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Preface

The book examines the mechanical properties of unsaturated soils. The aim is to provide
students and researchers in geotechnical engineering with a framework for understanding
soil behaviour at a fundamental level and a model for interpreting experimental data, as
well as providing practitioners with a deeper appreciation of the important characteristics
of unsaturated soils. A notable theme of the book is the interpretation of experimental
strength and compression data from stress path tests in the triaxial cell.

The three phases making up an unsaturated soil are the soil particles, water and air;
the physical and chemical properties of which vary widely. The behaviour of soils is influ-
enced by many factors but must be compliant with the general laws of thermodynamics
that provide broad principles to which material behaviour must adhere. The theoretical
analyses are based on sound thermodynamic principles and provide a rigorous method-
ology, justified by comparison with test data, to predict and investigate the mechanical
behaviour of unsaturated soils. We have endeavoured to keep the theoretical part of the
book interesting but thorough, and have drawn on analogous behaviour in physics and
chemistry to explain important phenomena.

Chapter 1 provides a basic introduction to soil variables, the phases, the phase inter-
actions and the relevance of soil structure to subsequent discussions. Particular reference
is made to mercury intrusion porosimetry (MIP) testing in describing the aggregated,
bi-modal structure of unsaturated soils.

An up-to-date review of laboratory testing techniques is presented in Chapters 2 and 3,
including suction measurement and control techniques in laboratory triaxial cell testing.
The basis of the testing is important if the ideas developed from thermodynamics are to
be properly applied.

Chapter 4 introduces the stress state variables, critical state and theoretical models
in unsaturated soils. This review of current ideas provides a background to subsequent
analyses, which differ principally in the description of unsaturated soils as controlled by
a dual stress regime with the relative volumes of the phases playing an essential role in
defining the volumes through which the stresses act.

Chapters 5 and 6 dive into a detailed description of thermodynamic principles as applied
to multiphase materials under equilibrium conditions. In particular, the significance of
the thermodynamic potentials, including enthalpy, is described. It is shown that it is
possible to deal with anisotropic stress conditions as the thermodynamic potentials are
extensive variables. The significance of the minimisation of the thermodynamic potentials
at equilibrium and the meanings of equilibrium and meta-stable equilibrium are outlined.
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Preface ix

Chapters 7 and 8 use the thermodynamic principles established in Chapters 5 and 6 to
develop an alternative theoretical basis for analysing unsaturated soils. Soil structure is
broken down into its component parts to develop an equation(s) describing the dual stress
regime. The critical state strength and compression characteristics of unsaturated soils are
examined and it is shown how the behaviour may be viewed as a three-dimensional model
in dimensionless stress–volume space.

The analysis is extended in Chapter 9 to the work input into unsaturated soils and
the development of conjugate stress, volumetric and strain-increment variables. These are
used to examine experimental triaxial shear strength data on kaolin. The formulation
for energy dispersion allows not only the anisotropic stress–strain behaviour on a macro-
mechanical level to be appraised but also the stress–strain behaviour of the aggregates
of soil particles and water on a micro-mechanical level to be examined. Analysis of the
experimental data highlights phenomena that cannot be explained by other means.

E. J. Murray
V. Sivakumar
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Introduction

Civil engineering structures interact with the ground and some structures are composed
entirely of ground-derived materials. In this context, the ground is as much an engineering
material as concrete and steel. We will be concerned principally with those fine-grained
clays and silts, or soils containing coarser sand and gravel particles but with a significant
percentage of fines, which constitute the ground. Soil–structure interaction must be taken
into account for structures such as foundations, roads and tunnels; and the behaviour of
earth structures such as earth dams and slopes requires the development of sound prin-
ciples on which to base analyses. There is a fundamental need to interpret the ground
conditions and geology in an engineering context, to provide warning of natural disasters
such as landslides, to deal with environmental issues such as landfills or contaminant
migration in the ground and groundwater, amongst other equally important issues. Soil
mechanics is a specialist branch of civil engineering that addresses the investigation, anal-
ysis and prediction of soil behaviour. Yet, even among practising engineers there is often
lack of awareness of the intricacies of the subject, with solutions to problems appearing
to emanate from a ‘black box’. Unsaturated soil, which is the focus of this book, is an
important, complex and not well-understood component of soil mechanics that presents
geotechnical engineers with many challenges. The study of unsaturated soils is an ab-
sorbing, practical subject linking fundamental science to nature. While soils, in general,
are inherently variable and not readily amenable to analysis, unsaturated soils raise the
complexity to a higher level.

This book provides a perspective of unsaturated soils based on recent research, and
shows how this dovetails with the general discipline of soil mechanics. Thermodynamic
principles underpin the analyses and allow the development of a rigorous theoretical
model. In developing the model, reference is made to branches of physics and chemistry
and analogous behavioural trends. In this respect, imagination is not considered a vice
but must be tempered with realism and experimental evidence. Attempt is made to clearly
distinguish between verifiable conclusions and imagination while pushing ideas as far as
we dare. Where assumptions are made and where potential errors arise in testing, these
are highlighted, but we do not apologise for raising people’s blood pressure if it generates
meaningful discussion.

Geotechnical engineers have a different perspective of the ground than other profession-
als involved in associated fields. However, there is a great deal of overlap in the disciplines
of geology, environmental science and soil science; and professionals in these fields have
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xii Introduction

a lot of knowledge and expertise to share. Nevertheless, each has a different view of the
ground and the most important problems to be solved. It is only in recent times that the
significance of suction in unsaturated soils has transcended from soil science applications,
involving plant water deficiency, into geotechnical engineering applications.

There are also different approaches to problems within geotechnical engineering. A
practising geotechnical engineer dealing with day-to-day problems is likely to be more
interested in a prescriptive, quick solution than the niceties of a detailed analysis. The use
of California Bearing Ratio (CBR) tests for the design of road pavements exemplifies this
approach; though highly empirical, such tests nevertheless provide a basis for achieving a
satisfactory design. Researchers in the field of soil mechanics sometimes adopt a similar
approach to a problem, arguing that it is not possible to fully analyse soil behaviour
as the materials are not manufactured under controlled conditions. Further, soils do
not obey simple stress–strain rules and, importantly, exhibit time-dependent behaviour.
Thus, unless proven otherwise, a pragmatist would argue that tried and tested methods
be adopted in solving simple problems. However, other researchers strive for a better
understanding of the underlying principles behind soil behaviour and try to answer the
question: ‘what is actually happening?’ This more realistic approach attempts to discover
what the world is actually like with protagonists arguing that a better understanding
should lead to better predictive models and ultimately to cost savings. The development
of predictive models based on a sound theoretical footing is a necessity in allaying the
perception that geotechnical engineering comprises empiricism and guesswork.

Arguably, geotechnical engineers, possibly more than most other associated profes-
sionals, must keep up with current research. However, research, by definition, is at the
forefront of knowledge and opinions will vary on the methods and products of endeav-
ours to reach solutions to problems. It is often only with years of verification testing
and experience that a consensus is achieved and research is accepted as valid, though
subject to review and improvement with time. The accumulation of research promotes
and progresses concepts and established theories may turn out to be special cases of more
far-reaching ones. The prime scientific example is Newton’s laws, which Einstein showed
to be a limited case of relativity. On a less grand scale, Terzaghi’s well-established effec-
tive stress equation for saturated soils is shown in Chapter 8 to be a special case of a
more general equation for unsaturated soils relating the three-phase relationship of stress
and pressure to the volumes of the phases. In this context research is a self-developing
system of investigation in which errors and idealisations are, sooner or later, detected by
experiment and more realistic analysis. Findings are customarily put forward fraught with
errors and unperceived assumptions that are gradually worked out before the underlying
theory is accepted. We hope this is not the case here, but if we could predict the future
we might not have written the book. It is imperative, however, that theory fits well with
sound, repeatable experimental data. This is a major thrust of this book.

