix is y = 2x — 9. Find equation of
parabola.

Find equation of parabola whose focus is (2, 3); axis parallel to y-axis and directrix
goes through (2, 5)

P is a point on parabola y* = 8x and perpendicular from P on directrix is PM. If P, M
and focus S are vertices of an equilateral triangle, then find P.

Find locus of mid points of chords, which go through vertex of parabola.
(a) y* = 4ax (b) y* = 8x (c) x*=—8y

An equilateral triangle has been inscribed in parabola (a) y* = 4ax (b) y* = 32x and one
of its vertex is at origin. Find the length of the side of equilateral triangle.

Find the position of points (a) (3, 4) (b) (-2,5) and (c) (2, 6) with respect to parabola y
=18x.

Find equation of lines joining vertex to the ends of latus rectum of parabola. (y — 3)* =
16(x —2). Find also angle between them.

Find equation of parabola which goes through point (-3, 5) and whose vertex is (-4,
3), axis is parallel to x-axis.

Find equation of parabola whose vertex is at (3, 2) and focus (4, 3).
A double ordinate of parabola a y* =4ax is 8a. Lines join vertex to the ends of this
double ordinate. The angle included by them is

p p p
@ () 5 © (d)
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18.

19.

20.

21.

The axis of a parabola is along x —y = 6, its latus rectum is of length 82, vertex is (3,
—3) Parabola faces in 1™ quadrant. Its equation is :

(a) X% - 2xy +y? - 4x- 28y +36=0 (b) x?- 2xy +y? - 28x- 4y +36=0
(C) X*- 2xy +y? - 12x- 24y +36 =0 (d) x?- 2xy +y? +12x- 4y +36 =0

The focal chord of parabola y* = 4ax is inclined at 45° with x-axis. The angle subtended
by this chord at the vertex is

(a) tanLe &%(b) tan'lgg 29 () tanLe ﬂ%(d) tan'lael—ﬁ%
S e g g s, g,

The equation of latus rectum of a parabola is 3x — 4y + 8 = 0 and its vertex is g ,Og its
equation is:

(@) x?- 2xy +y? +18x- 102y +17=0

(b) 16x? +24xy +9y? +102x - 236y - 189 =0

(C) 16x2 +24xy +9y? +202x - 136y - 389 =0

(d) 16x% +24xy +9y? - 102x +236y - 389 =0

The axes of two parabolas are along x + y = 0 and x —y = 0 and these lie in the 1 and
2" quadrant mostly. They have a common vertex. If distances between directrix and

latus-rectum of each be 8+/3 then their equations are :
) X2 - 2xy+y? - 32x+32y =0 o X2 - 2xy+y%- 32x- 32y =0
X2 +2xy +y® +32x - 32y =0 X2 +2xy +y? +32x- 32y =0

. X2 - 2xy+y? +32x+32y =0

(d) x* +y?- 32x- 32y =0
X2 +2xy +y?- 32x- 32y =0
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6.5 Tangent :
Let PQ be chord of parabola y2 =4ax; Pis (g, Y1), Q(X2, ¥2)

Equation PQy—y; = 22- Y1 (x- x,) oo 1)

2" X%
P and Q are on parabola
\ yi :4axlf;]y§ - yi :48.(X2 - Xl)

Yo-VY1 _ da e, (2)
2 _ =
Y2 _4aX2% Xo= X1 Yo tY:

Now (1) becomes y- vy, =

X-X
Y1+y2( 1)

If PQ is rotated at P in such a way that Q coincides with PP x, ® x,,y, ® y; Now PQ is
tangent at (xy, Y1)

\ Equation of tangent y - y, ::Tai(x- X,)

P yy, - yi =2ax- 2ax,

P yy, - 4ax, =2ax - 2ax,

P vy, =2a(x +xl)

Note : Here too y? is put as yy; and 2x as x + Xi.

6.6 To find condition so that y = mx + ¢ is tangent to parabola y* = 4ax.
Straight line y =mx +c; Curve y?=4ax

putting value of y from straight line equation in curve equation.

(mx+cf =4axp m*>®+x(2mc- 4a)+c? =0

Line should be tangent if roots of this equation are equal.

ie.  (2mc- 4a) - 4m*c? =0
b (mc-a)=0b mc=a
P c=E

m

a .
\ y=mx+— is tangent to parabola.
m

Point of contact: let point of contact be (x4, Y1)

\ tangent b yy, - 2ax- 2ax, =0
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This tangent my- m*x - a=0

vi_2a_

Comparing co-efficients — =2X;
m m

a 2a .. @ea 2a0

\ X, =—y, =— oints ¢ ,——~

SRR P &2 m g
a . . . . gea 2a0
Note: y=mx+ — isany tangent to parabola y? =4ax and its point of contact is 89_,_9
m em- mg

6.7 Tangents from an external point
Parabola y* = 4ax ; Ex. Point (x; y:) any tangent y=mx +i. It goes through (X1, Y1)
m
a
Py, =mx, +E
P m’, - my, +a=0

It is quadratic in m, gives two values of m. Thus two tangents result from on external point.

Example: Find equation of tangents from (-2a, —a) of parabola y* = 4ax .
Sol.: y=mx +2 s any tangent of y? = 4ax
m
It passes through (—2a, — a)

a
\ -a=-2am+—
m

b 2m*-m-1=0
b (m-1)2m+1)=0
P m=1m=-1/2

\ tangents ()y=x+a
(i) y =- %x- 2ab 2y+x+4a=0

Note : Equation of pair of tangents from an external point, like circles is given by SS’ = T2 In
this case, equation is

(y2 - 4ax).(a2 +8a2):[_ y- 2x +4a]2 az
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b 9y - 4ax)=[y+2x- 4af’

b 9ly? - dax)=[y2+4x? +4xy - 16ax - Bay +16a’

b 8y’ - 4xy- 4x* - 20ax +8ay - 16a° =0

b 2y?- xy- x*- Bax+2ay- 4a> =0

Ilty—x—a=0and 2y +x + 4a =0 are multiplied then we obtained this equation as well.

\ when need be SS’ = T* be applied

6.8 Chord of contact

If from an external point P, PA and PB are tangents to parabola y* = ax, then AB is called
chord of contact of point P.

Let P be (x'y"), A(xy, Y1), B(Xz, Y2)

Tangentat A yy, =2a(x +x, )i

Tangent atB yy, =2a(x +x,) %

Both pass through (X', y’)

U vy =2alxex )
T
Y'Y, =2a(x+x,)

From these 2 equations it is clear that both (xy, y1), (X2, ¥2) lie on yy'=2a(x +x). This is
equation of chord of contact of point P.

Note : There is similarity with the equation of tangent at point (x’, y’). But in case of
tangent point (x’, y’) is on the parabola. While in case of chord of contact the point
is outside parabola.

6.9 Length of a chord

Apply general formula (x; ~x;) v1+m? . Where m is the slope of chord and xy, x, are
abscissa of the two end points of the chord. By substituting value of y from the equation of
chord, into the equation of parabola quadratic equation in x is obtained.

It gives values of x; + X, and X3 Xp; X1~ X is calculated from these..

246



Math-Ordinate Parabola
Solved Examples
Example 13. (a) Find equation of tangent at a point whose abscissa is double of its ordinate.

(b) inclined at 30° with x-axis. Parabola is y* = 6x (c) at the ends of latus-rectum.

Sol.: (a) Let p be the ordinate of the point then 2p is abscissa \ p? = 6(2p) P p=12 point
iS (24, 12), tangent 12y = 3(x + 24) b x- 4y+24=0

(b) y:mx+i is any tangent to parabola y®=6x (here a:E). Given

2m
m=tan30° =——
J3
: 1 3\/_
\ tangentis y=—=x+——
Nek
b \3y-x=9/2
(c) Ends of latus-rectum are 8 E §3 SE tangents +3y =3(x +3/2)

3 3
P y=x+—, y+x+==0
y 2 y 2

Note : See these intersect at right angles. Point of intersection is 89 2,09. Axis of parabola
e

meets directrix at this point.
Example 14: Find ¢ if y = mx +c is tangent to parabola y* = 4a(x + a;)
Sol.:  Putting value of y from straight line equation in to parabola equation
(mx +c) =4ax +4a*
P m?? +2mex +¢% = 4ax +4a’
b m*?2+x(2mc- 4a)+(c2 - 4a2)=0
The line shall be tangent if roots of this equation are equal
b 4(mc- 2a) - 4m? (02 - 4a2)=0
b 4a’- 4amc+4a’m? =0
b amc=a’ +a’m’

a
P c=—+am
m

Example 15 : Prove that 7x + 6y — 13 = 0 is tangent to parabola y* — 7x — 8y + 14 = 0. Find
point of contact as well.
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Sol.  Straightline 7x+6y—-13=0P x= 13-76y putting this value of x in the equation of
parabola
y?- (13- 6y)- 8y +14=0
b y*-2y+1=0 b (y-17=0

roots of equation are equal
T : 13- 6 .
\ straight line is tangent point of contacty =1, x = — =1lie.(1,1)

Example 16 : Find equation of tangent to parabola y* — 4y — 2x + 2 = 0 (a) which is parallel to
2x- 3y + 5 =0 (b) which is perpendicular to 3x + 4y =0 (c) which is equally inclined to axes.

Sol.:  Equation of parabola. y*- 4y- 2x+2=0 b (y- 2 =2(x+1)b azé

Any tangentis y - 2 :m(x+1)+i

2m
2 2 3
) [|[to2x-3y+5=0b m=3 tangent - 2=§(x+1)+zb 8x- 12y +41=0
(b) A to3x+4dy=0\ m=-$‘?i9=ﬂ
e 3/d4g 3
tangent y - Zzg(x +1)+§

P 32x-24y+89=0

c Equally inclined to axes, m=+1 (45° or 133°
(©) qually

\ tangent y- 2:(x+1)+%ID 2x-2y+7=0

and y-2=-(x+1)- %b y+x:%

Example 17 : Find the equation of tangent of the parabola y* + 2y — 3x — 2 = 0 at point
where abscissa = ordinate.

Sol.: Letthe point be (p, p)
\ p?+2p-3p-2=0b p*-p-2=0
P (p-2)(p+1)=0
\' pointis (2,2)and (-1, -1)
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Equation parabola y? +2y- 3x- 2=0
i) tangent at (2, 2) 2y +(y+2)- g(x+2)- 2=0
b 6y-3x+4-6-4=0 P x-2y+2=0
i) tangent at (—1,-1) -y +(y-1)- g(x 1)-2=0

b -1-Sx+3.2=0p x+1=0
2" 2

Example 18 : Find equations of tangents from (3, 10) to parabola y® = 12x.

Sol.: Any tangent to parabolay? = 12x is y =mx +i :
m
It goes through (3,10) b 10=3m +3
m

b 3m*-10m+3=0 b (3m-1)(m- 3)=0
\ m=1/3 andm=3

\ tangent y—1x+9 y=3x+1

Note : We can do it with the help of S$’ = T also
ie. (y2- 12x)100- 36)=(10y - 6x- 18

P 3x%- 10xy +3y? +82x - 30y +27 =0
b (3x- y+1)(x- 3y+27)=0
tangentsare 3x- y+1=0,x- 3y+27=0

Example 19 : Prove that the locus of point of intersection of two perpendicular tangents of
parabola y? = 4ax is directrix of parabola.

Sol.: Letatangent be y =mx 2 (1)
m

\ perpendicular tangentis y =- lx- am ... 2)
m

From (1) and (2) 0= xf;?n+——+a€el+m9

Mg em 2

P x+a=0
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This is the equation of directrix. Hence proved.
Note : This is an important property of parabola.

Example 20 (a) : Prove that the portion of a tangent to parabola y* = 4ax between directrix
and point of contact subtends a right angle at focus.

Sol.: LetP(xy, y1) be the point of contact. Tangent at this point is yy; = 2a (X + ;). It meets
directrixx +a =0 at M.

Fs) - o
Mlsg a, 2ax, - 2a° .
Y1 QI
Slope of PS= L;:m1
X

2
Slope of MS = 28, - 28 %~ @ =m,
2ay, Y1

MM gxlyl ?lyl -

\ PM subtends an angle of 90° at focus.

This is a property of parabola.
Example 20(b) : Find length of chord y =x ~/2 - 4ay/2 of parabola y? = 4ax.

Sol.: Equation of chord y =x2 - 4ay/2, parabola y* = 4ax putting value of y from chord
equation into parabola equation

(k2 - 4aV2) - 4ax=0b (x- 4a)2- 2ax=0
b x?- 10ax+16a’ =0
\ b (x- 8a)(x-2a)=0pP x, ~x,=6a

Length = (x, ~x, W1+m? =6a/1+2 =6a+/3

Example 21 : From an external point (x;, y;) tangents are drawn to parabola y* = 4ax. Find
area of the triangle formed by tangents and chord of contact.

Sol.: Equation parabola y® = 4ax

Point P is (X, y1). Chord of contact yy; — 2ax — 2ax;. Putting value of y from it into
the equation of parabola.
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2
Rax + 2axl — Jax

Y1 QI
b 4a’x* +4a’x? +8a’xx, - 4axy; =0
b ax® + (2axl - yf)x +axi =0
o o_yi-2ax, .

\ Yl+x2:T XX, =X

\ %, - %, :§\/(yf- 2ax, | - 42X

=0 Vyi - dax;

a

Length of chord = (X, - X, N1+m?

L i 12 <L L )
19

aY1

2
perpendicular from (x4, y1) on chord of contact p =Y1i- 2% - 4ax;
Y1 +4a

\ area Triangle

1
r\>||—\
SN
<
=N
1
)
<
=
<
<
N
I
Q
<
==
<
=
+
I
Q
R

Example 22 : Find locus of point,. Tangents from which to parabola y? = 4ax include an angle
of tan™ 2.

Sol. Let the point be (x;, y1) Equation of pair of tangents from (x;, y:) on parabola
y? =4ax is; (y2 - 4ax)(y§ - 4axl)=(yyl - 2ax- 2ax, f
Coefficient of x° is —4a’
Coefficient of y* is y? - 4ax, - y2 = - 4ax,
Coefficient of xy is 4ay; h = 2ay,

2\/4a%y? - 16a°%,

- 43 - dax,

2—
p 2=V b gy Py dax,

- (a+x,)

tang=2=
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\ locusis y* =4(a+x) +4ax

Example 23 : Find equation of common tangents to parabola y* = 2x and x* = 16y.

Sol.:  Any tangent of parabola y® = 2xis y =mx+ Zi ....... (1)
m
Putting value of y fromitinx*=16y ... (2)
2 8
X-16mx—-—=0 . (3)
m

. 80
ie. (-16my- 48 29=
(-16m) - 4¢- =
D256m2+g:0 P 8m?+1=0 pmz_l
m 2
, 1.2
\ Common tangentis y =- Ex- 5

P x+2y+2=0

Example 24 : Two straight lines are perpendicular to each other. One touches parabola y* =

4a(x + a) and the other touches parabola y* =4p(x +p). Prove that point of intersection of
these lineslieonx+a—p=0

Sol.: Parabolay?® = 4a (x +a) any tangent to it is

a
= +3)+—
y=m(x +a) -

Other parabola y? =4p(x +p)
Tangent of itis y =M(x +P)+%

Straight line (1) and (2) are perpendicular P M -1

Now equation (2)is y =- %(x +p)- mp
From (1) and (3) m(x +a)+% =

b Fnr 1 +aFn+ L%+ L0
e mg e mg e mMmg
P x+a+p=0
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\ points of intersection of (1) and (2) lies on it.
Example 25 : Find angle of intersection of parabola y* = 2ax and x* + y* = 3a’.
Sol.: Point of intersection of y = 2ax and x* + y* = 3a’
x? +2ax—-3a°=0 b (x+3a)(x- a)=0
x1-3ax=a \ y?=2a% y=+.2a
\ points of intersection (a,\/Ea), (a,- \/Ea)

Differentiating curves with respect to x.

0 Y=z \m=—Fai=L
dx ERINZ N
i dy dy _ x a 1
I 2X+2y—==0b +=--"m,=- —=- =
) Y ax dk y ° J2a 2
1 1
4+ =
\ Angle of intersection q is tanqz*/E—l*/E
2

g=tan'2y2
Example 26 : Find ¢, if y = mx + ¢ touches x* = 4ay.
Sol.: Equation parabola x* = 4ay; of line y = mx + ¢, straight line shall touch parabola if
roots of equation x? - 4a(mx+c)=0 are equal.
i.e. 16a’m? - 4.4ac=0b c=am?
\ y=mx+am?’ is any tangent.
Point of contact : Let it be (x4, y1).
\ tangent XX; — 2ay — 2ay; =0
outtangent ~mx-y+am’=0

comparing XL _z2_- 2a)2/l
m -1 am

P x,=2am, y, =-am’

\ Point of contact (Zam,- amz)
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10.
11.
12.
13.
14.
15.
16.

17.
18.

19.
20.
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Practice Worksheet (Foundation Level) — 6 (b)

Find equation of tangent of parabola y* = 8x (a) whose inclination is 30°. (b) which
passes through (-2,3)

Find equation of tangent of parabola y* = 6x

(@) perpendicularto3x—-y=7

(b) cutting equal intercepts with different signs on axes.

If x —y + 1 =0 is tangent to parabola y* — 4x — 4y + 12 = 0, Find point of contact.

Find condition so that straight line x cos a+ysina =p is tangent to parabola y* =
8x.

The focal distance of a point P on parabola y* = 8x is 8. Find equation of tangent at
this point.

Tangent to parabola x* + 4y = 0 meets y-axis at (0, 4). Find point of contact of this
tangent.

The vertex and focus of a parabola are (4, 0) and (8, 0). Find equation of tangent at
the ends of latus rectum.

If length of a focal chord of parabola y* = 2x is 8 then find inclination of the chord.

The length of a focal chord of parabola whose vertex is (1,1) and focus (4, 4) is
48+/2 . Find its inclination with x-axis.

Tangent at point P on parabola y? = 3x meets x —axis at M(-3, 0) then find PM.
Find length of common chord of parabola y* = 8x and x* = y.

Find common tangent of parabolas y? = 4bx and x* = 4by.

Find common tangent of y* = 4x and x* + y* + 4x = 0

Find the angle between tangents drawn from (1, 2) to the parabola y* + 4x = 0.
The focus and vertex of a parabola are (4,3), (2, 1). Find equation of directrix.

Find co-ordinates of the point, at which tangent at (-2, —2) of parabola x* —4x + 6y =
0 meets the latus rectum.

Find length of common chord of parabola y* = 3ax and x* = 3ay.

Find the area of the triangle formed by tangents from (-2, 2) to parabola y* = 16x
and its chord of contact.

Prove that straight line Ix + my + n = 0 will be touching parabola y? — 4ax if In = am?.

Find length and mid point of the chord of parabola y* = 4x cut off by straight line 2x
+y=3.
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21.

22.

23.

24,

25.

Find length of that portion of straight line 5x — 7y + 36 = 0 which is cut off by
parabola y? = — 10x

Find locus of the foot of perpendicular dropped from focus on the tangents of
parabola y* = 4ax.

Prove that the chord of contact of two perpendicular tangents goes through focus
of parabola.

Prove that the ordinates of point of intersection of two tangents are the arithmetic
mean of the ordinates of the point of contact of those two tangents.

Find length of focal chord inclined at q. Equation parabola y* = 4ax, Focal chord y =
m (x —a)

\ [m(x- a) = 4ax

b m? - x(2am? +4a)+a’m? =0

\ X, +X, =Er%),xlx2 =a’

(x,- x, ) = [4a2 (m4 +4m? +4)- 4a2m“]/m4

=16e12(m2 +1)/m4 P X, - X, =%a\/m2 +1

Length of chord = 4—2\/1 +m?y1+m? :4—2(1+m2)
m m

4a(1 + tan? q) _4asec’q
tan’q tan’q

=4acosec’q
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6.10 Normal:

Tangent at (xy, y1) IS yy1 = 2a(x —X) slope of tangent is 2 P slope of normal - %
Y1 a

\ Equation of normalsis y - y, =- %(x - X,)
a

(b) In terms of slope : put - %zm \ y;=—2am
a
2 22
and )(l:y_lzll'a'—rn_a_m2
a 4a

\ Normalis y- (- 2am)=m(x- amz)

ie.y=mx-2am-am® ... (@)

It meets parabola at (am?, —2am)

(a) is the equation of any normal to parabola y* = 4ax
(c) Let it pass through (h, k)

\ k=mh- 2am- am?

b am®+m(2a- h)+k=0 ... (b)

This is cubic in m.

\ Three normals can be drawn from an external point to the parabola. Suppose
these meet in points whose ordinates are y;, y, and y;

from m;+my,+ms=0
P 2am, +2am, +2am, =0
Py, +y,+y; =0
(d) For all the three normals to exist values of m; m, and ms should be real.

\ In equation (b) (h — 2a)m should exist, and it should be +ve, so that —(h —2a)
should be negative i.e. h > 2a.

\ all three normals from an external point (h, k) shall exist if h > 2a.
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Solved Examples

Example 27. Find the equation of normals to the parabola ¥* — 6x + 8y — 15 = 0, inclined at
tan™(—2) with x-axis.

Sol.: Letthe point on parabola x* - 6x + 8y — 15 = 0 be (xy, 1)
Tangent at (x; yy) is xx, - 3(x+x,)+4(y+y,)- 15=0

Slope of tangent is - Xlé; 3

Slope of normal =

X; -
But normal is inclined at tan™(-2)

4
X, -

\

=-2Pb 4=-2x,+6bP x, =1
\ From equation of parabola 1- 6 +8y, - 15=0

Py =5/2 \ normaly-g:-z(x-l)

9
P y+2x=—
y 2

Example 28 : Find equation of normals drawn from (15, 12) on parabola y® = 4x.
Sol.  Equation parabolay® = 4x any normal is y = mx — 2m - m®

It passes through (15, 12)

\ 12=15m- 2m- m®

b m’-13m+12=0pP (m- 1){m’+m- 12)=0

b (m-1)(m+4)m-3)p m=13,-4

() m=1,normalsy=x-3

(i) m=—4normalsisy=-4x+72 b y+4x=72

(iii) m=3normalsisy=3x-33.
Example 29 : A normal chord subtends a right angle at the vertex of parabola y* = 6x find its
inclination.

Sol.:  Equation parabolay® = 6x, a = 3/2 any normal isy = mx — 3m - Em3 ......... (1)

Vertex is at origin. Making equation of parabola homogeneous with the help of (1)
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2 ®e mx-y 0_
- -~ —==0 2
gSm +3/2mi g @)

-6m

co-efficient of x* =————
6m+3m

co-efficient of y* = +1

Since angle between lines joining origin with the points of intersection of chord and
parabola are 90°

b 1- 12—m3:O
6m+3m

b 3m®-6m=0b m?=2b m=42
\ tanq=+/2, q=tan'l(\/§)

Example 30 : Prove that distance between a tangent and parallel normal of parabola y* =
4ax is asec® qcosecq. Where q is inclination of either.

Sol.: Equation of parabola y* =4ax
. a
any tangent of it y =mx +—
m

parallel normal is y =mx - 2am- am®
The normal meets parabola at (am?, — 2am)

\ Distance between tangent and parallel normal = perpendicular from (am? — 2am)
on tangent.

_am®+2am+a/m _ a(m4 +2m? +1)

Vi+m? M1 +m?
_ a(l + m2)3/2 _ a(l +tan’ q)y2

m tanq
=asec’q. €939 - asec? g.cosecq

sing -

Example 31 : Prove thaty = X+/2 - 4ay/2 is normal of parabola y* = 4ax and that its length is
6a+/3.

Sol.:  Anynormal of parabola y® = 4ax is y =mx- 2am- am®
our line y =x+/2 - 4ay/2 .

\ m=4/2 and —2am-am®=—-2 2a- 24/2a =-442a
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which is constant in the line, \ normal
Length putting value of y from chord in parabola equation
(k2 - 4av2) - 4ax=0b x?- 10ax +16a* =0

\ X, +X, =10a, X,x, =16a"
X, - X, :(\/100- 64)a
\ length = 6av1+m? =6ay/1+2 =6a/3
Example 32 : If a normal of parabola y* = 4x is inclined at f with axis, then prove it will cut

the parabola at tan'lgeltanf 9 again.
e2 @

Sol.: Letnormal at P (x, y1), y* = mx —2am — am® meets the parabola at Q (x,, y,) again.
Clearlyy; =—2amand m =tan f

Putting value of x from normal into equation of parabola.

+2am+am?®
2 :4a@
m

5
y <
2

b y%- 4ay 4a(2a+am2)=0
m

4a 4a 4a
\ yity,=—bP y,=—-y, =—+2am
m m m
_ 4a+2am’
VY =——
m

Slope of the tangent at Q, (X, y») = 2a_  2am m

y, 4a+2am 2+m’

Angle between normal and this tangents is

m
M e m+m® _m
tanq=——>=5"— = 5=
m 2+2m- 2

1+
2+m?

= Liant \ q:tan'laétanfg
2 82 %]

Example 33 : PNP’ is a double ordinate of parabola y* = 4ax. Normal is drawn at P and a line
is drawn parallel to x-axis through P. Prove that locus of point of intersection of this line and
normal is y* = 4a(x —4a).

Sol.: LetP be (x4, y;1) then P"is (X1, — y1)
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Line through P parallel x- axisisy=-y; ... 1)

NormalatP  y-y;= - %(x X,)
a

P Za(Y' Y1)+(X' X1)Y1 =0

If (h,k) is point of intersection, then

2
b 2ay +y,x =2ay, +X,y, =2ay, + % Yoo )
y3
from (2) 2ak +y,h=2ay, + 4—1 ........... (3)
a
and from (1), k=-y, ... 4)
k3
\ from (3) 2ak —kh =-2ak — —
4a
2
P 4a=h- k—
4a

b k* =4afh- 4a)
\ Locusy*=4a (x —4a)

Example 34 : Prove that y = x — ¢ is normal to y* = 8. Find respective point on parabola and
also length of normal.

Sol.:  Equation parabola y* = 8x \ a=2
Anynormalisy=mx-22m-2m* ... (1)
Slope of given liney =x—-6is 1.
\ Equation (1) reducestoy=x—-4-2=x-6
Hence given straight line is normal of parabola, point is (am? — 2am); i.e. (2, —4)

(i) Length, putting value of y from straight line into the curve. (x — 6)* = 8x
b x*-20x+36=0b (x- 18)(x- 2)=0
\ Length = (x, ~x, W1+m? =16+1+1 =162

Example 35 : Find equation of tangent and normal at the upper end of latus rectum of
parabola y* =4a(x - a)

Sol.:  Equation parabola y* = 4a(x —a)
\ Vertex, (a, 0), focus (2a, 0)
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\ upper end of latus rectum is (2a, 2a)

Tangent, y.2a = 2a(x + 2a) —4a°

P y=x

slope of normal is -1, equation; y—2a=—(x - 2a)
y+x=4a

Example 36 : Ify = (x — 11) cos q—c0s3 g is normal to y? = 16x, then q is

Sol. :

(@ p/2 (b) p/3 (c) can have any value (d) had a definite value
Any normalto y*=16xis y=mx-8m-4m* .. (1)

Given normal y =-11cosqg+xcosq- cos3q

\ slope=cosq\ ;m=cosq;

and -11cos q —cos3q =-11cos q + 3 cos q—4 cos® q =—-8cos q —4 cos’q

\ comparing with (1) m=cos q

\ y=xcos q-11cos g -cos3 q isnormal

whatever be, the value of q.

Example 37: Find equation of normal of parabola (x — 2)* = 4y which meets axes in (2, 4)

Sol.

Equation parabola (x - 2)° = 4y
\ a=1,axisisx-2=0
If (X1, y1) is a point on parabola then tangent is xx; — 2(X —X1) = 2(y +y1) +4=0

X; - 2

Its slope is \" Slope of Normal -

X, -2

Equation of normalis y -y, =- (x-xq)

X, -2

P (Y- Yy - 2)+2(x-x)=0

It goes through (2,4) P (4-y;) (X, —2)+2(2-x,)=0
P xiy1—-2y1—-2x,+4=0P (x,—2)(y1—2)=0

\ x1=2,y1=2

X1 =2 gives x = 2 normal

y1 = 2, point on parabola is x = 2 + 22 and x=2 - 22 and 2 + 24/2 are symmetric
points; normals are
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_2=- x 2- 24/2)

y 2+2\/_

py-2= "2 (X- 2+24/2)
+2./2

N2y +x=2+ 442 and 2y—x= 442 -2

Example 38: Find locus of point of intersection of normals of parabola y* = 4ax that include
angle 90°.

Sol.  Anynormal of parabola y? = 4ax is
y = mx —2am-am® . (i)
Normal ~ toitis y =- 1+§+i3 .. (i)
m m m
\ mx-2am-am® —-i+§+i
m m m

p X(:, +E—:2a$?n+ +a€?n3+—_

m® g
b x=2a+adn’- 1+ -2 ... (i)
e m" g
16
From (i) y = 2am+a3m°® - m+—2- 2am- am®
(i)y= ag —
-
em ]
\ oy o= azgeiz+m2- 2;—a2€el+m 19. &2
ém 2 2

= a(x — 2a) — a’ = a(x — 3a) from (i)
\ Locusisy®=a(x—3a)
Example 39: Find ¢, if y = mx + c is tangent to x* = 4ay.
Sol. Equation of parabola x* = 4ay
Straight lineisy=mx +c
Substituting value of y from line in parabola equation x* — 4a (mx + ¢) = 0

For line to be tangent, roots of this equation should be equal i.e. 16 a’m? — 4 x4ac =
0
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P m?=

®» |0

If ¢ = am? then given line is tangent.
Point of contact: Let it be (xy, y1)
Tangent XX, —2ay —2ay; =0 ()]

ourtangent y-mx-am’=0 ... (ii)

Comparing X 2a:2—y2l
-m m

\ X =2am, y; =—am?, point of contact [2am — am’]
Example 40: Find equation of normal of parabola x* = 4ay in terms of slope.

Sol.  Tangent at (xy, y1) of X = 4ay is xx; — 2ay — 2ay;

Slope of tangent Xp slope of normal - 2
2a X,

Equation of normaly —y; = - @(x - Xq)
X1

2
Nowmz-@b xlz-%b ylzx—lzi2
Xy m 4da m
\' Normal is y-%:mgew@g
m e mg
a .6 2a au
P y=mx+2a+— oint x —,—
y m PR W

Example 41: Two straight lines are perpendicular to each other, one touches parabola y* =
4a(x + a) and the other touches y* = 4p(x + p). Prove that point of intersection of these lines
liesonx+a+p=0

Sol.  Tangent to parabolay® = 4a(x + a) is
y=mix+a)+= -
m
Tangent of y* = 4p(x + p) isy = m(x + p) + P . (2)
m

Straight lines (i) and (ii) are perpendicular to each other \ M= - 1
m
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\ (2) becomes y =- %(x +p)- mp - (2)
From (1)and (2)m (x+a) + L (x+p)—mp
m m

p xg +—_+a§n+—_+pgm +m_:0

P x+a+p=0
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Practice Worksheet (Foundation Level) — 6(C)
Find equation of normal at the ends of latus rectum of parabola y® = 8x.

The abscissa of a point on parabola 4y” + x = 0, is -4. Find equation of normal at this
point.

Find equation of normal of parabola (x — 4)* = 8y which passes through focus.
Find equation of normal of parabola (y — 2)* = 4x which goes through focus.
Find equation of normal of parabola x* = 4py in terms of its slope.

Find point on parabola x* = 4ay, at which 2y — x = 12a is normal.

The normal of parabola (y — 2)° = 4(x + 1) is inclined at 45° with axis. Find its equation.
Show thaty =mx + 2a + iz is normal to parabola x* = 4ay. Find its point on parabola.
m

Find length of normal chord of parabola y* = 4ax, inclined at 30° with axis.

Find the point of intersection of normal drawn at (2, 2) of parabola. y* — 8y + 4x + 4 =
0 and the directrix.

The straight line 2x + 4y = 9 is normal at point (p, g) of parabola y* = 8x, find p and g.

Find equation of normal at (4, 6) of parabola y* = 9x. At what point does it meet the
tangent at (1, 3).

Find condition so that ax + by = 1 be normal to y* = 6x.

Normals are drawn from point (3p, 0) to parabola y* = 4px. Find angle between any
two of them.

Prove thaty = x+/3 — 5a/3 is normal of parabola y* = 4ax and that its length is 3—; a.

Find condition so that /x+my+n=0 be normal to parabola y* = 4ax.

The normal at point P on parabola meets the axis at G. Ordinate of P is PN. Prove that
GN is equal to semi latus rectum.

Show that for every value of g, y = (x — 11) cos q — cos 3q will be normal of parabola y?
= 16x. Find the point on parabola and write equation of tangent on it.

PNP’ is double ordinate of parabola y* = 4ax. Show that the locus of point of
intersection of normal at P and the straight line drawn parallel to axis through P’ is y*
=4a (x—4a).

Two normals of parabola y* = 4ax are inclined at axis at tan™ 1 and tan™ 2. If these
meet at point P, then prove the third normal from P is inclined at acute angle tan™ 3.
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Pole and Polar
6.11 Polar

If from a point P (outside, on or inside parabola) chords of parabola are drawn then the
locus of the point of intersection of tangents drawn at the
ends of these chords is called polar of P and P is called pole
of the polar.

In figure P is point outside parabola. PQR is one chord.
Tangents at Q and R meet at T;. Locus of T; is the polar of P.

Let T, be (h, k) then QR is chord of contact of T,

yk =2a(x + h) - (1)

QR goes through P x(xy, Y1)

\ yik=2a(x,+h) .. (2)

From (1), (2) it is clear that point (h, k) satisfies yy; = 2a (x + X;)

For every value of h and k.
\ Locus of Ty i.e. polaris yy; = 2a(x + x1)

Note: When point is outside parabola, then polar of P is chord of contact of P. When P is
on parabola, polar of P is tangent at P and when P is inside then polar is only polar
and it is outside the parabola.

6.12  Other Properties of Polar

(1) If polar of P with respect to a parabola passes through Q, then polar of Q shall pass
through P.

Let y? = 4ax be the parabola and let P be (x1, y1) and Q (X2, y2)

Polarof Pis  yy;=2a (X +Xxy) ()]

It passes through Q\ y,y: = 2a (X2 + X1) (1))

from (i) it is clear that (x4, y,) lies on yy, = 2a(x + x,) i.e. on the polar of Q.
2) The point of intersection of polars of P and Q is the pole of straight line PQ.

Polars of P (x1, y1), Q (X2, y) with respect to parabola y* = 4ax are

yy: =2a (X +Xg) and yy, = 2a (X + X,) - Q)

If these intersect at point (h, k) then

ky; = 2a (h + x;) and ky, = 2a(h + x,)

From relation (2) it is clear that (x4, y1), (X2, ¥2) lie on ky = 2a (x + h) and it is the
equation of polar of their point of intersection.

(3) The chord of parabola is parallel to the polar of its mid point.
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Let y = mx + ¢ be chord of parabola y* = 4ax; which meets parabola in (x, y;) and
(X2, y2)

If (h, K) is its mid point, then. x; + x; = 2h, y; +y, = 2k.

Putting value of x in terms of y from straight line into equation of parabola.
y-4a & -9

emg
P my?-4ay+4ac=0
\ yity,= 42 and this =2k.
m

22

k
Polar of (h, k) is yk = 2a(x + h)

\ m=

Slope of polar is % , which is the slope of chord. Thus chord is parallel to the polar
of its mid point.

The equation of chord of parabola y* = 4ax whose mid point is (h, k) is

yk — 2a(x + h) = k* — 4ah

Suppose the chord is inclined at angle g with the axis (x-axis); (h, k) is its mid point.

Equation of chord is x-h_ y_k =r
cosq sing
\ x=rcosq+h, y=rsing+Kk

point (x, y) is on parabola y? = 4ax

\ (rsing+Kk)*=4a(rcosq+h)

b r’sin’q+2r (ksin q—-2acosq)+k’—4ah=0

The two values of r are equal in magnitude but opposite in signs.
\' ry +r,=0in this equation.

\ ksing-2acosq=0P tanqg- %

\ Equation of chord is y - k:%(x- h)

or yk — 2ax — 2ah = k?* - 4ah.
\ yk—2a(x+h)= k2 4ah
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Solved Examples
Example 35: Find pole of straight line /x +my+n=0 with respect to y* = 4ax.
Sol. Let (x4, y1) be the pole.
Polar isyy; —2ax—2ax; =0

my+ ¢x+n=0

m / n
n -2am

\' X, ==,y ;
. am  2amo
\ Poleis ¢=,- —=
el ! g

Example 36: Find the pole of the latus rectum of parabola y* = 4a(x — a)

Sol. Equation parabola y* = 4a (x - a) (1)
Focus (2a, a), Equation of latus rectum x—2a=0 (2
Suppose (h, k) is its pole, then
Polar is yk — 2ax — 2ah + 4a°= 0 .. (3)
Comparing (2) and (3)

0_1 2a 1

k -2a 2ah-4a h-2a
\" pole (0, 0)
Example 37: Prove that the locus of poles of tangents of parabola y* = 4ax with respect to

2 a2 Ab?
parabola y” =4bx isy* = Tx.

Sol.  Any tangent of parabola y® = 4ax isy = mx + 2 - Q)
m

Let its pole with respect to y* = 4bx be (x4, y1)

Then polar is 2bx —yy; + 2bx; =0 (2
Comparing Co-efficients of (1) and (2)
2 _y, _2bmx,
m 1 a
\' X, :iz,y1 =20 orm:é
m m Y1
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2

_ay;
\ox, =L
bogp?

2
\ Locus y? A
a

Example 38: Find the equation of that chord of parabola y* = 12 x whose mid point is (2, -3)
Sol.  Polar of point (2, -3) w.r.t. to y* = 12x is — 3y = 6x + 12
Slope of this polar is —2. This will be the slope of the chord.

\ Equation of chordisy + 3=-2(x - 2)
P 2x+y=1
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6.13 Diameter

The locus of mid point of parallel chords of a parabola is y
called diameter.

Parabola y* = 4ax . (1)
(h,k)

and parallel chords are y = mx + | (2 /v ////

Let mid point be (h, k) Y
from (1) and (2)

=421 02 e
em g Fig 10

This gives two value of y, namely y;, y, [chord meets

parabola in (X, y1), (X2, Y2)]

From (3) Vity,= +ﬁ =2k
m

\ K :§, which gives equation of diameter as; y :§; and it is a straight line parallel to
m m

axis.

Corollary: The tangent drawn at the end of diameter is parallel to the chords, which are
bisected by the diameter.

In the figure the diameter of parallel chords y = mx + | meets the parabola in v. The slope of
a tangent at (xy, y1) on parabola.

2a _ 2a
y, ordinateofpoint

y?=4ax is

Equation of diameter is y :@
m

2a _
ordinate of point v ~2a/m

\ Slope of tangents at v is =m slope of parallel chords.

\ The tangent drawn at the end of diameter is parallel to the chords bisected by diameter.
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Solved Examples

Parabola

Example 39: Prove that the tangents drawn at the ends of a chord of parabola meet at the
diameter which bisects those chords.

Sol.

Equation of parabola y* = 4ax . (1)
Let ends of chords be (x4, y1) and (X2, ¥2)
Equation of tangents at these points, yy; = 2a (X + X;) (2
Y2 = 2a(X + X2) - (3)
. , : : . 2a(X; - X,)
The ordinate of point of intersection of (2) and (3) is y =———== .. (4)
Yi- Y
Slope of this chord is Y12 Y2 gnq therefore equation of diameter,
X1 X;
2a _2a(x, - X
y - - a( 1 2) (5)
slope  y;- Y,

Clearly, this diameter passes through the point of intersection of tangents.
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10.
11.

12.

272

Practice Worksheet (Foundation Level) — 6 (d)

Find the equation of polar of point (4, 3) with respect to parabola x* — 4x — 3y — 8 =
0.

Find point of intersection of the polars of points (-2, —3) and (3, 5) with respect to
parabola y® = 8x.

Find pole of straight line x + 5y — 5 = 0 with respect to parabola x* = 10y.

Find the equation of the chord of parabolay = x* — 8x + 4y + 3 = 0, whose mid point
is (2, -1). Find the length of this chord.

Prove that the locus of poles of focal chords of parabola y* = 4ax is directrix of
parabola.

Prove that the locus of the poles of chords of parabola y* = 4ax, which are at a
2 X0

distance of b units from vertex is y +4a2§1 - ;—Ziz 0.

[

Find the locus of poles of tangents of parabola y* = 4ax with respect to circle X* + y°
—2ax=0.

From point P, perpendicular, on its polar with respect to y* = 4ax, touches the
parabola x* = 4by. Prove locus of P is 2ax + by + 4a°= 0

Find the locus of the poles of normals chords of parabola y? = 4ax.
Find pole of ax + by + ¢ = 0 with respect to parabola y* = 8(x + 2).

Find the locus of mid points of chords of parabola (y — 3)° = 2(x — 1) which are
perpendicular to 3x — 4y =5.

Find pole of straight line 3x + 4y = 12 with respect to parabola (y — 4)* = 8(x — 1).
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6.14  Parametric Co-ordinates:

a . a 2ag
We have seen that y =mx+— is tangent to parabola y* = 4ax at 88—2,—9 andy = mx —
m m

mg
2am —am?® is normal to this parabola at (am?, —2am).

The co-ordinates of the point have been expressed in one variable, but not in uniform one
variable. Therefore (at®, 2at) are parametric co-ordinates of any point ‘t’ on parabola y* =
4ax.

(@ Equation of tangent at ‘t’ is 2at xy = 2a (x + at?)
P ty=x+at’

(b) Normal at tis %(y- 2at)+(x - at’)=0
b y+tx=2at+at®

(c) Point of intersection of tangent at t; and t; is
yt, =x+atil
yt, =x+ at%

(d) Equation of line joining points t; and t, is

_2(t,- t)

(@tty,at; +t,))

- 2at X - at?
y 1 a(tg _ ti) ( 1)
-2 (x- at?)
t,+t

p y(tg + tl) =2 (X + atltz)
6.15  Sub-tangent and Sub-normal:

In the figure 11, P is a point on the parabola. Tangent at P, PT meets axis at T and Normal at
P, meets axis in G. PN is ordinate of P. Then

TN = Sub-tangent
NG = Sub-normal

(@) Let P be (xi, Y1), tangent at P is yy; = 2ax + 2ax;

Puttingy =0, x =-x; P AT=-x;

T(-x,,0) A N(x,,0)
and |AT| =x;; Sub-tangent TN = |TA] + AN =x; +
X1 = 2X1
(b)  NormalatP 22(y- y,)+(x- x,)=0 ’
y U ' Fig 11
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Puttingy=0 -2a+x-x;=0
\ Gis(2a+xy,0)
Sub-normal=NG=AG-AN=2a+Xx;-X;
= 2a (constant)
\' Sub-normal of every point on parabola is 2a = semi-Latus-rectum = constant.

6.16  Properties of Parabola:

1. The tangent and normal at any point of parabola bisect the angle between focal
distance and perpendicular from point on directrix internally and externally
respectively.

In the figure, P is point (x,, y;) on parabola PF is focal distance, PM = perpendicular
from P on directrix.