We hope you find the book interesting and readable.
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Symbols

Symbol Definition
A Helmholz potential
Aa area of air voids cut by plane
Ac shape factor for the contractile

skin of an aggregate of soil
particles and water

Ap area of flat plane (cross-sectional
area of soil specimen)

As area of solids cut by flat plane
A(s) parameter dependent on suction
Aw area of water voids cut by flat

plane
a dimensionless variable with

minimum value of 1
B(s) parameter dependent on suction
b dimensionless variable
C intercept q/s when pc

′/s = 0
Cm compression index with respect

to s
Ct compression index with respect

to σ

Dm water content index with respect
to s

Dt water content index with respect
to σ

c′ intercept of the failure envelope
with the shear stress axis
(apparent cohesion)

d pore diameter
e voids ratio
e0 initial voids ratio
g acceleration due to gravity

Symbol Definition
G Gibb’s potential
Gs specific gravity of the soil

particles
H enthalpy (suffixes ‘m’ and ‘r’ are

used in Chapter 6 to differentiate
between the enthalpy in a soil
specimen and the enthalpy in the
triaxial cell water reservoir)

HA enthalpy of adsorbed water
Ha enthalpy of the air phase and

interactions
HC enthalpy of contractile skin
HCf component of enthalpy of the

contractile skin in an aggregate
of water and soil particles

HCi component of enthalpy of the
contractile skin of a spherical
water droplet

HD enthalpy of dissolved air
Hi enthalpy of the individual phases

or interactions between phases
Hs enthalpy of solid phase and

interactions
Hv enthalpy of water vapour
Hw enthalpy of water phase and

interaction
Hwi initial enthalpy of water phase
Hsi initial enthalpy of solid phase
Hsf final enthalpy of solid phase
Hwf final enthalpy of water phase
hc capillary water rise
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xiv Symbols

Symbol Definition
h specimen height (suffixes ‘m’

and ‘r’ are used in Chapter 6 to
allow virtual infinitesimal
changes in axial displacement to
be analysed)

IP plasticity index
K0 lateral earth pressure at rest
k negative constant
L characteristic length
M critical state stress ratio

parameter for a saturated soil
Ma total stress ratio parameter
Mb suction stress ratio parameter
Ms mass of solid phase
M(s) stress ratio parameter

dependent on suction
Mt total mass
Mw mass of water phase
Mi mass of soil phase or interaction
mp slope of psychrometer

correction factor
N specific volume of iso-ncl at

p′ = 1.0 kPa for a saturated soil
Na number of aggregates per unit

volume of soil
Nm N(s) specific volume of iso-ncl at

p
/

pc =
1.0 kPa or p

/
patm = 1.0 kPa

Nt specific volume of compression
lines at pc

′ = 1.0 kPa
n porosity
na porosity term for air phase
ns porosity term for solid phase
nw porosity term for water phase
n∗ porosity for dry aggregated soil
p pressure and mean total stress

(suffixes ‘m’ and ‘r’ are used in
Chapter 6 to differentiate
between the pressure in a soil
specimen and the applied
triaxial cell pressure
respectively)

patm atmospheric pressure
p′ Terzaghi’s mean effective stress

(p − uw)
p mean net stress (p − ua)
p

′
B Bishop’s mean stress

Symbol Definition
pc net stress at a reference stress

state for which v = N (s)
pcs

′ mean effective stress at the
critical state

pc
′ average volumetric ‘coupling’

stress
pd differential pressure in mercury

intrusion porosimetry
pf

′ inter-particle stress within an
aggregate

pi pressure (or spherical stress
component) arising from a
phase or interaction between
phases

po pre-consolidation stress
p∗

o pre-consolidation stress for
saturated conditions

pp partial pressures for miscible
interaction obeying Dalton’s
divisional law

ps intercept on p axis
Q heat (suffixes ‘m’ and ‘r’ are

used in Chapter 6 to
differentiate between the heat in
a soil specimen and the heat in
the triaxial cell water reservoir)

q deviator stress (suffixes ‘m’ and
‘r’ are used in Chapter 6 to
differentiate between the
deviator stress in a soil specimen
and the applied deviator stress
respectively in the triaxial cell)

qa− f components of the deviator
stress for an unsaturated soil

qos intercept of the csl with the
q-axis

R radius of curvature of air–water
meniscus and radius of spherical
air bubble

Re air bubble equilibrium radius
Rh relative humidity
Ru universal gas constant
R∗ radius of spherical water droplet
R1 and R2 radius of curvature of

contractile skin on two
perpendicular planes
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Symbols xv

Symbol Definition
r specimen radius (suffixes ‘m’ and

‘r’ are used in Chapter 6 to allow
virtual infinitesimal changes in
radial displacement to be
analysed)

rc constant related to the maximum
stiffness of the soil (for infinite
suction) in Equation 4.35

rt radius of capillary tube
S entropy (suffixes ‘m’ and ‘r’ are

used in Chapter 6 to differentiate
between the entropy in a soil
specimen and the entropy in the
triaxial cell water reservoir)

Si entropy of a phase or interaction
Sr degree of saturation
s matric suction (ua − uw)
s∗ modified suction component
T absolute temperature (suffixes

‘m’ and ‘r’ are used in Chapter 6
to differentiate between the
temperature in a soil specimen
and the temperature in the
triaxial cell water reservoir)

Tc surface tension of air–water
interface (contractile skin)

Tm surface tension of mercury
t temperature in ◦C
U internal energy (suffixes ‘m’ and

‘r’ are used in Chapter 6 to
differentiate between the internal
energy in a soil specimen and the
internal energy in the triaxial cell
water reservoir)

Ua internal energy of air phase
Ui internal energy of a phase or

interaction
Us internal energy of solid phase
Uw internal energy of water phase
ua pore air pressure
us imposed stress in the soil

particles
usf final fluid pressure acting

through solid particles
usi initial fluid pressure acting

through solid particles
uv partial pressure of pore water

vapour

Symbol Definition
uvo saturation pressure of pore water

vapour over a flat surface
uw pore water pressure
u∗

w water pressure in a droplet of
radius R∗

V total volume (suffixes ‘m’ and ‘r’
are used in Chapter 6 to
differentiate between the volume
of a soil specimen and the
volume of the the triaxial cell
water reservoir)

Va volume of air phase
Vi volume of phase or interaction

between phases
Vp volume of aggregates
Vs volume of solid phase
Vv volume of voids
Vw volume of water phase
v specific volume
v∗ specific volume for a dry

aggregated soil
va specific air volume
v∗

a specific air volume for a dry
aggregated soil

vos specific volume of the soil at
critical state when p = 1 kPa

vw specific water volume
vwos specific water volume of the soil

at critical state when p = 1 kPa
vk specific volume of url at p′ = 1.0

kPa for a saturated soil
vλ specific volume of 1d-ncl at

p′ = 1.0 kPa for a saturated soil
W total work (suffixes ‘m’ and ‘r’

are used in Chapter 6 to
differentiate between the work in
a soil specimen and the work in
the triaxial cell water reservoir)

W ′ work input in saturated or
perfectly dry soil per unit volume

Wv
′ volumetric work input in a

saturated or perfectly dry soil per
unit volume

Wq
′ deviatoric work input in a

saturated or perfectly dry soil per
unit volume

Wu
′ total work input in an

unsaturated soil per unit volume
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xvi Symbols

Symbol Definition
Wvu

′ volumetric work input due to the
stress state variables in an
unsaturated soil per unit volume

Wqu
′ deviatoric work input due to the

components of the deviator
stress in an unsaturated soil per
unit volume

We applied elastic work
Wp applied plastic work
W ′ work input per unit volume due

the stress differences
w gravimetric water content
w0 initial gravimetric water content
wfp gravimetric water content of

filter paper in Figure 2.17
wL liquid limit
wP plastic limit
x length in x-direction
y length in y-direction
z length in z-direction