Tangent at P, PT meets axisin T; T is (—xy, 0)

By definition of parabola PM =PF=a+x; and TF = |TA| + AF=x; + a.
In triangle PTF, PF=TF P BDPTF=DTPF=q

And BDMPT = alternate DPTF=q

\ BMPT=BTPF b PT bisect DMPF

2. The segment of every tangent between directrix and point of contact subtends a
right angle at focus (Proved in example 20).

3. If point t1, (at? +2at) is one end of a focal chord . y
. . . P( 1/ 1)
then (%,- @) ie. - ES is its other end. Let two M ex > ¢/
ot t, 0%
ends of a focal chord PQ be t1 and t2 / S
2at 2at T(-x,,0) Al F(a,0)
\ slope of PS = Ly ofQS= 2
P alt’ - 1) Q altz- 1)
PSQ is one straight line b é?tll) = é?tzl) 2
ati-d) k- Fig 12

b 1,(€- 1) (6~ 1)=0
P tt-t-tt-t,=0

P tltz(tz' t1)+(tz' tl):o
P (tltz +1)(t2 - tl):o
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1

vttt \ 4 =-l ==
1

\ ends of focal chord are t, and - tl
1

4. Tangents at the ends of focal chord meet at right angles on the directrix.

If ends of focal chord are t;, and t,, then point of intersection of tangents at these

points is [at,t,,a(t, +1,)].

And we know t;t, =-1 \ x=att,=-a

and x=-a is a directrix.

Slope of the tangents are 1 and ES and l.l -1 -1

1 t2 t1 t2 tltZ

\ tangents meet at right angles on directrix.

5. The foot of perpendicular from focus on any tangents falls on the tangents drawn at
vertex of parabola.

Any tangent to parabola y* = 4ax is yt = x + at® . (1)
Equation of perpendicular from focus (a, 0) on it is
y-0=-t(x—a) P yt=—tx +at’ . (2)
From (1) and(2) x + at” = —t°x + at’ P x =0 and x = 0 is tangent at vertex of parabola.

6. Tangents drawn from an external point to the parabola y* = 4ax subtends equal
angles at focus.

Let P be the external point of the parabola y* = 4ax and PM and PN be tangents
from it to parabola. Let M be t; and N, t, \ P=Jatyt,, a(t; +t,)]

2at,
alt; - 1)

Length of perpendicular p, from P on it.

Equation of MSis y = x-a) P 2tx-(t°-1)y-2at;=0

_2tatyt, - (1 - Daft; +t,)- 2at,
At +(- 0y

- a(titz - ti’) +at,- 1))
t7+1

1

= a(tz - tl)

Similarly length of perpendicular from P on NS, p, = a(t; — t,)

P |p:l°=Ip2] P DMSP = DNSP.
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Solved Example

Example 40: One end of focal chord of parabola y* = 4ax is (at?, 2at). Find its length.

Sol.  The other end of focal chord of y* = 4ax is 88% ﬁg
et tog

.2 2

\ Length = \/E%\tz (29 +€§at+§9

e g e tog

Example 41: Circle is drawn on the focal distance of point ‘t’ of parabola y* = 4ax as
diameter. Find the length of segment cut on normal at t by this circle.

Sol. In the figure 13 the line segment cut off by the circle on PS as diameter is PK. If g s
angle between normal at P and PS then PK = PS cos q

Normal isy + tx = 2at + at’; slope = -t

® 2t ©

§ Ui,

and slope PS = \ tang==———=
P t*-1 q & 2" 0

g -1

\ cosq=

1
1+t

\ PScosq=(at’ +a) x ! =ay1+t Fig 13
V1+t?
Example 42: Prove that the locus of mid point of the portion of normal of y* = 4ax

intercepted between curve and x-axis is another parabola. Find its vertex and length of
Latus rectum.

Sol.  Equation of normal of parabola y* = 4ax at P (at®, 2at) isy + xt = 2at + at’
It meetsy =0in G, (2a + at®, 0)
Mid point of PG is (h, k) P h=a+at? and k = at
2

fromk=at hza+ a¥=2 b k®=ah-a
eag
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\ Locus of mid point is y* = a(x - a)
It is parabola, vertex (a, 0) Latus rectum = a.

Example 43: Prove that the harmonic means of segments of focal chord cut off by x-axis is
equal to semi-latus rectum.

Sol. Let ends of focal chord PQ be P(t) and QéeTlQ Focus Sis (a, 0)
ety

\ PS=(at?- a? +(2at)? =al+t?)

Q5= (& - +(- 22 =30

t? t t?
2 + 2\2 2 + 2\2
HM = — 2a(1+t) ——= 2a°(L+T) 1 _ =2a = semi latus rectum
at2§1+t2)+7(1+t )H at2(1+t2)§i+72
é g o

Example 44: If normal at P (t;) meets the parabola again at Q (t;) then prove t; = - t, - tg
1
Sol.  Normal at t; of parabola y® = 4ax is y + t;x = 2at; + at,*
It goes through Q.\ 2at, + t,at,” = 2at; + at;°
p Za(tg - tl) +at; (tzz - tlz) =0
b a(tg - tl) [2 +14 (tz + tl)] =0 - t 1 t b [2 +1 (tg + tl)] =0
t1+t2:-£ ptgz—tl—g
t1 t1

Example 45: Normals of parabola y* = 4x drawn from an external point meets axis of
parabola in points whose co-ordinate are in A.P. Show that locus of point is 27y* = 2(x — 2)°

(Roorkee 1995)

Sol.  y=mx-2m-m2is normal of y = 4x. It goes through (h, k)

\ k=mh-2m-m?

P m+m(@2-h)+k=0 . (1)
If gives three values of m namely m;, m,, m; from it

mi+my+ms=0b my+msg=—-my (2

and my(m; + mg) +mymz=2-h -3

mimyms=-k p mlmgz-L .. (4)

m,
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from (2), (3), (4)-m,°=(2—-h) + LS .. (a)

m,

Normal meets axis in points whose abscissa are 2 + m;?, 2 + my%, 2 + ms and
ordinates (O)

Co-ordinates are in A. P. b 4 +2m,?=4+m;® +ms’
p 2m22=(m1+m3)2-2m1 m3=m22+ 2—k p m23=2k (b)
m,
k

From (@) h—2=m5 +—
2

p mg(h—2)=m23+k2
\" Cube of it gives.
m3(h- 2)*> =mj +3mk +3m3k® +k°

Putting value of m3 from (b)
2k(h—2)°*=8k>+12k* + 6k* + kK> b 2k(h - 2)* = 27k’
\ 27y?=2(x-2)°.

Example 46: Prove that the length of focal chord is inversely proportional to the square of
its distance from vertex.

Sol. PQ is the focal chord. PQ = 4a cosec® q vy
where q s its inclination with x-axis.

In figure AN is perpendicular from vertex
on PQ.

AN=ASsinqb sinqzﬂ:— N
AS a 0

\ PQ=4acosec’q= Q

d4a  dax’

= 4a% is constant
sinfg  (AN) lJl(AN)2 ( )

Fig 14

Example 47: Normals at P and Q of parabola y* = 4ax meet at R on the parabola. Show that
the product of ordinates of P and Q is 8a*

Sol. Let P, Q and Ry be ty, t, and t;. Normal at P meets at R on parabolab t;=-t, - tg

1

2
Normal at Q meets atR on parabolab t;=-t, - .

2
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2 2
\ - S=at,- 2
tl t2
2 26
b t-t,+ 2 (t-t)=(t - t)Ad- 2 2=0
et = - 22

tll t \ 1+LZO p t1t2:2

tltZ
Product of ordinates of P and Q = 4a’t; t, = 8a°

Example 48: PQ is chord of contact of point T. With respect to parabola y* = 4ax and PQ is
also normal at P. Show that directrix bisects TP.

Sol.  Tis pole of PQ with respect to y* = 4ax

Let P be (am? —2am). Normal at P is

y = mx —2am-am® ()
If Tis (h, k); its polar is
ky = 2ax + 2ah (“)
Comparing (i) and (i) K -2 :LS
m - 2am-am
\ h=-2a—am? andk= 2a
m
5
Mid point of PT, gm,- 2am +§i
Mg

Ifitis X,y then X=-a i.e. itis on directrix.
Example 49: If any chord of parabola y* = 4ax subtends a right angle at the vertex, prove
tangents at its ends meeton x+4a=0
Sol. Let PQ be the chord and P(t;) and Q (t); Vertex Ais (0, 0)

Slope of AP = ZaTt 2

1 t1
2

Slope of AQ = —
t2

Point of intersection of tangents at P and Q is [at;t,, a (t; + t,)]

4

PPAQ=90° P —t:-l P tit,=—4
12
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\ Ifh:atltzp h=-4a
\ Locus of point of intersection is x + 4a =0

Example 50: Two straight line are perpendicular to each other. One line touches the
parabola y* = 4a(x + a) and the other touches the parabola y* = 4p (x + p). Prove that the
locus of point of intersection of these linesisx+a+p=0.

Sol.  Anytangenttoy?=4a(x +a) is
y=mix+a)+ = ()
m
Any tangent to parabola y* = 4p (x + p) and perpendicular to (1) is
1
y=-—(x+p)- pm - (2)
m

From (1) and (2), 0 = xg?n+__+pgel+m9+a€el+m9
Mg em @ em 1]
P x+a+p=0
This is the locus of point of intersection.

Example 51: The ordinates of three points P, Q and R on parabola y* = 4ax are in G.P.. Then
show that tangents at P and R meet at the ordinate of Q.

Sol. LetP be (at?, 2at), Q (ar’t?, 2art) and R (ar’t®, 2ar’t)
TangentatP; ty=x+at . (1)
TangentatR; r’xy=x+ar't’ . (2)
Subtracting t(1 —r?)y = at’(1 —r")
b y=at(r’+1)
From (1) X = ty —at?
=at’(r’ +1) - at’
= ar’t’
Which is ordinate of Q.

Example 52: Find locus of the point, tangents drawn from which to parabola y* = 4ax
include and angle of tan™ 2.

Sol. Let the point be (x4, Y1)

Equation of pair of tangents drawn from it to parabola are (y* — 4ax) (y.* — 4ax;) =
(yy1 — 2ax — 2axy)”

In this equation co-efficient of x* is —4a’; co-efficient of y? is y,* — 4ax, — y;° = —4axy;
co-efficient of xy is 4ay;
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2,/4a%y; - 16a%,

\ tangq=2=
- da(a+x,)

b 16(x, + &%) xa’ = 4a” (y,* — 4axy)
\ Locus y? = 4(x + a)? + dax

Example 53: Prove that normal of parabola y* = 4px, at point ordinate = abscissa, subtend a
right angle at focus of parabola.

Sol. Let point be A (4p, 4p) on parabola y* = 4px

Normal at A is %(y- 4p)+(x- 4p)=0

P y=12p-2x
It meets parabola\ (12p - 2x)*—4px=0
P 36p°—13px+x°=0
P (x-4p)(x-9p)=0P x=4p,9p
X = 4p gives point (4p, 4p); other point is (9p, + 6p)
Normal shall meet below x-axis,\ point (9p — 6p), A is (4p, 4p), B (9p, —6p);

Slope AS=m, = % =%

SlopeBS=m, = %zf

mym, =-1 \ DASB=90°
Example 54:  Find locus of mid points of normal chords of parabola y* = 4ax
Sol.  Anynormaly=mx-_2am-am® . (1)

Let its mid point be (h, k)

Chord is parallel to the polar of (h, k)

Polar yk = 2a(x + h) slope % P m :%

(h, k) is also on normal.

.. .3
\ K=22n- 22220 220
K eKg éKg
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2 3
p X oh.2a- 22
2a K
y2 2
Locusis ——+—-=x- 2a
2a y

Example 55: The normal of parabola y* — 8x — 2ay + 8b + & = 0 at x = 2b meets (i) axis of
parabola at ... (ii) x-axis at ...

Sol. Equation of parabola (y — a)* = 8(x — b)
Changing origin at (b, a), Equation of Parabola y* = 8x

When vertex is origin and latus rectum 4a, the normal x = x; meets axis of parabola
at (x; +2a, 0)

The point x = 2b on changed axis is x = b.
Normal shall meet axis of parabola (changed axes) at (b + 4, 0)

On original axisat (b +b +4,a)i.e. (2b +4, a)

é u
(i) Normal shall meet x axis in é\/§a+2b +4, 0q
é a

Example 56: If two normals drawn from a point to parabola y* = 4ax are coincident, then
prove that locus of point is 27ay” = 4(x — 2a)°

Sol.  Anynormal to parabola y® = 4ax is y = mx — 2am —am?®
Let it pass through (h, k) the point from which normals are drawn
\ k=mh-2am-am?
P am®*+m(2a—-h)+k=0 .. (a)
Let slopes of normals be my;, m,, m;
\ m+my+mz=0

But m; =m; given

\ ms =—-2m;y (1)
K_ 2
Productm; my; mz = - —=mj>m,
a
. 2 'K 3 K
and from (i) mi(-2m;)=—pb m; =— .. (b)
a 2a
2a-h
From (a) m; my + my mg+ mzmy =
a
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. 2a-h
i.e. mi +2mm, =
i.e. m?+2m,(-2m,) = Za; h
h- 2a
3m; = . - (2)

1
-3

Now (3m?)* = .

(h- 2a)* =27m¢ =27(m3)®

)
\' From (b 27§<——=i3h 2a)°

\ Locusis 27 ay® = 4(x - 2a)°

Example 57: A is a fixed point on parabola y* = 4ax; Normal at A meets parabola at B. If AB
subtends a right angle at vertex, find slope of AB.

Sol.  LetAbe (at?,2at,) and B (at;,2at,)

Since AB is normal to parabola

\ t2:-tl-t£ - (a)

1

O is vertex, slope OA, m, :tg and slope of OB is m, =—
1 2

AB subtends right angle at vertex b % =-1
12

from( )tltz——tl -2b —4——t12—2

\ ot =442

Slope of normal is - t, =F+/2

Example 58: Through vertex O of parabola y* = 4ax OP and OQ drawn at right angles. Show
that for all values of P, PQ cuts axis of parabola in a fixed point. Find also locus of mid point
of PQ

Sol. LetOP bey—mx=0thenOQismy+x=0

From parabola (mx)* = 4ax b x = ﬁ,y +%
m?

8842 ,4—9 then Q is (4am?, —4am)

em- mg

IfPis
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4a -4a§n+19
Equation of PQ; y- —= rlng -
m 0é
i
2
da -1 & 4ao
P y-—= 1gx-—2—
m- L& 2
m

It meets y = 0 (axis of parabola) then

4a$?n- lQ:mES%- 4—29
e 2

m e Mg
da 4da
X:4a'—2+—2 b x=4a.

m m

Now equation of PQ isy—0=m(x —4a)
If (h, k) is mid point M, then
Slope of PQ = slope of polar of M (h, k)

Slope of polar of (h, k) is %
. . 2a
\' Locus mid point k :?(h- 4a)

y?=2a (x - 4a)

Math-Ordinate

(fixed point)

Example 59: C, and C, are parabolas x¥* =y — 1 and y* = x — 1. Let P be any point on C; and Q
any point on C,. Let P;, Q, be reflections of P and Q in straight line y = x. Prove that P, lies on
C, and Q, lies on C; and PQ 3 min (PP’, QQ’). hence or otherwise determine points Py and Qg
on parabolas C; and C, respectively such that Py Qo £ PQ for all values of P on C; and Q on

C,.
Sol.

284

If in a equation of a curve if we replace y for x and
x for y, then it becomes image of that curve in x =

y.

\' Image of point P on C, shall be P, on C, and of
point Q; on C, shall be image of Q of C,. If P is (2,
5) then it is (5, 2) on C, (ii) PP, and QQ, are

perpendicular ony =x.
\ PQ;QP; isatrapezium and PQ; =P;Q.
\ Diagonal PQ > PP’ - QQ’

x'=y-1

X=y
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(i)

Now if P; coincides with Q then P shall coincide with Q;. Then PP, —QQ’ =0 P PQ=
PP; - QQ:

\ PQ3 (PP1-QQy)
Distance of point (x, y1) on curve X’ =y — 1 from y = x, equal to perpendicular from
it online.

1,

-b\w

-y, X - XP-1 xP-x+1 ?

_X 29
PR TR 2 2

For minimum p 1 and p=——=
o f

3
\" For PoQo £PQ, PeQo=2p= ——
OQO Q OQO p 2\/5

Points on parabolas are Pogd , 29, Qog %9 (ends of Latus rectum).
e [}

Example 60: Find radius and centre of the smaller of two circles that touch parabola.

a® 80

75y2= 64 (5x—3) at &2 2 and x-axis.
€5 5g

Sol.

Circle touches x axis

\ Qisx*+y*-2ax-2by+a*=0 . (1)
b 80
Parabola and circle have common tangent at gg e Equation of tangent of circle.
e 2
6 8 ® ., 60 &, 80
2x+2y- a&+-22 b+ 2% a?=0
5 y Q 54 Qy 54
p . a0y @ p2a2. 82 80 g
e5 g é5 g 5 5
Equation os parabola 75y* = 64(5x — 3) X
Tangent at 2 8¢, § e 60 192
$5'5g 158 55 75
v
4 .
P y=3x .. (3) Fig 16

(2) and (3) should be same
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\ 4 _-3_ 0
6, 8, . 6a 8
5 5 5 5

V32 4b—-1—:+3ab p=10-32

5

42 B2 88910 330_4 42 4-0p a=+2
5é 4 a

10+6

\ b= , b=4,1

Since radius of Q is b; radius smaller circle 1, centre (2, 1)

Example 61: Show that locus of a point that divides a chord of slope 2 of parabola y* = 4ax
internally in the ratio of 1 : 2 is a parabola.

Sol. Let t; and t; be the ends of chord and (h, k) divides it in the ratio 1 : 2.

a(ts +2t%) « = 28t +2t,)

\ h=
3 3

Slope of chord is 2; 2= 28(t, - )b t,+t, =1

at; - t7)

3k

\ K=@(1+t)b 1+t =
3 2a

and h:%[(l- t, +2t§]=%[3t§ -2, +1]
=%[3(t§ 2, +1)- 8(t, +1)+6]

_a 627k2 24k
-——+6

3 4a 2a

] ey end

= i[gkz - 16ak +8a°
4a

2 .
p 8?/ gag =?§- —= which is equation of parabola.
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10.

11.

12.
13.
14.
15.

16.

17.
18.

19.

Practice Worksheet (Foundation Level) — 6 (e)
The focal distance of (6, — 1) on parabola y* - 6y — 4x + 17 = 0'is ...

The tangents at the ends of focal chord of parabola meet on ... and include an angle
of ...

The polar of mid point of a chord of parabola with respect to this parabola is ... to
chord.

The sub-normal of any point of parabola is equal to ...

The point on parabola (y — 4)> = 6(x + 3) for which sub-tangent is equal to sub-
normal is ...

The normal of parabola (y + 2)> — 4(x — 3) = O is inclined at 45° to x-axis, meets
(a) axis of parabola at ... (b) meets x-axis at ...

The axis of parabola is 3x — 4y =7 and vertex is (1, 1), latus rectum 20. If its open
mouth is towards 3"%/4™ quadrant, finds its equation.

2x + 4y = 9 is normal to parabola y* = 8x at point (p?, g°) thenp = ..., q = ..

Find the point at which normal to parabola (y — a)® = 12 (x + b) at x = 2b, meets the
axis of parabola.

Normal at (x1, y1) point on parabola y* + 6x + 4y + 16 = 0 is inclined at 45° with its
axis, then find the point.

The point A on parabola y* = 6x is such that its geometric mean of sub-tangent and
sub-normal is equal to latus-rectum of parabola. Find co-ordinates of A.

Find common tangent of y* = 8x and x* + y* + 4x = 0.
Angle between curves y> =6x and x> +y*-8x=01s ...
Find the equation of tangents drawn from point (4, 10) to parabola to y® = 9x.

Tangents are drawn from (-1, 2) to parabola y* = 4x. Find the area of triangle
formed by tangents and chord of contact.

C; and C, are two parabolas whose focii are same and latus rectum equal, but axes
in opposite direction. These intersect. Find angle between them when axes lie on x-
axis.

Find length of chord y = x+/3 - 5p+/3 of parabola y? = 4px.

Point P is (2, 4) and is on parabola (y — 2)° = 4(x — 1). Normal at P meets axis of
parabola in G and the tangent at vertex A in G’; rectangle AG’QG is completed. Find
Q and area of rectangle.

P is a point on parabola y* = 4ax. PN is ordinate. The tangent at P meets axis in T. A
is vertex and S is focus of parabola. Find SP?.
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20.

21.

22.

23.

24,

25.

26.

27.

30.

288

Find locus of foot of perpendicular from focus of parabola y* = 8(x — 3) on its
tangent.

A normal chord of parabola y* = 6x makes an angle 90° at the vertex. Find its
inclination with x-axis.

Perpendicular from P on its polar with respect to y* = 4bx touches x* = 4ay. Find
locus of P.

P is a point on parabola y* = 4x, PM is perpendicular from P on directrix, S is focus.
Find P if P, M, S are vertices of an equilateral triangle.

Find point on parabola y = (x — 3)? at which tangent is parallel to chord joining (3, 0)
and (4, 1).

Parabolas y* = 4x, x* = 4y divide the square region bounded by x =4 and y = 4 and
co-ordinate axes in points sy, S; and s; from top to bottom. Prove thatS; : S, :S3=1:
1:1.

The focal distance of point (p, g) on parabola y* = 8a(x — b) is
@pt2a+tb (b)pt2a-b (c)p+tathb (dp-b+ta

The point on parabola (y + 4)* = 6(x — 3) for which sub-tangent is equal to sub-
normal is

@& 12 &1 &-2 98-8
e2 g e2 g €2 g €2 g

LL is latus rectum of parabola (y — 1)* = 3x. Tangent and normal are drawn at L, then
Their inclination to axes are supplementary.

Latus rectum bisects the angle between them.

Tangents inclination with LL" is complementary of normal’s inclination to it.

The angle made by tangent with LL’ is equal to half the angle which normal makes
with LL".

The length of sub-normal of any point on any parabola is equal to

(@ % latus-rectum (b) % latus rectum

(c) % latus rectum (d) none of these

2x + 4y = 9 is normal to parabola y® = 8x at point, g@ a9 = then = a4
p

(c) % (d) none of these

NP
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

Parabola

From point P (3a, 0) on axis of parabola y* = 4ax, normals of parabola are drawn

then

(@ Anormalis parallel to y-axis

(b)  Angle between two normals is 90°

(c)  Anormalisinclined at 90° to y-axis.

(d) Two normals are equally inclined to axis

X cos a +y sin a = p shall touch parabola x* = 4ay if

(a)a’cos’a+psina=0 (byacos’a+psina=0
(c)a’cos’a—psina=0 (d)acota-ptana=0
The portion of tangent between point of contact and directrix subtend a focus on
angle of

p p p p
a) — b) = C) — d) —
G (b) 3 © 3 (@7

The chord x = 3 of parabola (y — 2)? = 6x subtend at vertex of parabola an angle of

a) tanly2  (b) tanl2v2  (¢) tan'i(- 242) @ P

2
Normal drawn at point (2, 2) of parabola y* - 8y + 4x + 4 = 0, meets directrix in
(a) (4,0) (b) (6,0) (©)(2.0) (d)(4.0)
Normal at (8, 2) of parabola y* — 6x + 8y + 28 = 0 meets its axis in
(@) (9,0) (b) (7. 4) (c) (10, 0) (d)(11,-4)

The normal at (4, 8) of parabola y* = 16x meets the parabola again at
(@) (36,-24)  (b) (9,-6) (c) (24, -16)

Tangents drawn from (-2, 3) to parabola y* = 6x include an angle of

(a) tan™ S\E ) tan't2v21 (c) tan™ 2\/— (d) none of thse
Straight line ax + b = 0 is directrix of parabola y? + kx = 0, then k is

b b 4b -b
a) - — b) — Cc) - — d) —
@ -2 (b) 25 © - Ol

The length of focal chord of parabola y* = 4(x — 1) inclined at 30° with its axis is
(a) 16 units  (b) 8v2 u. () 164/3 u.

Equation of directrix of parabola (y — a)* = p(x + b) is

289



Parabola Math-Ordinate

42.

43.

44,

45,

46.

47,

48.

49,

290

(a)x:-% (b)x+b=0 (c)x+b:% (d)x+b+%=0

X —y =0 is axis of a parabola, whose focus is (4, 4) and latus-rectum 8. Its mouth is
towards first quadrant. Equation of its directrix is

(@ x+y= 442 (b)x+y= 42-2)
(€ x+y=2(4-2) (d)x+y=22-2)
In question 42, equation of parabola is

(@) (x- y)* +8+/2xy +(8- 44/2)* =0

(b) (x- y) - 8Y2(x+y)- (8- 44/2)

(€) X% - 2xy +y? - 16(x +y)+96- 64+/2 =0

(d) none of these

The harmonic mean of two segments of focal chord of parabola y* = 12(x — 3)
inclined at 30°is

(a) 6 (b) 4 (©) 443 (d) 643

AB is focal chord of parabola y* = 4bx and OP is perpendicular from vertex on it,
then

(@) ABp é (b) ABp L (c) AB 1 (d) none of these

(OP)? Jor

Pis (1, 0) and Q is a point on parabola y* = 8x. Locus of mid point of PQ is
(a)x*—4y+2=0 (b)x*+4y+2=0
) x> +y*+4x+2=0 d)y*-4x+2=0
If x —y + 7 = 0 be tangent to parabola (y — 4)* = p(x + 1), then p is
(a)4 (b)6 (c)8 (d)-6
2x -3y + K = 0is normal to parabola (y - 3)* = 4(x + 2) then K is

-73 89 73 -37
(@) 5 (b) - (C)? (d) Y

If y1, V2, y5 are ordinate of three points A, B and C on parabola y2 = 6x, then area of
triangle ABC is

(@) % (Y1=Y2) (Y2—Y3) (Ya=Y1) (D) % (Y1—Y2) (Y2=Y3) (Y3 = Y1)



Math-Ordinate Parabola

50.

51.

52.

53.

54.

(c) 1—12 (Y1—Y2) (V2= Y3) (Ys— Y1) (d) % (V1+Y2) (Y2+Y3) (Vs + Y1)

The point of intersection of polars of point (=1, —2) w.r.t. parabolas (y — 3)* = 4x and
X* = 4y is

e, 1006 96
(@) (22,-9) (b) (-14,9) () c-4,—= (d) 8%,—+

e 3o e 2g
P is a point on parabola y* = 4ax, tangent and normal drawn at P meet axes in T and
G respectively. MPM’ is drawn parallel to x-axis PN is ordinate, then

(a) MPT =NPG (b) MPT =SPG
(c) SPG=MPG (d) MPT and SPG are complementary

SY is perpendicular from focus on tangent at p of parabola y* = 4ax. A is vertex.
Prove that SY? = AS xSP.

Tangents drawn at P and Q points of y* = 4ax meet at T. Prove ST? = SP xSQ, S is
focus

Perpendicular dropped from vertex A of parabola y* = 4ax on any tangent of
parabola meet it at P and meets parabola at Q. Prove AP XAQ is a constant number.
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10.

11.

12.

292

Practice Worksheet (Competition Level)
PART-A

a) Find the equation of parabola whose focus is (2, 3) and directrix is the line x -
4y +3 =0.

b) Find the vertex, focus, directrix, latusrectum and tangent at the vertex of the
following parabolas
i) 9y?- 16x- 12y- 57=0 ii) 5x*+30x +2y+59=0

c) Find the equation of parabola whose focus is (1,-1) and whose vertex is (2, 1).

Find the coordinate of the focus and the vertex and the equations of the axis,
directrix and the letus- rectum of the parabola 4y” - 6x- 4y =5.

Show that the condition to the line y = mx +c to be the tangent to the parabola y?

=4a(x+a) willbe c=am+ 2 :

m
A tangent to the parabola y* = 8x makes an angle of 45° with the straight line y = 3x
+ 5. Find the equation of the tangent and the point of contact.

Find the equation of common tangents to the parabola y* = 16x and the circle x* + y°
=8.

If the normals at two points P, Q of the parabola intersect at a third point R on the
curve, show that the product of the ordinates of P and Q is 8a°.

Through the vertex O of the parabola y* = 4ax chords OP and OQ are drawn at the
right angle to one another. Show that for all position of P, PQ cuts the axis of the
parabola at a fixed point Also find the locus of middle point of PQ

Prove that the tangent at one extremity of a focal chord of the parabola y* = 4ax is
parallel to the normal drawn at the other extremity.

Find the Locus of the point of intersection of two mutually perpendicular normals to
the parabola y* = 4ax and Show that abscissa of the point can never be smaller than
3a.what is the ordinate when the abscissa is the smallest?

A is the point on the parabola y* = 4ax. the normal at A cuts the parabola again at
the point B. If AB subtends aright angle at the vertex of the parabola, find the slope
of AB.

Show that the locus of middle points of all the chords of the parabola y* = 4ax
which are drawn through the vertex is the parabola y* = 2ax

If from the vertex of the parabola y* = 4ax a pair of chord be drawn at the right
angle to one another and with these chords as adjacent sides a rectangle be drawn,



Math-Ordinate Parabola

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

prove the locus of vertex of farther angle of the rectangle is the parabola
y?=4a(x - 8a).

The tangents from the point (a, b) to the parabola y* = 4ax form a triangle with the

3

2. 2

chord of contact. Prove that the area of the triangle is w
a

From the point (- 1, 2) tangent lines are drawn to the parabola y* = 4x. Find the
equation of the chord of contact. Also find the area of the triangle formed by the
chord of contact and the tangents.

Show that the locus of the points of intersection of the tangents to y? = 4ax which
intercept a constant length | on the directrix is (y2 - 4ax)(x +a)’ =%,

Prove that the locus of mid points of the normal chords of parabola y* = 4ax is
2 3
y© 4a

If normal to the parabola y* = 4ax at three points, P, Q and R meet at A and S be the
focus then Show that SP.SQ.SR = aSA?

a) Prove that the locus of points such that two of the three normals to the
parabola y? = 4ax from them coincide is 27ay” = 4(x - 2a)°.

b) Three normals with the slope m;, m,, mz are drawn from the point P not on the

axis of the parabola y’= 4x, If locus of P with mym, = a results being a part of
the parabola itself, Find the value of a. [1.1.T -2003, 4]

a) Find the locus of a point P when three normals drawn from it are such that
i) one bisects the angle between the other two.
if) Two of them make complementary angles with axis.

b) Find the locus of the point of intersection of those normals to the parabola x*
=8y which are at the right angles to each other. [1.1.T-1997, 5]

Three normals from a point to the parabola y*= 4ax meet the axis of the parabola in
the points whose abscissa are in A.P. Find the locus of the point.

Show that the locus of the middle points of a variable chords of the parabola y* =
4ax, such that the focal distance of its extremities are in the ratio 2: 1is 9 (y* - 2ax)?
= 4a%(2x - a) (4x + a).

Show that if r; and r, be the length of perpendicular chords of a parabola drawn
through the vertex, then (rir2)*? = 168 (r,® + r,*%).
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23.

24,

25.

294

2
: , a
From a point A common tangents are drawn to the circle X + y* = ?and parabola

y? = 4ax and find the area of the quadrilateral formed by the common tangents, the
chord of contact of the circle and the chord of contact of the parabola.

Prove that the length of the chord of contact of the tangents drawn from the point
(X1,y1) to the parabola y* = 4ax is 1 Q(y*, +4a%) (y*; - 4axy)}. Hence show that the
a

area of the triangle formed by these tangents and their chord of contact is
3/2

1
—_— (y21 - 4aX1)
2a

Prove that the locus of the middle points of tangents drawn from points on the
directrix to the parabola y* = 4axis y? (2x +a) =a (3x + a)>.

PART-B

Find the locus of point of intersection of the two normals to the parabola y* = 4ax
which at the right angle to one another.

If the distribution of weight is uniform, then the rope of the suspended bridge takes
the form of parabola. The height of the supporting towers is 20 meter, the distance
between these towers is 150 meters and the height of the lowest point of the rope
from the road is 3 meter. Find the equation of the parabolic shape of the road,

considering the floor of the bridge as x axis and the axis of parabola as y- axis. Find
the height of that tower which support the rope and is at a distance of 30 meter
from the center of the rope.

Prove that the two parabolas y* = 4ax and y® = 4c(x - b) cannot have a common

b
normal unless ——>2.

Equilateral triangles are inscribed in the parabola y* = 4x; prove that the locus of
their centroids is 9y* = 4(x- 8).

Find the equation of the circle, which touches the y-axis and the parabola y*= x and
2y =2x*- 5x +1only at the point where they touch each other and at no other point.
Prove that the locus of the point of intersection of tangents drawn at the
extremities of the normal chord to the parabola y* = 4ax is the curve
y?(x+2a)+4a> =0

Find the locus of the mid points of chords of a parabola, which are such that the
normals at the ends of these Chords meet on the curve again.

The normal at any point P meets the axis in G and the tangent at the vertex in G'. If
A be the vertex and the rectangle AGQG' be completed. Prove that the equation of
locus of Q is X% = 2ax® +ay’.
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9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Three normals are drawn from (2k, 0) to the curve y* = 4x. Show that k must be
greater than 1. One normal is always the x - axis. Find k for which the other two
normals are perpendicular to each other.

Show that the locus of the middle points of chords of the parabola y? = 4ax which
are of constant length 2l is (y* + 4a°) (4ax - y*)=4a’°.

Find the radius and the centre of the smaller of the two circle that touch the
parabola 75y = 64(5x - 3) at (6/5, 8/5) and the x axis.

Prove that the length of the intercepts on the normal at the point P (at®, 2at) of a
parabola y* = 4ax made by the circle described on the line joining the focus and P as
diameteris a (1 + t).

The ordinate of the points P and Q on the parabola y*=4ax are in the ratio 1:2. Find
the locus of the point of intersection of the normals to the parabola at P and Q.

A tangent to the parabola y? + 4bx = 0 meets the parabola y* = 4ax at P and Q. Prove
that the locus of the middle point of PQ is y* (2a + b) = 4a’x.

Show that the locus of the point that divides a chord of slope 2 of the parabola y* =
4x internally in the ratio 1:2 is a parabola. Find the vertex of the parabola.

[1.1.T-1995, 5]
The angle between a pair of tangent drawn from the point P to the y’=4ax is 45° .
Show that the locus of point P is hyperbola. [1.1.T-1998, 10]

Tangent is drawn at any point (x, y1) on the parabola y* = 4ax. Now tangents are
drawn from any point on this tangent to the circle x* + y* = a* such that all the

.2

@ 0
LR AL

X, éYop

Two variable perpendicular chords are drawn from the origin ‘O’ to the parabolay =

x* - x, which meet the parabola at P and Q Rectangle POQR is completed. Find the
locus of R.

chords of contact pass through a fixed point (x,. y,). Prove that 4

At any point on the parabola y*- 2y-4x+5 =0, a tangent is drawn which meets the
directrix at Q. Find the locus of the point R which divides QP externally in the ratio
Ya:l. [1.1.T-2004, 4]

Find the locus of the point through which pass three normals to the parabola y* =
4ax such that two of them make angles aand b respectively with the axis such that
tanatanb=2.

The normals at three points P, Q, R, of the parabola y* = 4ax meet in (h, k). Prove

that the centroid of D PQR lies on the axis at a distance 2 (h - 2a) /3 from the
vertex.
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COMPREHENCIVE PASSAGE TYPE PROBLEMS

22.  Consider the circle X* +y°= 9 and the parabola y* = 8x. They intersect at P and Q in
the first and the fourth Quadrants, respectively. Tangents to the circle at P and Q
intersect the x-axis at R and tangent to the parabola at P and Q intersect the x-axis
ats.

i) The ratio of the areas of the triangles PQS and PQR is
a)l:C b) 1:2 )14 d) 1.8

ii) The radius of the circum-circle of the triangle PRS is
a)5 b) 3C8 c) 32 d) 288

iii) The radius of the in-circle of the triangle PQR is
a)4 b) 3 c) 8/3 d) 2

[IIT-JEE-07, 4]

23.  [Ifacircle is drawn on focal distance of any point P, lying on a parabola, as diameter,
it touches the tangent at vertex of the parabola at the point where the tangent to
the parabola at point P meets the circle. Now considering a parabola with focus as
S(- 1, - 1). Let 3x— y— 8 =0 be the equation of tangent of the parabola a point
P (7,13). Then,

i) The foot of perpendicular from focus upon the tangent to the parabola is

a3 1o ad 136
a) c—,—+ b)(2,-2 c)(-2,2 d) ¢c=,—=
)e5 54 )(2,-2) )(-2,2) )855;5

i) Slope of the normal to the circle through the point found in the previous question is
a)4 b) 8 C) -4 d)-8

iii) Equation of tangent at vertex to the parabola is
a)x—-8y+14=0 (b)8x-y+14=0
(c)x+8y+14=0 (d)8x+y+14=0

iv) Directrix of the parabola is
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(c)8x-y+19=0 (d)x+8y+19=0
V) Equation of axis of the parabola is
(@)8x-y+7=0 (b)8x+y+9=0
(c)x+8y+7=0 (d)8x-y+9=0
MATCH THE COLUMN TYPE PROBLEMS
24. Column-I Column-Ii
A) y* = dax p)y = mx +2a +a/m’
B) y* = - 4ax q) y = mx- 2am- am®
C) X = day r)y = mx +2am+am®
D) ¥’ = - day s)y=mx- 2a - a/m?
25. Normals are drawn at points P, Q, and R lying on the parabola y*= 4ax which
intersect at (3, 0) then
Column-I Column-Ii
A) Area of DPQR p) 2
B) Radius of circumcircle of DPQR q) 5/2
C) Centroid of DPQR r (5/2,0)
D) Circumcentre of DPQR S) (2/3,0)
[IIT-JEE-07, 6]
OBJECTIVE PROBLEMS
Level-1
1. The co-ordinates of the point on the parabola y* =8x which is at minimum distance
from the circle x* +(y +6)*=1 are
a)(2,-4) b) (18,-12) ¢)(2,4) d) none of these
2. The condition that the two tangents to the parabola y?=4ax become normal to the
circle x*+y*- 2ax- 2by+c=o is given by
a)a’>4b’ b) b®>2a c) a®>2b? d) b*>4a
3. The equation of common tangent of the parabolas y* =32x and x* =108y is
a)x=0 b)2x- 3y-36=0 €)2x+3y+36=0 d)2x- 3y+36=0
4. The line Ix+my+n= 0 is a normal to the parabola y* = 4ax if
a) al(l >+2m?)+m?n=0 b) al(I*+2m?)=m?’n
¢) al (2I°+m%=- m’n d) al(2I*+m?)=2m?n
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10.

11.

12.

13.

14.
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If the line x + y - 1=0 touches the parabola y= kx then the value of k is
a)4 b)-4 c)2 d)-2
The normal chord of the parabola y* =4ax at (x; X;) subtends a right angle at the
a) focus b) vertex c) end of the latus rectum d) none of thes
The number of tangent(s) to the parabola y* =8x through (2, 1) is
a)l b) 2 c)0 d)3

The locus of the centre of the circle described on any focal chord of the parabola
y?=4ax as diameter is

a) x’= 2a(y- a) b) x*= - 2a(y- a)
c) y*=2a(x - a) d) y’= - 2a(x-a)

The angle subtended at the focus by the normal chord at the point (?, ?) 2?0 on the
parabola y*=4ax is

a) p/4 b) tan'lgé—g c) tan &9 d) p/2
eag 8425

If the normal drawn at the end points of a variable chord PQ of parabola y*= 4ax
intersect at parabola, then the locus of the point of intersection of the tangent
drawn at the points P and Q is

a) x +a=0 b) x- 2a =0 c) y*- 4x + 6=0 d) none of these

Three normals to the parabola y? = x are drawn through a point (c, 0) ,then
a)c=1/4 b) c=1/2 c)c>1/2 d) none of these

The equation of the line of the shortest distance between the parabola y*= 4x and
the circle x*+y?- 4x- 2y+4=0'is

a)x+y=3 b)x- y=3 c)2x +y=5 d) none of these

The equation of the parabola whose axis is parallel to the x-axis, latus rectum 6,and
focus (5,3) is

a) y>+6x +6y +30=0 b) y?- 6x- 6y- 30=0

¢) y%+6x +6y- 30=0 d) y?- 6x- 6y+30=0

The locus of poles of all tangents to the parabola y*= 4ax w. r. t. the parabola y*=
4bx is

a) ay’= 4b%x b) ax’= 4b%y

2

¢) ax = 4b%y d) none of these
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15.

16.

17.

18.

19.

20.

21.

22.

23.

The locus of middle points of chords of the parabola y*= 4ax which subtend a right
angle at the vertex of the parabola is

a) y’= 2a(x- 4a) b) y?= a(x- 4a)

c)y’=2a(x - a) d) none of these

Tangent to the curve y = x*+6 at a point P (1, 7) touches the circle x*+y*+16x+12y+c
=0at appoint Q then the coordinates of Q are [1.1.T.Sc-2005]
a) (-6,-11) b) (-9,-13)

¢) (-10, -15) d) (-6,-7)

The equation of the tangent to the parabola y*= 8xisy = x +2 the point on this line
from which the other tangent to the parabola is perpendicular to given tangent is

a)(-1,1) b) (0, 2) 0) (2, 4) d) (-2, 0) [AIEEE-2007]

A parabola has the origin as its focus and the line x =2 as is directrix. Then the vertex
of the parabola is at

a) (1,0) b) (0, 1) ¢)(2,0) (d) (0,2)

The slope of a tangent to the parabola y* = 9x which passes through the point (4,
10) is

a) 9/4 b) 1/4 c) 3/4 (d) 1/3

Equation of parabola having it’s focus at S(2, 0) and one extremity of it’s latus
rectumas (2, 2) is

a)y’=4(3-x) b)y?=4(1-x)
c)y*=8(3-x) d)y*= 8(3-x)

Circle drawn with diameter being any focal chord of the parabolay? - 4x—y—-4=0
will always touch a fixed line, whose equation is

a) 16 +33x= 0 b) 32x+13=0
c)13x+32=0 d) 16x+33 =0

Radius of the circle touching y°= x at (1, 1) and having directrix of y>= x as its normal
is

a)% b) 3/2 ¢) 5/2 d)5¢5/4

The focal chord of y?=16x is tangent to (x- 6)° +y* =2 , then the possible values of
the lope of this chord are [1.1.T.Sc-2003]
a)l,-1 b)-1/2,2  ¢)-2,% d), 2
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1.