α dimensionless variable with
value between 0 and 1

β parameter that controls the rate
of increase of soil stiffness with
suction

� specific volume intercept of the
csl at p′ = 1.0 kPa for a
saturated soil

�ab specific volume intercepts of the
csl at p′ = 1.0 kPa

�c specific volume intercept of
iso-ncl at pc

′/s = 1
�(s) parameter dependent on suction
γi j shear strains (tensor) often

taught to engineers where the
strains are twice the shear strains
εi j and of opposite sign:
εi j = −γi j/2 where i �= j

δi j Kronecker delta
εa volumetric strain of air voids
εa,11 axial strain of air voids
εa,33 radial strain of air voids
εi j strain tensor
εq deviator strain (suffixes ‘m’ and

‘r’ are used in Chapter 6 to allow
virtual infinitesimal changes in
shear strain to be analysed)

Symbol Definition
εqa deviator strain of air voids

between aggregates
εqw deviator strain of aggregates
εv volumetric strain (suffixes ‘m’

and ‘r’ are used in Chapter 6 to
allow virtual infinitesimal
changes in volumetric strain to
be analysed)

εw volumetric strain of aggregates
εw,11 axial strain of aggregates
εw,33 radial strain of aggregates
ε11, ε22,

ε33

compressive strains in
directions 1, 2 and 3
respectively

ε12, ε21, ε13,

ε31, ε23, ε32

shear strains on planes 1, 2
and 3

η mobilised stress ratio M
ηa mobilised stress ratio Ma

ηb mobilised stress ratio Mb


 normalised volumetric water
content

θ contact angle of air–water
interface with wall of capillary

θm contact angle of air–mercury
interface with wall of capillary

θr residual volumetric water
content

θs saturated volumetric water
content

θw volumetric water content
κ elastic stiffness parameter for

swelling and recompression line
(slope of url) for a saturated
soil

κ fitting parameter
κ(s) elastic stiffness parameter for

changes in suction
λ stiffness parameter of iso-ncl

and csl for a saturated soil
λa stiffness parameter as a result

of the influence of p
λb stiffness parameter as a result

of the influence of s
λc stiffness parameter of iso-ncl
λ(0) stiffness parameter for iso-ncl

for s = 0
λ(s) stiffness parameter for iso-ncl

for s = constant
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Symbols xvii

Symbol Definition
λt stiffness parameter of

compression line
λw stiffness parameter of csl in the

vw : p plane
µi chemical potential of soil phase

or interaction
µ(s) strength parameter dependent on

suction
µw chemical potential of water phase
ρb bulk density
ρd dry density
ρs density of soil particles
ρw density of water
ρ∗

d density of dry aggregated soil
σ total stress
σi j total stress tensor
σ ′ Terzaghi’s effective stress

(σ − uw)
σi j

′ Terzaghi’s effective stress tensor
σ net stress (σ − ua)
σ i j net stress tensor
σA,i j

′ Aitchison’s stress tensor
σB

′ Bishop’s stress
σ ′

B,i j Bishop’s stress tensor
σc

′ coupling stress
σc,i j

′ ‘coupling stress’ tensor
σc,11

′ axial coupling stress in triaxial
test

σc,33
′ radial coupling stress in triaxial

test
σi j

′′ average soil skeleton stress tensor
σ11 total principal axial stress

(suffixes ‘m’ and ‘r’ are used in
Chapter 6 to allow virtual
infinitesimal strains to be
analysed)

σ11
′ axial effective stress in triaxial

cell

Symbol Definition
σ33 radial total stress or cell pressure

in triaxial cell (suffixes ‘m’ and
‘r’ are used in Chapter 6 to allow
virtual infinitesimal strains to be
analysed)

σ33
′ radial effective stress in triaxial

cell
σ 11 total axial stress internal to a soil

specimen
σ 33 total radial stress internal to a

soil specimen
τ shear stress
� dissipated plastic work
φ psychrometer correction factor
φ′ effective angle of friction
φb friction angle associated with

changes in (ua − uw)
φs osmotic suction
ϕi gravitational potential of phase

or interaction
χ empirical variable in Bishop’s

equation
χm empirical matric suction

parameter
χs empirical osmotic suction

parameter
� total suction
�e elastic work not frozen
�p elastic work frozen as applied

plastic work
�p water potential or total suction

in psychrometer
�(s) parameter dependent on suction
� intercept on the q/s axis at

pc
′/s = 1

ω mobilised intercept �

ω angle in Figure 4.1
ωv molecular mass of water vapour

Prefix Usage
d small increment of change where

the quantity is considered
independent of path and an exact
differential

Prefix Usage
δ small increment of change where

the quantity is path dependent
and not an exact differential

∂ partial derivative
� large increment of change
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xviii Symbols

Abbreviation Meaning
General
BBM Barcelona Basic Model
CSSM Critical state soil mechanics
HAE high air entry (in reference to

HAE discs)
LC load-collapse yield locus

Abbreviation Meaning

SD suction decrease yield locus
SI suction increase yield locus
OWC optimum water content
SWCC soil–water characteristic

curve

Triaxial test
iso-cs constant suction shearing

test on true isotropically
prepared specimen

iso-cwm constant water mass shearing
test on true isotropically
prepared specimen

1d-cs constant suction shearing
test on initially
one-dimensionally
compressed specimen

1d-cwm constant water mass
shearing test on initially
one-dimensionally
compressed specimen

Critical state construct
csl critical state line
iso-ncl isotropic normal

compression line

url un-loading and re-loading
line

1d-ncl one-dimensional normal
compression line
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Chapter 1
Properties of
Unsaturated Soils

1.1 Nature and genesis of unsaturated soils

The term soil as used in geotechnical engineering encompasses a wide spectrum of partic-
ulate materials. In the saturated state all the void spaces between the particles are filled
with water, but in the unsaturated state a proportion of the void spaces is filled with air.
We will primarily be concerned with the analysis of fine-grained soils comprising clays
and silts, or soils containing coarser sand and gravel that have a significant percentage
of fines. As shown in Figure 1.1, which illustrates the gradings of a number of soils of
different lithologies, the finer clay soils have particle sizes less than 2 µm that are not
visible to the naked eye, while the coarser gravels range up to 60 mm. The following
can serve as a yardstick to the range of particle sizes: if a clay platelet was expanded
to the size of a saucer, a coarse gravel particle would have a proportional dimension of
around 10 km. This wide range of particle sizes and the inherent variability of soils give
rise to behavioural characteristics not readily amenable to rigorous analysis. Stress his-
tory, particle shape and time-dependent characteristics also influence their multi-faceted
behaviour, generally requiring simplifications and generalisations in formulating solutions
to geotechnical problems.

The solid particles, water and air are the phases making up a soil mass. Classically,
researchers have achieved recognisable success in developing an understanding of the be-
haviour of saturated, fine-grained soils and the behaviour of dry, coarse materials, such
as sand and gravel. Extending our understanding to the behaviour of unsaturated soils,
particularly those with a significant percentage of fines, has proved problematic. This is
principally because of the additional fluid phase of air or other gases in the void spaces,
which complicates the thorny issue of the controlling stress regime. Interpretation of the
behaviour of unsaturated soils requires the differences in the air and water pressures, the
phase compressibilities and their interactions, as well as chemical effects, to be taken into
account. The interactions include the contractile skin between the fluid phases, which
gives rise to a surface tension effect that is particularly influential in creating the charac-
teristic aggregated structure of fine-grained soils. The significances of the phases and their
interactions in influencing soil behaviour are investigated in later chapters.

Both natural soils and engineered ground are liable to be in an unsaturated condition.
Natural soils in an unsaturated state are common in arid or semi-arid areas where the
groundwater table is often many metres deep. Around one-third of the earth’s surface is
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Figure 1.1 Particle size distribution.

situated in arid or semi-arid regions where the potential evaporation exceeds the precip-
itation (Barbour, 1999). However, any soil near the ground surface in a relatively dry
environment is liable to have a negative pore water pressure (water pressure relative to a
datum of atmospheric air pressure) and could experience de-saturation or air entry into the
pore spaces. Though the soil may be saturated for some height above the water table, if the
pore water pressure drops sufficiently, air will enter the pore spaces. Figure 1.2 illustrates
the change from a positive pore water pressure below the water table to a negative pore wa-
ter pressure above the water table. While the plot indicates a reduction in negative pore wa-
ter pressure close to the ground surface, where precipitation would increase the degree of
saturation, increased desiccation due to evaporation can be expected to occur in a hot en-
vironment. Compacted fills such as in earth dams, road subgrades and embankments are

Positive pore
water pressure

Negative
pore water
pressure

Water table

Water
Air
r

Solid particle

Figure 1.2 Unsaturated soils in the ground.
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also usually placed in an unsaturated state as complete compaction and closure of all air
voids is generally impractical. Negative pore water pressure1 is the key to understanding
unsaturated soil behaviour and in interpreting the significance to engineering structures.

Climate plays an important role in the formation of unsaturated soils (Lu and Likos,
2004), with evaporation in hot weather drying out the ground leading to shrinkage of fine-
grained soils and, ultimately, to shrinkage cracking. Subsequent wetting, following rain,
leads to swelling and closure of cracks, but not necessarily to total eradication of suction-
induced soil structure. Aggregation of fine particles following drying affects subsequent
behaviour characteristics. Future climate changes due to global warming could potentially
cause significant changes in the soil moisture regime, and thus in soil conditions over large
areas of the world. Uptake of water by vegetation can also lead to significant ground de-
saturation due to evapotranspiration, while removal of vegetation can lead to subsequent
re-saturation leading to potential stability problems, notably instability of hillsides due
to deforestation. Where unsaturated soils comprise highly plastic clays, large swelling
and shrinkage phenomenon can occur due to uptake of water or reduction in water
content, resulting in ground movements capable of causing severe structural damage.
The primary cause of expansive clays is the presence of swelling clay minerals such as
montmorillonite. In temperate zones such as Britain, seasonal volume change in clay is
generally restricted to the upper 1.0–1.5 m (Bell and Culshaw, 2001). Nevertheless, in
the South and South Midlands regions of England, the presence of clay formations such
as the London clay, Oxford clay, Kimmeridge clay and Lias clay has, in dry summers,
particularly in conjunction with tree root action, led to large numbers of insurance claims
for cracking of domestic properties as a result of excessive ground shrinkage.

Collapsible soils represent an important phenomenon. Loess or loosely compacted fills in
an unsaturated state can experience large collapse settlements if they are wetted, bringing
about damage to overlying structures. In developing areas of the world, notably East
Asia, residual soils from decomposed rock exhibit complex behaviour characteristics,
attributable in part to partial saturation (e.g. Lee and Coop, 1995; Ng and Chiu, 2003).
The rapid structure and infrastructure development in areas such as the tropics is liable to
lead to enhanced awareness of potential problems with unsaturated soils. Further reading
on the wide range of geotechnical problems, where an understanding of unsaturated soil
behaviour is a prerequisite to determining engineering solutions, is given by Alonso and
Olivella (2006).

Within the context of the foregoing discussion, the remainder of this chapter deals with
the phases and their interactions and addresses some of the basic principles governing the
behaviour of soils, particularly those soils in an unsaturated state. First, however, it is
necessary to define some of the variables used to describe soils.

1.2 Soil variables

Subsequent sections of this book employ the following variables. It is these tools that are
used to form the basic equations governing the behaviour of unsaturated soils.

1.2.1 Volume relationships

An important theme within this book is the thermodynamic link between the pressures
(and stresses) and the volumes of the phases in a soil at equilibrium, and the link between
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Figure 1.3 Phase diagram.

the pressures (and stresses) and specific strain increments in analysing changes between
equilibrium states. These ‘conjugate’ variables are particularly relevant in unsaturated
soils. However, we are racing ahead of ourselves and it is first necessary to introduce a
number of simple variables for the relative volumes of the phases that are illustrated in
Figure 1.3. The first are the porosity terms that relate the volume of the voids (Vv) and
the volumes of the phases Vs, Vw and Va for the solid particles, the water and the air
respectively to the total volume of the soil V:

n = Vv

V
ns = Vs

V
nw = Vw

V
na = Va

V
[1.1]

where n is porosity and the suffices ‘s’, ‘w’ and ‘a’ attached to the volume and porosity
terms relate to the solid particles, the water and the air phases respectively.

The porosity term for the solid particles does not fit well with the idea of solid particles
but reflects the relative volume filled by the solid particles and is convenient as it allows
us to write the following equation:

ns + n = ns + nw + na = 1 [1.2]

The porosity terms are expressed here as ratios but are often expressed as a percentage
by multiplying by 100. The air porosity na is more frequently referred to as the air voids
content and is particularly useful in expressing the adequacy of compaction in earthworks
operations where effort is usually made to reduce the air voids content to a low level.

Voids ratio e is an alternative representation of the volumetric variables and is conve-
niently used to express volumetric changes in consolidation or compression tests, partic-
ularly for saturated soils. The voids ratio expresses the ratio of the volume of the voids to
the volume of the solids:

e = Vv

Vs
[1.3]

The relationship between porosity and voids ratio is given by:

n = e
1 + e

[1.4]
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The degree of saturation Sr is also a commonly used variable in unsaturated soils and is
expressed in percentage terms as:

Sr = Vw

Vv
× 100% [1.5]

For dry soils Sr = 0 and for saturated soils Sr = 100%. Between these two extremes the
degree of saturation has an intermediate value. The degree of saturation is an important
term where there is fluid movement as it expresses the relative volumes of the water and
air in the pore spaces. However, the controlling stresses and the strength of unsaturated
soils are often correlated with the degree of saturation. The use of the degree of saturation,
on its own, is considered a poor choice of variable to which to relate stresses and strength.
There is no term for the volume of the solids in the definition of Sr, yet it is the solid
particles that give a soil its strength. Far better variables and ones that emerge naturally
from thermodynamic analysis later in this book are the specific volume v, the specific
water volume vw and the specific air volume va defined as:

v = 1 + e = V
Vs

vw = 1 + eSr = Vs + Vw

Vs
va = e (1 − Sr) = Va

Vs
[1.6]

The specific volume terms are additive in a similar manner to the porosity terms other
than the term for the volume of solids which is included within the specific water volume;
thus:

v = vw + va [1.7]

The specific volume v is defined as the total volume of soil per unit volume of solids, and
the difference (v − vw) is the volume of air voids per unit volume of solids va, frequently
defined in the literature as the air voids ratio ea. In fine-grained soils in an unsaturated
state, the soil particles have a tendency to collect together as aggregates of particles,
typically of silt or sand size, with relatively large inter-aggregate void spaces. The water
phase and the soil particles have a close affinity, and where the aggregates of soil particles
in an unsaturated soil contain all the water, vw can be defined as the volume of the
aggregates per unit volume of solids. Accordingly, the ratio of the specific water volume to
the specific volume (Equation 1.8) expresses the volume of the aggregates per unit volume
of soil:

vw

v
= Vs + Vw

V
[1.8]

This equation contains a term for the volume of the solid particles and a term for
the volume of water phase, and because there is a term for the total volume, there is
inbuilt into the formulation a term for the air phase. The equation presents the volumetric
terms for all the phases in an unsaturated soil in a single formulation. The ratio vw/v is
shown in the following chapters to be a far better variable than Sr to which to relate the
controlling stresses and the strength of unsaturated soils. While there would be some merit
in replacing vw/v with a unifying symbol, this is resisted as it would mask the importance
of the volumetric terms in the subsequent analysis.
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1.2.2 Water content relationships

The amount of water in a soil is generally expressed in one of two ways. The water content
w (frequently termed the gravimetric water content) is expressed as:

w = Mw

Ms
× 100% [1.9]

where Mw is the mass of water and Ms is the mass of solid particles.
An alternative definition is the volumetric water content θw:

θw = Vw

V
[1.10]

This is synonymous with the definition of nw in Equation 1.1.