10.
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Level-2

If b and ¢ are the lengths of the segments of any focal chord of a parabola y?= 4ax
then the length of semi letus rectum is

b+c bc 2bc
a) — b) — c)—— d) vbc
) 2 )b+c )b+c )

The locus of mid points of the focal chord of the parabola y*= 4ax is
a) y’= a(x- a) b) y*= 2a(x- a)
c)y*=4 a(x- a) d) none of these

The length of focal chord of the parabola y*= 4ax making an angle of ¢ with the axis
of parabola is

a) 4acosec’q b) 4asec’q
c) acosec’q d) none of these

The locus of the point of intersection of the perpendicular tangents to the parabola
2 .
X“=4ay is

ay=a b)y=-a C)x=a dx=-a
The common tangent(s) of y = x* and y= - X*+4x- 4 is (are) [1.1.T.-2006]
a)y =4(x- 1) b)y=-4(x-1) c)y=0 d)y=30x-20

If the normal at two points P and Q of the parabola y*= 4ax intersect at the third
point R on the curve then the product of the ordinates of P and Q is

a) 4a’ b) 2a c) - 4a’ d) 8a’
If y =2x +3 is a tangent to the parabola, y*=24x, then its distance from the parallel
normal is

a) 5v5 b) 10v5 €)15v5 d)none of these

An equilateral triangle is inscribed in the parabola y*= 4ax whose one vertex is at
the vertex of parabola. The length of its side is

a) 4a(B b) 2aC8 c) 16aC8 d) 8aCs

If a chord which is normal to the parabola y*= 4ax at one end subtends a right angle
at the vertex, then its slope is

a)l b) C8 c) d)2

If the line x =1 is the directrix of the parabola y* — kx +8=0, then one of the values of
kis [1.1.T.Sc-2000]
a)1/8 b)8 c)4 d)1/4
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11.

12.

13.

14.

15.

16.

17.

18.

19.

Equation of the parabola whose axis is y =x, distance from origin to the vertex isv2
distance from origin to the focus is 2v2 is (focus and vertex lie in the first quadrant):

a) (x+y) =2(x+y- 2) b) (x- y) =8(x+y- 2)

¢) (x-yy =4(x+y-2) d) (x- yf =4(x+y- 2) [1.1.7.-2006]
The locus of the mid point of the line segment joining the focus to a moving point
on the parabola y’=4ax is another parabola with directrix [1.T.Sc-2002]
a)x=- a b)x=- a/2 c)x=0 d)x=a/2

The length of the letus rectum of the parabola
169{(x - 1) +(y- 3)2}=(5x- 12y +17) is

a)12/13 b) 14/13 €)28/13 d)none of these

The equation of the common tangent to the curve y>=8x and xy = - 1 s

a) 3y=9x+2 b) y=2x+1

C) 2y = x+8 d)y = x+2 [1.1.T.Sc-2002]

The straight line x +y = a touches the parabolay = x- x*if a =

a)o0 b) 1 c)-1 d)none of these

The angle between the tangents drawn from the point (1, 4) to the parabola y*= 4x
is

a) p/6 b) p/4 c) p/3 d) p/2 [1.1.T.Sc-2004]

The vertex of the parabola y*=8x is at the centre of the circle and parabola cuts the
circle at the ends of its letus rectum. Then the equation of the circle is

a) X’ +y’=4 b) x*+ y*=20
) x*+y*=8 d) none of these

From the focus of the parabola y°=8x, tangents are drawn to the circle (x- 6)° +y* =
4, then the equation of circle through the focus and point of contact of tangents is

a) X +y*+8x- 12=0 b) x*+y?- 6x+12=0
) x*+y®-8x+12=0 d) x*+y* +6x-12=0

X2
STATEMENT-1: The curve y = - 7 + X +1 is symmetric with respect to line x =1

And
STATEMENT-2: A parabola is symmetric about its axis [1.1.T-2007]
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20.

21.

22.

23.
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a) STATEMENT-1 is true, STATEMENT-2 is true; STATEMENT-2 is the correct
explanation STATEMENT-1

b) STATEMENT-1 is true, STATEMENT-2 is true; STATEMENT-2 is not the correct
explanation STATEMENT-1

c) STATEMENT-1is true, STATEMENT-2 is False

d) STATEMENT-1is False, STATEMENT-2 is true

Consider the two curves Cy: y* = 4x, C: X* +y? - 6x +1=0 then,

a) C; &C, touch each other only at one point

b) C; & C,touch each other exactly at two points

c) C;&C,intersect (but do not touch) each other exactly at two points

d) C; & C,neither intersects nor touches each other touch each other exactly at
two points [1.1.T.-2008]

A focal chord of the parabola y*= 4x is inclined at an angle of p/4 with positive x-axis
then the slope of the normal drawn at the ends of chord will satisfy the equation

a)m?-2m-1=0 b) m? +2m- 1=0
c)m®-1=0 d) none of these

If two circles X’ + y* - 6x -6y +13 = 0 and X’ + y* - 8y +9 = 0 intersect at A & B. The
Focus of the parabola whose directrix is line AB and vertex at (0, 0) is

B1lo pes3le =3 19 B 16
Vesss ¥ 55, Of 5 5, V55,
If the focus of the parabola (y - k)* = 4(x - h) always lies between x+y =1& x +y =3
then

a) 0< h +k <2 b) O<h+k<1
¢) 1<h+k<2 d) 1<h +k <3
¥ S—— X2



7. Ellipse

7.1 Definition :

Ellipse is the locus of a point, which moves such that its distance from a fixed point bears a
constant ratio of its distance from a fixed straight line and this constant is less than unity. In

the fig (1) P is the moving point, S is the fixed point
and z'z 7’ is fixed straight line PM is perpendicular
from P on z'zz’

E =e=constantand e< 1

PM

e is called eccentricity of ellipse. Fixed point is called
focus and fixed straight line directrix. In the fig. SZ is
perpendicular from S on z’z’. In ZS, A is a point such
that AS = eAz i.e. it divides ZS in the ratio of 1 : e
internally. If we extend ZS then there is one point A’
on it such that ZA’ : SA” = 1 : e i.e. A’ divides ZS
externally in the ratio of 1 : e. Both A and A’ are on
ellipse be origin, A A’, x axis and let AA’= 2a

\ AC=CA'=a
The equation of directrix is x = - a and Sis (-ae, 0)
e

Now SA+SA'=e(CZ- AC+A'C+CZ)
b 2a=e(CZ- AC+A'C+CZ)
=2eCZ +AC=AC

a
\ cz==
e

and  SA'=SA=e(CZ+CA')- e(CZ- CA)
=2e.CA=2ae
and  SA-SA=(CS+CA")- (CA- CS)=2ae
\ CS=ae
\ S is(-ae, 0),S is (ae, 0)

By symmetry S’ is another focus and z,z, is another directrix.

If P(x4, y1) is a point on the ellipse then by definition.

J(x, +aef +y? =ePM=eNZ

Y
B
/]
| SN c(0,0)
L\_B
. . ;/;“
Fig1

S

Z,
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2 2 2,2 — 52 2,2
\ xi+y] +2aex, +a’e” =a” +2aex, +ex;
or xi(l- e2)+y§ =a2(1- ez)

or RPN Fa ]

Thus equations of ellipse is ~-- :;—2 1 where b?=a’ (1 -¢€?)
a’

7.2 Characteristics:
(1) Cis centre of ellipse (0, 0)
2 AA’ is major axis of ellipse = 2a
Ais(-a,0)and A’(a, 0)
(3) BB’ is perpendicular on AA’ through ¢
BB’ is called minor axis of ellipse = 2b.
Bis (0, b) and B'(0, -b)
4) z 7, is axis of ellipse. Equationy =0
(5) 7'z 7’ and 2,7, are directrix of ellipse equations x +§ =0, x- S =0.

(6) L,L, and Ls L, are perpendicular chords of ellipse through foci. These are called latus-
2

rectum. Length= —

® b? 0
Lgae Lgae-— Lgae —L -ae,- —x
ag
Equation of latus rectums are x = + ae

(7 Focal Distance : Distance of point on ellipse from its focus is called focal distance of
that point. In the fig P is (x4, Y1)

SP=ePM=ezN=e(|CZ]-CN)

=e€f’i - (- x1)9=a+exl
ee a
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(8) Sum of focal distances of a point : Ellipse has two focus and two directrix. So there
are two focal distances of a point. From fig.

PS+PS'=e(PM+PM') UTETET

Q
=e(PM+PM)=e(MM)
=e(zz,)
=e.2cz / "

' A" C(0,0) N A X
:2e.— =2a \ /
e - Y
This property of ellipse gives another definition of B -

ellipse. Ellipse is the locus of a point whose sum of R
distances from two fixed points is always the Fig 2
same constant. Fixed points are foci and sum is

major axis of ellipse.

9 Circle drawn on major axis as diameter is called auxillary circle. Its equation is x* +y?
=a’.
(10)  Relation between a, band e is

a?-b?

aZ

b’=a*(1-€°) b &=

(11) Infig (2) P is a point on ellipse, PN is its ordinate NP on extension meets auxillary
circle in Q. QN is perpendicular on A’A

\ QN2=ANAN (a)
Now if P is (xq, y1) then Q is (x4, y)
\ from(a) ()’ =(@+x)(@-x)=a—x% ... (b)

Y e Vi @ X
and from ellipse —+——1® ==
pse 7+ b 2 (¢)
yia® _;n. A
from (b) and (g) 2 =(y)p y=ph

\ IfQis(acos f, asinf) then Pis (a cos f, b sinf); (a cosf, b sinf) are
parametric co-ordinates of a point of ellipse.

y?

7.3 When in equation of elllpse — +b—2 1, b>athen 2ais minor axis, 2b major axis.
a’

() x =0, axis of ellipse
(i) e’ = (b*-a’) / b
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(iii) foci (0, £ be)

(iv) Directrixy = iE
e

2

(v) Length of latus-rectum 2% , ends y
® a 0 -
+— tbex L L
&0 1

(vi) Focal distance of a point (x;, y1) = b + ey,

7.4 Radius Vector X A c0,0) |~

The line joining centre with a point on ellipse is called
radius — vector of that point of ellipse. In fig (2) CP is radius L
vector of point P.

IfPis(acos f,bsinf)then

CP?=r?=a%cos’f +b?sin’f .
AtA, r=a,atB,r=b

X2

2
75 Position of a point with respect to ellipse — +3t:—2 =1
a

The ellipse is b + a%y* = a’b®. The point (x;, y1) is inside, or on or outside ellipse if

(b*? +a%y*—a’b*)<0or0or>0
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Solved Example

Example 1 : Find eccentricity co-ordinate of foci, length of latus-rectum and equation of
directrix, of ellipse 4x* + 9y* = 16.

X2 y2
Sol. : Equation of ellipse — + =
4 (16/9)
a2 =4,p? = 16 2= _4-16/9_5
4 9
\ e=+5/3
8@\/_ L 2\/_ Xe

(i) foci (+ae,0)i.e. é 3 é

2
(i)  LengthLr 22 -216_16
a 29 9

(i)  Directrix x = —+2-423p [Bx¥6=0

e 45

Example 2 : Find eccentricity foci, length of L.R. its equation and directrix of 25x* + 16y* =
400.

2 2

Sol. : Equation of ellipse XY o b>a
16 25
2 _ 72 _
() o= E-216._9 g
b 25 25
(i) foci (0,2be) i.e. (0,23)
(iii) L.R. —2%—3—: Equation y=tbeb y=13

(iv) Directrix y = +E ie.y= +2—;
e

Example 3 : Find foci, eccentricity, and equations of directrix and L.R. of ellipse 4x* + 9y* —
24x—T2y +144=0
Sol.: Ellipse 4x* — 24x + 9y* - 72y +144=0

or  4x®- 6x+9)+9(y? - 8y+16)=36

(x-3F |, (- aF _,
9 4

307



Ellipse Math-Ordinate

e2=2"%_5 0 o= 5/3:ae=+/5
9 9
Transferring origin to (3, 4) equation of ellipse is
L
9 4
Transferred origin Original origin
(i) foci (£+/5,0) (£5 +34)
(ii) Equation L.R. X =++/5 x—3= £+4/5 P x=3+4/5
e : 9 9 9
iii) Directrix X = +— X-3=x—=P x=3+x—
) NG s NG
(iv) axisY=0 Y-4=0

Example 4 : Find equation of ellipse whose focus is (3, 4) eccentricity 2/3 and directrix 3x +
4y =5

Sol.: Let (h, k) be any point on ellipse

\ (h-3) (k 4) aéoa§h+4k 50
&g& 5 g
is equation of ellipse. Simplifying
225)h? +K? - 6h- 8k +25|=4|9h? +16Kk? +24hk - 30h- 40k +25]

b 189h? - 96hk +161k? - 1230h- 1640k +6525
\ Ellipse 189 x* - 96xy + 161y* — 1230 x — 1640y +6525=0

Example 5 : Find eccentricity of ellipse if length of latus rectum is equal to semi-major axis.

2
Sol.: Given ﬁzab 2b? =a?
a

, a-b? _2b2-b? 1 1
e?=2"" =2"2 ="pe
a 2 2 2

Example 6 : Ends of chord PQ of ellipse b** + a’y* = a’b® are P(f ), Q(f,). Find condition if
() PQ subtends a right angle at vertex (ii) PQ subtends a right angle at centre (iii) PQ passes
through a focus.
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Sol.: Pis acosf,,bsinf,,Q(acosf,,bsinf,)vertexAis (-a, 0),
bsinf |

lope PA=my = — 1
SOpEFA= M, a(cosf, +1)

bsinf,

Slope of PQ, m, =————=—
peofPQ. m; a(cosf, +1)

PPAQ=90" P m,m,=-1p b®sinf , sinf, 4
a*(cosf +1)(cosf +1)

4b25inf—lcosf—l.sinf—z.cosf—2
b 2 "27 272 _

4% cos® f—l.cos2 fy
2 2

2
p b—ztanf—l.tanf—2 =-1
a 2 2

IDtanf tanf— a—:O
2 2 b?

bsinf |
acosf ;

(i) Centre Cis (0, 0) slope PC=m, =

bsinf,
acosf,

Slope QC=m, =

2 . .
PPCQ =90 \ b_2 sinf , sinf , -1
a” cosf, cosf,

2
i.e. tanf.tanf , =- a_z

(iii) If PQ goes through focus S, then
Slope of PS = slope of SQ
bsinf, _ bsinf,

a(cosf, - e) alcosf, - e)
b sinf, cosf, - sinf,cosf, =e(sinf, - sinf )
b sin(f, - f ): (sinf , - sinf, )
b 2sing—1- —cosaEfl 296200511512 ginfa

e o & 2 I} 2

5 cos(f, - fz)/2 _

cos(f, +f,)/2

_f2
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cosB1 120 cocda®
b g 2 @ 2 QI e-1
cosaefl +cosaEf 20 e+l
7} 2 g

2sinf /2sinf ,/2 _e-1
2cosf, /2cosf,/2 e+l

p tanf— tanf— _e_l
2 2

Example 7 : P, is a variable point on ellipse b + a%y* = a’b” with foci S; and S,. If A is the
area of triangle PS;S,, then find maximum value of A.

ae 0 1

Sol.: A =1 - ae 0 1

acosf bsinf 1

:%[ eabsinf - aebsinf]

=eabsinf|

For maximum A, sinf should be maximum =1

\ Maximum value of A = e ab sq. units
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© © N o

11.

12.

13.

Practice Worksheet (Foundation Level) —7(a)

Find equation of ellipse if
major axis is v/ab and minor axis /a/b a>b

distance between foci is 4, and between directrix is 9.

Latus rectum is 5 and eccentricity 2/3

Focus (-1, 1) directrixx—y+4=0and e -1

N

The ends of a chord 8 m long are tied to separate pegs A and B, 4m apart. A boy with
a pencil traces the ellipse by moving the pencil in contact of the string and keeping it
tight. The ellipse traced is .............

The eccentricity of ellipse when length of latus rectum is equal to half of minor axis is

The straight lines joining one end of minor axis with the two foci include an angle of
90°, eccentricity of ellipse is ...........

The focal distance of one end of minor axis is k and distance between two foci is 2h,
then major and minor axes are ............

Eccentricity of ellipse 4x* + 3y* =4, is ........
Find eccentricity, foci and latus rectum of ellipse 5x* + 4y” = 2.
Find eccentricity, foci directrix and latus rectum of ellipse 4x + 9y* — 4x — 6y — 34 = 0.

The distance between two foci is half of the distance between two directrix and latus
rectumis 4, then equation of ellipse is ...............

The minor axis of an ellipse is equal to half of the major axis and axes of ellipse are y =
0, x = 0 find eccentricity of ellipse.

AA’ and BB’ are major and minor axes of an ellipse of length 2a and 2b; but B” is
image of Binx+y=0and A”image of Ainx—-y=0,AB”is:

(a) Va? +b? (b) 2022 +b? () +[2(a® +b?) (da+b

PN is ordinate of point P on ellipse 16x° + 25y* = 400 and Q is the corresponding point
on auxillary circle. QN =\/3 PN then eccentricity of ellipse is

() V372 (b) 1/~/3 (€) \2/3 (d) 1/3

In an ellipse distance between two foci is the geometric mean of the length of two
axes. Then :

(@)e*+e’-2=0 (bye'+e’-1=0
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c)e'-e*+1=0 (d) none of these

14. The line joining point P on auxillary circle of ellipse to its centre is inclined at 30° with
major axis. Ellipse is x* + 2y = 4, corresponding point P’ on ellipse.

&5 10 en 10 ® 106
(@ ¢V3,—== (b)) &322 () &V3,- == (d) (V3.2
g V2 g 8 29 g V2 g ( )
15. The radius vector of point f(60°) on ellipse is 4/5/2 . If eccentricity of ellipse is %
then its equation is :
(a) 3x* + 4y* =12 (b) 4x* + 8y* = 16
) x*+2y*=4 (d) 2x° + 5y* = 10

312



Math-Ordinate Ellipse
7.6 Tangent:
(@) atpoint (X, y1)

If we proceed, as done in circle, its equation is

XXy, Wi _

a’>  b?
(b) atpoint f,Pointis(acosf ,bsinf)

xcosf . ysinf _
b

It is used as equation of any tangent of ellipse

Tangent is 1

(c)  Equation in terms of m; Straight line y = mx + ¢ shall be tangent to ellipse b*® + a’y* =
a’b? if roots of equation b?? +a?(mx +c) - a%? =0
p (b2 +a2m2)><2 +2a’mex +a’ (02 - b2)=0
are equal i.e. 4a’m?c? =4(b2 +a’m? )a2 (02 - bz)
b a’m?c® =b%c? - b* +a’m?c® - a’m*?
b b’c® =b* +a’b’m?
b c=+yalm? +b?
Tangentis y =mx+ cm

This equations is also used as equation of any tangent, when needed.

(d) Point of contact : Let (x4, y1) be the point of contact

\ tangent b?xx, +a’yy, - a®b* =0 ... (1)
Ourtangentis  mx- y+va‘m?+b?>=0 .. 2)
2 2 _ A2p2
comparing, b, _-ay, _ -ab
m 1 \/a2m2+b2
. -a’m o b?
L
Va'm?® +b? Va'm?® +b?
€ . g 2 u
\ point of contact is & am , b G
&Va’m? +b? alm? +b2 i
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7.7 Length of chord.
Length of chord y = mx + Cis | X1 ~ Xo| v/1+m?
Where m is slope of chord and |x; ~ x| is determined from quadratic equation in X
obtained with the help of line and curve.
2 2

7.8 Equation of pair of tangents from an external point to ellipse X—2+:;—2=1, Like,

a

circle and parabola.

Equation of pair tangents from (xy, y1) to ellipse is SS’ = T

2 2 0 2 2 O
Where S:aex_2+y_2_ 138'=a®(; +y—§- 1z
a® b® 4 ga_ b 4

C@X, YY, .0
And T=8%L Y1 40
€2 2 g

Note : When point is substituted in equation of any tangent y =mx++/a’m? +b? , it gives a
quadratic equation in m and gives two values of m, namely m;, m,. Two tangents are thus
obtained.

7.9 Director circle :

It is the locus of a point; tangents from which of ellipse, include an angle of 90° i.e. it is the
locus of point of intersection of two mutually perpendicular tangents of ellipse.

X2 y2
Any tangent of ellipse —+--=1
a

b2
Is y=mx++a?m®+b> ... (1)

Tangent perpendicular to this tangent is

aZ

X
y:-a+ F+b2 .............. (2)

(1)and (2) y- mx =+vam? +b?
my +x =& +Bme
Squaring and adding the two equations
y2(1+m?)+x2(1+m?)=a? (1 +m?)+b2 (1 +m?)
P x*+y® =a”+b?
This is equation of director circle. Which is concentric with ellipse and auxillary circle.

314



Math-Ordinate Ellipse
7.10 Chord of contact :

If from an external point P, PA and PB are tangents of ellipse then AB is called chord of
contact.

Let P be (h, k) and ellipse _+3t:_2 =

PA and PB are tangents. Thus A and B are points of contact.

If Ais (X1, Y1) tangent is _1 + ):Jyl
a

B is (X2, y») tangent is —2 +% =
a

Both pass through P, (h, k)

xh yk

\ FR W
Xh o yok
PR @

From (1) and (2) it is clear that (x4, y1) and (x,, y») lie upon hx +g—l2( =1
a

This is the equation of chord of contact of point (h, k)
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Solved Example

2 2
Example 8 : Find locus of point of intersection of tangents of ellipse X—Z +3t:—2 =1 at points f
a
and 90°+f .
. Xty
Sol.:  Equation of ellipse — +b—2 =1;
a

xcosf . ysinf _

point f is(acos f ,bsinf )tangent 1.

- xsinf +ycgsf _

Point (90+f )is(-a Sinf , b cos f ) tangent 1

Squaring and adding both equations.

2

)a(—Z(COSZf +sin2f)+z—§(sin2f +coszf)=1+1

2 2

Locus is +2-=2

9’.\,| >
s

Example 9 : The equation of ellipse is 25(x - 3)° +16y® =400 (a) Find its centre and foci (b)

2 2

How should the axes be transferred so that ellipse is % +31/—6 =1

Sol.:  Given equation 25(x - 3f +16y* =400
2 2
e. u+y— =1, b>a
16 25

transforming origin to (3, 0) equation is

2 2
L A
16 25
g2 :M:i’ezé’ be :572:3
25 25 5 5

on changed axes, Centre (0, 0), focus (0, 3)

on original axes centre (3, 0) focus (3, +3)

2 2

To get the equation of ellipse transferred to XY o , first transfer origin to (3,

0) and then rotate axes in anticlockwise direction through an angle of 90°.
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Example 10 : Find length and equation of focal radii drawn to point (4\/§ ,5) on ellipse
25x%+16y°= 1600.

Sol. :

2 2

Equation of ellipse X4 o b>a
64 100
| e2=100-64_ 36 23 he=103=6
100 100 5 5

foci (0, +6), point on ellipse (4+/3, 5)

Length focal radii \/(4\/5)2 +12 and \/(4\/5)2 +112

\'rn=7r,=13
Equation y- 5= ! (x- 4\/§)b X+4\/§y:24\/§
- 443
11
And y- 5=—(x- 4J§)b 443y - 11x+244/3 =0

443

Example 11:  Find c, ify = 4x + ¢ touches ellipse x* + 2y* = 8

Sol. :

y = 4x + ¢ touches x* + 2y = 8

\ x?+2(4x+e)’ - 8=0

Should give equal values of x.
Equation is 33x° + 16cx + (2c*-8) =0
\ (16c) - 4.33.(2¢? - 8)=0

256¢2 - 264c® +32.33=0

b 8c%-3233=0 b c=+2/33

Example 12 : Find the condition that the straight line Ix + my + n = 0 is tangent to ellipse

2 2
X_+y_:1_

aZ

Sol. :

bZ

xcosf +ysinf
a

=1 is any tangent to ellipse b>* + a’y* = a’b?

Given straight lines Ix+my=-n

Comparing co-efficients of the two cost :ﬂ S
al bm -n
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\cosf—-il snf—-b—m
n n
212 2 2
and cos?f +sin’f =£+b 5 =1
n? n

\ conditions is a??> +b’m? =n?

Example 13 : Find condition that xcosa +ysina =p touches ellipse X—2+Z—2 =1; Find point
a

of contact as well.

2 2

Sol.: Tangent at (x,, y;) of ellipse X—Z +3t:—2 =1
a
YY: _
is —1 +22L=1 1
2 T @)
out straight line xcosa +ysina=p  ............ 2

X - Y 1
cosa b’sina p

Comparing coefficient —
a

aa’cosa b25|nao
\ point of contact is g : T
p ]

condition

2
cosao a2+a¢)25|na9
P o

P a?cos?a +b2sin’a =p?

Example 14 : Prove that yzix+ 3 touches the ellipse 2x* + 3y* = 6; Find point of

V3

contact.
Sol.:  Substitute value of y from straight line into the equation of ellipse we get

2 +3g—39 -6=0b 3(E+2x+1f =0

éV3 g
p ( ) =0 perfect square. Straight line is tangent, point of contact x = -1,
%e 129
V35

Example 15 : Find point of intersection of tangents drawn at the ends of latus-rectum of
ellipse 4x°+3y*=12.
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2 2
Sol. : Ellipse X—+y—=1, e? _4-3 ie.ez¥
3 4 4

. 1., @’
Foci are (0, 12.5) ie. (0, £1); ?=3/2

Ends of latus rectum in 1* and 2™ quadrant are &§19 and & 3 ,19 [b>a]
82 [ 8 2 g

Tangents at these points are

4(3/2)x+3y =12 o . b_ 2
v P point of intersection (0, 4),b>a\ —=——=4
- 4(3/2)x+3y =12, e 1/2
\ y =4 is the equation of directrix. Thus tangents meet at the point of intersection
of axis and corresponding directrix It is a property of parabola.

Example 16 : The orbit of earth is an ellipse with e = 1/60. Sun is at one of it focus. The
major axis is 186 x 10° mile. Find longest and shortest distance of earth from sun.

Focus |sae@ 1069ib fociare & _31 105,09
8 260 o

longest distance a+ae=93" 10° + 321 10°

_61 3l. 10° miles

59" 31,

Shortest distance =a—ae = 10° miles

Example 17 : Find equation of tangents of ellipse 3x* + 2y* = 6 inclined at 60° with x — axis.
Find point of contact as well.

2

Sol.:  Equation of ellipse ?+y =1 any tangent y =mx++/a’m+b? =mx++2m? +3

m=tan60=+/3 P tangents y=+/3x++/9

\ tangentsare y=+/3x+3,y =+/3x- 3

2

. € -a'm b?
point of contact is & ,
BVa2m? +b? a?m? +b?

203 0% 243
_é—

\ points are é

u
u
¢}

&LIO
&IIO
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2

Example 18 : Find locus of mid point of segment of the tangent of ellipse b—+y—=1
a

between axes.

y? . xcosf +ysinf

Sol.:  Equation of ellipse b—+— 1 any tangent is =1

a’ b a

It meets axes in A and B.

a ('j
\ Ais gcos 0_,Blsg Sinf &

Let (h, k) be mid point of segment AB

\ h= b P cosf =£ and k=———Db sinf -2
2cosf 2h 2sinf 2k
2 2
sin? f +cos’f =1p a_2+ bz
4k=  4h

locus is b?y? +a?x? = 4x%y?

Example 19 : Prove that product of the perpendiculars dropped from foci on any tangent of
ellipse b*x* + a%” = a’b” is constant and equal to square of semi minor axis.

Sol.: y=mx++a’m®+b? =a’h®is any tangent of ellipse b* + a’y* = a’b®. Foci are

(%ae0)

0 _aem+ a’m? +b? _-aem+ a’m’ +b’

' V1+m? i Vi+m?

\ pip, = a’m’ +b’ - a%e’m _ a’m” +b* - mz(az- bz)
ol (1+m ) 1+m?
2 2

:ﬂ“_m) =b? = (semi minor axis)’ y
1+m?

Example 20 : Chord PQ of ellipse x*/a®+y?/b*=1
passes through focus s. If eccentricity angle of P and Q

be f,,f, Prove

2 ' x’ A'( S A x
(@  SP.S’P=a’sin’f, +b’cos’f, \y

(b) Perimeter of triangle SPQ = 4a

1 f,-f Y
© (az-bz)coszg(fl+fz)=azcos2( - 2 Fig 4
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Sol.:

(a) SP and S’P are focal distances.

\ SP.SP=(a+eacos f,)(a-eacosf,)

=a’-e%a’ cos’f, =a’— (a° - b?) cos’f,

=a2(1- cos® f l)+b2 cos’f, =a’sinf | +b*cos®f ,

(b) Perimeter DS'PQ =S'P+PQ +S'Q
=(SP+PS)+(SQ +5'Q)
=2a+2a=4a

=2a+2a=4a
(c) Slope of PS = slope of SQ

bsinf, _ bsinf,
a(cosf, - e) alcosf,- e)
b sinf,.(cosf,)- cosf,sinf, =e(sinf, - sinf,)
b sin(f, - f,)=e(sinf, - sinf,)

b Zsinfl_ fzcosfl_ f :e2005f1+fzsinfl_ f
2 2
b cosfl_fzzecosfﬁ]c2
2 2
p e2cos? 11 tle — o2 fa- 1o
2
p (az- bz)cosz—fl+f2 —@cosr T2
2 2
y

Ellipse

Example 21 : The tangent to elllpse —+==1 at f is chord of its auxillary circle and this
a’

chord subtends a right angle at centre. Prove eccentricity of ellipse is

Sol. :

bZ

Ellipse a—+z—2_1 .............. L)

xcosf +ysinf
b

Auxiallyar circle is x* + y = &’

Any tangent is =1 e (2

1
J1+sin’f '

This tangent which is chord of auxillary circle subtends a right angle at centre of

circle.
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\ Making equation of circle homogeneous with the help of tangent equation we
get

X2 4y - azgewosf ysinf o IIIIIIIIIIII 3)
e a b QI

co-efficient of x* is 1 —c 0s” f

2
co-efficient of y? is 1- o2 —sin’f

angle between lines is 90° \ A+B=0

2
ie. 1- cos?f +1- Z—Zsinzf =0

= sinzf-l1 sin’f =-1
-e?

b e?sin’f =1- e?b e2(1+sin2f):1
1

J1+sin’f

Example 22 : Find length of chord y =+/2x +2 cutoff by ellipse x2+ 4y* = 16

\ e=

Sol.: Ellipse x? + 4y? = 16, chord y =~/2x +2
\ x? +4(\/§x+2)2 =16
b 9x? +16+2x=0
\' x, =0, x,=- —\/_

Vox- X, |——\/_
Length = (x, ~x, N1+m? __J_\/_ \/E

Example 23: Find equation of tangents from (1, 2) to ellipse 3x* + 2y* = 5, and also angle
between them:
Sol: Ellipse 3x* + 2y>-5 = 0, point (1, 2). Equation of pair of tangents from it is
(3x2 +2y2 - 5)(3+8- 5) =[3.1x+2.2y - 5]
P 18x% +12y? - 30 =9x? +16y? +24xy - 30x - 40y +25
P 9x? - 24xy - 4y? +30x +40y - 55=0
In it co-efficient of X is 9; of xy, —24, of y*, -4
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_24/144+36 2«/18 laqzﬁ 0

9- 4 5 éTQ,

Example 24 : PN is ordinate of a point P on ellipse. The tangent at P meets x —axis in T.
Show that circle drawn on NT as diameter intersects auxillary circle orthogonally.

\ tanq

Sol.: LetpointP on elllpse —+ y =1,be (X, Y1)
a’

b2~
\ Nis (x4, 0), Tangent is —1+yyl
a2 b?
@2
It meets x-axisinTh Tis ¢— O—
Xi g

2

® a2
\' Equation of circle on NT as diameter is (x- x, )gx T 24=0
X109

® a’o
X -x§x1+——+y +a”=0
X1 g
l1e a0
\g,=-= x1+— f, =0,c, =a°
2 X198

auxillary circle X’ +y*=a% g,=0,f,=0, ¢, = — a°
\ 2(9192 + flfz) =0=c, *¢,
\ Circles intersect at right angle.

Example 25 : The portion of straight line xcosa+ysina =c intersected by ellipse

2 2

X : . . .
—2+Z—2 =1 subtends a right angle at centre of ellipse. Show that line touches concentric
a

circle of radius ab/+/a? +b? .

Sol: Making equation of curve (ellipse) homogeneous with the help of equation of
straight line joining points of intersection with origin is obtained.

2
X cosa +ysina
_2+y_2 iR L ¢ =0
a- b° é c @
L 1 cos’a
co-efficient of X’ is —-- —— =0
a c
1 sinfa
=0

co-efficient of y* is =
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Since angle between lines is 90°

1 cos’a 1 sin‘a

P
1 1 1
" E @
2.2
From here, c? =?—b2
a“+b

: L , ab
Now straight line is xcosa +ysina =————
Va© +b?
a’b’

Which is tangent to the circle x* +y? p
a +

Straight line touched concentric circle of radius

ab
Va© +b?
Example 26: Prove that portion of tangent between curve and directrix subtends an angle
of 90° at the corresponding focus of ellipse.

Sol:  Equation ellipse —+y—2 =1,
a® b
xcosa +ys:)na

=1

Let P be (acosa,ysina ), Equation any tangent

. . a, acosa ysina
Tangent meets directrix x=—p ———— +
e e a b

=1

by= b (e- cosa)
esina

b(e- cosa
\ Tangent meets directrix at T é’i QQ
ge esina g

Slope of SP = M =m,
esina

__b(e- cosa)
esinaa@- aeg
e a

Slope of TS

b (e- cosa)

asina(l- ezj
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ba e-cosa ba e-cosa _a e-cosa

\' ' m,= — = — —

az(l- ez) sina b?> sina b sina

b(e- cosa)xa e- cosa _
esina b sina

\' mxm, = -1

\ PPST=90°

2 2

y

Ellipse

Example 27: The tangent of ellipse b*? +a?y? =a’h® meets ellipse x +F =a+binPand Q.
a

Prove that tangents at P and Qare perpendicular to each other. If they meet in T, find the

locus of T.
X2 y2
Sol:  Any tangent of ellipse — +b—2 =1is
a
xcosa  ysina _, o
a b
2 2
It meets X—+y—=a+b (2)
a b

In P and Q and tangents at P and Q to ellipse (2) meetin T.

\ PQ s the chord of contact of T. If T is (h,k), chord of contact is X—h +yFk =a+b
a

(1) and (3) are same lines. Comparing co-efficients cosf :smf 21

k a+b
p cosf :L, sinf :L
a+b a+b
2 2
and cos*f +sin’f = h + k =1

(a+bf (a+bf

\ LocusT, x* +y? =(a+b)
and (a+b)’ =(J/a(a+b) +(ybfa+b)f
\ x2+y2:(,/aia+bi)z+(,/bia+bi)z
2 y2

o . . . X
which is equivalent of director circle of ellipse — +F =
a

Hence, angle between tangents is 90°.
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Example 28:

axis. Find locus of P if

@)

Sol:

326

tanq, +tang, =c (b) tang,.tang, =c

2 2
Ellipse XY o
a b

any tangent of itis y =mx+ \/m
Let it pass through point P (h,k)

\ k=mh+/a2m? +b?

b (k- mhf =a?m? +b?

b (k- mh) =a’m? +b?

b m?(?- @)- 2mhk +k? - b =0

. _ 2kh _k -0
from it m1+mz—W, mm, =—

\ tang, +tanq, :hzz—khzzconstant C
-a

2 2

\ tang,.tangq, :hZ—Z =constant c
-a

Locus (i) c(x2 - a2)=2xy

i) - a@)=y?- 0

h? - a2

Math-Ordinate

Tangents from P to ellipse b?x® +a’y® =a’h* make angle g, and g, with x-

c-constant
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10.

11.

12.

13.

Practice Worksheet (Foundation Level) — 7 (b)

S is the focus of ellipse, the ordinate through S meets the ellipse in P and auxillary
circle in Q; angle QCS is 60°, CQ is 5, C is centre, then co-ordinates of P are .... And
equation of ellipseis .......

P is a point of ellipse and its corresponding point on auxillary circle is Q. PN is ordinate
of P; PN QN =2.5: 3, eccentricity of ellipseis ........

The ordinate of point P on ellipse and of corresponding point Q an auxillary circle are

1 and 2 respectively. If distance of Q from centre C be 2 then find equation of
ellipse and its eccentricity.

X2

2
Find the condition that straight line bx + ay = p touches the ellipse — +3t:—2 =1.
a

Find the length of the chord of ellipse cut off from the line y = x + 1. Ellipse is
%xz +y? =1. Find also its mid point.

The tangent of point f of ellipse. 16x* + 11y? = 256 touches the circle x* + y* — 2x = 15.
Find f .

Tangents equally inclined to axes of ellipse 3x* + 4y’ = 12 are ..........

Find the point of ellipse for which tangent at that point is inclined at 60° with x-axis.
The ellipse is 9x* + 16y” = 144,

Tangent at point P of ellipse 3x* + 4y’ = 12 meets major axis produced in T.
Perpendicular from centre C on this tangent is CQ. Find P if CQ = %RT;RT is intercept
of tangent on axes.

Prove that the locus of the foot of perpendicular from focus on any tangent is

[Hint: y :mx+m is any tangent equation of perpendicular from focus on it

is y=- l(x - ae) . Eleminate m from these two.]
m

Find point of intersection of two tangents of ellipse x* + 4y = 4, one inclined at 30°
with x-axis and the other inclined at 150° with x-axis.

Tangents are drawn at points f =30° and 120° of ellipse 4x* + y* = 4. Find point of
intersection.

Tangent are drawn at f =30° and 60° of ellipse 3x* + 4y* = 12. Find their point of
intersection.
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14. Find locus of foot of perpendicular drawn from centre of ellipse on its any tangent
ellipse is 3x* + 4y* = 12.

15.  Tangents from a point P, outside ellipse X° + 4y* = 4 make angles g, and g, with x-
axis. If tan g, —tanq, =2, find locus of P.

16. P, and P, are two points on ellipse and Q;, Q, are their respective points on auxiallary
circle. Prove straight lines P,P, and Q;, Q, meet on major axis.

X2
aZ

(PM)* +(PN)* =2(a2 sin”f +b* cos® f )(ZCoseczf - 1)

2
17. The tangent of ellipse +z—2=1 at point. P meets axes in M and N. Prove that

18. Prove that parabola y® = 2ax, and ellipse 2x° + y* = 4a” cut each other at right angle.

19. Prove that locus of foot of perpendicular from centre on any tangent of ellipse
X2y
a_2+)t:_2 =11is ()(2 +y2)2 =a’x? +b2y2 .

20. Find equation of common tangents of 9x* + 4y” = 36 and x* = 6(y — 1).

21. The tangent of ellipse x* + 2y* = 4 meets minor and major axes in Q and P. Find locus
of point dividing PQ in the ratio of 2 : 1.

22. Anellipse is described by using a string of length /¢ tried to two pin Aand B, (AB=m <
). Find eccentricity of this ellipse.

23.  On minor axis of ellipse 16x* + 25y* = 400 two points are taken equidistant from
centre at distance 3. Perpendicular are dropped from these points on any tangents of
ellipse. Find sum of squares of these tangents.

24.  The chord of ellipse b’x* + a’y* = a’b” joining f, and f, passes through a focus. Find

the value of tan%f l.tan%f 5.

25.  Find equation of chord of ellipse when eccentric angle of its end differ by p/2.

26. Prove that chord of contact of tangents drawn from any point of directrix of ellipse,
bx? + a’y” = a’b® passes through corresponding focus.

2 2
27. Prove that the tangents from (x5, y;) to ellipse X—2+z—2=1include angle
a
éel,2 2 0 u
tan 1 & X—;+y—§-1f (xi+y§-a2-b2)l]
gla b 5 i
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28.

29.
30.
31.

32.

33.

34.

35.

36.

37.

38.

X2

Find equation of tangents of 7 +z—j =1 which are equally inclined to axes. Find point
of contact as well. Also prove that length of perpendicular dropped from centre on
any one of themis W :

Find length of chord cut off by x + 3y — 5 = 0 of ellipse 4x* + 9y” = 36

Find condition that straight line px + qy = n touches the ellipse b*? + a’y* = a’b?.

Tangents of ellipse 4x + 9y? = 36, equally inclined to axes are :

(@) xty=3v2 (b) x+y =423
(€) y£x+4/13=0 (d) none of these

Length of perpendicular from centre of ellipse 16x* + 12y* = 192, on its tangent
inclined at 60° to y axis is.

() 245 (b) V5 (c) V15 (d)8
P is point on ellipse 16x” + 9y* = 144; S, and S, are foci. Maximum area of DPS,S, .
(@ 12sg.m (b) 16 sg.m. (c) 9sq.u. (d) none of these

The tangents at the ends of a latus rectum of ellipse meet major axes at the point

(a) where directrix meets it. (b) at ? ,09
e g
(c) where corresponding directrix meets it. (d) none of these

The chord PQ of ellipse 16x° + 25y* = 400 passes through S’. The perimeter of DPSQ
is:

(a) 28 (b) 20 (c) 16 (d) none of these
The portion of tangent between point of contact and directrix of ellipse subtends at
the corresponding focus on angle of

p p 1390 1380
(@) " (b) 5 (c) tan EE; (d) tan 8béf

B is an end of minor, axis of ellipse, F and F’ are foci. If BFBF =90° then eccentricity is

1 1 1 1
@ 3 (b) 3 ) Nl (d) N

A tangent to ellipse 16x* + 25y = 400 is inclined at 45° with x-axis Its distance from
nearest focus is :
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@) Siﬂf () S'g © % >

39. Tangent of ellipse 9x* + 16y* = 144 is inclined at 30° with x-axis. Its distance from
nearest focus is:

@ —mﬁﬁ © ﬁ'@m © *@;’ (d)%

(d) none of these

40. The major axes of two ellipse are equal, eccentricities are %% then ratio of
minor axes is :
a)2: 43 (b) /3 : 2 © 3 :42 (d)3:2

41. Locus of point of intersection of straight lines %- %+t:O and §+%+1:O is:
(@) ’;—2 z—zz (b) b—2+36’1—2= ©) ;HL =1 (d) none of these

42. The portion of straight line xcosa +ysina=p cut off by ellipse 4x* + 9y* = 36
subtends a right angle at centre of ellipse then p =

4 3 6 243
(a) iﬁ (b) iE (C) iE (d) iﬁ

43. p;and p; are lengths of perpendicular dropped from foci of ellipse 2x* + 3y* = 6 on

tangent at é\/_ V29 = of ellipse. Then py x p..

(a) 2 (b) 3 (€)2~2 (d) none of these
44. Equation chord of ellipse b’* + a’y? + a’b® when eccentric angles of its ends differ by
p/2:
a) ag+X'9.cosf +& 5Qsinf =1
ga b Sb ag
+ ygcosf +&. X—smf =1
ga a bg

(c) b(cosf - sinf )x +a(cosf +sinf )=ab
(d) none of these
45.  Equation of ellipse when S’BS is equilateral triangle is :
(a) 3x% + 4y* = 12a° (b) 3x° + 4y* = 3a°
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(c) 3x° + 4y* = 4a° (d) none of these
46. Tangents drawn from (-15, -7) to ellipse 9x* + 25y° = 225 :
. X-4y-13=0 X+4y =13
4x- 5y+25=0 5x+4y =25
. 4x+y-13=0 (d)x-4y+13=0
5x+5y-25=0 4x- 5y-25=0

47. Tangents from a point P to ellipse b*x* + a’y* = a’b® make angles g, and g, with
major axis locus of P, Q tang, +tanqg, =c is:

(a) cx? + 2xy = ca’ (b) cx* — 2xy = ca’

(c)ecx+xy=ca (d) none of these
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7.11  Normal:

2

X2y X, b? - x,b?
Tangent at (x, y2) on ellipse =5 +2>=1is y- y, =- =—(x- x,) Slope of tangent is —L;
a b a‘y, y,a
_aly
\" Slope of normal is ——
X1

\ Equation of normal at (s, y1) is

2 2
\ Normal at (x; y,) is a (X' Xl):b (Y' yl)
X1 Y1

(b)  Normalat f point (acosf,bsinf )

a’(x- acosf) _b?(y- bsinf)
acosf bsinf

Normal is

cosf sinf

ax by :aZ _ bZ

b axsecf - bycosecf =a® - b?
(c) Normal in terms of m :

From Equation (a ) normal is

aZyl aZ 0
=AYy B2 42
RS T
2
Nowm=2Yip & X (i

b?x, b’m

Paint (x4, y1) is on ellipse

2 2

yi . xi_. ay .
\ b_;_l_a_;_l_ b“mlz from (i)

i, @i _

b?  b*m?
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by, =b’m/~a’® +b*m’
) bzm.(a2 - bz) m(a2 - bz)

o
and — - 17= =
ylébz 7 b?Ja2+b’m +a? +b’m?