1.2.3 Density relationships

There are two important density variables for a soil mass: the bulk density and the dry
density. The bulk density ρb is the ratio of the total mass Mt to the total volume, where
the total mass and the total volume are the sums of the masses and volumes of the phases
respectively, as illustrated in Figure 1.3:

ρb = Mt

V
[1.11]

The dry density ρd is the ratio of the mass of the solid particles Ms to the total volume:

ρd = Ms

V
[1.12]

The density of the solid particles ρs is often related to the density of water ρw in a
dimensionless term variously referred to as the relative density, specific weight or specific
gravity Gs. The relative density is the density of the soil particles divided by the density of
water at a temperature of 4◦C under normal atmospheric pressure:

Gs = ρs

ρw
[1.13]

In earthworks operations such as in road embankments and earth dams, soils are com-
pacted to improve their strength and compression properties. For a given compaction
effort, there is a water content, termed the optimum water content (OWC), at which a
soil achieves a maximum dry density. A typical laboratory dry density – water content
relationship is illustrated in Figure 1.4. Greater compactive effort leads to an increase in
the maximum dry density and a reduction in the OWC. It is important to carefully select
the appropriate laboratory compaction test to replicate as closely as possible the com-
paction conditions achievable on site. Standard Proctor compaction is normally considered
achievable under reasonably controlled site operations. Modified Proctor compaction, us-
ing greater compactive energy, can be achieved under carefully controlled site conditions
using modern compaction plant2. Wet of optimum, compaction plots lie close to the zero
air voids line, where the air voids content is defined as na in Equation 1.1. The zero air
voids line represents the maximum achievable dry density for given water content, and on
this line all the air voids are eradicated. Dry of optimum, the soil becomes progressively
less saturated, suction increases and there is increased evidence of a fissured soil structure.
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Figure 1.4 Compaction dry density – water content relationship.

1.3 Particle properties

Destructive processes such as chemical and physical weathering lead to the formation
of soils from rock. Clay soils are generally the products of chemical weathering. The
chemical processes due to the actions of water (especially if it is acidic or alkaline), oxygen
and carbon dioxide (Craig, 1997) change the mineral form of the rock, leading to the
formation of crystalline particles of colloidal sizes known as clay minerals. Natural clays
generally contain a range of clay minerals, the most widely encountered minerals being
kaolinite, calcite, illite, dolomite and smectite (the last clay mineral species including
montmorillonite).

The types and proportions of minerals present in clay significantly influence its index
properties. McLean and Gribble (1988) reported a range of liquid limits (wL) and plas-
tic limits (wP) for the clay minerals kaolinite, illite and montmorillonite, as shown in
Table 1.1. Also included are the limits for sodium-rich bentonite (impure clay consisting
mostly of montmorillonite) and some common British soils.

We will not describe the tests to determine the limits (wL) and (wP) for fine-grained
soils as these are provided in many textbooks and standards, but we will describe their
significance in general terms based on Figure 1.5. The liquid limit is the water content
above which a disturbed soil starts to flow and to behave as a liquid, and the plastic limit
is the water content below which a disturbed unconfined soil fissures and behaves as a
brittle solid. Between these limits the soil is said to behave as a plastic material.

Activity, defined as the ratio of plasticity index IP (where IP = wL − wP) to the percentage
clay content, describes the sensitivity of clay (Skempton, 1953). The activity of London clay
is typically within the range 0.5–0.83 (Gasparre et al., 2007; Monroy et al., 2010) while
for Gault clay it is approximately 0.6 and for Belfast Upper Boulder clay approximately
0.5 (Sivakumar, 2005). Much of the experimental data reported later in this book uses
kaolin with an activity of approximately 0.4. Skempton (1953) quoted an activity for
sodium-rich montmorillonite of 7.2, while Blatz and Graham (2003) reported an activity
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Table 1.1 Typical clay mineral and clay soil properties.

(wL) (%) (wP) (%)

Kaolinite 60–73 26–37
Illite (or hydrous mica) 63–120 34–60
Montmorillonite 108–700 51–60
Sodium-rich bentonitea 354 27
Ampthill clay 66–89 23–30
Mercia mudstoneb 25–60 17–33
Etruria marlc 35–52 14–21
Belfast Upper Boulder Clay 59–65 27–31
Upper Lias clayd 57–65 24–31
London claye 60–83 21–32

aAfter Stewart et al. (2001).
bAfter Chandler and Davis (1973).
cAfter Hutchison et al. (1973).
dAfter Chandler (1974).
eAfter Ward et al. (1959), Gasparre et al. (2007) and Monroy et al. (2010).

for sodium-rich bentonite of around 2. Clays are generally categorised into three groups
in terms of their activity:

Inactive clay: activity <0.75
Normal clay: activity 0.75–1.25
Active clay: activity >1.25

In a relatively dry, fine-grained soil the particles are held together by a relict water
phase, under a tensile suction force, in the fine intra-aggregate pore spaces. On wetting,
the suction is reduced and the soil expands. This inter-particle swelling takes place in all
clay soils. However, some clay minerals also exhibit significant intra-crystalline swelling.
This is a particular characteristic of smectitic clay minerals such as montmorillonite. The
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Figure 1.5 Plasticity characteristics.
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individual molecular layers that make up the crystal structure are weakly bonded so that
on wetting water enters not only between crystals but also between the layers that comprise
the crystals. The adsorption of water into clay particle surfaces and the crystalline swelling
of some clay minerals are discussed further in Section 1.4.5.

Generally kaolinite has the smallest swelling capacity of the clay minerals with nearly
all the swelling occurring as inter-particle swelling. Larger swelling potential, in order
of increasing magnitude, is exhibited by illite, calcium-montmorillonite and sodium-
montmorillonite. Natural soils comprise mixtures of clay minerals and exhibit the net
effect of the mineral composition. Increasing plasticity index and activity give a general
guide to increasing swelling potential and the significance of intra-crystalline swelling
(Grim, 1962; Bell and Culshaw, 2001).

1.4 Phase properties and interactions

The proportions of the three phases making up unsaturated soils have a significant in-
fluence on their behaviour as do the interactions within and between the phases. The
interactions are particularly influential in the perception of equilibrium and the rates of
mass change and redistribution. The interactions need careful appraisal to appreciate their
significance.

At any point in a fluid under equilibrium conditions, the pressure is equal in all direc-
tions. However, gravitational effects give rise to greater pressures with depth and closeness
to the earth’s centre. In a soil the particles interact and the stresses at any point are, in
general, different in different directions. Thus, soils exhibit a heterogeneous stress regime
with stress levels generally increasing with depth. In laboratory soil tests the size of the
specimen3 tested is usually sufficiently small that the effect of the change in gravitational
effects between the top and bottom of the specimen can be ignored without any significant
loss of accuracy. This is the case for specimens tested in triaxial cells, the results from which
are usually considered to represent the conditions at a point, or at least a localised volume.

For a soil system in equilibrium, an applied external pressure (or stress regime) is
balanced by the components of pressure and stress arising from the phases and their
interactions, and given by:

� The water pressure acting through the volume of the water;
� The air pressure acting through the volume of air;
� Any chemical imbalance leading to osmotic suction effects
� The water vapour in air;
� The dissolved air in water;
� The contractile skin formed at the water interface where it meets the air;
� The adsorbed double layer of water on the soil particle surfaces and absorbed crystalline

water;
� The pressure acting through the solid phase because of the surrounding fluid(s);
� The interaction between the soil particles, which can be viewed on a micro-mechanical

scale as the interaction stresses between the soil particles, or on the macro-mechanical
scale as the stresses acting over a total planar area.