2_p2
\ Equation of normal is y =mx - M
\/a2 +b%m?
®e & b’m ©

pointis & \ B
&Va2 +b’m? a2 +b'm? 5

7.12 Polar:

Locus of point of intersection of tangents at the ends of chords drawn through a fixed point
is called polar of fixed point with respect to ellipse.

X2

. . . y2 XX, LYY
Equation of polar of (x;, y1) with respect to ellipse — +b—2 =1lis - +b—2l =
a a

Note : There is similarity in equation of tangent at (xl,yl) chord of contact of (x, y;) and
polar of (x, y1) with respect to the same ellipse.

(@) When point is out side ellipse, the equation gives equation of chord of contact. The
polar of the point is chord of contact.

(b)  When point is on ellipse, polar is tangent at (x4, Y1)
(c)  When point is inside ellipse, the equation of polar is equation of polar only.
. Xae _ . a . ,
Corollary I : The polar of focus (ae, 0) is —-=1i.e. x=— (directrix)
a e
Corollary Il : If polar of point P passes through point Q, then polar of Q shall pass
through P.

Corollary Il : The point of intersection of polars of P and Q with respect to same
ellipse is the pole of straight line PQ.

Collary IV : Chord of ellipse is parallel to the polar of its mid point.
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Solved Examples

Example 29: A normal inclined at 45° with x-axis meets axes in A and B of ellipse 3x* + 4y* =
12. Find area of DCAB.

2 2

Sol.: EIIipseX—+y—=
4 3

2 2
And Normal is y:mx+Mp y =mx- m(4- 3)

Va2 +b’m? V4 +3m?

m=1,\ Normalis y=x- i meet axes is Aand B

Nii

\Aisge OBa%
e

g ﬁz
area DCAB=1CA' CB= 1111 sg.u
2 2'J7 V7T 14

Example 30. Find point of intersection of normals drawn at the ends of latus-rectum of
ellipse 9x* + 16y* = 144. Find also angle between these normals.

Sol.: Elllpse—+y =1
16 9

2
\ e2 _ﬁp e:ﬂ;ae:ﬁ and b_:g
16 4 a 4

\" Ends of a latus rectum are g\/_ 90§e - 99
4g

Normalatgf__|5 16( ﬁ) 9 ® 90

4o 7 9/48 "
b 16x- 4fy_-9ﬁ+16ﬁ=7ﬁ ............. 1)
9¢. 16 e . 90
and normal at \/_-——IS JT)=-48y+22
8 ﬁ( ) gy 4g
b 16x+4J7y=7y7 @)
o
Point of intersection,y =0, x = 7\/— aa\/_ 0T
16 'S 16 &
Slopes of normals are 16 and - 16
47 a7
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32 - 87
4\/—§ 256 9 9

2

\ angle between them tanqg=

138 870

\ g=tan éT

Example 31 : Find point of intersection of straight line 2x +y = 3 with the curve 4x* + y* = 5,
obtain equations of normals at these points. Find also point of intersection of these
normals. (R)

QO

Sol.: Ellipse 4x* +y* =5, straight line y = 3 -2x
\ 4x?+(3-2x)*-5=0 P  8x*-12x+4=0
b 2x%-3x+1=0P (2x- 1)(x- 1)=0
\ x=1/21,y=3-2x,y=21

. & .0
ointsare ¢c—,25(1,1
poi & g( )

normals _gx 1/29 5(y'2)p x-l:y_g
4 1/2 g 2 2
and 2810 -1 1Ob X-1=4y- 4
4 1 g

\ Normsare y- x=3/2 and 4y- x=3
point of intersection 3y=3-3/2, y :% X=-1
points ge ],19
e 2g
Example 32 : Find equation that Ix+my+n=0 is normal to ellipse

WY (b) 16X + 9y? = 144

e

nJN| >,

Sol.:  Anynormal to ellipse b?x? +a’y? =a%0? is
axsecf —by cosec f +(b2 - a2)=0

our line IXx+ my+n=0
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\ asecf _-bcosecf _b?-a?

I m " n
-bn
\ cosf = _Ibz az),smf m(bz- az)
\ cosf ——(_2—),5| f——(_—)
I\b

— - an —
I{a? - b? m(az-sz

a’n® b22 a’ - bz)2
! [? m? n?

2 2

N X“ o y°
Ellipse —+2—=
(ii) Ellip o1

any normal. 3x secf —4ycosecf =-7

line equationIlx + my = -—n

3 _ __4 b cosfzﬁ,sinfzﬂ
Icosf msina n 7l m
9 16 _49
‘et

Example 33 : The normal at any point. P on ellipse b’x* +a’y? =a’h’ meets the axes in G
and g. Prove (a) PG : Pg = b*: a* (b) a’ (CG)* + b? (Cg)® = (&’ — b?)?

N SR :
Sol.: Ellipse _2+b_2:1’ Let P be (acosf ,bsinf )
a

Normal is ax secf —by cosec f = a” - b?

. 2 0 . & a’-b? o)
\ Gis cosf,0zgis O,a sinf =
a - a
2 2. 2(-)2 4

(@) PG = \/g &b T cos’f +b?sin’f :\/b—zcoszf +b?sin? f
a g a

:E\/b2 cos®f +a”sin*f
a

22 "
Pg = \/azcoszf +§%+ bb 9sm f —\/a cos? f+b sin?f

o
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:%\/bz cos’f +a’sin’ f

- bz)2 cos® f

\ PGiPg=2: 8 =p2 g2
ab
2(cGY zaz'bzoz 2 (2
(b) a°(CG) =a Tcosf =fa
g a g
) .2
b®(cg )’ —bzg b 9sm f —( - bz)zsinzf
o

\ a?(CG)* +b*(Cgy = (a2 - bz)z(coszf +sin2f): (a2

- bz)z

Ellipse

Example 34 : Tangent and normal at point P on ellipse meet minor axis in T and G. Find
angle subtended by TG at focus of eIIipse.

Sol. :

Example 35 : Find pole of chord of ellipse 9x* + 16y” = 144, whose mid point is (2,3)

Let P, be point f , on ellipse —+ "
a’

Tangent at P is
a b

_ax_ by
cosf sinf

Normal at P is

Tangent meets minor axis of T, E%

. . =)
Normal meets minor axis in G go,

Focus S’ is (ae, 0)

b
Slope§'T= — 2> =
ope sinf (- ae) m

2
Slope of $'G = (b - =
b(- ac) b

M m. = b ,aesinf__1
Y% sinf(-ae) b

\ TG subtends a right angle at focus.

Y

xcosf +ysmf

=1

- aZ bZ

a )sinf _aesinf _

337



Ellipse Math-Ordinate

Sol.:  Equation of ellipse —+y—=1
16 9

Equation of chordis y- 3=m(x-2) ... (i)

It shall be parallel to the polar of its mid point (2,3) i.e. parallel to the polar of its

mid point (2,3) i.e. parallel to 3 +% =1

w

m of chord = slope of this polar = - —

(o0}

\ Equation chordis y- 3=- g(x 2)

P 3x+8y=30 ... (a)

Let (x4, y1) be its pole. Polar is
Oxxy +16yy; =144 ... (b)

(a)and (b) should be same
9x, _16y, _144 _24

\ —20% _ 8% 4%
3 8 30 5
\ X § 2
1 5' 1 5

Example 36 : P is a point on ellipse whose centre is C. Find angle between CP and normal at
P.

Sol.: Letellipse be X Z =1 and point P, f
a’

Normal at P is axsecf - by cosec f =a’—b?

Slope of normal is m; _asinf. =2 tanf
bcosf b

Slope of CP = Etanf
a

If angle between normal and CP be q.

2 K2
Then tangq= a-b taznf
ab({l+tan-f

(az-bz) 2tanq _ a’- b?

: = .sin2f
2ab 1+tan’q 2ab

b tang=
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X2

2
Example 37 : P and Q are corresponding points on ellipse — +3t:—2 =1 and its auxillary circle
a

respectively. Normal at P meets CQ in R, C is centre of ellipse. Prove CR = (a + b)

Sol.: LetPbe (acosg,bsinf) then Qis (acosq, asin f )

Normal atPis axsecq- by cosecq=a?- b?
Equation of CQ is y =xtanf
Putting value of y from (ii) in (i)

bxtanf _
. =a

sinq

(ax - bx)secq=a’ - b?

axsecq- - b?

b x=(a+b)cosf,y=(a+b)sinf

\ (CR)? =(a+b)2(coszf +sin2f)b CR=(a+h)

2 2
Example 38 : Normal at P (f ) of ellipse >1<_4+y?:1 meets the curve again at Q(2f ). Prove

cosf =-2/3

2 2
Sol.: Ellipse >1<_4+y?: . f is(~/14cosq,+/5sinf)
Normal is @-@44-5:9 ........... 0)
cosq  sing

This meet ellipse again in (ﬂcoqu,\/gsian )
\ V14414 cos2q  /5.45sin2q g
cosq sinf
\ 14(20052q- 1)- 5.2cos’ f =9cosf
P 18cos?q- 9cosf - 14=0

b 18cos? q- 21cosf +12cosf - 14=0
b (6cosf - 7)(3cosq+2)=0

cosf17/6 \ cosq=-2/3.

Example 39 : If tangent and normal at any point P on ellipse meet major axis in A and B
respectively and if AB =a, prove eccentricity of ellipse is given by e?cos® q+cosq=1

N SR .
Sol.: Ellipse —2+b—2=1, P (acosq,bsing)
a
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\ Tangent —— xcosq ysmq =1

It meets major axis in A, g— 02
ecosq g

Normal at P is axsecq- bycosecq=a’ - b?

It meets major axis in B, &(M O (ac2 cos q,O).
QI

A and B both are on x-axis
a 2
\ AB=——- ac“cosq=a
cosq
b c?cos?q+acosq=a
Example 40. The normal drawn at the end of a latus-rectum of ellipse — +3t:—2 1 passes
a’

through the end of minor axis prove e* + e —1=0.

y b? o
Sol.: Elllpse =1 EndL; of latus rectum gae —x
"7 LN — —
X s C(0,0) S A x
2
) b2§/ b"9 I L
Equation of normal 2 (- ae) _ > il Fig 5

ae b“/a

It passes through end B’ (0, —b) of minor axis
\ -a®=al-b- b?/a)

b -a’=-ab-b*pb a’ =ab+b?

b a? :ab+a2(- ez)b ab =a’e?

b b*=a’%"p az(l- ez):aze4

b e*+e?-1=0 ~_>
Example 41 : Prove that the tangent and normal at a /
point of ellipse bisects the angle between focal radii of  ;—x——<"coor ™m 5 &
the point. /
Sol.: Inthefig. pointPis(acos f ,bsinf)Sand S’

are foci; C centre. PT is tangent PN is normal. If Fig 6
normal bisects the angle SPS’ them S’'M : SM =
PS’: PS
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b SM:S'M=a(l+ecosf):(1- ecosf)a
=(1+ecosf):(1- ecosf)
NormalatP  axsecf - by cosecf =a? - b?

It meets major axis in M

MIS

coqu ie. [ae coqu]

MS'=ae - ae*cosq=ae(1- ecosf)
SM=ae’cosq- (- ae)=ae(l+ecosq)
\ SM:S'M=(1+ecosq):(1- ecosq)

Normal bisects the angle S’PS.

Ellipse

y?

Example 42 : Two points are taken on major axis of ellipse —+— 1, equidistant from
a’

bZ

centre. The eccentric angles of the ends of chords through these points are a,b,g and d.

Prove that tang.tang.tang.tang =1 .(lT)
2 2 2 2

Sol. :

Let P(xq, 0) and Q (-x;, 0) be the two point on
2 2

major — axis of ellipse X—2+:;—2=1, equidistance
a

from its centre ¢ AB chord goes through P and MN

chord goes through Q.
Slope of AP = Slope BP

bsina _  bsinb
acosa- x;, acosb- x;

b asinacosb- asinbcosa =x, (sina - sinb)
b asin(a- b)=x,(sina - sinb)

b aZSln%bcosLb—Z cosa—b sma—b

2

_b co&a+b9
2 g
afé%os.cosbﬂina.sinbg
2 2 2 29

P x, = acos

b

a b .a . b
COS—.COS— - Sin—.Sin—
2 2 2 2

y

M A

N B

Y

Fig 7
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B+tan? tan? 9

S Sl S S ®
gl- tan".tan— =
2 290

for the second chord, slope of MQ = slope of NQ

bsinr _ bsind
acosr+x, acosd+x;
b asin(r- d)=- x,(sinr - sind)

& +tan” .tand2
pox,zag—— 2 2=
gl- tan—.tan— =
2 290

A1+tang tangl'J 1+tang tan—u

\ aé 2 2 '+ae 2 2 =0
él-tan—.tan—U é1- tang.tan—g
2 20 é 2 20

on simplification tan 5 tan— tan= ¢ tan— 1

Example 43 : A circle is concentric with ellipse —+Z—2 1, prove that common tangent is
a’

o 2r2-p2 0

inclined at an angle of tan™*¢ 5 T where ris radius of circle.

a-rﬂ

Sol.: Ellipse x*/ a® +y* /b’ = 1, circle x* + y* = r* any tangent of ellipse y =mx++/a’m? +b? .
It shall be tangent to circle if perpendicular from centre on it = radius of circle

vam? +b?

ie. ——————=rP a2m2+b2=r2(1+m2)
1+m?
p mz(a2 - rz):r2 - b?
2 2 2 2
r-b .1 r°-b
P m= P g=tan
22 a’-r?

Example 44 : Find angle of intersection of curve —- +3t:—2 =1 and circle x* +y* = ab
a’
Sol.: Curvesare b®x*+a’y*=a’b”and x* +y* = ab.

For point of intersection b*x? +a? (ab - x2)=a2b2
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b x*(0? - a?)=a’b(o- a)
p x=iaw/b/ia+bi,y=ib1/a/ia+bi

@atb  bya §

one, point of intersection is , T
atbh vatb gk

Differentiating curves with respect ot x

2
(i) ?x+2aty. Y =0, W = B X
dx dx a’ y
2 3/2
at the point m, =- b_zﬁ = 8@2
& 'bJ/a éag
(ii) other curve 2x +2y.ﬂ:op dy _ x
dx dx vy

atpointd——-\/alx/_
b2
\/72? a5 -a«/_(a bz)

\ tanq

1+b/a  a’Jb(a+b)
__(a-p)
~ Jab

-bo

acute angle g=tan* g,
&Jab g

Example 45 : ABC is an equilateral triangle is inscribed in circle »* + y* = a°. Centre of ellipse
X—Z +y—2 =1 coincides with the centres of circle. Perpendicular S from ABC on major axis of
a
ellipse meet ellipse in P, Q and R and these lie on
the same side of major axis as A, B and C. Prove that a
normals at P, Q and R are concurrent.

Sol.: Let a be radius of circle; x side of
equilateral triangle altitude AD = Ea.
2 X' 0(0,00\ N X
\ side of triangle D R
ﬁxzéab x =+/3a ° P ¢
2 2
Fig 8
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@3  ad®3_ ad

co-ordiantes of A, B, Care (0, a), &- —a,- —_T,é—a,- T
a 215, 2 215,

® 0 o]
Pis(0,b),Qis G- ﬁa,- E_%,Rga,- 9:
- a

& 3/4a° y* y:_1
é' & b b? 4

NormalatPisx=0,y-axis ... 0)

a28?<+£a%
g2 p_b’(y+b/2)

-/3/2a -b/2

Normal at Q is

e, Zax+a’ =2by+b*> L (ii)

NE

2 2 2
Normal at R —ax-a =-2by-b° L. iii
7 y (i)

2 2

Solving (ii) and (iii)) x=0, y = a4 - normals are concurrent.

Example 46 : Perpendicular are drawn from foci of ellipse b’x* + a’y* = a’b” on polar of point

2 44,2 4b4

P and their products is ¢%. Prove locus of P is b* x* (e? + a%e®) + e*a’ y* = a

Sol. :

344

Let point P be (x4, y1). Polar of (x4, y1) is

b b*x+a%,y- a’h*=0

p: and p, are perpendicular on it from foci (ae, 0) and (—-ae,0)

(baex, - ab?)- baex, - a%?) _
bx; +ay;

p ¢ (b“xi +a4y§)= - (b“azezxf - a“b“)

b ¢ (b“xi + a4y§)+b4a2e2x§ =a'p*

b b (c2 + a2e2)+ c’a'y; =a'n’

PP, =

locus b*x? (02 + a2e2)+ c’a’y; =a'h*
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10.

11.

12.

13.

14.

15.
16.
17.
18.

Practice Worksheet (Foundation Level) —7 (c)
Find equation of normal at (3, -2) of ellipse 4x* + 9y* = 72.

Find equation of normal at the end of latus-rectum (fourth quadrant) of ellipse 4x* +
9y? = 36.

Find pole of straight line 12x + 7y + 16 = 0 with respect to ellipse 4x* + 7y* = 8.
Find equation of the chord of ellipse x* + 4y* = 36 whose mid point is (2, 1).

Find locus of pole of normals of ellipse 9x* + 36y* = 36.

X2

2
Find pole of straight line Ix + my = 1 with respect to ellipse — +z—2 =4,
a

Find locus of mid points of chords that pass through focus (ae, 0) of ellipse b** + a%y?

- aZbZ
L, is end of latus-rectum of ellipse 3x* + 4y? = 12, in first quadrant. A is end of major
axis in this quadrant. Find pole of L,A.

If polar of (3, 4) with respect to 4x* + 9y* = 36 touches the circle X* + y* = p?, then find
p.
C is centre of ellipse b®x* + a’ y* = a’b’. P is a point on it and its ordinate is PN.

Perpendicular from centre on polar of P is Ck; PM is perpendicular from P on its polar.
PM produced meets major axis in R and polar meets major axis in T. Prove

(a) CK.PR=b?  (b) CK.RM = product of perpendicular from foci on polar
(c)CR=e?’CN  (c)CT.CN=a’

Straight line x = 3 intersects ellipse 16x* + 25y = 400 in points P and Q of eccentric
angles f ,,f,.Find (a) f, +f, (b) point of intersection of normals at P and Q.

(4, 3) is a point on the auxillary circle of a ellipse. Normal at this point meets ellipse in
P and Q; PN is ordinate; the corresponding point of P on auxillary circle is Py; If P
divides P;N in the ratio of 2 : 3, find equation of ellipse.

If normal of ellipse b’* + a’* = a’b” at P(f,) meets ellipse again at Q(f,). Prove
e?cosf, =sin(f, - f,)/[sinf, +sinf ]

Find locus of point P if its polar with respect to ellipse 4x* + 3y* = 12 touches circle x* +
2
y +2x=0

Find common tangents of ellipse 3x* +y* = 12 and x* + 4y* = 4,
Find condition if px + qy = k is normal to ellipse b*? + &’y = a’b?
Find angle of intersection of ellipses 3x* + y* = 12 and x* + 4y = 15.

Find locus of point of intersection of two perpendicular tangents of ellipse 4x* + y* =
12.
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19. A rod of length 14 feet slides between smooth vertical wall and horizontally floor,
maintaining end point in contact. Find locus of point which divides the rod in ratio of 3
14

20. A tangent of ellipse b>x* + a%* = a’b® meets the tangents drawn at extremities of
major axis in P and Q. Prove that circle drawn on PQ as diameter passes through foci

of ellipse.
21. Prove that locus of pole w.r. to ellipse —+Z—2 1 of any tangent of auxillary circle is
a’
the curve — +y_4 =i2
a' b* a

22. Prove that locus of poles of normal chords of ellipse 9x?+16y?=25 is
256, 81 _49
ox? 16y? 25

23. PN is ordinate of a point P on ellipse b*? + a’y* = a’b® and it meets auxiallary circle in
Q. Show that point of intersection of normals at P and Q lie on x? +y? =(a+bY

24. Circle of radius r has its centre, the centre of ellipse b>? + a%? = a’b’. Prove that

common tangent of these two curves is inclined at tan’ K -b? )/ \/ J with

major axis. Also prove that the length of common tangent is \/{(r - bz)- ( - )}/r.

25. Show that area of the triangle formed by joining point f,, f, and f; of ellipse

2 - - -
y—2= is 2absinf12f25infz f3.sinf3 fy

2 2

aZ

26. Normal at point P of ellipse x* + 4y* = 4 is 4x - \/_ —~_y=3 then pointPis:

2 20 ®-430 @30 @ 430
1 —z b)¢l,—= (c) €l,—= deg 1-—=
@EFT O O @l

27.  The pole of chord of ellipse 9x? +16y? =144 when mid point of chord is (2, 1) is :
P2 30 (286720 86189 e 3 189
@S DS, 943 1m 9% 1318,
28.  Normal at (3, —2) of ellipse 4x* + 9y = 72 meets axes in M and N. Area of triangle MCN
(C, centre of ellipse) is :
25 25 50 25

(@) 5 (b) 3 (c) 3 (d) I
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29.

30.

31.

32.

33.

34.

The normal at point Pg, \/_ of ellipse 3x* + 4y” = 12 meets axes in M and N then
PM:PNis:
a) 242:43 (b)) /3:42  (0)4:3 (d)3:4

y?

Straight line y = mx +c shall intersect elllpse — +b—2 1 inreal points if :
a’

(a) a?m? <(c2 - bz) (b) a®m? 3 (02 - bz)

() am? 2 (2 - b?) (d)c>b

If tangents from point P to ellipse x* + 4y” = 4 include an angle of 90°, then locus of P
is:

()x° -y’ =5 (b) xy =5

(€)X +y°=5 (d)y =5x

Distance of tangent drawn at P point of ellipse from centre of ellipse is d, F1, F2 are
foci, (PF, — PFZ)Z =

2 b%*0
a) 4a’ g (b) azg - b_2:
% a g
2 e
() 4a2§%- b—zg (d) None of these
ag
Tangents are drawn from (2, 1) to ellipse 3x* + 2y = 5 include an angle of :
(a) tan'lﬂ (b) tan-1 2¥270
5 5
(c) tan’? 2—290 (d) none of these

2 2

y

P is a point on ellipse % +1— =1 such that CS = SP where C is centre and S focus of

ellipse, thenPis :

20 4450 10 445
() éE’TE; (b) i?'T
&0 520 & 5130
(©) ?175’ (d) é&TE
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35. P, (f)isapointon ellipse b>? + a%y* = a’b” and B S’PS = 90°, then p’sinf +a’cos’f =

(a) a’e” (b) a* - b? (b) a* + b? (d) 2b* - &’
36. P,( f)isa point on ellipse x°/a’ + y*/b® = 1 and tangent at P meets major axis in T,
then:
(@) PT*=TA. TA’ (b) PT? > PAPA’
() PT*<TA . TA’ (d) none of these
37.  Angle between curve 7x° +y* =1 and y* = 6x is :
5 5 e 0 e 0
(a) tan‘lgg @9 (b) tan‘lgg EQ () tan'lé- —4mj (d) tan'lé- —4ﬁj
e 37y e 2g 15 4 S g
38. Locus of point of intersection of tangents at f and 90° + f points of ellipse 4x° + 9y* =
36is
(a) x* +3y*=24 (b) 4x° +y* =36
(c) 4x* +9y* =72 (d) 9x% + 4y? = 144
39. Normals at points whose eccentric angles are p /6 and p /3 of ellipse x* + 4y® = 12
meet at :
(a) [V3- 12+243] o) [V3- 1)2t- v3)
© [V3- 1,43 +1] (@) [V3+1,43- 3|

40. P, and P, are two points on ellipse and M;, M, are corresponding points on auxiallary
circle. P4P, and M;M, meet on:

(a)minor axis (b) directrix (c) major axis (d) none of these
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7.13

Sub-tangent and Sub-nomral :

In the fig. PN is ordinate of point P on ellipse b’x* + &’y = a’b®. Tangent at P meets major
axis in T and normal at P meets major axis

inG.

NT = Length of sub-tangent S
GN = sub-normal. ,

g C(0,0) G NS > X
Let P(xy, y1), tangent L + 32/1 - \
a

2 Y
y=0b Tis 02 and Nis (x,, 0)
X1 g

aZ
Sub-TangentNT = —- x, =
Xy Xy
a(x- %) _b*(y-v;)
X1 Y1

_a’-x§

Normal at P is

. a’-b> 0
It meets x axis,y =0, G= x,,0TP le%x,,0
y g 2 : ( 1 )

bZ

\ GN.=x, - ele:xl(l- ez):xl(l- ez)leg

2
Subnormal = xlb—zle(l- ez)
a

7.14 Diameter

The locus of mid points of parallel chords of

ellipse is called diameter of ellipse. Let the parallel
2 2

chords of ellipse X—2+Z—2:1 bey =m x+l .
a

Where | is a variable, In fig. PQ, P’Q’, P”Q” are

parallel chords. Put, from equation of line value of

y in terms of x into the equation of ellipse

2 2
x_2+(mxb—:I):1p b2x2+(m2x2+2ml x+|2)a2 =a

QD

=} xz(azm2 +b2)+2a2ml x+a2(l 2. bz):o
2a’ml !I 2. p? EZ

\ X, +X, =- ————— X X, =
1 2 1NN2
a’m? +b? a’m? +b?
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If mid point of PQ is (h, k)

2
1tX, _ aml

X
thenh=——"s=———- . 1
a’m? +b? @
point (h, k) lie on the chord b k=mh+|
2,~2 2 2
b k=mh- hlefm? +6°) _ b h from (1)

a’m a’m
2

\ Equation of diameteris y =- E—X
a‘m

Diameter passes through centre of ellipse.
7.15 Conjugate Diameter :

Two diameters are conjugate if each diameter bisects the chords parallel to the other
diameter.

2
The locus of mid points of chordsy =mx + | , is the diameter y =- tz)—x ,
a‘m

- b?
Let m; = Zm

2

Locus of mid points of parallel chords to this diameteris y=m;x+| is y=-

X
a'm,

b? b?
>—=mP mm, =-—
a

If the two diameters are conjugate then -
1

2
\ Two diameter y = myx and y = m,x shall be conjugate if mym, = - b—z
a

7.16 The tangents at the end of diameter is parallel to the lines bisected by the

diameter.
: X2 yP I
Lety = mx be a diameter of ellipse —- +b—2 =1. This bisect the chordsy = mix + |
a
b2 b2
\ m=-——Pm=-—+ .. (1)
a‘m, am

If diameter meets the ellipse in (x4, y1) then
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yp =mx, b m:% ............ (2)
1

Tangent at (xq, y1) is —1 + {)yl
a

2 2
p y=-b—.x—;x+b—
Yy, a Y1
2 2
and from (2) =-b—ix+b— from (2)
a2 m vy,

2
and from (1) it reduce to y = myx +b— i.e. tangent is parallel to the chords bisected by the
Y1
diameter.

7.17 Tangents drawn at the ends of a chord of ellipse intersect at the diameter
bisecting chords parallel to this chord.

Let the equation of chord be y = mx + ¢ and suppose tangents drawn at its ends meet in
(X1, Y1)

\ y=mx+c ischord of contact of point (x;,y:) ... (1)
Equation chord of contact —1 + {)yl .......... 2)
a

Equation (1) and (2) are same

2
Y, _- X1
Vot X =- 2
b2  a’m Py a2t

. : b? o . , ,
and it proves xi, y; lie on y=- —x which is the equation of diameter of lines parallel to
a

y= mx+c
7.18  Eccentric angles of ends of conjugate diameters differ by a right angle.

Let PP* and QQ’ be the two conjugate diameters and eccentric angles of P and Q be f,,f,
respectively. Diameters pass through centre C.

2

Slope of CP = Etanf ,andof CQ = Etanf , Diameter are conjugate \ mym, =- —-
a a a
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b2 2
p gtanfl.tanf2 =-

&

P sinf,.sinf, =- cosf,.cosf,

b cos(f,-f,)=0

\ f-f,=90°
\ IfPis(acos f ,bsinf),thenQisacos (90 + f ), bsin(90+f )i.e. (- asinf ,bcosf )
7.19  Sum of squares of semi-conjugate diameters is constant :
Let CP and CQ be the two semi conjugate diameters; P is (acos f , b sinf ), Q(-a sinf , bcos
f)

CP?+CQ%*=acos*f +b?sin’f +a’sin’*f +b? cos?f

=a’ + b® = constant

7.20 To find the area of parallelogram formed by tangents draw at the ends of two
conjugate diameters.

If fig. PCP’ and QCQ’ are conjugate diameter. ABCD is the parallelogram formed by tangents
drawn at the ends of these. This parallelogram is divided into four equal parts by the
diameters.

\ areaof || gram ABCD = 4. |l gram CQBP
=4.BP (™ fromconBP)

=4 .BP.CE ‘

p
=4CQ.CE (-cQ=BP) .. 1) A
Equation of tangents P is Xcosq +% =1 P

-
D
ab

\ CErmee— .. ) Fig 12

Jb? cos? q+a?sing

Qis (- asinf bcosf ), because Pis (acos f ,bsinf)

\' CQ =ya’sin? q+b?cos’ f
\ from(1)4CR.CQ=4ab=2a.2b

= product of axes.

\ areaof || gram ABCD =4 ab = constant.
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Solved Examples

Example 47 : Find point on eIIipse for which sub normal is equal to the square of semi-

minor axis of elllpse —+ g =
a’

. b?
Sol.:  Givensub normal —-x, =b’p x, =&’
a

\ pointis (a2 ,ibﬂ)

Example 48 : Find equation of ellipse if sub-tangent of point (3, 12/5) is 16/3.

a’ - x
Sol.:  Given point (3, 12/5), subtangent = 1
X1
OnCF, y= Ex is y—-%x+|
_Rh2 a2 2
i.e. by +ax = b 2.3 (1 © ) &
e e e e

i.e. by +ax=a’e
This intersecty =0in (ae, 0) i.e. focus

\ Orthocentre of triangle CEF lies at focus of ellipse.

-9_16
3

=25

and point is an ellipse b i+ 1442 =
25 25b

b 9b?+144 =250’ b h?=9

\ Elllpsels—+y =1
25 9

Example 49 : Prove that product of focal distance of a point P, is equal to the square of that
semi-diameter which is parallel to the tangents at P.

Sol.: LetP be (x4, y1), Ellipse —+g_2
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XXy

; Wi _
\ tangentatPis 2 +b—21—1

x, b?

Diameter parallel toitis y=- —.— ... 1)

a y;

It shall meet the ellipse

b
P y=-—x
y 3L

a’ b?
\ Length of semi-diameter = b—zyf+?x§

2 2 A 2 2
a“® x19,.b b
= |—¢l- L +=xi = Ja*- xF+x]
2 2 = 2 M1 1 2 M

b A’y a a

- b?
(semi-diameter)® = a* - x2 +—xZ =a” - x + (1- ez)xf
a
=a’- e?? =(a+ex, )(a- ex,)
= product of focal distances.

Example 50 : Semi-conjugate diameter of ellipse are extended to directrix. Prove that
orthocentre of triangle so formed is at the focus.

Sol.:  CPand CQ are semi-conjugate diameters. Equations is
b b
y=+—x and y=- —x
a a

. . . a . bg bg
These on extension meets directrix x=—,in Eag,- —Q,Fag,—g
e e eg ée eg
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CL perpendic7ualr from C on EF, y = 0 Equation of perpendicular from Eg— - 99
g

Example 51 : D = 0 is diameter which bisects lines parallel to 2y — 3x = | of ellipse 3x* + 4y®
=12. Find angle subtended by diameter at focus.

Sol.:  Ellipse 3x* + 4y* = 12 e2:$b e=1/2

\ focusis 83109 i.e.(1,0)
82 [

Diameter of parallel lines2y—3x=1 isy= ; %

e y=- %x . It meets ellipse in P and Q.

3%° +4€dx =12b x=#+/3,y=F= \/_

-3 -3
Slope of PS m, = Slope QS, m
p 1 2(\/5_'_1) pe Q h = 2(\/— 1)
V3 1 1 ;/ 3
\ tanq=- - 1+
o B-1 B+l 4(3- 1)
__¥328_ 43
2 211 11
(&30

acute angle g=tan’

Example 52: Prove that equation of straight line joining ends of semi-conjugate diameters
is xcosa +ysina =p if b?sin‘a +a’cos® a =2p?

Sol.:  Ends of semi-conjugate diameters are (a cos q, b sinf )and (-asinqg, b cos q). If
line joining themis x cosa +ysin a =p then points should satisfy it.
\ acosqcosa +bsingsina =p ... 1)
—-asin f cosa +bcosqsina =p ... 2

Squaring (1) and (2) and adding
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a’cos’ a(cos2 q+sin? q)+ b? sin a(sin2 q+cos’ q)+ 2absingcosqcosasina
- 2absingcosqsinacosa
b a’cos?a +b?sina =2p°
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Practice Worksheet (Foundation Level) — 7 (d)

1. Which of the following statements are correct?

(@) Ifdistance between foci : Length of latuse rectumis 1: 2 thene = V2-1

( The chord of ellipse is parallel to the polar of its mid point.

(c)  Eccentric angles of ends of two semi-conjugate diameter differ by p/3

(d) Tangents at ends of a latus-rectum of ellipse meet on corresponding directrix at
the point, where major axis meets it.

(e) Portion of tangent between point of contact and directrix subtend a right angle
at focus.

(N  The perpendicular droped from focus on any tangents meets on auxillary circle.

(@ The product of perpendicular from foci on any tangent is equal to twice the
square of semi-minor axis.

(h)  The point of intersection of polars of P and Q with respect to ellipse b?? + a%y*=
a’b® is the pole of PQ.

(i) SandS’ are foci of ellipse, Normal at a point P bisect the angle SPS’

() IFPCQisachord of ellipse whose centre is C, then tangents at P and Q’ intersect
at major axis.

2. The normal at any point of ellipse b?” + a’y? = a’b” meets axes in M and N. Prove
22O +b7CN? = 2 - b7
3. Prove that maximum value of tan q , where g is angle between radius vector CP and

normal at P of ellipse is gaig.
ed3g

2 2 2 2

4.  The tangent of ellipse % +y7 =1 meets ellipse X? +y? =5 inPand Q. Prove that

tangents at P and Q meet at right angles.

5. The straight line 2x +y = 3 cuts the ellipse 4x* + y* = 5 in P and Q. Show that normals
at P and Q include an angle of tan"*(3/5).

6.  Find locus of point of intersection of tangents drawn at the end of semi conjugate
diameters of ellipse b>? + %y =a’b’

7. Prove that straight lines 3x +y = 0 and 4y = x are conjugate diameters of 3x* + 4y* = 5.

8.  Show that straight lines 7x + 6y — 5 =0 and 3x — 5y + 4 = 0 are parallel to conjugate
diameters of ellipse 7x*+ 10y* = 70.

357



Ellipse Math-Ordinate

2 2

y

9.  Find locus of point tangents from which of ellipse )1(_6 +E =1 include an angle of 90°.

10. Show that straight line x = 6/+/13, subtends a right angle at the centre of ellipse 4x* +
9y?=36.

11. CPand CQ are two semi conjugate diameters prove that locus of the foot of

perpendicular dropped from centre on PQ is 2(x* + y?) * = a’x* + b?y*.

12. Prove that tangents drawn at the ends of a chord of ellipse meet on diameter that
bisects the chords.

13. Tangents are drawn from (a,b) to elllpse g—z 1 and chord of contact touches
a’
_ y°_1
the circle x* +y® = ¢®. Prove (a,b) lie on elllpse — +b—4 ==.
a* c

14. If portion of straight line x cosa +y sin a =c intercepted by ellipse b’x* + a’y? = a’b?
subtends a right angle at the centre of ellipse, than prove it touches a concentric

circle of radius ab/~/a® +b? .

15.  Two points on minor axis are ....... At distance 2, from centre in opposite direction of
ellipse 12x* + 16y” = 192. Perpendicular are dropped from these points on any tangent
of ellipse. Prove that the sum of squares of these perpendiculars is equal to twice of
square of semi major axes.

16. Prove that the product of focal distances of a point is equal to square of that semi-
diameter which is parallel to tangent drawn at that point.

17. The chords of ellipse — +g—2 1 pass through fixed point (xy, y1). Prove that locus of
a’

x(x-x,) Y- y1)

mid points of these chords is 5 o’
a

18. If the straight lines joining ends of two conjugate diameters of ellipse —- +g—2 =1 be
a’
I

X m
= +Ty =n then prove I+ m® = 2%,
a

19. Prove that circle drawn on focal distance of a point as diameter touches auxiallary
circle.

20.  Prove that locus of poles of tangents of b’x* + a’y* = a’b” with respect to parabola y* =
dax is b’y? = 4a* (x* - a%)

21. The straight lines Ix + my = n meets the ellipse b®? +a%” = a’b® at points whose
eccentric angles differ by p /2. Prove then a’l* +b?m? =2n?.
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22.

23.

24,

25.
26.
27.

28.

29.

30.

31.

32.

33.

34.

Prove that two perpendicular diameters of an ellipse are its major and minor axes
only.

P is a point on ellipse whose foci are Sand S’. Prove tan ; PSS'.tan ; PS'S= iTe
e

y?

Chords of elllpse — +b—2 1 touches parabola ay® = — 2b%x, then prove locus of their
a’

poles is ay” = 2b’x.
Find the pole of the chord of ellipse 9x* + 4y = 36, when (1, 2) is mid point of chord.
Find equation of normal of ellipse 4x* + 9y? = 36 which is parallel to 3x — 4y = 7.

CP and CQ are two conjugate diameters tangent at their ends include an angle of
........ (ellipse 4x* + 3y*= 12)..........

P and Q are ends of conjugate diameters of ellipse b* + a’% P’ and Q' are
corresponding points on auxillary circle at P tangent is drawn and at Q' normal is
drawn. Tangent and normal intersect at ......

Angle between two diameters is 90°. The product of gradients of their respective
chords (ellipse 4x* + 9y* = 36) is ..............

D,;=0, D,=0 two diameters of ellipse x°+4y’=4 of chords yzix+l and

NE

y= \/§x + a(I ,aare variables) . The acute angle between diametersis ...........

The angle between diameters of ellipse 2x* + 3y* = 12 is 90°. If D1 = 0 is diameters of
parallel chords who cut equal intercepts on positive sides of axes, then angle between
respective chordsis ........

bx +ay = | and bx —ay = ¢ are two sets of parallel chords of ellipse —+g—2 =0
a’

angle between two diameters is

2b 2a

a) tan’* b) tan™*
@ ala? - b?) ®) ala? - b)

.1 2ab 1e2ab ¢
c) tant d) tan 'e— =
( ) (m) ( ) 83.2 _ b2 ps
Ix+y=0 and x- my =0 are two conjugate diameters of ellipse 3x* + 4y* = 5, then
(@) 4l =3m (b)4l+3m=0
(c)3l+4m=0 (d) None of these

I’x+y =0 and mx- ly =0 are two conjugate diameters of ellipse x* + 4y® = 4 then
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@4m+1=0 (b) 4lm-1=0 c)4l+m=0 (d)I+4m=0

35. Two diameters of ellipse 2x* +3y? =6 bisects chords parallel to 2x + 3y = | and 4x —
3y = g. Angle between diametersis :

(a) tan't+/3 (b) tan"t/2 (c) tan"t2 (d) tan''3
36. The point on ellipse 3x* + 4y® = 12, whose sub-tangent is equal to twice its abscissa is :
x2 0 x2 0 & 2 0
@Gz O¢E22 O¢ =-V2= (@
B VBT VEBT S

37. The sub-tangent of point 8% ,2\/59 on ellipse is 1—25 , eccentricity of ellipse is :
e 2

3 2 3 2
a) — b) = c) — d —
(@) c (b) 3 (c) 2 (d) 75
38.  Sum of squares of semi-conjugate diameter of ellipse 3% + 4y2 =1is:
7 7 5 3
a) — b) — c) — d) —
()12 ()h12 ()6 ()4

39. The locus of point of intersection of tangents drawn at the ends of semi-conjugate
diameters of ellipse 16x° + 25y* - 400 is :

(a) 16x° + 25y* = 0(b) 16x* + 25y* =800  (c) 16x*+25y*=1200 (d) 16x* + 2y* = 600
40. Locus of poles of normal chords of 2x* + 3y* = 6 is

27 .8 8 27 9 4
@ 5 +—=1 (b) Z+—5=1 © Z+==1

Xy Xy Xy
41. Normal at A(f =60) of ellipse 3x* + 4y” = 12, meets axes of ellipse in M and N. area of
triangle CMN is :

(@ %sq.u (b) %sq.u (c) 3—125q.u (d) %sq.u

42. The angle between tangents drawn from (2,2) to the ellipse 3x* + 4y* = 4 is :

0 0 0 0
(a) tan'l?—ﬁj (b) tan'lng—ﬁj () tan'lgqo—ﬁj (d) tan'lg%—ﬁj
5 7 5 17 5 7 5
43.  Angle of intersection of curves 9x* + 4y’ =26 and x* +y* =6 is :
1 1 1
a)tan'—  (b) tan''—= ¢) tan'' =
(a) 23 (b) 32 () 76

44.  The pole of the straight line joining positive ends of axes of ellipse 3x* + 4y’ = 12 is :
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45,

46.

47,

48.

49,

a) kv3) o) eB) © fe2) @ (2.43)

From a point P (f =45°) on ellipse 3x* + 4y? = 16 normal and tangent are drawn. The
normal meets y axis in M and tangent meets x-axis in N. Area of triangle PMN is :
@ 33 443 1443 1643

4 ® 975 9

The polar of (5,7) with respect to ellipse 2x* + y* = 6, passes through (2, —2) then polar
of (2, -2) shall pass through :

SE 5_ (b) (10, 14) () (7,5) (d) none of these
2

Two points are taken on minor axis, on opposite sides of centre at distance V2 from
centre. Perpendicular are dropped from points on any tangent of ellipse 5x° + 7y* =
35, sum of the squares of perpendicular is :

(a) 10 (b) 7 ©) 7~2 (d) 14
The foci and directrix of ellipse 9x* + 4y* — 36x + 16 y+ 16 = 0 are
a) (2, £+/5) (b) (2, £/5-2)(c) (0, £4/5-2) (d) none of these
9
y+2= +— y+2 % y= t—
J5 f V5

Tangent to ellipse 2x* + 3y* = 1 are equally inclined to axes. Product of perpendicular
dropped from focioniitis:

w|

@ = (0) 2 ©) % (d)
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Practice Worksheet (Competition Level)
Find the centre, the length of axes and the eccentricity of the ellipse
2x? +3y% - 4x- 12y +13=0.
Find the condition that the line Ix + my + n =0 may be a

a) Tangent b) normal

c) A chord whose eccentric angles differ by a right angle, to the ellipse —- +3t:—2 =1.
a’

16 smq to the ellipse 16x°

J11

+11y® = 256 is also a tangent to the circle x* + y? - 2x = 15.

Find the value of q If the tangent at the point a%cosq,

2 2
Th e sum of the ordinates of two points P and Q on the ellipse %+%=1 is 3.

Prove that the locus of the point of intersection of tangent at P and Q is 9x* + 25y° =
150y

Prove that the locus of the mid points of the tangents to the ellipse intercepted
between the axes is a’y? + b>x? = 4x%y?

Find the equation of tangents to the ellipse 9x*+16y’=144 which pass through the
point (2, 3)

y_2 =1lintersect its

The tangent and the normal at any point P of an ellipse —2+ b
a

major axis in points T and T ' respectively, so that TT'= a Show that the eccentric
angle g of the point P is given by e?cos?q+cosq- 1=0

P,Q are two points on the ellipse x* + 4y* = 4 such that the PQ touches the fixed

circle X+ y*- 2x = 0 if a, B be the eccentric angle of P and Q prove that seca + secl =
2

From a point O on the circle x* + y* = d* tangents OP and OQ are drawn to the
2 2

eIIipseX—2 +g—2 =1. Show that the locus of the mid point of the chord PQ describes
a
é 2
the curve x? +y? =d? & y ﬂ
ga’ 2 a

A tangent to the ellipse x* +4y? =4 meets the ellipse x* +2y? =6at P and Q. Prove

that the tangents at the P and Q of the ellipse x*+2y? =6are at the right angles.
[1.1.T. 1997, 5]
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11.

12.

13.

14.

15.

16.

17.

18.

19.

If the tangent drawn at the point (t%, 2t) on the parabola y* = 4x is same as the
normal drawn at a point (\/gcosj ,28in; ) on the ellipse 4x* +5y* =20 find the
value of t andf .

Show that the tangents at the extremities of all chords of the ellipse

X—2+g—2:1which subtend a right angle at the centre intersect on the

ox2 oyt 11
elllpsea—4+b—4—a—2+b—2.
Tangents are drawn from any point on the ellipse —+Z—2 1to the circle ¥ + y? =
a’

r?; prove that chords of the contact are the tangents to the ellipse a®x* + b?y? = r*

Find the coordinates of those points on the ellipse X—2+Z—2 =1tangents at which
a
make equal angles with the axes. Also prove that the length of the perpendicular

from the centre on either of these is Oi%(a2 +b2)Y.
|

If p is the length of perpendicular from the focus S of the ellipse —- +3t:—2 lonthe
a’
2
tangent at p, then show that L —g -1
p?

y?

Show that there are always two tangents to an elllpse — +b—2 1from a point (x,
a’

y’) outside the ellipse and The slopes of the two tangents are given by a’m? +b? =
(y’- mx’)>. Hence obtain the locus of a point from which the two tangents to the
ellipse are inclined at an angle a.

If S and S; are the foci of an ellipse and P a point on it, if e is the eccentricity of the

l hat tan £ PSS, tan - PS,§ =2
e Ipse provet at tanE 1tan > 1 (1 + e)

Find where the line 2x +y =3 cuts the curve 4x* + y* = 5. Obtain the equations of the
normals at the points of intersection and determine the coordinates of point where
these normals cut each other.

Find the coordinates of all the points of intersection of the ellipse x*/4 +y*/9 = 1 and
the circle x* + y* = 6. Write down the equations of the tangents to the ellipse and
circle at one of the points of intersection and find the angle between them.
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23.

24,

25.
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2 2

y

Show that locus of the middle points of the normal chord of the ellipse X—Z +b—2 =1
a

is the curve ?—2+z2 ng +£—— (a - bz)2

yg

The tangent at a points P on an ellipse intersects the major axis in T and N is the
foot of the perpendicular from P to same axis. Show that the circle drawn on NT as
diameter intersects the auxiliary circle orthogonally.

Any ordinates NP of an ellipse meets the auxiliary circle in Q, prove that the locus of
the intersection of the Normals at P and Q is the circle X’ + y* = (a + b)°.

If P is any point on the ellipse X/a” + y*/b* = 1 whose ordinate is y’, prove that the
angle between the tangent at P and the focal distance of P is tan™ * (b?/aey’).

2 2
Tangents at right angles are drawn to the eIIipseX—2 +3t:—2 =1. Show that the locus of
a

.2
aZ y2 O X2 +y2

the middle points of the chords of contact is the curve ¢+ =——
g b2 aZ +b2
X2 y2
a) Letd be the perpendicular distance from the centre of the ellipse —- +b—2 =1
a
to the tangent drawn at a point P on the ellipse. If F; and F, are two foci of the
& 0
ellipse then show that (PF, - PF,  =4a? 22 T
2}

b) An ellipse has eccentricity 2 and one focus at the point P (1/2, 1). Its one
diretrix is the common tangent, nearer to the point P, to the circle x* + y* = 1

and the hyperbola x* - y* = 1 find the equation of the ellipse in the standard
form. [1.1.T. 96]

¢) Find the equation of the common tangent in 1% quadrant to the circle
2 2
x*+y*=16and the ellipse % +y7 =1. Also find the length of the intercept of the

tangent between the coordinate axes. [1.1.T. 2005, 4]
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COMPREHENCIVE PASSAGE TYPE PROBLEMS

2

26. Consider an eIIipseXI+y2 =a (a is the parameter>0) and the parabola y* = 8x. If
the common tangent to the ellipse and parabola meets the coordinate axes at A
and B respectively then

i) Locus of the mid point of AB is

X2 y2
a) y’= - 2x b) y?= - x C)y?=-x/2 d)7+?=1

ii) If the eccentric angle of appoint on the ellipse where the common tangents meets,
.2p .
is ? , then ais equal to
a)4 b) 5 c) 26 d) 36

iii) If two of the three normals drawn from the point (h, 0) on the ellipse to the
parabola y* =8x are perpendicular then
a)h=2 b)h =3 c)h=4 d) h=6

OBJECTIVE QUESTIONS
Level-1

1. The centre of the ellipse 14x*- 4xy +11y*- 44x- 58y +71=0 s at
a) (21 3) b) (21'3) C) (-2!3) d) (-21'3)

2 2

2. Tangents are drawn from a point P (3, 4) to the ellipse %+31/—6 =1 touching the
ellipse in Q and R. The angle between PQ and PR is
a) 45° b) 60° c) 90° d) 30°

3. The equation(s) of the tangent(s) to the ellipse 9(x - 1)* +4y? =36 parallel to the
letus rectum, is (are)
a)y=3 b)y=-3 c)x=3 d)x=-3

4. If the chords joining two points whose eccentric angles are a and 3 cuts the major

2 2
axis of an eIIipseX—2 +g—2 =1 at a distance ¢ from the centre, then tana/2. tanf3/2 is
a
equal to
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c+a c-a

a)l b)c C) o d) ta

The condition that the line Ix+my = n may be a normal to the ellipse — +g—2 =1is
a’

2 2 2 O 2 2 2 O
n"oo@  bo, by & L B0,

g (az-b2)2§|7+W5 (az+bz)2§|T m’ &

= d) none

2 2

y

If the normal at the point P (?) to the ellipse )1(—4 +? =1lintersects it again at the

point Q (2?), the cos? is equal to
a) 2/3 b)-2/3 C) Y4 d) none of these

The radius of the circle passing through the foci of the ellipse %+§=1, and
having its centre (0,3) is

a)4 b) 3 c)vi2 d)7/2

In an ellipse the distance between its foci is 6 and its minor axis is 8. then its
eccentricity is

a) 4/5 b) 1/v52 c)3/5 d) %

Y o1

If Sand S’ are two foci of an elllpse — +b—2 =1 (a<b) and P(x1, y1) a pointonit the
a’

SP +S’P is equal to
a)2a b) 2b C) atex; d) btey;

If the axes of an ellipse coincide with the coordinate axes and it passes through the
point (4,-1)and touches the line x +4y - 10=0 then its equation is

2 2 2 2
a)x_+y_:1 b) X_+y__1
16 15 80 5/4
2 2 2 2
C)X_+y_: d)X_+y_:1

20 5 5 16

2 2

y

Let E be the ellipse % vy =1and C be the circle X*+y*=9 . let Pand Q be the points

(1,2) and (2,1) respectively . then



Math-Ordinate Ellipse

12.

13.

14

15.

16.

17.

a) Q lies inside C but outside E b) Q lies outside both C and E
c) P lies inside both C and E d) P lies inside C but outside E

A point moves in a plane so that its distance PA and PB from two fixed point A and B
in the plane satisfy the relation PA +PB =k (k?0), then the locus of P is

a) a parabola b) an ellipse

c) a hyperbola d) a branch of hyperbola

The equation of the ellipse whose focus is (1,-1) directrix is the line x - y- 3 = 0 and
eccentricity is % is

a) 7x° +2xy +7y* - 10x +10y+7=0 b) 7x*+2xy+7y? +7=0
¢) 7x*+2xy+7y? +10x- 10y- 7=0 d) none of these

Equation x = acos?, y = bsin? (a>b)represent a conic section whose eccentricity e
is given by

a +b? a? +b?

a) e?= = b) e? = o2
- b? a’ - b?
C) e2 = az d) e2 :b—z

If the focal distance of an end of the minor axis of the ellipse (referred to the axes
as the axes of x and y respectively ) is k and the distance between the foci is 2h then
its equation is

X y _ X y _
At Tt D) e e et
X2 y2 X2 y2
= =1 )+ =1
2 k2 h2 k2 ) k? k?+h?

The locus of the mid point of the focal chord of the elllpse —+ Y _ lis
a’

o
2 2 2 2
a)x_z-y_Z:% b)X_+y_:%
a b” a a~ b” a
C) X*+y? = &’ +b? d) none
From a point on 4x+3y =25 two mutually perpendicular tangents are drawn to
X2 y2

6 +? =1 , and from their points of contact normals are drawn which intersect at

P. The coordinate of P is
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a) (0,0) b) (2,3/2) C)(-2,-3/2) d) none o these

A focus of an ellipse is at the origin. The directrix is the line x = 4 and the
eccentricity is %.Then the length of the semi-major axis is [AIEEE-08]
a) 2/3 b) 4/3 c) 5/3 d) 8/3

Tangents are drawn to the ellipse §+ﬁ =1at the end of the letusrectum. The
area of the quadrilateral so formed is [1.1.T Sc.03]
a) 27 b) 27/2 C)27/4 d) 27/55

2 2
The minimum area of the triangle formed by the tangent to the ellipse X—Z +g—2 =1
a

and the coordinate axes is [1.1.T Sc.05]
2 2
a) ab sg. units b) a_+b . units
2 2 2
C) M . units d) a+ab+b® . units
2 3
Level-2

The ellipse —+g—2:1passes through the point (-3, 1) and has the eccentricity
a

2

\E then the major axis is

85 82 82 8.3
&)= 5 N 5
y

If the tangent to the elllpse b_z =1, whose centre is C , meets the major and
a’

2 2
minor axis at P and Q respectively then a_ +— b is equal to

CP*  CQ?
a)l b)-1 c)a+b d) none of these

Find the locus of the point of intersection of the straight lines 3tx-y +3v3t=0,
3x+ty- 3v3=0

2

a) x°+y’=27  b) 3¢ +y*=9 ) X? +y?=9 d) none of these

A point on the ellipse x*+3y?=37 where the normal is parallel to line 6x- 5y=2 is
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10.

11.

12.

a) (5,-2) b) (5, 2) c)(-5,2) d) (- 5,-2)

A tangent to the ellipse 16x* +9y?=144 making equal intercepts on both the axes is
ay=x+5 b)y=x-5

C)y=-x+5 dy=-x-5

If the tangent to the ellipse x?+4y’=16 at the point P(f) is a normal to the circle
x*+y?-8x- 4y =0 then f is equal to
a)p/2 b) p/4 c)0 d) —p/4

An ellipse having foci (3, 1) and (1, 1) passes through the point (1, 3) has the
eccentricity

V2-1 d)ﬁ-l
2 2

Sand T are the foci of an ellipse B is an end of the minor axis. If STB is an equilateral
triangle, the eccentricity of the ellipse is

a) 1/4 b)1/3 0) ¥ d) 2/3

2 2

If P is point on the ellipse )1(_6 +% =1whose foci are Sand S’ . Then PS'+PS is

a)v2-1 b)v/3- 1 c)

a) 4v5 b) 4/v5 ¢) 10 d) 4

2 2
The length of the common chord of the ellipse (X _91) + (y _42) =1and the circle

(x- 17 +(y- 2 =1

a)2 b) v3 c)4 d) none of these
If tangents are drawn to the ellipse x* +2y? =2, then the locus of the mid-point of the
intercepts made by the tangents between the coordinate axes is [1.1.T Sc.04]
a)iz-fiz:l b)iz-‘_iz:l

2x° 4y 4x° 2y

2 2 2 2

C)X_+y_: d)X_+y_:1

2 4 4 2

The equation of the chord of contact of pair of tangents drawn to the ellipse
4x*+9y*=36 from the point (m, n) where m.n = m +n m, n being non-zero positive
integers is

a) 2x +9y =18 b) 2x +2y =1
C) 4x+9y =18 d) none of these
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& 3,30 o Xty
If the normal at §2,—¢ meet the major axis of the ellipse —+<—-=1atQand S
2 5 16 9
and Scare foci of the given ellipse , then SQ: S® is
O 5 47 o B+V7 g 47
8+4/7 4- A7 8- 7 4447

The locus of the point of intersection of tangents to the ellipse at two points, sum of
whose eccentric angle angles is constant is a/an

a) Parabola b) circle c) ellipse d)straight
line

The locus of the point which is such that the chord of contact of the tangents
2 2

. : X . ,
drawn from it to the ellipse —- +g—2 =1 forms a triangle of constant area with the
a

coordinate axes is
a) A straight line b) a hyperbola

c) an ellipse d) acircle

2 2

y

The maximum distance of the centre of the ellipse )1(_6+? =1from the chord of

contact of mutually perpendicular tangents of the ellipse is

a)& b) 16 C) 9 d) none of these
5 5 5

y?

If the line x +2 y +4=0 cutting the ellipse —+b—2 lin the points whose eccentric
a

angles are 30° and 60° subtends right angle t the origin then its equation is

a) X_+y_ =1 b) X_ y_:
8 4 16 4
2 2

C) XY o d) none of these
4 16

Let P(x1, y1) and Q (X2, ¥2), 1<0, ¥»<0, be the end points of the letus rectum of the
ellipse x* +4y” =4 the equation of the parabolas with letus rectum PQ are  [I.1.T- 08]

a) x 2 +2(8y =3 +(B b) x 2- 28y =3 +(B
c)x2+2CBy =3- (8 d)x2- 2By =3-C8

The locus of the point whose chord of contact with respect to the ellipse ¥+2y*=1
subtends a right angle at the centre of the ellipse is
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a) x*+4y* =3 b) y* = 4x
c) 2x%+y*=1 d) none of these
20. If normals are drawn to the ellipse x* +2y* =2 from the point (2, 3). Then the co

normal points on the curve
a) xy +2x- 3y =0 b) xy +3x - 4y =0
C) 2xy +3x - 4y =0 d) none of these
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8. Hyperbola

8.1. Definition:

The locus of a point which moves such that its distance from a fixed point bears a constant
ratio to its distance from a fixed line and this constant is greater than unity, is called

hyperbola. The fixed point is called focus and the fixed line directrix.

In this figure (1) S is a fixed point and z’zz’, the fixed point line. P is a point on hyperbola and

PM is perpendicular from P on z’zz’.

PS = ePM ande>1 Z
\L]

SZ is perpendicular from S on z'zz’. In SZ, A is a point
touch that AS = eZA. i.e. Adivides ZS in the ratio of 1 >

. e internally. A is on hyperbola. On SZ produced

there is another point A’ which divides ZS externally ~ * Sae) z
in the ratio of 1 : e therefore A’ is also on the curve.
AS=eAZ and A'S = eA’Z 7
2, )
Let AA” = 2a and its mid point C be origin. _ Y
Perpendicular to AA’ through C, y-axis. A'CZAS is x- Fig1
axis.

Now AS+A’S=e(AZ+A’Z)=eAA’=2ae
b (CS—CA)+ (CS + CA’) = 2CS = 2ae, (CA = CA’)
\ CS=aeb focus (ae, 0)
again A'S—-AS=e(A'Z-AZ)
b (CS+CA’)—(CS—CA)=e (A'C +CZ) —e(CACZ)

b CA’+CA=e(CZ+C2) [A'C=AC]
b 2a=2CZ b CI= g
\ Equation of directix Z’ZZ’ is X = g
If P is any point on Hyperbola (x;, y;) then
PS2 = 2 (PM)2 b (xu-ae)’+yi2=e? (x- 2)2
= x> +yi°-2ae x; + a’e’= e’x,> + a’- 2ae x,

p x*(1- € +y,? =a’(1- &9
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S S S
a afl-¢é°
XZ yZ
\ Locus = - v =1  where b*za’(1-e?)
a

This is the equation of hyperbola.

a) By symmetry about y-axis there is one more focus S, (-ae, 0) and another

. . a
directorix Z,;Z,, Xx=-—.
e

b) AA’ is called Transverse Axis whose length is 2a. Its mid point C is called Centre
of hyperbola; C is (0,0). Every chord of hyperbola through C is bisected at C.

Through C, perpendicular to AA’ is y-axis. Points distance /a’le?- 1)i.e. b,

above C and below C on y axis are named B and B’. BB’ is called Conjugate axis,
its length BB’=2b.

C) Like parabola, ellipse, perpendicular chord to axis through focus is called Latus
Rectum. If fig(1), LL’, L,L, are latus rectum.

. 2p° .
L,L, =LL"’= — , Equation are x = *ae
a
8.2. Focal distance of a Point.
In the fig(1), P is (x4, y1). PN is ordinate, PM # to directix.
By definiton SP =ePM  =eZN

=e(CN=C2) =e(x - g)

—ex; -a
\  Focal distance of point (x;, y1) =€ex; -a
Similarly SP=a+ex;
And SP-SP=2a

i.e. the difference of the distances of point P from two focus is equal to transverse axis = 2a
(a constant).

Hyperbola can now be defined as locus of a point which moves such that its difference of
distances from two fixed points is always same (constant).

X2 y2
8.3 For hyperbola Z 7 =1
(@ Axisy =0 (b) Centre (0, 0)
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(c) focii (+ ae, 0) (d) Equation of directrix x = ig
e
2 +b2
(e) Transverse axis 2a, Conjugate axis M eccentricity e® = 7

2

(9) Length of Latus rectum = —
a

equation of latus rectum x = + ae

® b? &
ends of latus rectum gi ae,+—=
ag
(h) Circle drawn on transverse axis as diameter is called anxillvary circle. Its equation is
XZ + yZ - aZ
8.4 Conjugate Hyperbola:

The hyperbola whose transverse axis is BB’ and conjugate axis AA’ is called conjugate
hyperbola.

2

2
Its Equation is g—z - );—2 =1

(@) focii lie on y-axis (0 £ be)
(b) Directrix parallel to x-axis y = iE
e

2 2

+a
b2

() eccentricity e® =

2
&
(d) LR.= 2% , equation y = + be ends g % +b

(SR IO:

(e) Transverse axis = 2b, Conjugate axis = 2a.
)] Axis of hyperbola, x=0
8.5 Asymptote:

An asymptote a curve is the line which meets the curve in two point
b b

\ Asymptotesarey=—xandy= - —x
a a

i.e. X. X:O and 5+%:O.

a b a
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8.6 Relation between equations of hyperbola, asymptotes and conjugate hyperbola.

X2 yr :

() Z 7 = 1 is equation of hyperbola.
a
X2 yr :

(i) Z 7 =0 is equation of asymptotes.
a

It differs from the equation of hyperbola by a constant 1.

2 2 2 2
(iii) Y X -1 equation of conjugate hyperbola it can be written as );—2 -==-1

b? a?
This differs from equation of asymptotes by the same constant 1.

\ If 3x + 4y = 0 are equation of asymptotes

X2 y2 X2 y2
then —-=—=1 is equation of hyperbola and —-=—=-1 is equation of
16 9 16 9

conjugate hyperbola.
8.7 Some Properties of hyperbola
(@) In the figure (2) LL’ and MM’ are asymptotes.

The conjugate hyperbola is shown in dotted
lines H;BH, and H;B'H,. Its vertices are B
and B’

(b) Through B an B’ lines parallel to x axis are

drawn and through A and A’ lines parallel to
y-axis are drawn. Rectangle kjkoksk, is

completed. ki, ko, ks and k, are points on Y P\
asymptotes. “ \\
(c) With centre C and radius ek; an arc has been AL y N

drawn. It passes through focus Sand S'.
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Solved Examples

Example 1: Find equation of hyperbola whose transverse axis is twice of the conjugate axis

@ 470

and which passes through §4,7;.

-0

2
Sol.  Givena=2bpb hyperbola 4Xb Z =1. It passes through §4 7

167
a7 ap?

i.e.9=4b’p bzz%,a2=9

X% 4y?
Hyperbola is — - —=
yp 9 9

Example 2: The product of gradient of two lines is k and both pass through fixed point (¢,
0), k> 1. Show that the locus of points of intersection of these lines is hyperbola.
Sol.  Letlinesbe y=m; (X- ¢) .. (1)

and y=m; (x- ¢) .. (2)

For the locus of point of intersection of these lines you need to eliminate m; and

Itis given mym, =k

\' Multiplying (i) and (ii), we get
2
y2 :k(XZ _ €2)=X2 _ ? :€2

2 2

P o

e ke

Example 3: Find eccentricity, focii vertices and equation of directrix and latus-rectum of
hyperbola 4x* — 9y* - 8x — 6y —33=0

Sol. Equation of hyperbola is

=1, what is hyperbola

A(X? - 2x +1)- gy +— y+———36

93?/+—— =

377



Hyperbola Math-Ordinate

16
IR ALY
p + 2 -1
9 4
Z:E e:@’ ezgxﬁzm
9 3 3
Transferring origin at 8? 19
e 3o
X2 y2
Hyperbola —- —=
yP 9 4
Changed axes Original axes
()  Vertex(+3,0) B3, 10
e 3o
(i) Focii (++/13,0) & J13+1,- 22
e 3o
(iii) Equation of directrix x=ii X - 1=iib leii
V13 V13 NI
(iv)  Equation of Latus rectum x=+13  x- 1=+/13p x=1+4/13
2
(v) Length of LR. = 8 Length L.R. =£ _8
3 a 3

Example 4: Find equation of hyperbola whose focii are (=3, 2) and (5, 2) and transverse axis
is 6.
Sol.  The focii S and S’ and fixed points. In figure S'S

axis of hyperbola is parallel to x-axis and its
equationisy=2anda=3

CentreC=(1,2),es=ae=3e=4pb e= % S(32)n cL2) A s(52)
[0}
\ bP=a’(e®-1)= 989%- 19=7
€ 2 Fig 3
2 2
\' Hyperbola is (X 91) b 72) =1

378



Math-Ordinate Hyperbola

Example 5: Find equation of hyperbola whose focii arc (4, 3) and (-4, —3) and transverse axis
is 8.

Sol.  The focii S and S’ fixed points and from definition of hyperbola if P be any point on
it. Then PS’ — PS = constant = transverse axis

\ JxHa2 +(y+3) - y(x- 42 +(y- 37 =8

b y(x+4)° +(y+3? =8+1/(x- 47 +(y- 3

Squaring

X2+ Y% + 8K+ By +25= 64+ +y2—8X— By +25 + 258 x/(x - 4)% +(y - 3

b 4x+3y—16= 44/x2 +y® - 8- 6y +25

Squaring again

16x° + 9y* + 24xy — 96y — 128 x + 256 = 16x° + 16y — 128x — 96y + 400
Equationis  7y*—2xy +144=0

Alliler
Question can also done as follows. 5(4,3)
The centre of hyperbolais originand 2a=4-(-4) =8 ol A0
CS=ae=5, a=4
.2 o) S'(-4,3)
\ e=2, b2 216020 - 15=9
4 edo 4
X2y Fig 4

Hyperbola on charge axes is T ?zl axes are
taken along SS’ and perpendicular to it through e.
If axes here have bee rotated through g in the anticlockwise direction.

3 . 3 4
tang=—P sing=—= and cosq=—
q 4 q 5 q 5

+3y

and X=xcosqg+ysing= 4

Y=ycosq-ysing= 4y - 3

2 2
+ -
\ Equation ~ o@XFNO (@Y KO _ 1y, b 7y?—24xy + 144=0
e a e 5 g
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Example 6: The asymptotes of a hyperbola are 3x + 4y + 5=0 and (x — 2y + 3) = 0. The
hyperbola passes through (1, -1). Find its equation and also equation of conjugate
hyperbola.

Sol. Equation of hyperbolais (3x + 4y +5) (x—2y + 3) =|
It passes through (1,-1)\ 4x6=1 =24
P Hyperbolais (3x+4y +5) (x—2y + 3) =24

Conjugate hyperbolais (3x + 4y + 5) (x — 2y + 3) = -24

Example 7: Show that 3x* — 5xy — 2y* + 5x + 11y — 8 = 0 represents a hyperbola. Find
equation of asymptotes and conjugate hyperbola.

Sol.  Given equation is 3x* — 5xy — 2y* + 5x + 11y -8 =0 . (1)

a:3,b:_2,0:_8,g: E’f: E’h: -E
2 2

\ abc+2fgh—af2—bgz—ch2=48—¥- ¥+%+50 10

N

andh?’—ab = §+6>0

\ Equation represents a hyperbola.
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10.

11.

12.
13.
14.

15.

16.

17.

Practice Worksheet (Foundation Level) — 8 (a)

The transverse axis of a hyperbola is twice the conjugate then eccentricity of
hyperbolais ...

Find equation of hyperbola, when distance between two focii is 8 and distance
between two directrix is 6

A asymptotes of a hyperbola are 2x — 3y = 4 and 3x + 4y + 2 = 0 and it goes through
point (1, —2). Find equation of hyperbola.

Distance between two vertices of a central conic is 3 and distance between two focii
is 4. Find equation of conic.

Find vertex, focii and equation of directrix and asymptotes of hyperbola 16x* — 9y* —
32x+18y-137=0

The distance between two focii of a central conic is twice the distance between
directrix, then conic is

(a) ellipse, (b) hyperbola, (c) rectangular hyperbola (d) none of these
Focii of two central conics are (+ 6, 0) and their eccentricities are reciprocal of each

other. Find equation of conic when difference of their eccentricities is g :
(et +e—t) (et _ e—t)

Prove x = 5 Yy = 5 represent a hyperbola. Find its equation.

Find asymptotes of hyperbola 2x* + 5xy — 2y + 4x + 6y = 0

I . . , 1. 1
e and e’ are eccentricities of a hyperbola and its conjugate, find value of —-+—
e’ e

Focii of a hyperbola are (-2, 3) and (4, 3) latus-rectum is of length g Calculate

eccentricity of hyperbola.
The equation of hyperbolain Q. 11 ...
The asymptotes of hyperbola xy —4x—3y—4=0are ...

The asymptotes of a hyperbola are x cos q—y sin g=0and x sin g+ y cos q=0. Find
the equation of hyperbola if it passes through (1, 1).

The asymptotes of a hyperbola are inclined at 60° and 120° with x-axis , the axis of
hyperbola centre is at origin. If It passes through (2, 4). Then its equation is ...

The straight line x + 2y = ¢ cuts the hyperbola x* — 2y*— 2x + 8y — 15 = 0 in two points.
The locus of mid point of this segment is ...

The circle X* + y* = 3 meets the hyperbola x* — 2y* = 2 in points A, B, C and D. Area of
quadrilateral ABCD is ...
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18.

19.

20.
21.

22.

23.

382

The circle ¥ + y* = 16 meets the hyperbola xy = ¢ in points (x, y), i = 1, 2, 3, 4 then if
{X1X2 + X1XoX3%X4 = 0 then cis equal to ...

The distance between two focii of a hyperbola is 10 and the difference of focal
distances of a point is 8. Find equation of hyperbola and its eccentricities.

The ratio of eccentricities of two hyperbola 3x* — 5y* = 15 and 4y - 5x* = 20 is

PFQ is focal chord of hyperbola 9x* — 16y® = 144 such that PF = 3FQ then inclination of
chord with x-axis is ...

[Hint: Focus is (5, 0) and X-5 :_L =3r and —r and both points are on hyperbola.]
cosq sinq

The angle subtended by latus-rectum of hyperbola 9x* — 16y = 144 at its nearest

vertexis ...

The vertices of an ellipse and hyperbola are (+ 4, 0)
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8.8 Parametric co-ordinates, x =asecf,y=btanf satisfy equation

2 2

=1

9’.\,| >
s

. X2yt Plv.)
\  Any point hyperbola —- - oF =1lisasecf,btanf and T
a

these are parametric co-ordinates. X e
In figure (5), P is a point (x4, y1) on hyperbola. /\

PN is ordinate of P; NT is tangent from N on auxiliary
circle join CT. Let DTCN =f

\ CT=a,CN=x,=CTsecf =asecf

Fig5
and from right angled triangle CTN, NT =a tan f and as (a sec f, b tan f) satisfy equation of
hyperbola.
PN:NT=btanf :atanf =b:a.

This proves that ratio between ordinate of any point on hyperbola and the length of tangent
from (its ordinate foot on axis) on auxiliary circle is b : a (constant ratio)

8.9 Tangent and Normal:

X2 y?
Hyperbola, poa 1
(A)  (a) equation tangent at (x, y:) % +% _1
(b) Equation tangent at f xsecf _ ytznf _1
a

(c) y = mx + ¢ shall be tangent to this hyperbola, if ¢ = ++a?m? - b?

\ Equation of any tangent of hyperbola in terms of its slope is y =mx ++/a’m? - b?

7

e - g -p2 U
Point of contact & am , b a
é\/ 2m? _ p2 \/azmz -b%Q

2 2
) a“(x- X1)+b (y- Y1):O
X1 Y1

(B) (@) Normal at (x4, y1

secq

(b) Normal at f , Slope of tangent b
a tang

Normal,

bse;q(y - btang)+(x - asecq)=0

atang
383
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P axcosq+bycotf —a’+b?
8.10  Chord of contact Pole and Polar

2

2
(@ If PA and PB are tangents from point P(x;, y;) to hyperbola );—2- g—zzl, then

equation of AB, the chord of contact of point P (x, y1) is X—le g =1
a
(b) Length of any chord of hyperbola is =(x, ~x,W1+m?

m is the slope of the chord and (x; ~ x;) is to be determined by reducing the
equation of hyperbola into a quadratic equation x, with the help of given equation
of chord.

2 2
(c) Polar of point P (x4, y1) with respect to hyperbola % - % =1 's,% - % =1

If point P is on the hyperbola the polar becomes tangent, if it is outside hyperbola
polar becomes chord of contact. If P is inside hyperbola it is only polar. Point P is
called the pole of polar.

(d) Chord of hyperbola is parallel to the polar of its mid point.
8.11  Disector Circle

Disector circle is the locus of point of intersection of intersection of perpendicular to
hyperbola.

X2 y2
Equation of hyperbola — - P =1
a

2
Any tangent y - mx =+va’m? - b? - (1)

Perpendicular tangent my +x =+/a? - b?m? - (2)
Squaring (1) and (2) and adding

X (1+m?)+y? (1+m?)=a®(1+m?)-b*(1+m?

b x*+y?=a’-b’

Note: The dissector circle of hyperbola x* —y? = a® is point circle, i.e. C centre at origin x* — y*
= a’ is rectangular hyperbola (a = b). The director circle of rectangular hyperbola is point
circle.
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Solved Example

Example 9: Find equation of tangent of hyperbola 4x* — 9y* = 1 which is (a) parallel to
straight line 4y = 5x + 7 (b) equally inclined to axes.

Sol. Equation of hyperbola =1

\ Equation of any tangentis y =mx+ /%m2 - %

Slope of given line —% =

-b\r—\lxm
Lo\r—\|<

5 125 1
\ Tangentis y=—x# |—%—- =

4 416 9
P 4y=5x=* 161

6

gaelxgovm 1, 24

& hd =
Point of contact é8 440 9

Ji61 ' 4161

e
g
¢-15 -8 u_ e 15  -810
e2\/16 '3J16 H &./161 1614

(b) Equally inclined to axes, m=1or-1

Tangentsy = x i%\/g

and y+x:i%\/§

Example 10: Find the condition that straight line /x+my+n=0 touches hyperbola b* =
2,,2 2142
ay =ab

X2 y2
Sol.  Any tangent of hyperbola — - o7 =1
a

¢ Xsecq_ytanq ., _,
a

our line /x+my+n=0
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secq_ tanq_ 1

Comparin =-—=-—
paring =~ ar bm n
p secq:-ltanq bm
n
2 2 2/mn2
sec’q- tanq=1\ f b—Tzl
n n

\ a%¢?- b’m? =n?
Example 11: Find the point of intersection of tangents drawn at the ends of a latus rectum
of hyperbola 9x, — 16y* — 144
Sol.  Equation of hyperbola 9x* - 16y” = 144, a’ = 16, b*=9
2 _16+9 _5

\ e —ID
16 T4

\ ae= 4><45 =5\ focus (5, 0)

2
b——g \ Ends of L. Rectum a%,i——
a 4g

Tangents are 45x — 36y = 144 and 45x + 36y = 144

Point of intersection 90x =288 b x = 16
Point of intersection is 8@ 0< and g_i_lG
ed g e 5 5
4

\ Tangents meet at directrix at the point it meets rransverse axis of hyperbola.

\ It follow that latus rectum is the chord of contact of point of intersection of
transverse axes and corresponding directrix.

Example 12: Show that 5x — 6y + 13 = 0 is tangent to hyperbola ¥’ — y* + 8x — 6y + 18 = 0.
Write also co-ordinates of point of contact.

Sol.  Equation of hyperbola x* —y* + 8x— 6y + 18 =0 . (1)
equation of straight line 5x -6y + 13=0 (2
From (2) y= Sx+13 , putting this value of y in (1)
X 8@“139 +8x—(5x+13)+18=0

%)
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P 36x*—25x"—130x — 169 + 108 + 186 = 0
b 11xX*-22x+11=0P (x-1)°=0
Roots are equal, therefore straight line is tangent point of contact x = 1, y =

5+13 -3:(1,3)

Example 13: Find locus of mid point of the intercept of tangent, of hyperbola b’x* — a%? =
a’b’® between the axes.

X2 y2
Sol.  Any tangent of hyperbola —- - o7 =1
a

is bx sec q- 2y tang=ab
It meets axes in Méei,OQ, NS%_bQ
esecq g e tangg

If (h, k) is its mid point then h= a , k= b
secq 2tanq

a -b
\ b secg=—,tanq=—
q 2h q 2k

a> b?

4h*  4k®

\ Locus a%y? - b’ = 4x%y?

Example 14: Prove that the product of perpendiculars dropped from focii of hyperbola

XZ yZ

pea 1 on any tangent of it is —b?
2 2

Sol.  Any tangent of X—Z - z—z =1

a

i xsecq ytang
a b

perpendiculars from (ae, 0) and (-ae, 0) are

=1 b bxsecqg—aytang=ab

aebsecq- ab _ - (aebsecq+ab)

1= >

Jb2sec?q+altang  +b?sec?q+a’tan’q
- (a%’b’sec’q- a®?) _ - b*(a%e’sec’q- &)
b?sec’q+a’tan’q  b?sec’q+a’tan’q

\' -pop, =
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b?[(a? +b?)sec® q- a*]
b?sec?q+a’tan’q

_b’[b’sec’q+a’tan’q] _
b?sec? q+a’tan’q

Example 15: Find equations of tangent from (1, 2) on hyperbola 3x* — 4y* = 12

2 2

Sol. Equation hyperbola XT - y? =1

Any tangent of it y=mx++/4m?- 3
It passes through (1, 2)\ 2=m++/4m’ - 3
\ m’-4m+4=4m*-3Ppb 3m?’+4m-7=0

P Bm+7)(m-1)=0pP mlzgandl

\ tangenty=x+1and3y+7x=13

Example 16: Find equations of normal at the ends of L. rectum of the right side of y-axis of
hyperbola 9x* — 16y” = 144

a+b2 25 b> 9

Sol. a?=16,b%=9, €? =2 \ ae=5-—=2
2 16 4

\" EndsofL.Rectumare 8%129
e 4o

9§9+
9
4

425

Normals +

=0

16(x- 5
5

16(x - 5)+4gy+———OID 16x - 80+208y £90_

5 4g 4g

b

P 16x +20y = 125 and 16x — 20y = 125

Point of intersection is 8%09

2
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® 20
Note: If hyperbola is b* x* — a® y* = a* b* normals at the end of L.R. éae,ib—j are x + ey =
ag
a’? +pb? 0 e(@® +b?)

e Tandx—ey=
g a g

Example 17: Find the equation of chord of hyperbola 25x* — 16y = 400 whose mid point is
(6,2)

2

. X* 2y
Sol. Equation of hyperbola — - ===
q yp 16 25
6x 2y
b Polarof (6,2) —- —==1b 75x- 16y =200
16 25

Slope of chord = slope of this polar = 7—2

\ Equation of chord y- ZZS(X- 6)

P 75x-16y =418

2

2
Example 18: Prove that the locus of poles of normal chords of hyperbola X—Z - y_2 =1is
a

aGyZ _ b6 2 - (aZ + bZ)Z XXZyZ

X2 y?
Sol. Anynormalofa—z-b—zzls
ax cos q + by cotq=a’ + b? (1)

Let its pole be (xy, y1), then its polar is

XXy YY: _
P - @)
: x,secq _-y,tanq 1
Comparing (1) and (2) =——= lb3 =
3 b3
P secq=————, tanq=- ————
T Ty @ )
a° b®

- =1
@+ Yol +b)

Locus %y” - b°* = x*y? (a* + b°)?
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2 2
Example 19: A tangent to hyperbola X—Z - z—z =1 meets transverse axis in Q and tangent at
a

vertex in R. Find locus of mid point of QR.

X2 y2
Sol.  Any tangent to hyperbola —- - o7 =1
a

xsecq ytang -1
a b

[tmeetsy=0inQ,\ Qis(acos q,0)

Tangent at vertexisx=a\ Ris E%MQ
& sing g
Let mid point of QR be (h, k)
\ 2h=a(l+cosq), 2k _bd- cosq) _ cosq)
sing
b(1- cos’q)

p cosq:M and 4kh=a _
a sinq

b 4kh=absingP sinqg :4—kbh
a

P 22
\ éﬁh a2+162<h _

1
& a g ab?

\ locus 16x%y?+b?(2c- a)f =a%?
b 16x%y? +4x%h? - 4ab’x =0
P x(4y? +b?) =ab?

Example 20:  Show that the chords of the curve 3x*- y?- 2x+4y =0, which suntends a
right angle at origin are concurrent.

Sol: Letchordbe y=mx+¢ ... (1)
Hyperbolais ~ 3x%- y*-2x+4y=0 . (2)
making (2) homogeneous with the help of (1)

3x2- y?- ZXEGI- mx9+4y€3’_ mXo_
e C g e C g

These represent two straight line joining origin with the point of intersection of (1)
and (2)
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Since angle between these lines is 90°
\ Co-efficient of x* + Co-efficient of y* = 0

\ 3+ 2M 29420 0p me2)=-c
c é Cg

p (y+2)=m(1-x) =
m is a variable. Chords pass through point of intersection of y+2=0 and x = 1, i.e. all
such chords are concurrent, pass through (1,-2).

2 2

Example 21: C is the centre of hyperbola X—Z - z—z =1. The tangent at any point on it meets

the asymptotes in Q and R. Prove that CQ.CR=a’+b’

2 2

Sol:  Asymptotes of hyperbola X—Z - z—z =1
a

are 5 X: 0 and i-X:O
a b a

any tangent is xsecq_ ytang =1
a

b
\ X Xglves ¢ a b u
a b Ssecq tanq secq- tanql‘jl

X_ Yy a -b v
and —=- < gives

a b J Q Ssecq+tanq secq+tanql‘j|

ae 2 Qee 2 0 2

\ CQCR= QYA SENAHDT D AT o

gsecq tanqg ggsecq+tanq5 sec’q- tan’q

Example 22: Prove that the segment of tangent to the hyperbola, intercepted between

asymptotes is bisected at the point of contact and area of triangle formed by
tangent and asymptotes is constant.

Sol: Tangent at (x1,y1), ﬁ_ %:1 ..(1)
a
b b
Asymptotes y=—xand y=- —X ...(2)
a a
2,
From (i), (i) - 1. bx —1p x=— 20
a b bx, - ay,
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Hyperbola
a’b ab?

\ Point of Intersection of (1) and y :Ex Pis :
a bx, - ay, bx, - ay,

a’b - ab?

\ Similarly from y =- Ex Qs ,
a bx, +ay, bx, +ay,

Let mid point of PQ be (h,k)
a’b a’b a’b(2bx,)

\' 2h= + =
bx,- ay, bx,+ay, b’x-a’y;

point (x1,y1) is on hyperbola,\ b} - a’y? =a’b

V 2h= 2P o b h=y,
a’b’

2
b(zayl) 2y p k y]_
a

Similarly 2k =
\' Mid point of PQ is point of contact of tangent.
% b ¢ = ab’ ab® &
2. ) z
gbxl -ay, bx;+ay, g

i)y  PQ?=g : S
gbxl -ay; bx,+ay; g

_a'b’(ay,)’ N a’b*(2bx,)?
a‘b* a'b*

a’ 2 b’ 2 4 42, a2
:4xb_2yl+4xa_2>«1:W(a y1 +b'x7)

2
\ PQ "0 a'y? +b*x}
Perpendicular from ¢ (0, 0) on tangent xx;b” = yy;a® = a’b?
2142
A b pepg =%p Q

p:—
\xb* +yZa*
12%°2,/ay2 +b*

\ A ft I
rea of triangle = [ \/xzb“ yia J(

=ab = constant.
Example 23: Prove that the locus of the mid points of chords of hyperbola b*? - a%? = a’b?

which pass through a fixed point (a, b) is a hyperbola whose centre is QE 5
e 2
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Sol. Equation of chords through (a, b) isy—-b=m(x-a), mT R
Let (h, k) be the mid point of this chord.

2
\ m =slope of polar of (h, k) w.r.t. to hyperbola; Polar X—? - g_l; =1bP m :Exb—z (h,
a a

k) also lies on chord.

h b?
\ k-b==x—(h- a
I(az( )

b a’k’—a’kb =h?b*-hab’
\ Locus of mid point (h, k) is

b?x*-a’y*-b’xa+a’by=0

é ZU é ..2u 2 2
=} b2@<2-xa+g29 a- aZ{eyz'bY““g@g @:a s
8 2oy 8 €20y 4
2 .2
& a6 =& bo
bg 221_? 2g _a’+b’
a2 b? 43%p?

Locus is hyperbola whose centre is 8"1 ,99
€2 2¢g

Example 24: Prove that the intercept of tangent of hyperbola b’x* — a’y® = a’b® between
point of contact and directrix subtends a right angle at the focus.