While some of the interactions between the phases contribute very little to resisting
applied forces, at least at equilibrium, and can be ignored, it is important to understand
the contributions of the phases and the interactions to overall soil behaviour.
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1.4.1 Soil suction

Soil suction is a major factor affecting the behaviour of unsaturated soils. Total suction �

has two components, namely matric suction and osmotic suction. This can be expressed
as:

� = (ua − uw) + φs [1.14]

where (ua − uw) is the matric suction, being the difference between the pore air pressure ua

and the pore water pressure uw, and φs is the osmotic suction, being the result of chemical
imbalance between the pore water in the soil volume under consideration and an external
source of water.

The significance of suction in soil has been recognised for many decades. The ability of a
soil to absorb additional water, whether it is fully saturated or unsaturated, is termed soil
suction and can be defined as the free energy state of soil water (Edlefsen and Anderson,
1943). The partial vapour pressure of the soil water can be used to measure the free energy
state of the soil water (Richards, 1965), and the following thermodynamic relationship
exists between soil suction and the partial vapour pressure:

� = − RuTρw

ωv
ln

(
uv

uvo

)
[1.15]

where Ru is the universal gas constant, T is absolute temperature, uv is the partial pressure
of pore water vapour, uvo is the saturation pressure of pore water over a flat surface of
pure water at the same temperature (uv

/
uvo is the relative humidity Rh) and ωv is the

molecular mass of water vapour.
While matric suction will be of prime interest in this book, it is important to recognise

the role of osmotic suction. This results from retention energy due to the presence of salts
in the pore water, or more precisely a difference in salt concentrations in the pore water
in the system being analysed, and the surrounding water. Osmotic suction can attract or
remove water from a system. The osmotic suction represents the ionic potential of the pore
fluid in a soil (Fredlund and Rahardjo, 1993). Osmotic suction can be altered by either
changing the mass of water or the amount of ions in solution. However, the strength of an
unsaturated soil is principally controlled by the matric suction, even though the presence
of salts within the soil water can give rise to some fundamental changes in mechanical
behaviour (Alonso et al., 1987).

Matric suction is a result primarily of the phenomenon of capillarity, but is also
influenced by surface adsorption effects. The capillarity phenomenon is directly related
to the surface tension of water and results, for example, in water rising up thin capillary
tubes, as illustrated in Figure 1.6, and forming a curved surface between the water
and air known as a meniscus. In unsaturated soil mechanics, the water–air interface is
often referred to as the contractile skin. For equilibrium at the air–water interface in the
capillary tube, the pressure difference across the meniscus (ua − uw) is given by:

(ua − uw) = 2Tc

R
[1.16]

where (ua − uw) = ρwghc, hc is the capillary rise, R is the radius of curvature of the
meniscus (where R = rt/ cos θ ), rt is the radius of the capillary tube, Tc is the surface
tension of the air–water interface (contractile skin) with units of force per unit length or
energy per unit area and θ is the contact angle of the air–water interface with the wall of
the capillary tube.
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Figure 1.6 Capillary model.

In soils, the pores act as tortuous capillary tubes and result in the soil water rising above
the water table. The finer the pores, the greater the meniscus curvature and the higher the
water is elevated. The capillary water has a negative water pressure with respect to the air
pressure and its magnitude is inversely proportional to the radius of curvature of the
meniscus. In other words, negative pore water pressure, or matric suction, increases as
the radius of the meniscus decreases. Accordingly, fine-grained soils normally experience
greater capillary rise than coarse-grained soils where the pore spaces are larger, though
there are recognisable effects on the overall capillary rise from changes in pore diameter
within soils, as soils comprise discrete particles not uniform tubes.

Surface adsorption phenomena also influence the matric suction and are particularly
important to clay minerals. Surface adsorption results from the negatively charged surfaces
of clay particles (Figure 1.7) (Mitchell, 1993). The relatively powerful electrical force

Inward diffusion of
H O molecules2

Increasing ion
concentration

Clay surface
(negatively charged)

Figure 1.7 Water adsorption by a clay particle (after Mitchell, 1993).
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around clay particles strongly attracts water molecules leading to an adsorbed water
layer that effectively reduces the inter-particle pore spaces. The clay mineralogy plays an
important role in the thickness of the adsorption layer and those soils with high-activity
clay minerals, such as montmorillonite, are able to retain a greater amount of adsorbed
water around their particles.

In unsaturated soils, the pore water has a pressure less than the air pressure and the
contractile skin that forms at the interface between the phases is concave to the water
phase, as illustrated in Figure 1.6. The water pressure deficiency in the pore spaces may
have a magnitude many hundreds of times the atmospheric pressure, and the volume
changes associated with the development or equalisation of the pressure difference can
prove detrimental to engineering structures. The matric suction, that is the difference
between the air and water pressures, is often abbreviated as s and is given by:

s = (ua − uw) [1.17]

As described in Section 1.1, the term negative pore water pressure −uw is equivalent
to s when ua in Equation 1.17 is atmospheric pressure and is adopted as the datum for
pressure measurement.

Suction effects are generally associated with unsaturated soils and it is less well appre-
ciated that the effect is also important for saturated soils. This has reduced the emphasis
on the study and measurement of soil suction, and in design situations the soil is often
assumed to be saturated with zero suction, though this may not necessarily be the case.
Neglecting negative pore water pressure in assessing in situ soil strength usually represents
a worst-case scenario for soils and allows for the possibilities of infiltration after rain
and flooding. However, in many situations this is a simplification not reflective of site
conditions.

The soil–water characteristic curve (SWCC) for a soil is the relationship between the
water content and the soil suction (or negative pore water pressure). The water content
variable can be defined in a number of ways: volumetric water content, gravimetric water
content, degree of saturation or specific water volume, and is a measure of the amount of
water in the soil pores. The amount of water can also be referenced to the residual water
content as in Equation 1.18:

� = θw − θr

θs − θr
[1.18]

where � is the normalised volumetric water content, θr is the residual volumetric water
content and θs is the saturation volumetric water content.

When the reference volumetric water content θr is taken as zero, � = θw
/
θs. The nor-

malised volumetric water content is used in Equations 4.16 and 4.17 to relate the strength
of unsaturated soils to the SWCC.

In plotting the SWCC, the suction can be defined as either the matric suction (ua − uw)
or the total suction �. At elevated suctions (e.g. >3000 kPa), the matric suction is, in
practice, often significantly larger than the osmotic suction and assumed to be broadly
equal to the total suction. The total suction corresponding to zero water content (close to
106 kPa) appears to be essentially the same for all soil types (Vanapelli et al., 1996).

Figure 1.8 shows typical SWCC plots of volumetric water content θw against suction
s = (ua − uw) for a range of soils from Holland (Koorevaar et al., 1983).

The shrinkage and swelling behaviour for London clay from the data of Croney and
Coleman (1960) is presented in Figure 1.9. The plots are presented as negative pore water
pressure to a log scale against specific volume v and specific water volume vw (Murray
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and Geddes, 1995). Figure 1.9 shows plots for the soil dried from slurry. While saturated,
the plots of vw and v are the same and can be reasonably represented by a straight line
up to a critical value of suction, known as the air entry value, where the soil ceases to be
saturated. The data indicate that this change point is close to the plastic limit. The plot
for vw approaches a value vw = 1.0 and v approaches the shrinkage limit of the soil as
suction increases. Also shown in Figure 1.9 is a line for ‘continuous disturbed soil’ which
represents the final suction on being sheared using a miniature vane apparatus. This again
can be reasonably represented by a straight line parallel to the ‘initially slurried line’ for
most of its length. Murray and Geddes (1995) argued that this represents the critical state
strength line (csl) which forms an integral part of discussions in later chapters.

Mass constitutes ‘energy’ and the phases and their interactions in an unsaturated soil
can be viewed as components of the soil energy, with changing conditions synonymous
with exchange of energy. It is important to realise also that pressure is a manifestation of
molecular activity, and thus the pressure of a liquid or gas in a closed system increases with
temperature because of increase in molecular energy. Solids also generate large expansive
or contractile forces due to temperature change though the shape of the solid mass is
more rigidly defined. Consistent with this are the definitions by Aitchison (1965) of total
suction as the free energy of the soil water, matric suction as the capillary component of
free energy and osmotic suction as the solute component of free energy.