Sol.  Tangentat P (a sec g, b tan ) of parabola

2 2
x2 Y g Xsecq ytanq_, o

a’> b2 a b

btanq

Focus Fis (ae, 0), slope PF = ———
a(secq- x)

_ (btang)
- a(secq- e)

1

o a .
tangent meets directrix x=— in Q.
e

v %9 = Yiangp y:—b gsecq- €9
e b tange e g
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\ Qis aai’b(secq- e)g
ge etanf g
Slope of FQ =m, = %
0
tanqc—- ae+
e 5

_- b(secq- e) _- b(secq- €) o
atange®- 1)  atang>?
_ a.secqg-e
= X1 -
b tang

¢ btang U a (secq-e)u_
Ga(secq- e)€ b tang H

i.e. the intercept of tangent between point of contact and directrix subtends a right angle at
focus.

1

\ m;my =

Example 25: Show that tangents at the ends of focal chord meet (intersect) on
corresponding directrix.

Sol. Letf, Pandf, Q be ends of focal chord.
\ Slope of PS = slope of QS

btang, _ btang,
asecq, - a& asecq, - ac

P tanqgisecq,-etang; =secq; tang,—etanq,

P sec g, tang, —tan g, sec g, = e (tan g, — tan ;) - Q)
Equations of tangents at P and Q are

bxsec g, —aytanqg; =ab (2
bx+secq,—aytang,=ab -3

Multiplying (2) by tan g, and (3) by tan g, and then subtracting.
bx sec g; tan g, — bx sec g, tan g, = ab (tan g, — tan q)

P bx (sec g; tan g, — sec g, tan g;) = ab (tan g, —tan ;)

\ from (1) ebx (tan g, —tan g;) = ab (tan g, — tan q)

a . o
P x = — ie.tangents meet at directrix.
e

Example 26: The normal at P of hyperbola b’x* — a’y* = a’b® meets transverse axis in G and
conjugate axis in g. CF is perpendicular from centre e on normal. Prove
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(a) PF xPG = CB? = b? (b) PF xPg = CA® = a”
X2 y2
Sol. Hyperbola Z 7 =
Equation of normal at (a sec g, b tan q) ALY by =a+b* .. (1)
secq tanq

It meets axes in G and g.

2 2 o) ® 2 2 o)
O o2 N0

\ Gis z
acosq g b P

CF perpendicular on normal.

:bsecqxp bx ay -0
atanq tanqg secq

PF = perpendicular from P on CF

ébrasecq a>btanqg
_8& tanq secq H
- b2 2
tan’ g sec q

ab[sec g- tan’q] @  tangssecq 9
tangsecq >§\/ b2sec’q+altan’q g
_ ab
JbZsec? q+a’ tan’q
An2 2 )
(PG = é%b xasecq- asecqg +b*tan’ gq
g a a

=[easecq- asecq]’ +b*tan’q

2
= [asecq(e2 - 1)]2 +b?tan’q =2—2[b2 sec’q+a’tan’q - (2)
é 20
(Pg)* =é&*sec®q+tan qé% & gu
& 2H
Pen2 A
=a“sec q+Ftan q -3
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Example 27: P and Q are two such points on hyperbola X—Z
a

1

\ PF®G=

2 2 2 2
ab\/b sec gq+a“tan qxgz

Jb?sec?q+tanq @

PF>Pg=ab’ %:az

1 1 1
+

it a2t
CP?2 CcQ? a b

Sol.

396

Let CP be y = mx, It meets hyperbola
x2 mix?
i
212

,__ @b 2_ 2.2 _

2182 2
2 _2,.2_abi(l+m?)
M
Putting - L forminitwe get CQ?
m
cQ? _a’h*(@+m?)
(b’m? - &%)

1,1 _b%- a®m? +b*m? - a?
CP? CQ? a’b?(1+m?)

_(1+m*)p’* - &%)
Ca’(l+md)

1P x?(b? - a’m) =ab?

bZ

m2a’h?
b? - a’m?

SN

2

Math-Ordinate

2
g—zzl that CP A CQ. Prove
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10.

11.

12.

13.

14.

15.

Practice Worksheet (Foundation Level) — 8 (b)

5
Zﬁj of hyperbola 4x* — 9y* — 16x = 20.

&
Find equation of tangent and normal at é 2,T
[

Find equation of tangents equally inclined to axes of hyperbola 32— 4y2 =12.

Find locus of poles of focal chords of hyperbola x* — 4y” = 4

X2 y2
W2

Prove that polar of any point of ellipse —+b

5 =1 with respect to hyperbola
a

2 2

X :
. yg =ab touches circle x* +y* = a’b’.

a
Prove that locus of the poles of tangents of x> + y* = 9 with respect to hyperbola 3x° -
4y? = 1is ellipse 81x% + 144y* = 1

Find equation of hyperbola, whose focus is (a, 0) eccentricity is ; and directrix 4x —y

- a.
. . . : /m
Find locus of point of intersection of /x+my=/mt and /x- my :T .

Find equation of asymptotes and conjugate hyperbola of hyperbola 3x* — 5xy — 2y* +
5x+11y-8=0
Find equation of asymptotes of (x* — y?) sin 2q + 2 xy cos 2q = a°

Find equation of asymptotes of hyperbola 2x* + 5xy + 2y* + 4x + 5y = 0. Find general
equation of all those hyperbolas which have these asymptotes.

a

2

P is a point on hyperbola X—Z " =1. Tangent at P, latus-rectum and one asymptote
a

are concurrent. S is focus, prove SP is parallel to other asymptote.

Prove that locus of poles of tangents of circle xX* + y* = 9 with respect to hyperbola 3x
—4y*=1is an ellipse.

Perpendiculars from centre(i), on any tangent at P of hyperbola b®x* — a%? = a’b?
meets it in Q. Find locus of Q.

Prove that locus of poles of tangent of circle drawn on SS’ as diameter (S, S’ are focii)
2 2
: 1
of hyperbola b?x? — a%y? = a’b?, is LIS
yp y a.4 b4 a.2 + b2
a, b are variable quantities. The polar of (a, b) with respect to hyperbola 2x* - 3y* = b,
always passes through a fixed point. The fixed point s ...

397



Hyperbola Math-Ordinate

16.

17.

18.

19.
20.

21.

22.

23.

24,

25.

26.

398

Prove that the segment of tangent of hyperbola 3x* — 4y* = 12 between point of
contact and directrix subtends at the focus an angle of g :

A tangent of hyperbola 2x* — 3y* = 6 meets axes in P and Q. Prove that locus of point
which divides PQ in the ratio of 1 : 2 is 12y* — 2x* = 9x*y?,

Prove that the latus rectum on the right side of y-axis of hyperbola 5x* + 4y* = 20

makes on corresponding vertex an angle of 2 tan™ gg
2

Find length of chord of hyperbola 5x* — 4y = 20 whose mid points is (4, 2).

PFQ is a focal chord of hyperbola 9x* — 16y® = 144. F is focus PF = 3 FQ. Find length of
this chord.

Eccentricity of hyperbola 2x* - 3y* =1 is

3
(@) 3 (b) > (c) \/; (d) none of these

If x +y = 5 touches hyperbola x* — 2y* = 50 then point of contact is
(a) (10, 5) (b)(10,-5) () @N7)  (d) 8- 7)
/x+my =1 shall touch 3x* — 2y* = 4, if

(a) 4¢°- 18m* =9 (b) 4¢%-12m* =9

(c) 2¢*- 3m* =6 (d) 4¢%- 6m* =3

A normal of hyperbola 3x* — 4y* = 12 meets transverse axis is in (7, 0). Inclination of
normal is

p p p 3p
a) — b) = Cc) — d) —
(a) 3 (b) A (©) 5 (d) A
Equation of tangent of hyperbola 4x* — 5y = 1 inclined at 60° to x-axis is
(@) y=+/3x 411 (b)y:ﬁxi%m

_ a1 _ a1 11
(c) y=+/3x \E (d) y ﬁXiZ\E

The equation of tangent of hyperbola bx* — ay”* = ab which goes through centre of
hyperbola is

@ y= %x (b) y= %x (c) vay £~ox =0 (d) none of these
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

The straight line x cos a + y sin a = p shall touch the hyperbola 9x* — 16y = 144 if
(a) 16 cos® a —9sin“a = p? (b) 9 sin’ a — 16 cos® a = p*
(c)4cosa-3sina=p (d) 9 cos’ a — 16 sin® a = p?

The straight line 4x — +/3y = 6 touch hyperbola 4x? — 3y? = 12, point of contact is

3‘3’_19 b 3‘?2,_19 3‘3’19 q ae2 20
(a)g NP ()g NP (C)g e ()e o

Tangents at the ends of a latus-rectum of hyperbola 2x* - 3y® = 1 meet at

2 0 @B 0 &[0 0 23 0
B o ofd  egd

Acute angle between asymptotes of hyperbola 4x° — 3y2 +8x+6y—11=0is

(a) tan 18“19 (b) tan"(4y3) (©) tan & (d) tan"1(2y/3)
f 3g
Tangents drawn from (2, 3) to hyoerbola 4x* - 5y* = 20 are
@y=x+1 (b)y=2x+7 (c)y+x=3 (d)y+13x=29
Tangents at the ends of focal chords of hyperbola 2x* — 3y® = 6 meet at
a) /5x-3=0  (b) v/5x+3=0 (c) v/5x-+/3=0 (d) v/5x+33=0

Equation of chord of hyperbola 9x* - 16y = 144 whose mid point is 8%,29 is
é 29
(@4x-9y=1  (b)4x-9y=32 C) 9x — 16y = 20 d) 9x— 4y = 48

The length of tangent drawn at aﬁ —3+ of hyperbola 2x* — 3y* = 1 between
e [

asymptotes is
10 14
() 3 (b) 3 (©) f (d) 5

The tangent at L, end of Latus rectum (1% quadrant) and normal at vertex of
hyperbola 3x* — 4y® = 12 meet at

(a) centre (b) asymptote (c) directrix (d) none of these
The distance between focus and corresponding directrix of hyperbola 2x* — 3y* = 6 is
3 3 2 1

(@) 5 (b) 710 (c) 5 (d) 5

399



Hyperbola Math-Ordinate

37.

38.

39.

40.
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2 2

Xy
Tangents from (3, 1) on hyperbola —- =—=1 are
g 3,1 yp 16 12

@y-x=x£2 (b) 7y + 13x =+ 46 () 7y—13x=+46 (d)x+y=%2

The locus of poles of tangents of circle x* + y* = 9 with reference to hyperbola 3x* —
4y*=12is

(a) 9x* + 16y° = 16 (b) 9x* — 16y* = 12
(c) 9%° + 16y* = 144 (d) 3x* + 4y* = 15

2 2

Perpendicular dropped from centre of % - )1/_6 =1 on its tangent meet at Q. Locus of

Qis

(a) X* +y® = 25x* — 16y° (b) x> +y* =16 y* - 25 X
(c) X* +y* = 5x* — 4y? (d) none of these
Eccentricity of conic 9x* — 4y® — (8x — 16y — 43) = 0

(@ g (b) g (c) ? (d) none of these
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8.11 Diameter

Locus of mid points of parallel chords of hyperbola is called diameter. If y = mx + | are

2
parallel chords then as in ellipse equation of diameter is y =t2)—x
a‘m

- , b? -
The slope of this diameter is m; =——, chords parallel to this diameter are y = m;x +1
a‘m

2

Equation of locus of mid points of these chords is y = ——x=m,x

1

. - . b? 2
i.e. Slope of this diameter is m,, and m, =—— P mym, =b—2
a

1

\ Ify; =myxandy = myx be two such diameters that each bisects the chords parallel to the

other. Then these are called conjugate diameter and the product of their slopesi.e.

2
mp; Xm, = ?
. x2 yz
(b) Lety = mx be a diameter of —- - o7 =1

a
é1 m?u a’b?

\ X¥e5-—0=1P X' =
ga° b’ b? - a’m?

The diameter shall meet the hyperbola in real points only when a’m? < b?

. b
The numerical value of m be less than —
a

2

(c) y =mgx and y = mpx shall be conjugate diameter if mym, =—-
a

. . . b . b
Now if numerical value of my is less than — then numerical value of m, >—.
a a

\ If y = mix and y = myx are two conjugate diameters, and y = m;x meets the
hyperbola in real points then y = myx shall meet the hyperbola in imaginary points.

d The equation of conjugate diameter is obtained by putting —a? for a and —b? for b?
( q jug y putting

2 b%0 b?
and because —b2i=b—2,
-a"y a
hyperbola are also conjugate diameters of conjugate hyperbola. And if one of them
meets hyperbola in real points then the other shall meet conjugate hyperbola in

real points.

therefore two diameters which are conjugate for
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8.12  Rectangular hyperbola

When a = b i.e. when transverse axis is equal to conjugate axis. Then equation of hyperbola
is x* —y? = &. This is the equation of rectangular hyperbola. Asymptotes X’ —y*=0i.e. x +y =

0, x—y =0. These intersect at right angles.
y
2

. . 2a
2 2 _ A2 2 _ —
Eccentricity of X" —y“=a“is e _a_2_2

b e= /2 ;focii, (++/2a,0)

directrix x= + \/_ Vertex (+a,0)Latus rectum 0 X
is 2a.

If axes of this hyperbola be along asymptotes x —y = }

0, x + y = 0 then asymptotes shall be x =0, y = 0 and %

equation of hyperbola shall be xy = constant = ¢? Fig 6

(suppose) g

Now if axes be rotated through —45° we must get original equation of hyperbola.

ie. lyceel iyQ:c2
‘?f 2 &2 2

p x° —y®=2¢

But original equationis x*-y*=a’p ¢*=—

&
\ Equation of rectangular hyperbola with asymptotes as axes is xy = ¢, gcz _a?

QI-IO

(@ Vertex (c, ¢) and (-, ¢)
(b)  Focii (v2c,4/2¢) and (- v/2c,- v/2¢)
()  Equation of directrix x +y =+/2¢,x +y =+/2¢

(d)  Equation of Latus rectum x +y = + 24/2c
()  Anypointtonxy=c?is E%t,EQ
e tg
M Line joiningtyand tyisx+yt; to—c(ty +t,) =0
t, +1,

(9 If the line is focal chord then /2 =2
+ tltz
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(h) When t; = t, the line becomes tangent.

\ Equation of tangent at tisx + t*y — 2ct=0

() Tangent at (xy, y1) is RA ?n:- ﬁg
X1 Y1 X1 g
)] Equation of normal at t,

Slope of tangent is - iz P of normal t?
t

\ Normalis y- E—ﬁ(x- ct)
t 4

e xt’-yt—ct'+c=0

(k) Normalat (x., y2)is V- y, :)t(—l(x- X,)
1

H - 2 2
i.e. XXy —YY1= X1 - V)

Hyperbola
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Solved Examples
Example 28: Find equation of tangents of xy = 4 which are equally inclined to axes.

Sol.  Anytangentisx+yt®-2ct=0 (c=2)

Tangent equally inclined means m; = 1 or -1. If m = 1 then equation gives - %2:1

i.e.t*=-1not possible\ mt 1
1 .
m=-1, then - t—2=-1 le.t=+1

\ tangentsarex+y=1+4

Note: If hyperbolaisxy+4=0

\" Point on hyperbola is ?t- 29
to

_1

I3

y__y \ atpoint dy
dx X dx

\ Tangent y+%- tiz(x- 2t)
Now if tiz =1 i.e.t==%1, angle 45°is valid

But if tiz =-1, notvalid, 135° not valid.

\ Tangentsarey+2=1Xx(x+2)
P y=xt4

Example 29: Show that locus of mid points of normal chords of rectangular hyperbola is x* —

aZ |S (yZ _ XZ)S - 4a2 XZ yZ

Sol. Equation of chord with mid point (h, k) isy—k =m(x - h)

Slope m of it is slope of polar of (h, k) = h

k
\ Chordis y-k:E(x-h) b hx+ky+(k’-h*=0 (1)
Equation of normal isx cos q +y cot g = 2a (2

h? - k?

If (1) and (2) are same then, comparing h sec q=—-k tanq=

404
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2 2 2 41,2
\ secqzh K ; tanqz-(h k)
2ah 2ak
6 1 1

andsec’ q-tanq=1\ (*-k?) =1

u

84a’h’  4a%’H
\ Locus (y* —x°)° =4a” x* y*

Example 30: Find the equation of normal of hyperbola xy = ¢ inclined at 60° to x-axis.

Sol.  The equation of normal at point tis xt* —yt—ct*+¢c=0
3 1
Slopet?= 43 P t'=3, 2 =(3)4, t=(3)*

\ Normalis (+/3x- y)(S)% =¢c(3-1)=2c

Example 31: Prove that the foot of perpendicular from focus S on asymptote on auxiliary

circle and also lies on corresponding directrix.
)
Sol.  In the figure (7) ST is perpendicular fro focus and y

asymptote LM.
LetBDTCS=q

Asymptote is X Yog o
a b

a
Ja’ +b?

From right angled triangle CTS

p tanng andcosq=
a

Fig 7
CT=CScosq= aex a___-aca :
V& +b®  ae

=a

\' T lies on auxiliary circle.

(i)  Czxs=2se=a? =eT?
e

\ DTZS=90", &.LT_C20
e CS CTg

\ Tlies on directrix as well.

\ Foot of perpendicular drawn focus on any asymptote lies on auxiliary circle and
also on corresponding directrix.
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2
Example 32: Find the equation of normal of hyperbola X—Z - y_2 =1, which is parallel to the
a- b
asymptote?
Sol.  Equation of normal is ax cos g + by cot g = a* + b?

and equation of other asymptote is X +% =
a

2
\ slope -Ex(mz-gb sinq=—
b cotgq a

Ja -b4 \/a -b4

Cosq= cotq=

4 4 4 4
\ Normal, ax\/az b +by\/a Zb =a’+b?
a b

b XY o a®+b? _ |a® +b?
a b Jgt-p* Va*-b®

Example 33: Show that the normal to hyperbola xy = ¢® at point t, meets the curve again at
t, then €%, =-1

Sol.  Equation of normal of hyperbola xy = ¢® at ty is xt> +yt, =c(t] - 1)

&
It passes through go Z'ti

& |-I-O:

C
\ ctt)- Y>¢l =c(t; - 1)

b 1+t,t- :—1(t§>¢2+1):o

2
tl

_:O
t,

p (1 +t,t0 )gi

QIIO

it \ t,+1=0.

Example 34: Prove that conjugate diameters of hyperbola and conjugate hyperbola are the
same. Also prove that if one diameter meets hyperbola in real points then its conjugate
shall meets conjugate hyperbola in real points.

2 2

Sol. Equation of hyperbola is X—Z - z—z =1 ()]
a
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2 2
equation of conjugate hyperbola g—z - X—Z =1 .. (i)
a
diameters are conjugate if

. b? . - b* _b?
from (i) m, >m, :a_z' from (ii) m;m, :7 :a_z

\ Conjugate diameter of the two hyperbola are the same.

; . X2 y: o . ,%&l m?o
(i) Diameter y = m;x meets hyperbola Z ot =1 inreal points x éa_z - b—zgzl
+
P x= ab
b?- a’m,y?
. b
\ b*>a'mi e |m, |<g
and if m1<9, m, >E
a a
2 fo) 22
y = myx shall meet conjugate hyperbola then xza@%2 - ii=1 b x? =%b2
a’ g a‘m;-b

It shall meet in real points if a°m5 - b* >0
b
p |m1 | >—
a
\ Of the two conjugate diameters one meets hyperbola in real points and the other meets

conjugate hyperbola in real points.

Example 35: Prove that the segment of tangent of hyperbola b*x? — a’y* = a’b® intercepted
between asymptotes is bisected at point of contact. Find area of triangle formed by tangent
and asymptote.

2 2
Sol.  With asymptotes as axes equation of hyperbola is xy = ar or xy = ¢* where
CZ _ aZ +b2
4

If angle between asymptotes is 2a, then tan a = b . Tangent at (xy, y1) of xy = ¢’ is
a

X o
X+ ~2andas point is on curve x;y; = ¢

X1 Y1
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Tangent meets axes (asymptote) at (2xy, 0), (0, 2y)
Mid points of this intercept (xy, y1), which is point of contact of tangent.

2tana

ii Area = 2x;y; tan 2a = 2X1y; ——
(i) W ok 1+tan’a

2+ 2 A .
:ZCZVZZabzzzaa b ggeZZabzg
a”+b 4 gea +b g

=ab = constant

Example 36: The pair of conjugate diameter meet hyperbola b?? — a’y* = a’b” in P and
conjugate hyperbola in D. Prove CP? = CD? = a® — b,

Sol. Let PCP’ be one diameter, P (a sec g, b tan q)

\ EquationCP y :Exsinq (Equation diameter)
a

2 2
and from definition of conjugate diameter, slope of other diameter m, =?— = Zb >a
a'm; a‘bsing
\' ' m, :8@9 _1
eagsing

\ Equation of other diameter y :ExL
a sing

It meets conjugate diameter DCD’ in D
Point D is (b sec g, atan qg); ¢ (0, 0)
\ CP? =a’sec’ q+b’tan’qu \ CP?- CD?
CD? =b*sec?q+a’ tan’ q Z,z (a%- b?)(sec*q- tan’q)
\ CP’-CD*=a*-b’

Example 37: Prove that from a point (a, b) four normals can be drawn to rectangular
hyperbola xy = ¢ and if co-ordinates of foot of normals be (xi, yi); i = 1, 2, 3, 4, then prove

(@) &xi = a,(b) &yi=b, (C) X, X, X3 X, =Y, %, %%, =-c*

Sol.  Equation of normal of xy = ¢® is xt® — yt = ¢(t* - 1) . (1)
It passes through (a, b)
\ at’-bt=c(t'-1)
b ct'—at’+bt-c=0
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(i)

: a
It gives four values of t, namely t, tp, t;, t;and &at, =— P cty+ct,+cts +cty=a
c
P 4xi=a
. b
and a tlt2t3 = - — and Lhbhtty=-1
o

attt, 1,1, 1,1_,b

\ 4 =4
tttt, t t t, t, ¢
c.c.c. cC

\ —+—+—+—=bb dyi=b
t, t, t, t,

— ~4 _ 4
X %, % %X, =ct gttt =-¢

4

Y1XY2%93%, = : _i_c
PIEESI bt -1

4

VXX, X3 X, =YY, Y, =c*

Example 38: A circle circle cuts rectangular hyperbola xy = ¢? in A, B, C and D. If these points
be respectively ty, t,, t3, ty then prove

(Wt tst, =1 (ii) the centre of mean positions of points bisect the distance between two
centres of the curves.

Sol.

Hyperbola xy = ¢?, point E%t,EQ
e tg
Let circle be x* +y* + 2gx + 2fy + k=0
. ¢’ c
Solving ¢?t* +t—2+2g >ct+2f><E+k:O

b ¢®t?+2gct® + kt® + 2fct® + ¢* =0

This is equation of 4 degree in t, hence gives four values of t, namely t, t,, t3, ts.

2
\ t1+t2+t3+t4: -—g
C
o k
atltz :tltg+t1t3+t1t4+t2t3+t2t4+t3t4 = —
C
2f
attt,=- —
1%2%3 c

Mean centre of four points of intersection is
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? E200ce 2l 29 19

eCﬂ4e C gy 82 29

z
Centre of hyperbola is (0, 0) and of circle (-g, —f)

\ midpointlsg@g 19

2¢g
\ Centre of mean positions of points
Bisects the distance between centres of the curves.
Example 39: Prove that the chords of hyperbola b’x* — a®y? = a’b® that touch the conjugate
hyperbola are bisected at the point of contact.
2

2
Sol. Equation of hyperbola X—Z - g— =1
a

2

2 2
and conjugate hyperbola is g—z - X—Z =1. Any point on the conjugate hyperbola is (a
a

ysecq_xtang_,

tan g, b sec q). Equation of tangent at it is
a

btang 1)
asecq

Slope of this tangent =

and point of contact is (a tan g, b sec q)

If this point is mid point of chord of hyperbola b*x* — a’y* = a’b® then its slope is
equal to the slope of polar of this mid point with respect to hyperbola.

Polar is xtanq _ ysecq =1

a b
Slope btanq and it is equal to that of tangent. Hence chords of hyperbola which
asecq

touch conjugate hyperbola are bisected at the point of contact.

Example 40: A normal of hyperbola b?? — a’y* = 1 meets axes in Q and R; QL and RL are
drawn at right angles to axes meet in L. Rectangle QORL is completed. Prove that locus of L
is a’x* — b%y® = (a® + b?)?. Find locus of mid point of QR.

Sol.  Hyperbola b®? —a’y? = a’b
any normal ax cos g + by cot q = a’ + b

It meets axes in Q and R

2 ‘ e 2
\ Qis e—b OgandRis &, & +b°l a
gacosq & bcotqy
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Perpendicular on axes at Q and R meet in L

é 2 2 2 ZU
\ Lis g0 a7 bt be (h, k)
gacosq bcotq

2 2

\ h=2 *h p secqzza—b2
acosq a“+b

2 2
Similarly k=?Jl *h p tanqzzb—k
bcotq

a +h?
a2h2 _ b2k2
andsec’q-tan’q=1b W:
\ Locus is a®* — b%y? = (a% + b?)?

Let mid point of RQ be (p, q)

a’ +b? a’ +b?
2p = , =
acosq bcotq
2ap _ 2bg

P secq=———,tang=
q a’ +b? q a>+h?

\ Locus (p, q) 4(@** - b’g®) = (a* + b?)?

Example 41: Prove that conjugate diameter CP and CD of rectangular hyperbola are equal
and that their inclination with x-axis is complementary.

Sol.  Equation of hyperbola x* - y* = &’

\' m, :i b tang, =cotqg, =tan(90- q,)
1

P q,=90-0;i.e.q; and g, are complementary
(ii) If P is (a sec g, a tan g) then D shall be on conjugate hyperbola y* - x* = a*

and\ Dis(atang,asecq)

\ CP=+a%sec? q+a?tan?q,CD =+a’ tan® g +a?sec?q
\ CP=CD

2

2 2
Example 42: Find equation of common tangent of hypobals X—Z - z—z =1 and y_z -
a a

=1

X2
2
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2

Sol.  Any tangent of hyperbola );—2 - g—z =1isy=mx+ \/m ()]
putting this value of y in equation of second hyperbola,
b2(mx ++/am? - b?)? - a?x? - a%h? =0
or x2(b?m? - a2)+2mb2+/a?m? - b? +h%a?m? - b* - a%? =0

The straight line (tangent) (1) it shall touch second hyperbola if roots of (2) are
equal.

i.e. 4m%b* (a’m? - b®) = 4b® (b’m? - &%) (a’m® - b?)
ora’@+bdm’=a’(@*+bdb m+1
\ Common tangent is y =x ++/a” - b?

Example 43: Prove that straight lines 3x + 4y = 18 and 4x + 9y = 15 are parallel to conjugate
diameters of hyperbola 2x* - 3y* = 12

3x+4y =18(m, =-3/4

Sol.  Given straight lines
8x+9y =15fm, =-8/9
" .. 2
and mim; =& E%e §9:§ and b—z :2 for conjugate diameters
e 402 9g 3 a 3

(Product of the two slopes of diameters - a diameter and its conjugate)

\ Straight lines are parallel to conjugate diameters.
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10.

11.

12.

13.

14.

Practice Worksheet (Foundation Level) — 8 (c)

A and B are two fixed points and AB = 6. Find the locus of a point P which moves in
such a way that (PA — PB) is always 4.

Find eccentricity focii, directrix and ¢ (latus rectum) of hyperbola 4y® — 5x* + 30x — 8y
-21=0
The focii of a hyperbola are focii of ellipse 3x* + 4y* = 12 and its eccentricity is
reciprocal of the eccentricity of ellipse. Find equation of hyperbola.
"y
2

If the tangent at the point (h, k) to the hyperbola X—Z o 1 cuts the circle X* + y* =
a

a’ at points whose ordinates are y; and y,. Then prove that £l + 1.2 :
Y1 Yo

The straight line 2x + y = 4 touches the hyperbola whose focii are (x 3, 0). Find
equation of hyperbola.

2

2
Two tangents of hyperbola X—Z - g—z =1 areinclined at g, and g, to axis. If cot g; cot
a

= 6, then find the locus of point of intersection of those tangents.

m is a variable. Prove that lines +/3x- y=4+/3m and /3mx+my=4+/3 describe a
hyperbola. Find its eccentricity.

A variable tangent to the hyperbola 4x* — 9y* = 36 meets axes in P and Q. Find the
locus of mid point of PQ.

Find the locus of point of intersection of two tangents drawn to b’* — a’y? = a’b®. If
cot a + cot b =4 where a and b are slopes of tangents.

M and N are two points on hyperbola b®’a%? = a’b® such that MN passes through

centre c. R is any other point on hyperbola. Prove that the product of slopes of MR
2

and NR is b—z
a
Show that the locus of poles of normal chords of x* — 4y? = 4 is 64y* — x* = 25 x?y*.

Prove that curves x* +y* = 10 and xy = 4 intersect at an angle of tan'léﬁi
et g

Prove that the locus of poles of tangents of circle x* + y* = 9 with respect to hyperbola
3 -4y*=12is 9x* + 16y* = 16

Find locus of point of intersection of two perpendicular tangents of hyperbola 9x* —
16y” = 144,
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15.

16.

17.

18.

19.

20.
21.
22.
23.

24,

25.

26.

27.

28.

29.
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G is a point on transverse axis of hyperbola b’x* — a%y* = a’b®. GL is perpendicular on
asymptote. PG is normal at point P on hyperbola. Prove that PL is perpendicular to
conjugate axis.

3x? - 4y* = p’ is conjugate hyperbola of a’y? — b>? = 1. Find relation between a and b

A focal chord of hyperbola 9x* — 16y” = 144 is inclined at 60° with the axis. Find angle
between tangents drawn at its ends

Find angle between the tangent at one end of focal chord of Q. No. 17 and normal at
the other end.

The distance between two focii of a hyperbola is equal to the diameter of director
2 2

circle of ellipse %+%=1 and its conjugate axis is equal to its minor axis. Find

equation of hyperbola and its eccentricity.

Eccentricities of hyperbola and its conjugate are equal. Find its eccentricity.
Find mid point and length of chord 3x — y = 5 of hyperbola 3x* — 2y = 6.

Find length of common chord of parabola y* = 4ax and hyperbola x* — y* = 5a°.

Find angle of intersection between hyperbola 3x* — 2y* = 1 and circle x* +y* = 7
Eccentricity of a hyperbola is % , calculate eccentricity of its conjugate hyperbola.

The equation of hyperbola is xy = 16. Now axes are rotated through 45° in clockwise
direction. Write equation of hyperbola on new axes.

Equation of tangent of hyperbola xy + 16 = 0 inclined at 45° is

(@x-y=x£2 (b)y—-x=x8 (c)x-y=%4 (d)x-y=%6

The equation of normal of hyperbola xy = 4 at point whose ordinate is twice the
abscissa is

(@)x-2y+3vJ2 =0 (b)x+2y- 52 =0
(€)2x-y- 442 =0 (d)x-2y-3J2 =0

The area of triangle formed by a tangent and asymptotes of hyperbola xy = 4 is 8. The
point of contact is

(@ (4, 1) (b) (1, 4) (©) (2,2 (d) (42,2
The normal of hyperbola xy = 4 which passes through focus is
(@y=x+1 (b)x-y=0 (c)x+y=0 dyx-y=1
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30.

31.

32.

33.

34.

35.

36.

37.

The length of perpendicular from focus on the tangent at aﬁ of hyperbola 2x* —

\/_z
3y?=1is

J10- 43 J10- 3 J5-43 V3-42
(a) L (b) o (©) I (d) NG

The length of chord of hyperbola 3x* — 2y* = 6 which meets x-axis at an angle of 120°
is

(a)8 (b) 16 (c) 843 (d) 12

The equation of normal of hyperbola xy = 16 inclined at tan™ 3 with x-axis is

a) 3v3x- /3y =32 (b) 3x- y=18+3

() v/3x- %y=32 (d) 3x- y=12+3

5x + 3y = 0 is a diameter of hyperbola 2x* — 3y? = 1. Equation of conjugate diameter is
(@) 2x-5y=0 (b)2x+5y=0

(c)10x+9y=0 (d) none of these

Focii and directrix of hyperbola 3x* — 4y — 12x + 24y — 36 = 0 are

2) (iﬁ,O)X=Zig (b) (47,0}x= i%
c) (i\/g,O),X:2¢§ (d) (i\/g,O)x=Zi%

Straight line y =mx++/4m? - 3 touches hyperbola 3x* — 4y* = 12 at point (2 sec q,
/3 tan ), thensinq=

J3 2 V3m 27m
(@) om (b) 3m (c) 1 (d) 3

Eccentricity of a hyperbola is g and distance between vertex and corresponding
focus is 1; equation of hyperbola is

(a) 4x* - 5y* =20 (b) 5x° — 4y* = 10

(c) 5x° — 4y* = 20 (d) none of these

The vertices of a hyperbola are (2, 2) and (-2, —2) and focii (3, 3), (-3, —-3). Equation of
asymptotes are
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38.

39.

40.

41.

42,

43.

44,

45,
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(@xy=0 (b)xxy=0
(€) @5 +4)x- 2(J5- 4)y =0 (d) V10x ++/8y =0

The conjugate axis of hyperbola is 3 times the transverse axis. If its latus rectum is

443

3 then equation of hyperbola is

(a) 4x* - 6y* =12 (b) 9x* — 4y? = 27
(c) 3x°—2y*=6 (d) 4x* — 9y* = 27

Perpendicular dropped from centre ¢ of hyperbola 3x* — 4y = 12 on any tangent of
hyperbola meets at Q. Locus of Q is

(a) (¢ +y?)* = (4x* - 3y°) (b) 2(x* +y*)* = (3x* - 9y°)
(0) (" +y°)* = (3x" - 4y") (d) (<* +y*)* = (3x" + 4y")
Perpendiculars dropped from focii on any tangent of hyperbola are p; and p,. Then p,

sz =

(@)3 (b) 4 (c)-3 (d)-4
The locus of poles of tangents of hyperbola x* — y* = 4 with respect to parabola y* = 8x, is
(@) 4x*+y*=4 (b) 4% +y? =12

(c) 4x° +y* =16 (d) none of these

Asymptotes of hyperbola are x + 2y + 1 =- 0 and 2x + 3y -1 = 0. Hyperbola passes
through (2, -3). The equation of hyperbola is

(8) 2X* + 7xy + 6y’ +x+y—19=0 (c) 2x* + 5xy + 3y —x-y-18=0

(€) 2x° + 7xy + 6y* +x+4y—-10=0 (d) none of these

Focal chord PQS of hyperbola is such that PS : PQ =2 : 1. Length of this focal chord is
(@) 1242 (b) 15V2 52 @ 22
Inclination of chord in Q. No. 43 with axes is

(a) tan™ 4 (b) tan'*4/15 (c) tan"*+/19 (d) tan*y/17

The area of triangle formed by tangent at 8%%9 of hyperbola 4x* — 9y* = 36 and its
e 39

asymptotes is

(@) 12sg. units  (b) 6sq. units  (c) 2%0 . units (d) % . units
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Practice Worksheet (Competition Level)

1. a) Find the equation of the hyperbola whose directrix is 2x+y =1, focus (1,2) and
eccentricity C8.

b) Find the coordinate of the foci, vertices, eccentricity, directices and latus-
rectum for the hyperbolas

i) 9y?- 4x*=36 i) X*+2x- y*+5=0 iii) x*- 2x- 3y*=8

c) Show that the equation 9x*- 16y~ 18x+32y- 151=0 represent a hyperbola. Find
the coordinate of the centre, length of the axes, eccentricity, latus-rectum,
coordinate of the foci and vertices, equations of the directrices

d) Find the equation of the hyperbola whose foci are (8, 3), (0, 3) and eccentricity=
4/3.

e) Find equation of hyperbola whose eccentricity is 5/4, whose focus is (3, 0) and

whose directrix is 4x- 3y =3.

2. a) Prove that the line y = x +2 touches the hyperbola 5x°- 9y*=45, Find also its
pointofc contact.

b) Find the equation of tangents drawn from (- 2, - 1) to the hyperbola 2x* - 3y*=6.

c) Find the equation of tangents to the hyperbola x*-4y°=36 which are
perpendicular to the line x- y +4=0.

3. Prove that the straight lines X. % =mand2 +% o , where a and b are given real
a a m
numbers and m is parameter, always meet on a hyperbola.
4. Find the locus of the mid points of the chords of the circle x* + y* = 16, which are
tangent to the hyperbola 9x* - 16y” = 144.
5. Prove that the straight line Ix + my + n = 0 will be normal to the hyperbola
2 2 2 2 2 2
X_Z_ Y —1if a_:b_+M.
a’ b? P m? n?
6. a) Find the equation of common tangents to the parabola y* = 8x and the

hyperbola 3x- y* =3.

b) Determine the equations of the common tangents to the hyperbolas

X2 y2 y2 X2
g' b—zzland g' b_2:1
7. Show that the locus of the mid points of the portions of the tangents to the
2 2

hyperbolax—2 - g—z =1 intercepted between the axes is 4x’y? =a’y? - b*x?.
a
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10.

11.

12.

13.

14.

15.
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_— X2 y? y> X2
If e and e’ are the eccentricities of the hyperbolas — - o7 =land 2 =1then
a a

prove thati2 +% =1
e’ e
_ x2 yz
The tangent at the point P on the hyperbola —- - b—zzlmeets one of the
a

directrices in F. Show that PF subtends a right angle at the corresponding focus.

a) Show that the product of the lengths of the perpendiculars drawn from foci on
2 2
any tangent to the hyperbola X—Z - g—z =1isb?
a
b) For any point on the rectangular hyperbola x*- y>=a® Prove SP.S'P=CP? where S
and S' are foci and C is the centre of the hyperbola.

Show that normal to the hyperbola xy = ¢* at the point t, meets the curve again at
the point t, such that t;%t,= - 1.

a) Prove that the locus of two perpendicular tangents to the hyperbola

X2 y2
aZ 2

=1 isacircle x*+y*=a*- b,

2 2
b) If two points P and Q on the hyperbolax—2 - g—z =1, whose centre C be such that
a

. : 1 1 1 1
CP is perpendicular to CQ, a<b, then prove that — +—=—-- —-.
Perp Q P CP? CQ? a? b?
. X2 y? o
a) If the tangent at the point (p, g) on the —- - o7 =1 cuts the auxiliary circle in
a

the points whose ordinates are y; and y, then prove that g is the harmonic
mean of y; and y,.

b) Find the equation of the chord of hyperbola 25x° - 16y*=400 which is bisected at
the point (6, 2).

Show that the locus of the middle points of the normal chords of the rectangular
31422\ ,2

hyperbola x*- y*=a? is (y*-x*)*=4a’x%y?.
2 2

A normal to the hyperbola X—Z y _
a

b_z =1meets the axis in M and N and the line MP

and NP are drawn perpendicular to the axis meeting at P. Prove that locus of P is
the hyperbola a?x? - b%y? = (a2 +b2)2 :
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16.

17.

18.

19.

20.

21.

22.

23.

24,

A variable straight line of slope 4 intersects the hyperbola xy = 1 at two points. Find
the locus of the point which divides the line segment between these two points in
the ratio of 1:2. [1.1.T-97, 5]

Show that locus of points of intersection of tangents at the extremities of the

2 2 6 6
normal chords of the hyperbola X—Z - g—z =1is a_z - b—z = (a2 +b2)2
a X“y

Tangents are drawn from the point (x;, y1) and (x,, y,) to the rectangular hyperbola
xy =c? The normals at the points of contact meet at the point (h, k).Prove that

&1 Xz a eY1 Y20
Prove that locus of point of intersection of tangents to the hyperbola, which meet
at the constant angle b, is the curve (x2 +y? +b?- az)2 =4cot? b(azy2 - b?x? +a2b2)

If the hyperbola be rectangular and its equation be xy =¢?, Prove that the locus of
the middle points of the chords of constant length 2d is (x2 +y2)(xy - cz)z d?xy

Chords of the hyperbola x*- y* = a? touch the parabola y*= 4ax. Prove that the locus
of the middle point is the curve y*(x- a) = x*

2 2

A variable tangent to the hyperbola X—Z g—z =1meets the transverse axis and the
a

tangent at the vertex (a, 0) at Q and R. Show that the locus of the middle point of
QR is x(4y” + b= ab®.

a) The normal at the three points P, Q, R on the rectangular hyperbola, intersect at
a point S on the curve ; prove that the centre of the hyperbola is the centroid of
the triangle of PQR..

b) If the normal at four points P (x;, yi), 1 =1, 2, 3, 4 on the rectangular hyperbola
xy = ¢ meet at the point Q (h, k), prove that

( i ) X1 HXo+XgHX4= h
(i) yitystystys=k

(1)) XaXoX3Xa = Y1YoYsya= - c*

2 2
a) A variable chord of the hyperbola X—Z y_2 =1is tangent to the circle x*+y*=c.
a
T - G4 (')2 a2 y o)
Prove that the locus of its mid point is — 5T =c? —4 + T
a® by a’ by

419
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XZ 2

2 2
b) If a chord of the ellipse —2+g—2 =1touches the hyperbolax—z- g—zzl, show
a a
2 2
that the locus of its middle point is ?—2 +Y9 X Y :
a

b2y  a® b?

COMPREHENCIVE PASSAGE TYPE PROBLEMS

25.

Let a hyperbola whose centre is at origin. A line x + y =2 touches the hyperbola at
P(1,1)and the asymptotes at A and B such that AB =62 units( you can use the
concept that in case of hyperbola portion of the tangents intercepted between the
asymptotes is bisected at the point of contact

ii)

420

Equation of the asymptotes are

a) 5xy+2x°+2y*=0 b) 3x*+4y*+6xy =0
c) 2x*+2y°- 5xy =0 d) none of these
Angle subtended by AB at the centre of the hyperbola is

a) sin'lg b) sin'lg c) sin'lg d) none of these

Equation of the tangent to the hyperbola at (-1, 7/2) is

a) bx+2y =2 b) 3x+2y =4
c) 3x+2y =11 d) none of these

Obijective Problems

Level-1

The eccentricity of hyperbola whose latus —rectum is 8and conjugate axis is equal to
half the distance between the foci is

4 4 2 d) none of these

a) 3 b)ﬁ C) 7

If the foci of the hyperbola Xy 1 coincide, with the ellipse
144 81 25

2 2
;‘_6 + z_z =1 then the value of b? is [AIEEE-03]

a)l b)5 c)7 d)9
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3. Let P(asec?, btan?)and Q(asecf, btanf) where ?+ = p/2, be the two points on the
2 2
hyperbola X—Z g—z =1. If (h, k) is the point of intersection of normals at P and Q
a

then K is equal to [1.1.T-1999]
2) a’ +b? b) - a’ +b? 0 a’ +b? d) - a’ +b?
a a b b

4. The Area of the triangle formed by the lines x - y =0, x +y =0 and any tangent to
the hyperbola x*- y*=a’ is
a)a’ b)2a c)3a’ d)4a

5. The locus of the point of intersection of two tangents to the hyperbola;(—i - g—j =1,
if the sum of the slope is constant | is;
a) (x- a%) =1 x b) (x*- &%) =1y
c) | (x*- a%) = 2xy d) none of these

6. If x =9 is the chord of contact of the hyperbola x*- y?=9, then the equation of the
corresponding pair of tangents is
a)9x*- 8y*+18x- 9=0 b) 9x°- 8y*- 18x+9=0
c) 9x°- 8y*- 18x- 9=0 d) 9x°- 8y*+18x+9=0

7. Number of points outside the hyperbola ;—; % =1 from where two perpendicular
tangents can be drawn to the hyperbola is (are)
a)3 b) 2 c)l d)o

8. The equation 16x*- 3y*- 32x- 12y- 44=0 represents a hyperbola, which one of the

following is incorrect

a) The length of whose transverse axes is 2(3
b) the length of whose conjugate axes is 8

c) Whose centre is at (1, - 2)

d) whose eccentricity is O19

2 2

0. Eccentricity of the hyperbola X y_2 =1,(a<0)is
a a
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11.

12.