1.4.2 Water vapour in air

Vapour movement, in addition to mass water movement, is an important means of trans-
port of water within an unsaturated soil and assists in the equalisation of water pressure.
In laboratory tests in a closed system, vapour exchange assists in the unification of water
pressure throughout a soil mass. Under equilibrium conditions the vapour pressure is de-
fined as the saturated vapour pressure above the contractile skin. This is a special case not
readily justifiable under normal conditions. At low degrees of saturation where continuous
air passages in a soil are connected to the atmosphere, the vapour pressure will be less
than the saturated vapour pressure and true equilibrium may not be established. There is
always likely to be an imbalance and therefore ongoing mass transfer. Vapour pressure in-
creases with temperature increase, decreases with increasing negative pore water pressure
and is influenced by the solutes and the soil particles.

1.4.3 Contractile skin and air phase

A manifestation of the energy within the contractile skin is a surface tension effect that acts
within a layer a few molecules thick. As illustrated in Figure 1.10, in three dimensions,
equilibrium of the contractile skin is given by the following equation which includes a
term for the vapour pressure uv:

ua + uv − uw = Tc

[
1
R1

+ 1
R2

]
[1.19]

where R1 and R2 are the radii of curvature of the contractile skin for two perpendicular
planes at right angles to the curvature of the interface.

As discussed by Childs (1969), the contractile skin may be wholly concave or a combi-
nation of concave and convex (in two orthogonal directions) to the higher pressure air.
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It is only necessary that the relative magnitudes of R1 and R2 are such so as to balance
Equation 1.19. Indeed, where the contractile skin spans between collections of soil parti-
cles, dependent on the geometry, it appears necessary for continuity that the interface has
a curvature both concave and convex to the air phase.

In idealised liquids containing no dissolved gases or impurities, it is the vapour pressure
in relation to the liquid pressure that controls the development or the degradation of
vapour bubbles. In natural systems, such as soils, there are dissolved gases and impurities
in the liquid phase as well as the presence of the soil particles that influence the nucleation
and bubble dynamics. Schuurman (1966) showed that for air–water mixtures the influence
of the vapour pressure term uv in Equation 1.15 is small and can be omitted for general
purposes.

The idealised case of spherical occluded air bubbles (R = R1 = R2) does not represent a
stable equilibrium condition and careful consideration needs to be given to the growth and
decay of gas bubbles to appreciate their significance in the development of unsaturated
conditions in soils. From Equation 1.19, for the case of a spherical bubble, ignoring
the effect of the water vapour, the matric suction s = (ua − uw) can be shown to be
given by Equation 1.16, which is variously referred to as the Kelvin or Laplace equation.
There is likely to be a relatively abrupt energy change in the formation of bubbles and
the development of a contractile skin as the water ruptures. The growth and decay of
gas bubbles in liquids is a dynamic process which can be described in terms of Kelvin’s
equation and the Rayleigh–Plesset equation (e.g. Keller, 1964; Brennen, 1995). A full
treatment of this complex subject matter is beyond the scope of this text and we will deal
with it in a descriptive manner in bringing out the significance to soils.

Nucleation is the seed to the development of bubbles. This can be divided into cavitation
and boiling (Brennen, 1995). Cavitation is the process of nucleation in a liquid when
the pressure falls below a critical value, and boiling is the process of nucleation that
occurs when the temperature is raised above a critical value. Physically there is little
difference between the two nucleation processes though the thermodynamic path followed
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is different. In both cases dissolved gases and/or vapour form bubbles at nucleation points.
The nucleation points may arise due to thermal motions within a liquid forming temporary
microscopic voids that act as nuclei for the growth of bubbles; this is termed homogeneous
nucleation. Heterogeneous nucleation is more common in practice where bubbles form
spontaneously around nuclei such as a solid particle or an ion, or form on the surface of
a containing vessel.

A bubble in the pore water in a soil can decay in size as the gas dissolves or grow if
gas is liberated from the solution into the bubble. In discussing the general framework of
bubble growth and decay it is important to distinguish between the different degrees of air
saturation in water. In a saturated condition the free air pressure is taken as the pressure
of the dissolved air, in a supersaturated condition the dissolved air pressure exceeds the
free air pressure and in an undersaturated condition the dissolved air pressure is less than
the free air pressure.

Consider the situation under confined conditions of water initially in an air-saturated
condition. Decreasing the confining pressure will result in the water becoming supersatu-
rated and the dissolved air will start to be more readily liberated, forming bubbles around
nuclei. There must be a reduction in air pressure in the bubbles and of the dissolved air
as air is liberated from the solution but the pressure inside the bubbles must exceed the
water pressure outside the bubbles. For spherical bubbles, there is an equilibrium radius
Re based on Equation 1.16 which will be dictated by the equilibrium of the pressure of
the dissolved air and the air in the bubbles. This represents an unstable equilibrium and
any bubbles smaller than Re will tend to decay, as the pressure inside the bubbles will be
greater than the dissolved air pressure. Conversely, any bubbles with radius greater than
Re will tend to expand, as the pressure will be less than the dissolved air pressure.

In a supersaturated closed water system with no soil particles, it is necessary for conti-
nuity to conjecture the tendency for the free air to form in a single bubble4 that gradually
approaches equilibrium. This bubble is found at the top of a container of gassy liquid. In
support of this, Keller (1964) points to the observation of the Russian astronaut Colonel
Nikolayev, who while orbiting around the world in a satellite reported that in a closed
bottle containing liquid and gas ‘the gas formed a single spherical bubble near the centre of
the bottle’. Another example is the cavitation in the water back-pressure leads of triaxial
testing equipment. Bubbles form if the water pressure is too low and the bubbles gradually
combine to form large isolated bubbles5. For a water–air solution under reduced confin-
ing pressure, where there is no influence from the sides of the container the dissolved air
pressure reduces more rapidly than the free air pressure and equilibrium (an air-saturated
condition) is gradually approached with a single bubble present. This is consistent with
the minimisation of the thermodynamic potential as discussed later in the book.

In soils the situation is more complicated because of the soil particles. Consider again
the case of decreasing external pressure under confined conditions. Under decreasing
external pressure, the bubbles will expand until they achieve apparent equilibrium within
the confines of the pore spaces. Within these spaces the bubbles will interact with the soil
particles, with which they are likely to have a close affinity, and will be influenced by
the adsorbed double layer and gravity, and are unlikely to be spherical. Under decreasing
confining pressure these air ‘pockets’ will have a tendency to expand and link with others
to form larger pockets until eventually continuous air passages are established.

Under the alternative of increasing confining pressure from an equilibrium condition,
the water will be undersaturated, as the free air will have a pressure greater than the
dissolved air. The free air will tend to dissolve to equalise conditions, although again this
will be influenced by the presence of the soil particles.
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The rate of expansion and decay of the volume of free air is likely to influence the
perceived equilibrium conditions. Barden and Sides (1967) concluded that in unsaturated
soils there is evidence that equilibrium in terms of Henry’s law6 may require a considerable
time interval, far greater than in the absence of soil particles.

During wetting and drying of a soil, hysteresis can be expected: when a soil is wetted,
surface tension forces resist the expansion of a soil; when a soil is dried surface ten-
sion forces attempt to keep as many voids filled with water as possible. During wetting
of a soil, partly because of the variation in pore dimensions, the water reluctantly fills
the void spaces. Conversely, during drying of a soil the water resists being drawn into
the smaller pore spaces. This hydraulic hysteresis is discussed further in Sections 4.7.4
and 7.10.

1.4.4 Air phase and dissolved air in water

In most analyses and tests, other than where fines are removed during fluid flow, the
volume of solid particles remains unchanged. It is the volume of water and air in the
voids that changes and gives rise to overall volume change. Water is usually considered
incompressible and the volume of water change is due to exchange with the surrounding
environment, although a small volume change may result from changes in water vapour
in the air.