13.

14.

15.

16.

17.

422

a)vJl-a b)v1l+a C) 1+1 d),/1- 1
a a
X2 y2
For the hyperbola—-;—- ———=1, which of the following remains constant with
cos“q sin“q

change in ?? [1.1.T Sc-03]
a) abscissa of the vertices b) abscissa of the foci
C) eccentricity d) directrix
Equation of the chord joining two points (xi, y1) and (X, y») on the rectangular
hyperbola xy=c [AIEEE-02]
a2+ Y o ) PN A |

XptX; Y1ty Xp=-X2 Yi- Yo
%+ d) ——+—Y =1

YitYs X +Xp Yi-Y2 Xi- X

Locus of the point P(a, b) moving under the condition that the liney = ax +bis a
2 2

tangent to the hyperbola X—Z - g—z =1is [AIEEE-05]
a
a) a parabola b) a hyperbola c) an ellipse d)acircle

Length of the letus rectum of the hyperbola xy- 3x- 4y +8=0
a) 4 b) 4C c)8 d) None of these

The number of values of ¢ such that the line y=2x+c touches the hyperbola x*- y*=1
is

a)l b)2 c)4 d) infinite

The angle between the tangents drawn from any point on the circle x*+y*=3 to the
2

hyperboIaXT- y>=1is

a)p/3 b) p/4 c)p/2 d)p/6
2 2
The value(s)of m for which y = mx+6 is a tangent to the hyperbola 1)?? - Z_Q =1is
a) 17 b) 20 c)-,/ﬁ d) - 17
20 17 17 20

The curve represented by x = ae’, y =be”, 21 R is

a) a hyperbola b) an ellipse
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c) a parabola d) acircle

18.  Equation of the latus rectum of the hyperbola (10x- 5)* +(10y- 2)* =9(3x+ 4y-7)’ is

a) y- 1/5= - 3/4(x- 1/2) b) x- 1/5= - 3/4(y- 1/2)
0)y +1/5=-3/4(x+1/2) d) x +1/5=-3/4(y +1/2)
19. Asymptotes of the hyperbola x y = 4x +3y are
ayx=3,y=4 b)x=4,y=3
C)x=2,y=6 d) x=6,y =2
20.  Acommon tangent to 9x°- 16y°=144 and x°+y*=9 is
3 15 2 15
ay=—=X+— b) y=3,/=x+—
VIR y=3(5
Q)y= Z\EX +15.7 d) none of these

21. Let e(k) be the eccentricity of (x- 3)(y +2)= k?, then the value of e(2)- e(3) is

a)3 b)-5 c)0 d) none of these
Level-2
1. Equation of the rectangular hyperbola whose asymptotes are x =3 and y=5 and
passing through (7, 8) is
a) xy-3y +5x +3=0 b) xy +3y +5x +3=0
c) xy- 3y +5x-3=0 d) xy- 3y-5x +3=0
2. A normal to the parabola y*= 4ax with slope m touches the rectangular hyperbola
2 2,2 ;
X=-y=a“if
a) m® +4m* - 3m?+1=0 b) m® +4m* +3m?+1=0
¢) m® - 4m* +3m*1=0 d) m® - 4m* - 3m?+1=0
2 2
3. If e the eccentricity of the hyperbola X—Z - g—z =1 and ? be the angle between then
a

asymptotes, then cos?/2 is equal to

a)l/e b) 1/Ce
c)-1/e d)none of these
4. The locus of the mid point of the portion of a line of constant slope ‘m’ between

two branches of arectangular hyperbola xy =1 is

423
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10.

11.

424

a)y- mx=0 b) y +mx =0
c) my+x =0 dy=x

A circle cuts the rectangular hyperbola xy =1 in the points (x,, y,) r=1,2,3,4 then the
values of xyxox3X4and y1Y,Yyay4 respectively, are

a)-1,-1 b)-1,1
C)l,'l d)lyl

The locus of the middle points of the chords of the hyperbola 3x*-2y*+4x-6y =0
parallel toy =2x is

a)3x-4y=4 b) 3y - 4x+4=0
C) 4x- 4y =3 d) 3x- 4y =2
2 2
The point on the hyperbola )2(—4 - é =1 which nearest to the line 3x+2y - 1=01is
a) (61 3) b) ('6! 3)
c) (6,-3) d) (-6,-3)
The equation (x- a)? +(y- b)?=k(Ix +my +n)? represents
a) a parabola for k=(1*+m?)* b) an ellipse for 0<k< (I>+m?)™
¢) a hyperbola for k> (I>+m?)™ d) a point circle for k=0

The angle between the hyperbolas xy =¢* and x*- y*=a’is
a) Independent of ¢ b) independent of a

c) Always p/2 d) none of these

2 2
If (asec?, btan? ) and (asecf , btanf ) are the ends of the focal chord of X—Z - g— =1,
a

then tangtanf— equals
2 2
- - + +

a)el b)1e C)1e d)el

e+l l+e l-e e-1
A hyperbola , having the transverse axis of length 2sin?, is confocal with the ellipse
3x*+4y*=12. then its equation is [1.1.T-07, 3]
a) x’cosec’? —y’sec’?=1 b) x*sec®? —ycosec??=1
¢) x’sin*? —y?cos??=1 d) x°cos®? —y’sin®?=1
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12.

13.

14.

15.

16.

17.

2 2

If e, is the eccentricity of the ellipse )1(—6+32/—5=1& e, is the eccentricity of the

hyperbola passing through the foci of the ellipse and e;e,=1 then the equation of

the hyperbola is [1.1.T -06, 5]
2 2 2 2

a)X_-y_:l b)X__y_:-
9 16 16 9
2 2

C) X Y o d)none of these

9 25
If the line 2x+(By=2touches the hyperbola x*-2y*=4 then the point of contact is

a) (- 2, 6) b) (- 5,208)
¢) (1/2, 1/C6) d) (4,- O6)

If the circle x*+y®=a’ intersects the hyperbola xy =¢? in four points P(xy, y1), Q(X2, Y2),
R(Xg, y3) & S(X4, y4) then

a)x;+ X+ X3+ x=0 b) yit yo+ ys+y.=0
C) X1. X2, X3, X4:C4 d) Y1.Y2.Y3.Y4= C4
The product of the length of perpendicular from any point (x4, y1) on the hyperbola
X2 y? : :
P =1to its asymptotes is equal to
21,2 21,2 2,2 12y 2
a) ab b) ?bz 0 22ab2 )ayl bx,
a+b a2 +b a’+b a® +b?
. . X2 y? : :
e is the eccentricity of the hyperbola —- - o7 =1(a>b)and ? is the angle between its
a
asymptotes
[ .2
a) Sing: e-1 b) Sing: €
2 e 2 et-1
2Ve’- 1 e-1
c)tang= d) tanq=
) q 2. e2 ) q e2 +1

If the tangent and the normal to the rectangular hyperbola xy =¢* at a point cuts off
intercepts a; and a, on the x-axis and by, b, on the y-axis, then a;a,+b1b, is equal to

a)3 b) 1 c)2 d) none of these
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19.

20.

21.

426

2 2
Consider the hyperbola X—Z - z—z =1. Area of the triangle formed by the asymptotes
a

and the tangent drawn to it at (a, 0) is

a) ab/2 b) ab C) 2ab d) 4ab
Centre of the hyperbola x* + 4y* + 6xy +8x - 2y +7 =0

a)(1,1) b) (0, 2) c)(2,0) d) none of these

Equation of the hyperbola passing through the point (1, - 1) and having Asymptotes
X +2y+3=0 and 3x+4y+5=0 is

a) 3x*+10xy+8y” +14x+22y +7=0 b) 3x°- 10xy+8y* +14x+22y+7=0
c) 3x°-10xy+8y” - 14x+22y +7=0 d) none of these

Consider a branch of the hyperbola x? - 2y2 - 2/2x - 4+/2y - 6 =0 with vertex at the

point A Let B be the end points of its letus rectum If C is the focus of the hyperbola
nearest to the point A , then the area of the triangle ABC is [1.1.T -08, 3]

2 3 2 3
a) 145 b)\/;-l c)1+J; d)\/;+1



Miscellaneous Problems

Example 1: Obtain equations of lines passing through A (2, 0) and making equal angles of
45° with tangent at A to circle, (x + 2)* + (y — 3)° = 25. Find equation of circles of radius 3

whose centres lie on lines at distance 5\/5 from A.

Sol.

Equation of circle (x + 2)* + (y - 3)*= 25 . (1)
Any tangent of itis, y—3=m (x+2) + 5y1+m?’

It passes through (2, 0),\ -3=4m+ 5y1+m? b 9+ 16m*+24m = 75(1 + m?)

P (3m-4)°=0 p m:%

Lines make 45° and —45° angle with tangent
%+1 % 1 1
\' M,==—=-7 and M, = 4=7

Equation of linesy=—7 (x-2) andy= %(x -2) (2

Centres of circles lies on positive sides.

tang=-7, givescosq= —=,sinq= T and
1] 5\/5’ 5\/5
tang= 1 gives cos = T sing= L
7' 52 52
\ Centres (a) X2_Y 5fpand X2-Y -502
cosq sinq cosq sinq

From (a) x = 2+5\/_a(?ig

5v2 g

y=5+2sinq= 5J2x—'_ =7, centre 1,7)

542

From (b) x=2+ 52 cosq=2+ 5«/§xL=9,y=1

5¢2
\ Circlesare (x-1)*+(y-7)*=9
and (x—9)*+(y-1)°=9
On negative side (x—3)* + (y + 7)*=9
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(x+5)°+(y+1)*=9
Example 2: A ray of light coming along y = b from positive direction of x-axis strikes mirror y

= 4dax (it is intersection of mirror with x =y plane). Find equation of reflected ray and show
that it passes through the focus of mirror.

2

Sol. y=bincident ray meets y* = 4ax at g— b and at this point inclination of normal

é-yu
g2aH

with x-axis is
. b , .
ie. - a andy = Db is parallel to x-axis.
a
b

\ If a is the angle between inclined ray y = b and this normal. Then tan a = - —

and reflected ray shall make angle 2a with x-axisi.e. withy = b.

-2b
and tan2a=- —28__=. éiab -
00  4a-b
4a

\ Equation of reflected ray is

-4ab & b%d
y-b=——m—fx- 2
4a”-b day

2
It meets x-axisi.e.y =0, then - b= 4ab2 b” ID 43 — b? = 4ax - b?
i@ 0E

az

P x=ai.e. it goes through (a, 0) which is focus of parabola.

Example 3: Circles pass through (3, 7) and (6, 5). Find equation of this family of circles. Show
that all those chords in which circle x* + y* — 4x — 6y — 3 = 0 cuts the family of circles, are
concurrent. Find this point of concurrency.

Sol.  The family of circles pass through two points (3, 7) and (6, 5)

\ Centres of all these circles shall lie on the right bisector of segment joining them.

Equation of right bisectoris y- 6 —Egi - 29

i.e.6x—4y=3 Q)

If (h, k) is the centre of circle of this family then its equation is (x — h)? + (y — k)* = (h
~6)"+ (k- 5)°
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b x*+y?—-2xh—2ky +12h +10k—-61=0
and (h, k) lie on bisector b 6h -4k =3

\ Qis X2 +y2- 2x(§ﬁ Q. oy +128+ K9, 10k- 61=0 . )
a e 6 g
Given circle X’ +y*—4x -6y -3=0 (3

Common chords of circles are

8?1 3+ 4k—+(6 2K)y + 3 +18k-55=0
a9

bxé%-%k%ey 2ky +18k-52=0
a9

b (3x+6y—52) - k&x+2y- 18%=0
e3 a

Thisisof typeP+1 Q=0.

\ Chords pass through the point of intersection of 3x + 6y — 52 = 0 and 4x + 6y — 54
=0.

i.e. ai —= and it is point of concurrency

Example 4: If a triangle is inscribed in rectangular hyperbola xy = ¢? then its orthocentre
shall lie on inside or outside of the curve.

Sol.

F2s) 0 &
Let gct,ii, gctz, and éctg, be co-ordinates of vertices A, B and C of the
tl %)
triangle.
Equation of AB (x + yt;t) —c(t; + ) =0 - Q)
Equation of BC (x + ytyts) —c (t, + t3) =0 (2

Perpendicular from C on AB and from A on BC are tyt,x — y = ctytotz — ti -3
3

totsX — y= ctitot; — i (4)
t1
Orthocentre is point of intersection of (3) & (4)
Subtracting ty(t; — t3)x = Cgaei i
t, t,

QIIO
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c
tltZ t3

P x=-

andfrom(3) - °. y =ct,t,t, - °
t3 t3

p y=—C titots
. @ 0
\" Orthocentre is g L,- ctyt,t, =
titot; 2
and this is a point on hyperbola.

Example 5: A variable line of slope 4, intersects the hyperbola xy = 1 at two points. Find
locus of point which divides this segment in the ratio of 2 : 3.

Sol. Lety = 4x + ¢ be the variable line
\ X(@x+c)=1b 4x°+xc-1=0
\ x+x--£xx--1

1 2 4; 1A2 4
2
c 13
\' Xy - X, =4]—=-1==+/C"-16
2 V1 T4
- _1‘?-c+\/cz-168
-
T2 4 g

Let point (h, k) divide the line segment in the ratio of 2 : 3.

2X, +3X; _ 2(X, +X,) + X,

\ h=
5 5
é [2_16U 1€/q2- u
\ hzlA c c Nc 16021,‘ a 16_50l,J (@)
g 2 8

8 § 56 8 8y
Point (h, k) lies on straight line too \ k-4h=c
Putting this value of cin (a)

40h=+/(k- 4h)* - 16 —5(k —4h)

P 20h+5k =+/(k - 4h)?- 16

b 25(4h +k)* = (k- 4h)* - 16

Locus; 25(4x +Yy)* = (y — 4x)* - 16
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b 48x°+26xy+3y*+2=0
Example 6: Find points on straight line 4x — 3y = 6, tangents from which to circle

x* +y* —6x — 4y + 4 = 0 include an angle of tan'lg then, find co-ordinates of these points

and equations of tangents.

Sol.  Givencirclex*+y*-6x—4y+4=0
P (x-3°+(y-2°=9b X*+Y*=9 . (1)
Straight line 4x—3y=6b 4(x-3)-3(y—2)=4X-3Y=0 -2

Equation (1) and (2) written when origin transferred to (3, 2). Let (X4, Y1) be a point
on straight line.

equation pair of tangents SS’ = T b

(X2 +Y?=9) (X2 + Y1* = 9) = (XXy + YY; — 9)?
Co-efficients of X = X, + Y,> =9 - X, =Y, -9
Co-efficients of Y =X;* + Y, =9 -Y,* =X, -9
Co-efficients of XY = -2X;Y;

\/XZYZ (X2- 9)(Y2- 9)
7 XZ+YZ-18

\ tanq=
_6 X3+YZ2-9
(X2 +Y? - 18)

\ 42 +Y2-18)=7,X2+Y2- 9 .. (3)

From (2) Y :%X , putting this value in (3)

46’%5x2 18——7,/%X2 -9b 4|p- 9=7p

b 4p-7p-36=0P (Jp- 4@ /p+9)=

295x2 9:p=16, a\Jp =-

-l>|r.o

\ 295X 9=16P X?=9 P X;==%3

\ Xy=3,Y1=4o0rX;=-3,Y,=-4

\ Points are (6, 6) and (0, —2) at original origin any tangent to circle is
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432

Equation of pair of tangents from (6, 6)
16(x° +y® — 6x — 4y +4) = (6x + 6y — 3x — 18 — 2y — 12 + 4)?
= (3x + 4y - 26)°
= Ox® + 16y” + 24xy — 15x — 208y + 676
b 7x? - 24xy + 60x + 144y — 612 =0
b x(7x— 24y +102) — 6(7x — 24y + 102) = 0
b (x-6)(7x—24y+102)=0
\ Tangentsx =6, 7x—24y +102=0

Point (0, -2). Equation pair of tangents (x* + y* — 6x — 4y + 4) (4 + 8 + 4) = (-2y — 3x —
2y +4+4)?

P 16(x° +y® — 6x — 6y +4) = (-3x — 4y + 8)* = 16y* + 9x* + 24xy — 48x — 64y + 64
b 7x*-24xy - 48x=0

P x(7x—24y-48)=0

\ Common tangents are

x=0,7x-24y =48

and x =6, 7x—24y + 102 =0



Math-Ordinate Miscellaneous

10.

11.

12.

Miscellaneous Problems

. X X X X
Prove that the four lines —+X:1,—+l:1, —+X:2 and —+l:2 enclose a
m n n m m n n m
2n2
rhombus whose area is ———
(m”+n°)

A line is such that the sum of the perpendiculars from a number of points (n) is zero.
Prove that line always passes through a fixed point.

At what angle in anticlockwise direction, the axes be rotated so as to get rid of xy
term in equation x? +2+/3xy - y?> =0.

The diagonal of a square is the portion of the line —+==1, intercepted between the

T | <
o <

axes. Find co-ordinates of ends of other diagonal.

The line segment A; (3, 0) and B; (6, 3) is rotated about A through 15° in anticlockwise
direction. B goes to C in new position. D is image of C in y-axis and E is image of C in x-
axis. Find equation of DE.

The sidesy — 2x = 5, ay + x = 10, 3y — bx = 12 from three sides of a rectangle. The

fourth sides goes through 8%29 Find a, b and equation of fourth side.
e 29

A point moves such that the sum of squares of its distances from n points is constant.
Prove that locus of point is a circle.

Two circles cut orthogonally. Prove that the polar of any point P on first circle with
respect to other circle shall pass through the other end of diameter through P of
circle.

Find the locus of point whose shortest distance from circle X + y* - 2x + 6y —6 = 0 is
equal to its distance from line x— 3 = 0.

What is the equation of ellipse whose vertices are focii of hyperbola 4x* - 5y* = 20 and
whose focii are vertices of this hyperbola.

From origin chords of circle (x + 2)* + y* = 4 are drawn. Find

(@) Locus of mid points of these chords.

(b) Locus of poles of these chords.

(c) Locus of point of intersection, of tangents drawn at the ends of these chords.

Show that the length of normal chord of parabola y* = 4ax, which is inclined at 60° to

.32
X-axisis —a.
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.
26.

434

Find equation of tangent of (a) (y — 2)> = 9(x + 1) inclined at 60° with x-axis, (b) of xy +
4 =0 equally inclined to axes, (c) of X* + y* — 4x — 6y = 12, perpendicular to 3x + 4y = 5.

Prove that every circle passing through (a, 0) (-a, 0) shall cut the circle x* + y* + gx + a*
=0 orthogonally, what ever be the value of g.

Find P : if polar of P with respect to circles x> +y*+ 6y + 5=0and x* +y* + 2x + 8y + 5 =
0 are coincident.

Find locus of mid points of chords of circle ¥ + y* — 4x + 6y — 3 = 0 which subtend an
angle of 72° at the centre.

Find locus of mid points of chords of parabola (y — 3)° = 2(x — 1), which are
perpendicular to 3x — 4y =5.
y?

The sub-tangent of a point ai —= for the ellipse —+b—2 =1 is 3. Find eccentricity of
2g a

ellipse and also length of sub-normal.

From origin lines are drawn joining points of intersection of circles x* + y* = 4 and x* +

y? + 2x + 4y = 6. Show that the equation of these lines is 3x* + 16xy + 15y = 0 and
0

angle between them is tan'lg\/i_g:

[

Prove that common normal of parabolas y* = 4ax and y* = 4c(x — b) is x-axis only

unlessb>2 (a—c).

Prove that two parabolas with equal latus rectum and same focus but axes in

opposite directions cut each other at right angles.

i
2

The line joining f, and f, on ellipse —+b

5 1 subtends a right angle at (-a, 0);
a

prove that b®tan f2 stan. 22 +a?=0

The normals at points P, Q, R of parabola y* = 4ax meet at point M (h, k). Prove that
(a) sum of squares of the sides of triangle PQR is 2(h — 2a) (h + 10a) (b) area of triangle

PQRis4(h—a) +ah- 2a? .

The co-ordinates of a point are [a tan (q + a), b tan (q + b)] where q is a variable.
Show that the locus of point is a hyperbola.

Find points of contact of common tangents of hyperbola x* - y? = 3a” and xy = 2a°.

Two points P and Q are equidistant from the centre of ellipse on major axis. Eccentric
angles of the ends of chords through them are a, b, g and d Prove

g

tang >¢anE >¢an—>¢tan9 =1.
2 2 2 2
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27.

28.

29.

30.

31.

32.

33.

34.

35.
36.

37.

38.

39.

40.
41.

42.

The normals at P and Q on the parabola y* = 4ax meet at R on the parabola. Prove
that product of their ordinate digits is 8a’.

Prove that the locus of point of intersection of straight lines V3% - y- 4\/§p =0 and
\/§px +py - 44/3 =0, for different values of p is a hyperbola of eccentricity 2.

Find point on straight line 4x — 3y — 6 = 0, tangent from which to circle x* + y* + 6x — 4y

+ 4 = 0 include an angle of tan'1€é749 between them. Find co-ordinates of all such
el o

points and equation of tangents. (Roorkee)

Given base of a triangle and the ratio of lengths of the remaining two sides. Prove
vertex lies on a circle.

From point A (2, 2) straight lines AL and AM are drawn at right angle to the straight
lines 3x* + 7xy + 2y = 0. Find combined equation of AL, AM. Find area of quadrilateral
ALOM where O is origin.

The equation of acircleis2x (x—a)+y (2y—b)=0,a* 0,b* 0O; Find conditionon a, b

of its chords drawn through 8%29 are bisected by x-axis.
e 29

Ais a fixed point on parabola y* = 4ax. The normal at A meets the parabola at B. If AB
subtends a right angle at vertex, then find slope of AB. (I.L.T.)

Prove that the locus of point of intersection of lines V3x- y- 4\/§p=0 and
\3p+py- 44/3 is a hyperbola of eccentricity 2.

Find angle of intersection of parabola y? = 4ax and hyperbola x* — y* = 5a°.

Straight line y = x meets the lines +/3x- y=+/3 and 3x- +/3y+5=0 in A and B. Find
AB and its inclination with parallel lines.

The two vertices of a triangle are A (2, 5) B (4, —11) and the third lies on straight line
3x +4y +8=0. Prove that the locus of its centroid is 9x + 12y + 14 =0

Point Ais (3, 5) and B (-2, —7). The line segment AB meets axes in P and Q, then AP :
PQ:QBis...

ABC is a right angled triangle, DB = 90° BD is perpendicular on AC and DE is
perpendicular on AB. Find AE : EB.

(1, 5) is orthocentre of triangle and (3, 2) is its centroid. Find circumcentre of triangle.

x-my+2n=0 is a straight line and /+m=n. Show that the line always passes
through a fixed point. Find the fixed points.

The straight line ax — by + ¢ = 0 is perpendicular to 3x + 4y =1 and is at a constant
distance of 4 units from origin. Finda: b : c.
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44,

45,

46.

47,

48.
49,

50.

51.

52.

53.

54.

55.

56.

57.
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A plane mirror is placed along x +y = 0. A ray of light traveling along x — 3y = 4 strikes
it. Find the reflected ray and its direction.

Straihgt line L, cuts intercepts of —3 and 4 from axes. Straight line L, cuts intercepts of
-1 and -2 from axes. Straight line L; passes through the point of intersection of L, and
L, and is perpendicular 3x — 4y = . Find equation of Ls.

The straight line at 3x — 2y = 5 rotates at (3, 2) and finally rests at a position. That the
area of triangle formed by the line and old axes is g sg. units. Find the slope of line in
this position.

Points A and B are (-1, 1) and (5, 5) and AB is chord of a circle whose one diameter is
along 4x — 3y + 12 = 0. Find centre and radius of the circle.

The centres of circles X’ +y* —ax = 0; xX* +y* +ax—2y—1=0and X’ + y* — 2bx + 4y - 1
=0 are collinear. Find relation between a and b.

3y? — x? = 0 are tangents to circle whose radius is 3. Find equation of circles.

The equation of base and altitude of an equilateral triangle are 3x — 4y = 1 and 4x + 3y
= 18 respectively. If the side of triangle is 10+/3 . Find equation of circle circumscribing
it.

Find locus of mid points of chords that subtend an angle of 120° at the centre of circle
X*+y*—8x—-4y-5=0.

The chord of contact of (a, b) with respect to circle x* + y* = p® subtends a right angle
at the centreif ...

L, = 0 is a straight line inclined at 135° with x-axis. L, is x-y = 1 intercepts of these two
lines on circle x* + y* - 3x + 2y = 0 are equal. Find equation of L;.

The length of focal chord inclined at 60° to axis of parabola (y — 2)* = p(x + 1) is %
Find p.

From point (-1, 3) tangents to parabola y* = 6x are drawn. Find area of triangle
formed by tangents and chord of contact/

Tangents drawn at the ends of a chord of parabola y? = 8x meet at x + 8 = 0. Find angle
subtended by this chord at the vertex of parabola.

2 2
The normal at point f of ellipse I—4+y€ =1 meets the ellipse again at point 2f . Find

value of cos f .
p is length of perpendicular from centre of ellipse 16x° + 25y* = 400, on a tangent at
160

point P of it. F; and F, are two cell of ellipse. Prove that (PF; — PFZ)2 = 100?[- =
P g
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58.

59.

60.

61.

62.

63.

64.

65.
66.

67.

68.

69.

70.

71.

. X2 y? o2y
Prove that common chords of ellipses. —+-—+—=0 and
q

LS
a 2

+—2+—y:O
a q

(o

subtend at origin an angle of g :

Prove that chords of curve 3x* - y* — 2x + 4y = 0 which subtend a right angle at origin
pass through (1, -2).

2 2

APB is a tangent of ellipse % +yT =1 at point P (g). The auxillary circle cuts itinand

B. If AB subtends a right angle at the centre then prove y1+sin’q=e™*.

2 2

CK is perpendicular from centre ¢ on the polar of point P, of ellipse X—Z +g—2 =1.PMis
a

perpendicular from P on the polar and it on extension meets the major axis in R.
Prove that CK xPR = b”.

CP and CD are two semi-conjugate diameters of ellipse b®? + a%* = a’b® Find the
locus of the foot of pe4rpendicular from centre on PD.

Find common tangents of hyperbola 3x* — y* = 3 and y* = 8x.

A tangent is drawn from P (t%, 2t) of parabola y* = 4x is the same as normal at point f
of ellipse 4x* + 5y* = 20. Find tand f .
(Roorkee)

Chords of hyperbola x* — y* = a® touch y* = 4ax. Find locus of mid points of chords.
Find acute angle between curvesy = |[x*~1] andy = |x*-3].

[Hint: sec x should be greater than 1 and less than 3. P curvesarey =X -1,y =3 -
2
x]

2 2

Find locus of poles of any tangent of auxiliary circle with respect to X—Z - g—z =1.

a
A variable line of a slope 4 intersects the hyperbola xy = 1 at two point. Find locus of
point which divides this line segment in the ratio of 1 : 2 (ii) bisects it. (Roorkee)

The vertex and focus of a hyperbola are (2, 3) and(3, 3). Find (a) equation of (i)
directrix (ii) asymptotes.

The asymptotes of hyperbola are 16x* — 9y* — 64x — 54y — 17 = 0. Find equation of
conjugate hyperbola and its eccentricity.

PSQ is focal chord of parabola y* = 4ax and PS = 3SQ, then inclination of chord is

p p p p
@) 3 () % (b) 5 @5
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73.

74.

75.

76.

77.

78.

79.

80.

81.
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Straight line x cos g +y sin ¢ = p is tangent to circle x* + y* 2ax cos g + 2ay sin q = 0
thenpis

(@) 0,-2a (b) 0, 2a (c)a,—a (d) a,—2a
The radius and centre of circlex=-3+5co0sq,y=4-5sin qis
éa) (3,4),5 (b) (=3,-4),5 (€) (=3,4),5 (d) 3, -4),

(2, 3) is one end of diameter of circle x* + y* —x — 4y + 1 = 0, the other end of diameter
is

(@) (-1, 4) (b) (1, 4) () (1.-1) @11
Distance between lines +/3x- y=+/3 and 3x- /3y +5=0 is

8 4 2[ 53
(@) Nel (b) NG ©) —— () =5~
The vertices of a triangle (2, 4), (5, 4) and (2, 8). The orthocentre of triangle is
(@) (3,9) (b) (4,3) ©) (2.4 (d)(4.2)

ABCD is a rhombus and AC = %BD . If Co-ordinates of A and C are (5, 1) and (1, 5)

then co-ordinates of B and D are

@) (8,8),(-2,2) (b)(-1,-1),(7,7) ©) (2, 1), (4,5 @) (12,69

The equation of parallel sides of a rhombus are x — 2y = 6 and 3x — 6y = 10 and a
diagonal is 3x — 4y — 7 = 0. The equation of second diagonal is

(@3x-4y=7  (b)4x+3y=38 (c) 4x+3y +% (d) None of these

The two vertices of a triangle are A (2, 5), B (4, —=11) an the third lies on straight line 3x
+4y -8 =0. The locus of centroid of triangle is

(@) 9x+12y=2 b)3x-4y =11

(c)5x+3y=9 d)9x+12y—-14=0

Straight lines ax + by = ab, x + 2y =5 and 3x — 4y = 10 are concurrent, then
4 1 1 4

a —_— - —= _— =

()b 2a )2a b

(C)i+i:1 d)i+i:1
b 2a a 2b

Vertices of a triangle are A (2, 5), B (-2, -3) and C (4, 1), its circumcentre is



Math-Ordinate Miscellaneous

82.

83.

84.

85.

86.

87.

88.

A 56 el 56
a) & 20 b &2 29
@1, ) 27,

aellos ael7o
&= 29 q &= L0
© ¢ 33, ) 27,

Straight line i+%:1 meets axes in A and B and straight line i+%+1:O meets
a a

axes in C and D. Area of quadrilateral ABCD is

(a) 4ab (b) 2ab (c) 2.2 ab (d) ab

The vertices of a triangle are (-1, 3), (7, 3) and (3, 0). Incentre of triangle is

@ & 22 () &4 © 820 (A &2
e3 o e3 o e 3g e 2¢9

Co-ordinates of a point satisfy equations x +y = sin g and x* —y* = sin 2x. Then locus of
point is

(a) 3x* +3y* —8xy +4=0 (b) 5x* +5y* + 6xy —4=0
(c) 5x° + 5y* - 10xy -4 =0 (d) 3x* + 3y* - 10xy -4 =0
The straight line /x+my =/m rotates in such a manner that iz +i2 :iz where n
2 m° n
is a constant. The locus of foot of perpendicular from origin on it is
(@) x* +y* =/(* +m? (b) X% +y? =n? €)2x°+y*=n’ (d)xy=n’
. . . . . X,y _ X,y _
The straight line through the point of intersection of _+E =1 and E+__l meets
a a
axes in A and B. Locus of mid point of AB is
(@) 2(a+b)xy+ab(x+y)=0 (b) (@a+b)xy+2ab(x+y)=0
(c)2(a+b)xy—ab(x+y)=0 (d) (a+b)xy—ab(x+y)=0

The base of an equilateral triangle is V3x + y =1 and its vertex is (2, 1). Equation of
other sides are

@y-~3x=1++3,y-1=4 (b) y++/3x=1+2/3,y+1=0
(€) y- V3x=1-2y/3,y-1=0 (d) y- V3x=1- 24/3,y+1=0

The point of intersection of lines bx + ay = ab and ax — by = ab is always at a constant
distance C from origin, then
1.1 _2

@ e &

oIN

+

L | =
T
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1.1_2

4+ =

a> b* ¢

The slope of a line of equation ax® + 2hxy + by = 0 is three times the slope of other
line, then

(a) 3h* = 4ab (b) 4h* = 3ab (c) 8h* = 9ab (d) 6h* =
5ab

(c) a® + b* = 2¢? d)

The pair of lines ax? + 2hxy + b = 0 shall be equally inclined with the pair of lines a,x®
+2hyxy + byy? = 0 if

(@) (a—b)h = (a; - by)h, b) (a+ b)h, = (a; + by)h
(c) abh; = a;bsh d) (a—b)h; = (a, - byh

The vertex of a triangle is (2, 1) and mid points of sides through it are (-1, 4) and (4,
3). The centroid of triangle is

& 80 Al o a 120 136
| 48 4 12 0 B3¢
()83325 ()g3 ; ()g3 3, (d) ¢

A square is inscribed in a circle of radius R. In the square is inscribed and in this circle
square is inscribed again. The side of square is

a) V2R (b) /3R ©R (d) %R

A straight line of pair x* — 5xy — 6y* = 0 with negative slope coincides with one of these
lines of pair ax* + 2hxy + by? = 0 and the other is perpendicular to the other straight
line of pair, then

(@)a=6b (b)h=3b c)a=6h (dya+b=2h
The straight line L, =0 meets L, =0in (2, 4) and L3 = 0 in (5, a). The area of triangle

formed by L, = 0 and axes is % sg. units then a is

(@) 2 (b) 14 (c) 16 (d)-2

A circle passes through (3, 5) and (2, 3) and its centre lies on 2x + y = 6. Equation of
circle is

(8) x* +y*—9x—-10y +45=0 (b) x> +y* - 9x— 6y +23=0
) X*+y*—x+6y—-46=0 d)x*+y*-x-10y+19=0
Circle x* + y* — 243x + ay = 0 meets x-axis in A and passes through a point C in first

quadrant. O is origin. If triangle COA is equilateral, then a is
(@) 2 (b)yx£2 (c)4 (d)-2
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The centre of a circle lies on 4x + 3y = 24 and it passes through (-1, 1). Equation of
smallest possible circle is

(8) x* +y*—6x—-8y =0 (b) x> +y*—4x-6y=0
) x*+y*+6x+8y=4 (d) x> +y*—8x + 6y = 16
A circle touches y-axis and the straight line \/§y - x =0. Its centre lies on
8) y =/3x (b) v/3y +x=0 (©) V3x+y=0 (d)x-y=0

The two sides of an equilateral triangle are +/3x- y=+/3- 1 and +/3x+y=+/3+1 and
its side is 6 cm. The centre of circle circumscribing it is

a) (1,1+243) (b) (L,1- 243)
© (1.1- 3V3) (@) (L1+3V3)

Points A and B are (-1, 1) and (5, 5) and AB is chord of a circle whose one diameter is
along 4x — 3y + 12 = 0. The centre and radius of circle is

8154122 2, 46458
()2%97;5 : (b)g-zsﬂ3
(c) (0,- 4),v29 (d) (0,4),4/26

Co-ordinates of points A and B are (2, 1) and (6, 1) respectively. Point C moves such
that DACB is always 45°. Locus of P is

()X +y*—4x-3y+6=0 (b) x> +y*—-8x+2y+9=0
) x> +y*-8x—6y+17=0 (d) x> +y*—4x-6y+9=0
3y? —x* = 0 are two diameters of a circle which divide circle in 4 parts. If area of minor

sector is 132 sg. units then equation of circle is,
(a) x* +y*=25 (b) x> +y*=9
€)x*+y*=16 (d) x* +y* =36

The side of an equilateral triangle is 4+/3 cm, and its orthocentre (3, 4). The equation
of circle, inscribed in the triangle is

(8) X +y*—6x—-8y+22=0 (b) x> +y* - 6x—8y+16=0
€) x> +y*—6x—8y+22=0 (d)x* +y*-6x—8y+13=0
Angle between tangents drawn from (3, 4) to circle x> +y* - 2x—2y = 0 is
0 0
(a) tan'l@ﬂi (b) tan'l@ﬁi
25 4 25 4
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6
¢) tan’t — d) tan’
(©) o5 (d)
Circles 2x° + 2y* — 4x — 8y + 7 = 0 and 3x* + 3y* — 12x + ay + 9 = 0 intersect
orthogonally, then a is

-2 (6)-9 © = @ >

(a) 4 8 4

If straight lines joining origin to the points of intersection of ax* + 2h’xy + b’y? + 2!’y =
0 and ax’ + 2hxy + by? + 2! y = 0 include an angle of 90°; then

(@i'(a+h)=i(@ +b’) (b)i'@@+b)+;(@+b)=0
©i'a-b)=i(@-b) (d)i'ab—jab’=0

From point (-2, 3) secants of circle ¥’ + y* — 6x — 8y + 16 = 0 are drawn. The locus of
mid points of chords of circle so formed is

(@)X +y*—x—-7y+6=0 (b) X2 +y*+x-Ty+6=0
)X +y*—x+7y+12=0 d)x*+y*—x-7y-18=0

The length of common chord of circles X + y* + 4x + 2y — 4 = 0 and x° + y* — 4x + By —
12=0is

6 14 11 66
@) 4y¢ (b) 4= ) 4\/; ORr=

Tangents are drawn from (4, 0) to the circle X’ + y* = 4; the area of triangle formed by
tangents and chord of contact is

1 4
(@) 53V3 (b) 2v/3 ©) 53 (d) 3v3
The chord of contact of (a, b) with respect to circle x* + y* = p? shall subtend a right
angle at the centre of circle if
() a® + b? = /2 p’(b) & + b? = 4p’ (c) @ +b*=2p° (d) & +b*=p?

Tangents drawn from P on circles x> +y* —4x -6y +9=0, X’ +y*—2x -4y + 1 =0 and
X +y” +2x+4y—-4=0are equal then P is

ab 1106 27 1106 27 116 e 5 116
-, —= b) c—,- —= — —= dc—,-—=
(a)g4 e ()g4 e (C)g4 e ()g4 e

P is a point on radical axes of circles xX* +y* +4x -6y —3=0and X’ + y* - 2x + dy — 4 =

0 and tangents PT to any one of themis % in length, then P is
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@E~-2 o &s- LY 8120 o & 50
e 10g ) 29 e 2 7] e 2g

Direct common tangents of circles x* + y* = 16 and x* + y* - 12x + 35 = 0 are

(@ \/§y+x=8,\/§y-x+8=0 (b) \/§y+x+8=0,\/§y-x-8=0
(C)y+\/§x=8,y-\/§x+8=0 (d)y+\/§x+8=0,\/§x-y-8=0
A circle goes through (2p, 0) and its radical axis with respect to circle x* + y* = p” is
X :g then equation of circle is

(8) X* +y*—px+2p°=0 (b) x> +y*-2px=0

(c) X" +y*+2px =0 (d)x*+y*+px+p*=0

The slope of common tangent of circle x* + y* = p* and parabola y* = 4px satisfy the
equation

(@) 4m’+m+4=0 bym*+m’-1=0
Cm*+m?-4=0 (d)4m*-4m*+1=0

A circle touches circle X + y* — 6x — 8y = 0 externally and to which 2x* — 6y® — xy — 14x
— 21y =0 are normals. The equation of circle is

()X +y*—6x+4y+9=0 (b) x> +y*+4y—6x+12=0
) x> +y*+6x—-4y+9=0 d) x> +y*+6x+4y+12=0

If circles x* + y* + 2ax + cy + a= 0 and X* + y* — 3ax + dy — 1 = 0 intersect in two distinct
points P and Q, then line 5x + by = a passes through P and Q for

(a) Exactly two values of a (b) infinite value of a

(c) no value of a (d) exactly one value of a

L, = Ois straight line inclined at 37[0 with x-axis, L, = x —y = 1, intercepts of these lines

on circle x* + y* — 3x + 2y = 0 are equal. Equation of L; is

@x+y+1=0 (b)yx+y=4

(c)x+y=2 (d)x+y+3=0

A circle through (a, b) cuts circle x* + y* = p? orthogonally. The locus of its centre is
(a) 2ax + 2by — (a2 + b? + p?) =0 (b) X* +y? - 2ax - 3by + (@ - b? + p?) = 0
(c) 2ax + 2by + (> = b? + p?) = 0 (d) x* +y? - 3ax—4by — (@ - b? +p?) = 0

The tangent at (1, —2) to circle X + y* = 5 is also tangent to circle X* + y* — 8x + 6y + 20
= 0. The point of contact on this circle is
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(@) (3,-1) (b) (0, 5) () (1,3) (d)(-1,7)
Focus and directrix of parabola y® — 6y + 4x + 17 = 0, are

(@(-3,3),x+3=0 (b)(-3,3),x+1=0

(©)(3,3),x=1 (d)(1,3),x+4=0

Axis of parabola is x +y = 0, focus (-4, 4) and vertex (-2, 2). Equation of directrix is
(@x-y+12=0 (b)x-y=-6 (c)x-y=0 (d)y-x=4

The focal distance of a point on parabola (y — 2)° = 12(x — 3) is equal to Latus rectum
of parabola. The point is

(a) 12,64/3+2 (b) 12,43 +2)
(©) (12,- 6+/3+2) (d) 9,642 +2)

An equilateral triangle has been described in parabola y* = 6x. Its one vertex is at the
vertex of parabola. Its area is

(a) 216 (b) 108v3 (c) 2164/3 (d) 1444/3
The equation of normal of (y — 2)? = 8(x + 1) perpendicular to x + 2y = 3 is
(@y+2x+10=0(b)y-2x+20=0 (dy+2x-8=0 (dy-2x+16=0

The length of focal chord inclined at 60° to x-axis of parabola (y — 2)* = p(x + 1) is %

then p is equal to

16 8 4
— b) = )3 d) —
3 (b) 3 ©) (d) 3
Point P (9, 6) is on parabola y* = 4x and PQ is focal chord. Line through P inclined at

135° with x-axis and line through Q inclined at 45° with x-axis meet at

@)

a1 649 a1 649 a1 -640 A7 646
—,—= b) c—,—= —— d c—,—=
(a)g9 9 4 ()g3 35 (C)g9 - ()g3 9 4

Tangents from origin to parabola y* = 4a(x — a) are drawn. They include an angle of

P P a1 P
(@) 5 (b) 5 (c) tan 3 (d) 1

Locus of foot of perpendicular dropped from focus on the tangent of parabola y* =
da(x—a)is,

() y*—(x—2a)’=0 (b)yx-a=0
(c) ay* = (x—2a)* (d)y*+(x-22)°=0

Length of common chord of parabola y* = ax and x* = ay is
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(a) %a (b) 3v2a (c) 2a (d) 8%/5%
%)

Tangents at point t, and t, of parabola y* = 16x are drawn. Then ordinate of point of
intersection is

(@) Geometric mean of ordinate of t; and t,

(b) Harmonic mean of ordinate of t; and t,

(c) Arithmetic mean of ordinates of t; and t,

(d) Square root of sum of ordinates of points t; and t,

Tangents drawn from an external point to parabola y* = 4ax make at the focus angles
0: and g, then

(a)§£(ql+qz)<p (b) 0 = 90—
Ca=0q (d)(m+ad)Ep

The point on parabola y = (x — 3)* tangent at which is parallel to chord joining (3, 0)
and (4, 1) is

a 16 A 16 a8 90
> -0 py & 20 > 29 d) (6,9
(@) 82 e ()g2 e (c) 82 e (d) (6,9)

The perpendicular dropped from P on its polar with respect to parabola y* = 4px
touches parabola x* = 4ay. The locus of P is

(a) 2px—ay + 4p*=0 (b)xy +2ap =0
(c) 2px +ay +4p®=0 (d) 2px—ay —4p?=0

The locus of mid points of chords that subtend a right angle at vertex of parabola y* =
4axis

(a) y* = 2a (x — 4a) (b) y* = 2a (x + 4a)
(©) y* = 4a(x + 2a) (d)y*=a (x—4a)
The locus of mid points of focal chords of parabola y* = 16x is
() y* =8 (x+4) (b)y*=8(x~4)
(©)y*=4(x +4) (d)y* =4(x~4)

¢ is length of focal chord of parabola y* = 8x and p is the perpendicular from vertex
on the chord then,
1

1 1
/L — b) /u— AT — d) ¢
(@) o (b) b ©) 5 (d) fp+p
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The pole of chord of ellipse 9x* + 16y” = 144, whose mid point is (2, 1) is

(a)aéﬁ _ 369 ()852§9
€13 134 $13'13 4

86 186 286 186
C)c—,-—= d ¢—,—=
O ¢33, @513,

The point on ellipse for which sub-tangent is equal to half the abscissa of point on
ellipse 4x° + 4y* = 36 is

40 ez 40
@) Eo 12 (b) &6, =2
& o g
© %\/E,i—— () (£6,+3)
NP
s and S’ are focii of ellipse 16x* + 25y* = 200. P is any point on it, then
tan1 PSS’. tan1 PS’S =
2 2
8 1 1 9
a) — b) — c) — d) —
(a) 17 (b) 2 (©) 3 (d) 1
Tangents of ellipse 9x° + 5y — 30y = 0 equally inclined to axes are
(@) y£x+3+4/14 (b) y+x=+14
(€) yxx=3++14 (d) none of these

The portion of straight line x cos a +y sin a = p cut off by the ellipse 9x* + 16y” = 144
subtends a right angle at the centre of ellipse, then p =

12 12 6 9
(@) 5 (b) i? (c) ig (d) ig

Focus of ellipse and hyperbola is same (3, 0) and their eccentricities are reciprocal.

. , .. 16 - L
The distance between their nearest vertices is = then eccentricity of ellipse is

2 3 2 3
a) — b) — c) — d) —
(@) 3 (b) 2 © < ()
The point of intersection of tangents at the ends of latus-rectum of hyperbola
2 2
X_ - y_ :1’ is
9 16
add o a0
(@) (3,0) (b) 3,-1) (€) ¢—=.0= (d) ¢-.0=
e5 g eb g
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The number of volues of ¢ such that the straight line y = 2x + ¢ touches the curve
2

X 2

—+y° =1 are

2 y

()0 (b) 1 ()2 (d) infinite
Eccentricity of ellipse 9% + 5y* — 30y = 0, is
2 1 3 3
a) - b) = c) = d) =
(a) 3 (b) 3 (©) 2 (d) :

The locus of mid points of the segments joining ends of two semi-conjugate diameters
of ellipse 9x* + 16y* = 144, is
(a) 9x* + 16y” = 36 (b) 9x* + 16y* = 72 (c) 16x* + 9y* =72 (d) 9x* — 16y* = 36
Ly
2

P and Q are two points on hyperbola X—Z b =1. CP is perpendicular on CQ, C is
a

centre then, i2+i2 =
CP CQ
1 1 A 18 1 1 d 18
a) = +— b) e=+—= c) —- — de¢=-==
()az b? ()ea b g ( a> b ()ea b g

Tangents are drawn from (5, —1) to ellipse x* + 3y* = 8. They include an angle of

(a) tan'lﬁ (b) tan'lﬁ
23 23
() tan'lg (d) tan'1@

2 2

The chords of ellipse % +y? =1 pass through a fixed point (a, b). The locus of mid

points of chords is
(@) 9x (x—a)+16y(y—-b)=0 (b) 16x(x—a) +9y(y—b)=0
(c) 9x(x —a) — 16y(y —b) =0 (d) 160 +y*) -9(x +y)=0

The focii of a hyperbola are (-4, 4) and (6, 4) and transverse axis is 8. equation of
hyperbola is

-2 -4 ) D64
16 9 9 16

(1 (- 47 PN A
16 9 9 16

Locus of poles of tangents of x* — y* = a® with respect to parabola y* = 4ax is

@)

©) 1
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(a) X* - 4y* = 4a° (b) 4x° +y* = 4a°
(€) 4x° +y* =&’ (d) x> -4y’ =&’

The two asymptotes of a hyperbola are x — 2y + 1 =0 and 2x + 3y — 5 = 0. Hyperbola
passes through (5, 2). Equation of conjugate hyperbola is

() 2x* —xy — 6y* - 3x + 13y - 27 =0 (b) 2x* —xy — 6y’ —3x + 13y + 17 =0
(c) 2x* —xy —6y* + 3x— 13y —27 =0 (d) none of these

S; and S; are focii of ellipse, these are joined to B, end of minor axis and BS;BS, = 90°,
eccentricity of ellipse is

1 1 1 V3
a) — b) — C) — d) —
@ 3 (b) 7 ) NG ()=
The ends of a focal chord of ellipse b®* + a%y* = a’b® are f; and f,, then
1 1
tan§f1>¢an§f2 =
l+e 1 e-1 l-e
a) —— b) = c) —— d) —
@ (0) - © @ e
The locus of point of intersection of tangents at f ; and (90 — g) of ellipse x* +y* = 4 is
(@) x- +2y=0 (b) v/2x- y=0
(©) V2x+y =0 (d) x++2y =0

The normal drawn at point P (f = 45°) of ellipse ¥ + 2y* = 4 meets axes in M and N
thenPM : PN =

(@) 1:42 (b)1:2 (€2:3 (d)3: 4

PK is normal at point P on ellipse 3x* + 4y® = 12, C is a central of ellipse. Maximum
value of tan BDCPK is

1 1 2
() 1 (b) 3 (©) 23 (d) 573

P (4, 3) and Q (=3, 2) are two points. Polars of these points with respect to ellipse 3x
+ 4y? = 12 intersect in R then polar of R with respect to ellipse.

2

(a) goes through P (b) lies along PQ
(c) passes through Q (d) is rt. bisector of PQ

P is a point on ellipse b*? + a%* = a’b” and PN is its ordinate. Polar of P with respect
to ellipse meets major axis in T. Then CT xCN =

() ab (b) @ (c) b2 (d) a® - b’
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Equation of director circle of ellipse x +y? =athbis

a
(a) x* +y*=ab(a +b) (b) x* +y* = ab(a® + b°)
(©x*+y*=1 (d) (@ +b)* (x*+y?) =a®+ b

2 2

. . X
tangents drawn from an external point P of ellipse —-+ y
a

b_z =1 are inclined at g; and

g2 with x-axis. Locus of P when tan g, xtan g, = p, is

() p(*-y*) =a’ b’ (b) px*—y? = pa’ - b?

(c) py* —x* = pb* -’ (d) p(¢ +y?) =@’ - b?

The locus of mid point of chords 3x — 4y =1 (I is variable) of ellipse 3x* + 4y* = 12 is
@x+y=0 (b)y-x=0

(c)3x—4y=0 (d) none of these

The angle between diameters of chords 3x + 4y =1 and 8x—6y =a (I , a are variables)
of ellipse 9x° + 16y* = 144 is

p p af 112
(@ 5 (b) 3 (c) tan e (d) tan =

The locus of point of intersection of tangents drawn at the ends of semi-conjugate
diameters of ellipse 3x* + 4y* = 12 is

X2 y2 X2 y2
Q) -1 =2 b) = +1 =2
@73 ®) 73

X2 y2
(c) 3 +T =2 (d) none of these

Equation of directrix and eccentricity of hyperbola x* — 4y* + 2x— 8y — 7 = 0 are

(a)%,x+li%=0 (b)%,x-li%=0
(C)E,x+1i§=0 (d)ﬂ,x-lig=0
2 5 2 5

A circle touches two circles externally. Locus of its centre is
(a) Circle (b) ellipse (c) hyperbola (d) straight line

p; and p; are length of perpendicular dropped from focii of hyperbola 2x* — 3y* = 6 on
any tangent of it, thenp; * p, =

()3 (b) 2 (c)-3 (d)-2
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The ordinates of points P and Q are in the ratio of 1 : 2. The locus of the point of
intersection of normals at P and Q points of parabola y* = 12x is

(a) 12(x + 6)° = 343y? (b) 12(x - 6)° = 343y”
(c) 6(x — 6)° = 343y? (d) 12(x — 6)*+343y*=0
_gre’  _g-e” representa
> Y > p
(a) circle (b) ellipse
(c) hyperbola (d) rectangular hyperbola

The locus of poles of tangents of circle x* + y* = 9 with respect to hyperbola 3x* — 4y* =
lis

(a) 81x° + 144y* = 108 (b) 81x% - 144y* =1

(c) 81x* + 144y* =1 (d) 144x? + 81y* = 108

Locus of intersection of normals of parabola X’ = 8y which are perpendicular to each
other s

() X* = 2(y-6) (b) x* = 4(y +3)
(OX*=4(y-3) (d) x*=2(y +6)
The angle of intersection of parabola y? = 4ax and hyperbola x* — y* = 5a° is
(@) tan &2 (b) tan 3Y5
eSg 4
(c) tan’? 3\/— (d) 3—5

The abscissa of point of intersection of lines, one going through positive vertex of
hyperbola xy = 16 inclined at 15° to transverse is, and the other through nearest focus
inclined at 75° with x-axis is

2(J6 +42 - V/3) (b) 2L ++/6 ++/2 ++/3)
() 2(L++/6 ++/2 - 4/3) (d) 2/6 ++/3- V2 +1)
S —— %
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Practice Worksheet (Foundation Level) —1(a)

1b,c 2)a 3)b 4)b 5)a 6)C b
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Practice Worksheet (Foundation Level) - I(b)
Db 2)c 3)c 4)c 5 b 6) a 7)a
8)c 9)a 10) b 11)b 12) 3cm 13) 178%cm3

14)2.5,2cm  15) 4—??pcm3 16)36cm)  17)Rs.3520/-18) /85 m  19)21cm

; )
20) 153 em 21) gﬂ%@ 17820,

> 100%  22)Rs61.14%
11343 3 )

Practice Worksheet (Foundation Level) - 1(c)

la 2)b 3)a,b 4)b 5)a 6) b b
8)a 9)a 10)c 11)b 12)b 13)a 14)d
15) ¢

Practice Worksheet (Foundation Level) —2 (a)

D202 5b ea Nb  gb  9d

€S g
10) b 11)b 12)b 13)d 14)¢ 15)b
16) a 17)a 18)c 19) (6, 3); 5 sq. units

20) 9%? + 4y? = 144 21) 25)5 sq. units
Practice Worksheet (Foundation Level) -2 (b)

1)3x—4y+5=0 2)4x+3y=24o0rx+y=7 3)8x-5y+60=0
4)2x+5y =18 5) /3x+y=15- 243 7)3x -4y =24
8)y—-2x=+5 9) 6 units 10)1:1

11) $,20 #° 170 14)3x + 4y = 12

&3y &14 14 5
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16) 23x—7y =9, 7x+23y=53  17) g— lg 18)2x+y=5

20) (-4,-7) 21)d 22)b 23)¢c 24)a 25)¢
26)b 27)d 28)¢c 29)c 30)a 3l)c
32)a 33)a,d 34)b 35)a 36) c 37)c
38)b 39)b 40) a 41) b 42)a 43) b
44)c 45)d 46) straightlinesx+ta=0 47)b 48) a

Practice Worksheet (Foundation Level) — 2 (c)
D@x+y=7(b)44) ©y=7 () (-3V2+2,3V2+5)  (e)y-x=2

(x> +y*-4x-8y+19=0 (g) tan %Egg
7

(h) (13- 5/2)x +(13+124/2)y =91- 132 (i) (i) 5x — 12 y = 91, (ii) 5x — 12y + 65 =0

289 256 A7 138 ®7-76
89 250 &7 1390 n&’l-79
0, Wera, V¢33

(m) % sq. units 2)y=a,3y-4x=3a,2x+y=5a 3)15° 75°

6) 7x+9y=73,9x-7y=1 7)5x—5y=18,5x+5y=4 8)8%% a2 +b?,02
e %]

9)ad=bc 10) a=- %,b =2 11) (a) (-6, 0), (b) g , (€) 50 sg. units
12) (8, 8) or (6, 0) 16)a=3,b=6,x-3y=7
17)a 18)b 19) b, d 20)a 21) ¢ 22)d
23)c,a 24) ¢ 25) b 26) b 27)a 28) b
29)a 30) b 31)a 32)a 33)¢c 34)c
35)a 36) b
PART-A
3) 9x? +36y® =4F 4. x+5y =+5y2 5. (a/c, b/c) 6. 182 a)29x- 2y+33=0 h)
123 +5

29x - 2y- 31=0
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8.y=x 9.y=x; x+y=2 10.y* =4(x+1), x=2, y* =12(x- 3) x=2  11. 12.x=5

13281 59 g @ 19, 23 30, ael 30894 c=- 4 (4, 4)and (2,0) 15)7x- 4y
22,92, % 225 25

2520, 4x +7y=11, -4y =3 16) 90°

17) x +2y-7=0, x- 4y- 1=0, X - y+2=0 18) 3x +4y - 22=0, 2x- 7y- 5=0, 3x +5y- 23=0
19) (1,5), (- 4, - 5) x-2y- 6=0, 2x +y- 7=0 22)\/§ , (2- GB)x- y- 5+2(8=0,

(2+CB)x- y- 5- 2CB=0
23)(-3,9) 24)(6,6)(1,-1)

2) > £b£Z 3 &3 198 10 5)2x+3y+22=0  6)83x- 35y +92=0
2 e 2 ge2 g
7) x - By =0, 5x +y =0, 2.76 sq units 9) x(1- m¥)+my- am- mb?-b=0

10) (@2 +b2 Jix +my +n) =2(al +bm)(ax +by +c)

11) 10xy = x +3y 14) a) x +2y-7=0, x-4y-1=0 x-y +2=0
17) 14x +23y - 40=0 18) 7x +y- 9=0, x- 7y +13=0
12) x- 3y+5=0 18) 3x+4y=18, x-2=0 19) 9x*+10y?- 6xy=9I°
20) X* +y*- 7x+5y =0 21) (-7,-11), (-6,-9), (2, 7), (3, 9)
Level-1
1)d 2)a 3)a 4)c 5 b 6) b 7)a
8)d 9)d 10) 11)b 12)c 13)a 14) c
15) ¢ 16) c 17)d 18) a 19)c 20)a
21)a,d 22)a 23)a 24)d 25) ¢
Level-2
la,c 2)b 3)a,c 4)a,c 5) b, d 6)a,b,c,d 7)c
8)a,b,c 9) 10)a,b 11)a,c 12)b 13)a 14)b
15)a,c,d 16) a 17)d 18) a 19)d 20)c
21)a, b, c 22)d 23)a 24)c,d 25)a
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Practice Worksheet (Foundation Level) — 3
1. (3, 4), (=20, 2), (-8, -9), (-3, -8)
2.X+1=0,x+y=5x"+3xy+ 2y’ +2x+2y =0
3.b
4.a
5.(2,4) (-6 ,6), (0,0)
6. X2 +y>— (3 +2)x +(1-2+/3)y=4
8. V3 - 1)+[+43y)=5
9.a
10.b
11.b
12.a
13.¢c
14.a
15.c
16. (a) Hyperbola 4x* - 3x* = 12
(b) Parabola (y —2)* =4 (x + 1)
(c) ellipse 4x* + 9y* = 36
Practice Worksheet (Foundation Level) —4(a)

1) 2y° +y*>x =5x°y +2x3=0  2) 12x* + Txy —12y*=0 3) % tan"*(3/2),0

4) (@) x*-y*=0 (b) 4abx® - (3a° + 4b%) xy + 3aby’=0 (c)y*-3x*=0

230 e 3ab 9§
5)(y—2)°-3x*’=0  6)(a) tan'C== b) 92 — ¢) tan"'g—— =
) (y-2)"-3x ) () o (b) q (o) S a g
@2 (e) cos™* (cotq) 0

7)@) x2-3xy=0  (b) 2y? +3xy- 2x*=0 (c) (3b2 ) az)yz +8ab- (bz ) Saz)xz 0
8) k:% 9) 9a+ 24h +16b=0 9 (b) a®+2hab +b* =0

10) +2a 11) 4nh’=ab (n +1)? 12) 4h? = (a+b)®
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13) V32 +y2)- axy- (12+43 ) +4(8 +643)y +24+13V3 =0 14)xy=0

15)3y?—xy—2x% +5x+20y +25=0 16) h :%\/3a2 +10ab +3b?

Practice Worksheet (Foundation Level) —4(b)
1) 10 2)xy=0 3)(a-b)(a-1)/~2  4) p/4

5)5y-3x =0 6)%a2 7) mn=cl 8) (a—bh) (x*-y*) +4xy-h=0

9) 3x* -5xy + 2y° +x-2=0 10)% 11)p=2,q=13 12)ab+hg=0
a

13)a=2,¢=-20 14)a=b, h1 b15) (xy; — yxi)* = p? (x* +y?)

16) 1 17) 1/10 21) b 22)a,c 23)¢

24) b 25) a 26) b 27) a 28) b

29)a 30) a,b,c, 31)b 32)c 33)a

34)c 35)a 36)c,d 37)a 38) ¢
Practice Worksheet (Foundation Level) — 4(c)

1)d 2)b 3)c 4)b 5)a 6)c

7)d 8)b 9)c 10)c 11)a

12)a=6+/3,h=3(1-+/3)  13)(1,-2) 14)h=+1

15) v/h? - ab /(b|2 - 2h|m+am2) 16) ﬁ 17) x* +2xycot2q- y* =0
a

12 0

18) tan 'c—~ 19) 3y? +xy- 4x? +6x- 13y +10=0
ellg

20) y? - x* +2ax+2ay =0

21) Triangle is equilateral, area 16+/3 sq. units vertices (0, 0), [ 2\/5(\/5- 1),- 2«/5(1+\/§)J,

[ 223 +1) 2243 1)

22) L, shall be angle bisector of angle between L, and Ly
23) % S. units 25)h=+1 26) 9a” + 10ab+ 9b?

32) (a) 3y’ = ¥ (b)y*-3x*=0 33)p=-7,q=-3
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Practice Worksheet (Foundation Level) —5(a)

1. (g2+2- ¢)>0 2.a=2,h=0,k=-10 3.circle x2+y2— 2x + 6y — 15 =0
4.(3-4) 5.x2+y2—2x+6y+4—520

6. 15x% + 15y> — 94x + 18y + 55 = 07. X2 + Y2 — 6X + 6/2y +9 =0

8. 5(x? +y?)- 28x- 4y=0 9.5 +y2—8x + 12y —49=0

10.(0, 2), 3. 11.(y-2) (y-4)-k(x-1) (x-3)=0; k=-1
12. (x=7)°+(y-6)=9 13.x*+y*+10x -8y +16=0
14.1+m) (X +y?)—a(x+my)=0 15.(1,-8) 16.y=3

17. X2 +y? - 2x-4y =0 18. X% +y?-2x+3y—-3=0

19. 5x* + 5y* — 40x + 10y + 81 =0, 5x* + 5y —30x— 44 = 0

20. (x—4)2+(y-1)2 =9 21. (x+2)*+(y—3)?=25

Practice Worksheet (Foundation Level) —5(b)
1.X°+y?+6x+6y+9=0,x°+y*+30x + 30y +225=0
2.xX°+y*-2(@+b)x-2(@-b)=0
5.X +y*—8x—-22y+97=0,x*+y*-8x+2y—23=0

6.b 7.d 8.b 9.b 10.a 11.c

12.¢c 13.¢c 14.a 15.b 16.c 17.b

18.b 19.a 20.b 21.a 22.¢ 23.d
24.a 25.a 26.a 27.b 28.¢ 29.a,b

Practice Worksheet (Foundation Level) —5(c)
1.x°+y?—8x+2y+13=0 2.y+2=+/3(x-3)+10  3.(1,-1)
4.y+x=+3+342 5.x2+y*=9

6.3x—-4y+8=0,3x—4y—-42 =0 7. Tangents are parallel, no point of intersection

8.x-y=0 9. [x- a[V3+1)f +§- a3 +1fU=16
9. [x+4(J§+1)]2+§/+4(J§+1)23=16
[x- 4(y3- 1)]2+gy- 4{y3- 1)23=16
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~

[x +4(\/§- 1)]2 +§/+4(\/§_ 1)25=16
3

4

-0

: 12. 3(x? +y?)- 44/3x- 12=0

10. c==+2a 11. ?,1-
4

-l

13.9( +y?) =4a® 14.x2+y2-x-y-3=0  15. %ﬁ

16. (0, - 8) 17.2 18. x2 +y2 =23 19.(3,-1)
20.3x+4y+7=0 2l.a 22.b 23.¢
24.,d 25.ad 26230

ed 5g
27.b 28.¢ 29.c  3l.d 32.b 33.2
34.2 35.b %.c  37.c

Practice Worksheet (Foundation Level) —5(d)

1. Circle touch, Direct tangents 4y + 3x — 8 = 0 and 4y — 5x + 8 = 0; Transvers tangent is
one only x = 0. 2. Circle touch each other internally; y + J3x- 6=0

3. common tangents are /3y = (x +3) and x=0

4.x°+y*—8x-9y+30=0 5.x°+y*—6x+8y—75=0
6. 9:1/9, = f1/12 7.x2+y2+ax+ay=0
8. [x + 5(\/§ +1)]2 + [y + 5(\/§ +1)]2 =25 9.(a) 10.x+y=2,(1,1)
13. X% +y*-5x—-7y+18=0 14.a
15.b 16.a=1;x2+y*—4x—2y-19=0
17.b 18.d
Practice Worksheet (Foundation Level) —5(e)
1.(-2,-5/2) 2.(2,1) 3.x°+y*-2ax=0 4.x°+y*—cx—by+a’=0
5.¢c 6.cC 7.d 8.d 9.b
10.b 11.¢ 12.b 13.b 14.a
15.¢ 16.a,b

.2

17. B+ 2.2 4(y- 4 =16/3 18, 5x2 +5y2 - 28x- 12y +43=0
& s

19.x(x-1)+y*=0
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20.2 (0 +y) +2gx+2fy+c=0 21.x°+y*+4x-2y=0

(x- 7+ 5. 188 _125
25 4 : 5
22. © 2 23.343 sq units 24. tan* 22
()(_1)2 +@+19 :% e4ﬂ
& 2g 4
25. tan'lg“—lg
e3g
Part-A

1. x* +y? - 14x- 12y +76=0,x* +y* - 8x- 6y +16=0

2y

2.x5+y*- =£-1=0 3. X +y* +2x+4y- (@° +b%)=0
-5 y y- )

4.%2 +y? +2(10 £3/6)x +(55+24,/6) =0 5. x?+y?+8x- 6y+9=0

6. 32 units 7. X2 +y?- 3x+1=0 10. (5,5), (5, 1), (7, 3), (3, 3)

11. (x- 5F +(y- 5/*=25, (x+3)* +(y+1)* =25
13. 2x- 3y + 8=0, 3x+2y- 14=0 14. x> +y? - 6x- 2y +1=0
16. 12x? - 4y? - 24ax+9a®> =0 17. X2 +y2 +2x- 3y +2+/7(x +2y- 2)=0
18. a) (0, 1) on the circle, (3, 1) outside the circle and (1, 3) inside the circle
b) (x- 1) +(y- 1) =1

a(h? +k? - a2)2

19. a)x*+y* xh- yk=0 c)2px+2qy=r 22. —
h® +k
24. a) 75 sq units b) 806 sq units
.2 ,2
25)3) (craf +5- 28 =20 b) (x- 3 +(y- 1 =9
€ 20 é2g¢9
PART-B
1. 5units 2. a*>2b’ 3. x> +y? +6x- 3y +45=0
4, x*+y?-6x-2y+1=0 5. 75sq units
6.(14,10), y- 10=%(x- 14) 7. a>2ora<-2
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13. x* +y?- x=0 14. (x- 5 +(y- 2)* =25

15. x%+y? +gx+fy+%c:0

16. y+7x- 14=0,7y- x+2=0 centers of the circle are (1,7), (3,-7) (9,1) and (-5, -1) 17. 8
sg m.

19.1 =1 20. (3,-1) 21. x* +y* +7x- 11y +38=0

23. (x- 32 +y-4-3f =4 24.)d i)aii)d

25.i)c ii)aiii)a 27.a

Answers to Objective Assignments

Level-1
1)c 2)c 3)b 4)b 5)d 6) a 7)b
8)b 9)c 10) a 11)b 12)c 13)a 14) a
15)a 16) b 17) a 18)d 19)b 20) a 21)a
22)b 23) ¢ 24)d 25)d

Level-2
Db 2)a,c 3)c 4)a,c 5)c 6) b 7)c
8)a,b,c 9)a,b,c,d 10)c 11)b 12)a 13)c 14)b
15)d 16) d 17)a 18)b 19)d 20) b, ¢ 21)a
22)c 23)b 24) a 25)a 26) a

Practice Worksheet (Foundation Level) —6 (a)
1.16x°+8xy +y*—74x—78y+212=0  2.y*—6y—16x+25=0

3. (x—a)’>=8b(y-b) 4.y*=4(a -a) (x—a)
5. (x=2)2+32(y—3)=0 6. (-5, + 10)
&l o

7. (@)(-1,2), 8 ¢ 223, 4x+1=0,4x+7=0

9 32 2 X+£:O 1:0
g 4" g 4 4

() (=2,1),(=2,0),4,y=0,y=2

(b)

O
[NSHIEN|
r\>|o1
m-opd

a%a ,(a,0),2a,y=0,y=a
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8. X°+4x+4y* +116x + 2y + 259 =0 9.X°—4x+4y-12=0
10. (6,4+/3) 11. () y?=2ax, (i) y* = 4x, (iii) x* = -4y
12. 8a+/3, 644/3 13. (a) inside, (b) outside, (c) on the parabola
14.y-2x+1=0,y+2x=7, tan'lg?f? 15.y* - 4x-6y—-7=0

e 3g
16. X% - 2xy +y* - 10x -6y +41=0 17.c 18.b
19.¢ 20.b 21.b

Practice Worksheet (Foundation Level) -6 (b)
1.2y-x-8=0, \/§y—x=6,y+2x+1=0 2.6y+2x+27=0,2y-x=3

3.(3,4) 4.2sinaxtana+p=0
5.X-+/3y+6=0, x++/3y+6=0 6. (4, -4), (=4, -4)
_ p 5p
7.x+y=0 8. = 9. = 10. 345
Y 6 12 v5

11. 2/5 12.x+y+b=0
13. 24/3y- x=8, 242y +x+8=0 14.%

&9 50
15.x+y+1=0 16. & —,- —= 17. 3\2a 18. 27 sq. cm.

e 8 6g
20. /35, (2, -1) 21. (22—@ 22. y-axis

Practice Worksheet (Foundation Level) -6 (c)
1ly-x+6=0,y+x+6=0 2.y—-8x=33,y+8x+33=0
3.x-4=0 4.y=2
5.y=mx+2p+ 6. (4a, 4a)
m
9. %a 10. (4, 0)
3
1

11.p:§,q:2 12.3y +4x =34
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3 29 1149 13. 6ab® + 3a% - 207 = 0
el7?7 17 g
14. (a) %,(b)tan‘lz 16.a¢%+2ar°*+2a/m*+m°n=0

18. (4 cos’q, -8 cos ); X +y cos g +4 cos’q=0
Practice Worksheet (Foundation Level) — 6(d)

1.4x-3y-41=0 2. & 20
e8 2g
3.(-1,-1) 4.y=x-3, 2:/26
7.xX°+y*—ax=0 9.y*(x+2a)+4a’=a
10, 242 409 11.4y=5
é a ag
10 81 109
e3 3g
Practice Worksheet (Foundation Level) —6(e)
1.5 2. Directrix, g 3. parallel 4. semi-latus rectum
®e3.,0 2 2 _
5.(6,-2), (8, 0) 5. 201> 7.9x% = 24xy + 16y* + 358 X + 256 y — 51 = 0
e a9
1 el .0
8.p==,0=+2 9.(2b+6,a) 10. & =17
4 e 2 g
1 el o
11. (6, 6) 12. y=——=x+23, {3y +x+6=0 13. tan'
73 30
14.X—4y +36=0,9x -4y +4=0 15. 842 sq. u.
16. g 17. 3—?;2p 18.(4,5), 9sq. u. 19. SP? = ST?
20.x=3 21.tan V2 22.2bx+ay+4b*=0 23. (3,£2+/3)
24, & 10 26. b 27.a,¢ 28.a,b, ¢
e2 4g
29.b 30.d 31.b, ¢, d 32.b
33.¢ 34.¢ 35.a 36.d
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37.a 38.b 39.¢ 40.a
41.d 42.b 43.b 44. a
45.b 46.d 47.c 48.c
49. ¢ 50.b 51.a,c,d
Answers to Subjective Assignments
Part-A
1) ) 16x°+y*+ 8xy - 74x-78y +212=0
by i) vertex Z0L 20 rocus @ 485 20 piectrivx =813 | R=16/9, 16x + 61=0 i)
$16 '3y 144 '35 144
vertex (-3,-7), Focus & 3l9 Directrix y=- @ LR.=2/5,y=-7
€710 g 10
C) 4x*+y*- 4xy +8x +46y - 71=0
2) vertex 8 1 1 Foc us & E 1— Directrix x =
QJ
4) 2x +y +1=0, x- 2y +8=0, (1/2, - 2), (8, 8) 5)y==%(x+4) 7) y*=2(x- 4a)
9)y*=a(x-3a) ,(3a,0) 10)m==( 14)y=x-1,8C
18) a=2
19) a) i) 27ay’ = (x- 5a)*(x- 2a) ii)y*=a(x-a) b)x*-2y+12=0 20) 27ay” 2(x- 2a)°
15a°
Part-B
1.y*= a(x-3a) 2. x? :%(y - 3), 5.72 meter
2 , 4/5-1 3 :
5) (x-1)° +(y+1)+ 5 (x +2y +1)=0 9. k:§ 11.(2,1) radiusl
13.y? £(x 6)° 152 89 18.x%- 3x- y+4=0
343 9 9 2 '
19. (y- 1)%(x +1) + 4=0 20. y* = dax 22.i)c, ii) b, iii) d
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23.0)b, i) b,iii)c,iv)d,v)a 24. A-q, B-r, C-p, D-s 25. A-p, B-q, C-s D-r
Answers to Objective Assignments

Level-1
la 2)d 3)c 4)a 5)b 6) a 7)c
8)c 9)d 10)b 11)c 12)a 13)d 14)
15)a 16) d 17)d 18)a 19) a, b 20) a 21)d
22)d 23)a

Level-2
Dc 2)b 3)a 4)b 5)a,c 6)d 7)c
8)d 9)c 10) 11)b 12)c 13)c 14)d
15)b 16) ¢ 17)b 18)c 19)a 20) b 21) b
22)b 23)a

Practice Worksheet (Foundation Level) —7(a)
1. (a) 4x*+4b°y*=ab (b) 5x° + 9y* =45 (c) 20x° + 36y* = 405
(d) 3x° + 2xy+3y*-8=0
2. 3% +4y*=48 3../3/2 4. % 5. 2k,2vk? - h?

1 1 6442
= QUE—=5——
V5 &7 V10g 5

110 9 18
8. 5/3 5+=,=5x=x=—+=;—
V5/3535 2 3g 5 23

6. =
2

9. x2+2y2= 16 10 /3/210.+/3/2 11. (a) 12.(c)
13.a 14.a 15.¢c
Practice Worksheet (Foundation Level) —7(b)
1.8 Blgeipe-75 o Vit 3 X242y ==
e2 4 g 6 2
4. p=2ab/2 5. 892 \id. point ¢ f 10 g g0
5 55g
@ 16 3/30 @16 330 ®4 30
7. Xx+y=+7, y- x=+7 8. 9. G t—%
YT € 10 V95 SV V195 &1 VTa
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- 0
&\/5 1\/§+1i

11. (0, 2) 12. éT,

]

O
13, ézf 1,3 2*/_ 14, (x2 +y2f =4x? +3y?

QI
15.x* - 4y* 9x* +20=0 20.y=2x+5,y+2x=5 21. 8x° + 4y* = 9x* y?
22. m/l 23.50
24, e-1 25. +y9<:osf +& X ——smf

e+l 8a b ag

_ 2 Cee 2 2 lo}
28. y=x+*+a’ +b? y+x=+va’ +b2 3 b o b =

g\/a +b? +fa? +b? 2x/a2+b2 a2 +b? 5

29. —f 30. a®p? +b’? =n*>  3l.c 32.b
33.a 34.¢ 35.b

36.b 37.d 38.¢ 39.a
40.b 41.d 42.¢ 43.a
44.a 45.b,a 46.a 47.b

Practice Worksheet (Foundation Level) —7 (c)

1.3x+2y=5 2.9x-3 /By+5/5=0 3. 8‘?3-%9 4.x+2y=4
a9

5.X + 64y’ = 9y” 6. (4a2,4b%m) 7. b2 +a?y? - b2yl - bPx=0

g & 30 9.3/4/10 11.@0  (b) B 02

oy € o

, ) 2 2 2 _ R
12. 2 4Y = 14.3y"-32x+48=0 15.x=%2 16'a_2+b_2: ° zb
25 9 P> q k
17 tan-lgeﬂg 18.X2 +y? = 15 19.9x*+16y*=576  26.c
el g

27.a 28.d 29.d 30.b
31.¢ 32 33.b 34.b
35.a 36.¢C 37.a 38.¢c
39. b 40. ¢
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Practice Worksheet (Foundation Level) —7 (d)

2

2
l.a,b,d e f g h, icorrect. 6. X—2+Z—2:2 9.x2+y2=28
a
o5, 836 729 26, 3x—dy = - 2
e25 25¢g JE
5
27. g=tan! 4—\@: where f is eccentric angle of P
sin2f
28. Infinite 2. - 10 30, tant—> 31. tan-lgéﬁé
81 174/3 é5 g
32. a 33.a 34.b 35.d
36.a,cC 37.a 38.a 39.b
40. a 41.d 42.b 43. ¢
44. a 45.b 46. d 47.d

49.d
Answers to Objective Assignments
1. Centre (1,2), e=1/C8, (2, 2/C8

2. a)a’l+bm=n* b) -+ = ¢) a’l*+ b’'m*= 2 n?

> m? n?
® 1 o 1
3. 60° 6 +X =5,y =0 11)0, cos 'gZ —=t=0, +—
) Y y ) g 52, @
a° b? 0
14) é * 18) (1/2,2), (1,1), (-1,1/2)
Ja? +p? \/a +b% g
108 2.0
£Vs Vs
7 14
25. b) 3x° + 4y*- 2x- 8y + 4=0 c)y= AB=
f N
Level-1
Objective:
la 2)c 3)a,b 4)c,d 5)a 6)b 7)a 8)c
9)b 10)b, ¢ 11)d 12) b 13)a 14)c 15)b 16) b
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17) 18) 19) a 20)a
Level-2
1)c 2)a 3)a 4)b, d 5)a, b, c, d 6)a,c 7)a
8)c 9)a 10)d 11)a 12)c 13)a 14)d
15)b 16) b 17 b 18) b, c 19) a 20)
Practice Worksheet (Foundation Level) —8 (a)
1.% 2.X°-3y*=12 3.(3x+4y+2)(2x-3y—-4)+12=0
4. i )(2 - l =1
9 7

5. (i) (14, 1), (=2, 11), (ii) (6, 1), (=4, 1), (iii) x :% X :% (V) dx +3y=7,4x-3y =1

2 2 2 2
6.c 7.5 Y o XY 8.2 —y?=1

81 45 16 20
9. 2x* + 5xy — 2y* + 4x + By + 80y 10.1 1.2

41 3
_ 2 _ 2
1p, 101" 160-3 _, 13.x=3
81 63
14. (x* - y?) sin 2q + 2xy cos 2¢ = 2 ¢0s 2q
15.y*-3x*=4  16.x+y=3 17. i Sq. U. 18.4
5 XZ y2
19. 2 2.1 =1 20. 24/2 :3
416 9 V2
-1 1@ 0 2.
21. tan't4/21 22. 2tan *g > 23.¢%:1
4g
24.0 25.a 26.a,c 27.d 28.a 29.b
30.¢ 31.b 32.¢
Practice Worksheet (Foundation Level) —8(b)

1. 8x+3J7y+2=0, 347x- 8y+34;/7 =02.y-x=4y+x=+1 3. x=%
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2 2
6. 128X — 200xy — 247y? + 244 ax + 50ay — 247> = 0 7. = - z—z =
m
8.3x% - 5xy — 2y* +5x + 11y — 12 = 0; 3x* - 5xy — 2y* + 5x + 11y - 16 = 0
9.xsing+ycosgxcosq-ysing=0

10. (2x+y+2)(x+2y+1) 0, (2x+y+2) (x+2y+1) =1

13. (¢ +y?)?=a* -b%?*  15. a% -3 19. approximately 8

20.6 21.a 22.b 23.d 24.d 25.d
26.¢C 27.a 28.¢ 29.d 30.b 3l.a,d
32.a 33.d 34.b 35.¢ 36.¢C 37.a,d
38.a 39.a 40.b

Practice Worksheet (Foundation Level) — 8 (c)

1.x°-4y*=1 25 (6,1),(0,1); x-3= :f;s

2 3
3.12x*-4y*=3  5.4x*-5y*=20 6. x* — 6y = a’ — 6b*
7.6=2,3x°-y*=48 8. 9y% — 4%’ = 4x%y?
9. zy* = xy — 2b* 14. X2 +y*=7
16. 38% = 4b? 17, tan &2 9

e \/_ QI

18. tan"*(10+/3) 19. 92— 16y =144, e = ;
20. \2 21. ﬂ (2, 1)
22. 4+/5a 23. tan'l(10\/§)
24, ; 25.x*-y?*=32  26.b 27.a 28.¢ 29.b
30.a 31.b 32.a 33.b 34.b 35.a
36.cC 37.a 38.d 39.a 40.c 41.c
42.a 43.¢ 45.d 46.b

Answers to Subjective assignment
1. a) 7%% - 2y* - 2x +12xy +14y- 22=0
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6.a) 2x- y +1=0, 2x +y +1=0 b) y =+x ++/a’ - b? 16) 16x* +y* +10xy -2=0

Answers to objective assignments

Level-1
Dc 2)c 3)d 4) a 5)c 6) b 7nd
8)d 9)d 10)b 11)a 12)b 13)b 14) b
15) ¢ 16) a, d 17)a 18) a 19) a 20) b 21)c
Level-2
1)d 2)b 3)a 4)b 5)d 6) a 7)c
8)a,b,c,d 9)a,b,c 10) b 11)a 12)a 13)d
14)a,b,c,d 15)b,d 16) a, ¢ 17)d 18) b 19)d

20)a 21) b

Miscellaneous Practice Worksheet (Foundation Level) —

p él 1 b él 1 N
3. = 4. Z=E+9),=PE+9);a=@- 9,=@- 9);
5 82(ID q)z(p q)kI 82(ID q)z(p q)kI
5. (L++/2)y ++/3x =0 6.a=2,b=6,2y+x=5
9.y’ -4x+6y+9=0 10. 4x* + 9y* = 36
11. (i) X2 +y*+2x=0 (i) (0,0) (iiiyx=2
N‘
y=3x+2+ " (b)y-x+4=0 (c)4x—3y=24and 4x - 3y +26 =0
15. (1,-2) and (2, -1) 16. (x—2)* + (y + 3)*= (\/5+1)? 17. y==
18. e:1 E 25. é—'sa, L: common tangent 3x +y = 2\/_a éﬁ,\/ga_
24 J8 J8 5 3

29. (6, 6); (0, 2)

31L§"—1-39 ?%99 2x—- 2 -7(x=2) (y-2)+3(y-22=0  32.a%>2b?
33. tan'l(\/z), 14 5. unit 35. tan’ 1?/— 36. £ B++/3), P
5 5 12
38.25:11:24 39.¢2: a? 40. B, 10
e 2g
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41.(-2,2) 42.4:30:20 43.3x-y=4
44, 5(4x +3y) +12=0 45. tan & Qand tan &2
e3g e3g
46. (0, 4), /26 47.5a-2b=0
48.32 +y? +12x+27=0,x2+y? +4/3y+3=0
49. %% + (y— 6)° = 100, (x - 6)* + (y + 2)* = 100 50. x* +y? —8x — 4y + %
51.a° + b* = 2p? 52.x+y+1=0 53.p=8 54. 530 sq. u.
55. 2 56, - 2 62. 20¢ +y?) = ab + bAy?
2 3
63.y—-2x=1,y+2x+1=0 64.t:i%,f=tam‘12
65.y* (x—a)=x’ 66. tan'l?Tﬁ% 67. :—j+g—j:ai2
68. (i) 16x° +y*+10xy=1 (i)4x +y=0
69.X= & Bx+2y—6=0,5x—2y +6=0 70, U+ &-2F
3 9 16
71.d 72.a 73.c 74d 75.b 76.c 77.b 78c 79.a
80.c 8l.b 8.b 8.c 8b 8.b 8.c 8.c 88d
89.a 90.d 91L.c 92¢c 93.d 94ad 9.d 96.d 97.a
98.a 99.a,b 100.d 101.b 102.d 103.a 104.a 105.d 106.a
107.a 108.d 109.d 110.c 111.d 112.d 113.a 114.b 115.b
116.b 117.c 118.a 119.a 120.a 121.b 122.c 123.a 124.b
125.b 126.d 127.a 128.a 129.d 130.a 131.c 132.a,d 133.b
134.c 135.a 136.b 137.b 138.b 139.c 140.b 14l.c 142.b
143.b 144.a 145.c 146.a 147.b 148.c 149.c 150.a 15l.a
152.b 153.b 154.b 155.c 156.a 157.b 158.b 159.b  160.b
161.c 162.b 163.a 164.d 165.b 166.a 167.c 168.d 169.d
170.d 171.c 172a 173.c¢ 174.c 175.b 176.d 177.a 178.a
179.b

=le=—

Answers
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The book has been designed keeping in mind the present trend of IITJEE

and other competitive examinations. For smart students who are raring

to ride on the tides of this adventurous IITIEE, here is a unique book to

satisfy their appetite! The book presented henceforth has been crafted
whilst keeping in mind the present trend and style of the examination. 97798187 870370

The examination style has changed over the years and as such students

need to prepare themselves accordingly. The book tries to explain the concepts in such an easy and
comprehendible manner that a student will not have to go any further than this. Every lesson has been
elaborated with related illustrations, core objectives and solved examples (subjective). Apart from
objective questions, subjective answers have been included in order to lend an in-depth
understanding. In order to help the student grasp the fundamentals, we have made it a point to
illustrate and elucidate things starting from scratch. This will enable the student to get a better
understanding of the topic.
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