Air cannot be said to be incompressible and the change in the volume of air within a
soil can be a result of the following effects:

� Interchange of air with the external surroundings;
� Compression or expansion of the free air in the pores;
� Air being dissolved or liberated from the pore water.

Water molecules form a lattice-like structure with the dissolved gases occupying the
spaces within the lattice. The volume available for dissolved air is approximately 2%
of the total volume. Water is of very low compressibility and at equilibrium, when in
contact with free air, the volume of air dissolved in water is essentially independent of air
and water pressures. This can be demonstrated by an examination of the ideal gas laws
and Henry’s law (Fredlund and Rahardjo, 1993). It is the liberation of the dissolved air
under decreasing external pressure and corresponding increasing suction that leads to the
formation of air bubbles. As shown by Dorsey (1940), however, dissolved air produces
an insignificant difference between the compressibility of de-aired water and air-saturated
water.

Strictly speaking, the dissolved and undissolved gases in a soil may comprise mixtures of
gases at odds with the proportions of gases normally found in free air. In fact, monitoring
of ground gases rarely indicates gas concentrations in the soil, precisely those in free air.
Even well away from sites influenced by factors such as landfills, elevated carbon dioxide
and depleted oxygen are frequently detected. The ground gases are in a more restrained
state than free air and segregation of gases and the influence of soil chemical reactions
can give rise to gas concentrations far removed from a breathable environment. We will
assume, however, that this does not influence the general conclusions in the following and
when reference is made to dissolved and liberated gases that this is air and the terms gases
and air are interchangeable.
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1.4.5 Adsorbed double layer, crystalline swelling and soil particle interactions

Clay particles less than around 1 µm are often referred to as colloids. Colloids are small
particles with irregular plate-like geometry, the behaviour of which is influenced greatly by
surface forces. The surface area of clay particles for a given mass is large and the smaller
the particles, the larger the specific surface (surface area per unit mass) and the influence
of surface forces. Kaolinite has a specific surface of around 10–20 m2/g and the influence
of surface forces is significantly less than that of montmorillonite with a specific surface of
around 800 m2/g (Lambe and Whitman, 1969). Consequently, kaolinite particles are far
less water-sensitive than the finer montmorillonite particles. The surface of clay particles
carries a small electrical charge, generally considered to be negative, which depends on the
soil mineral and may be affected by an electrolyte in the pore water. The charge gives rise to
forces between fine soil particles in addition to self-weight effects. The charge is balanced
by exchangeable ions on the particle surface, which along with the soil particle surface
attracts water into the so-called adsorbed double layer. Under equilibrium conditions,
isolated particles under these conditions have no net charge. However, the surface charge
comes into play when:

� The double layers of particles come into contact;
� There is a reduction of the cations within the adsorbed layer, as would be expected

when air comes into contact with the double layer or there is a change in pore fluid
chemistry.

In these cases a net repulsive force exists. The particles also experience attractive forces,
notably van der Waals force, which affects all adjacent pieces of matter and is essentially
independent of the characteristics of the fluid between the particles (Sposito, 1989). The
repulsive and attractive forces are of significance and play a role in the strength of soils.
The physical interpretation of the stresses in fine-grained particulate soils is closely related
to the stresses transmitted through the particles, but is not merely the contact stresses
between the particles. Indeed in highly plastic, saturated, dispersed clay there may be little
or no physical contact between the particles (Lambe and Whitman, 1969).

As a soil compresses or expands, the particles move closer together or further apart and
this influences the ‘effective stress7’, which is a function of the resulting interactions. It
is this stress that controls the strength and compressibility of a soil. The ‘effective’ stress
is a net stress that includes the influence of the contact stresses and other interactions
between the particles and the adsorbed water. In an unsaturated soil, where there are
menisci between particles, there must also be interaction between the contractile skin and
the adsorbed double layer and a reduction in the thickness of the double layer. This is
unlikely to be a static environment, though a quasi-static equilibrium between surface
tension forces, water vapour and the adsorbed water is likely to be established with time.

With a decrease in moisture content, however, there will be an increase in the repulsive
forces between closely spaced particles, which along with the influence of the contractile
skin can be perceived as helping to propagate air-filled void spaces and the creation of
aggregated packets containing the soil particles and water.

While all clay soils can be expected to change volume on change of water content,
and thus suction, the term swelling clay is often used to describe those clays containing
a relatively high proportion of clay minerals with the potential for significant crystalline
swelling. This is particularly evident with the colloidal clay minerals of the smectite group,
which includes montmorillonite, that exhibit high activity (see Section 1.3). Increasing
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Figure 1.11 Equilibrium of element ABCD with air bubble.

suction draws water from the hydration layers of the clay minerals and the interlayer
spaces contract resulting in particle shrinkage in addition to reduction in the void spaces
between particles. Reducing suction reverses the phenomenon but hysteresis in volume
change can be expected to occur. The change in particle size due to variation in water
content obviously influences the mechanical response of swelling clays to external loading.
Fityus and Buzzi (2009) have reviewed the place of expansive clays in the framework of
unsaturated soil mechanics.

1.4.6 Soil particles and surrounding fluid pressure

All soil particles are surrounded by fluid(s), usually water and air. In a saturated soil, water
is the only fluid and the water pressure acts not just through the volume of the water, but
also through the volume of the soil particles. This important point is often missed in an
analysis and we make no excuse for explaining this simple fact in detail. First, however,
consider the spherical air bubble of radius R in Figure 1.11 as it is useful in understanding
the significance of fluid pressure on a soil particle. The air bubble is intersected by the small
element ABCD with horizontal plane area Ap at right angles to the plane of the paper.
The element is considered to be sufficiently small that the influence of the change of
gravitational field from top to bottom can be ignored, which is a reasonable assumption
for small bubbles. For vertical equilibrium of the element, equating those forces acting
downwards to those acting upwards:

uw Ap + 2π RTc = uw(Ap − π R2) + uaπ R2 [1.20]

This reduces to Equation 1.16 for a spherical air bubble as Ap tends to π R2.
Now consider the case of a soil particle of cross-sectional area As intersected by the

small element ABCD in Figure 1.12. For vertical equilibrium of the element:

uw Ap = uw(Ap − As) + us As [1.21]

where us is the pressure in the soil particle. As Ap tends to As, uw tends to us, indicating
that the water pressure acts through the soil particle. This is taken into account in Section
1.4.7 to establish Terzaghi’s equation of effective stress.

Gravity dictates that the air bubble in Figure 1.11, being less dense than water, rises
through the water unless acted upon by other forces. In a soil, the confining spaces between
particles and the interaction of air bubble with the particles inhibit bubble migration. For
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Figure 1.12 Equilibrium of element ABCD with soil particle.

the soil particle in Figure 1.12, gravity dictates that the particle will sink if unrestrained
and denser than water. This is the converse of the behaviour of the air bubble. Both the
air bubble and solid particle would move to minimise of the thermodynamic potential if
free to do so.

1.4.7 ‘Effective’ stress and stress state variables

In any analysis on a flat plane cut through a soil, the plane must cut through soil particles.
In a saturated soil, the water pressure acting through the soil particles must be taken into
account. Consider Figure 1.13 where the plane AB of area Ap cuts through soil particles
and water.

The total upwards force is given by the total stress σ acting over the area Ap. This is
balanced by the water pressure, acting through the volume of water and soil particles, and
the effective stress. The effective stress is a consequence of the soil particle interactions
and acts over the total planar area consistent with the definition of effective stress. Thus,
the balance of forces gives σ Ap = uw Aw + uw As + σ ′ Ap. Since Ap = Aw + As, this reduces
to Terzaghi’s effective stress equation for saturated soil:

σ ′ = σ − uw [1.22]

Equation 1.22 does not emerge from the analysis unless the water pressure acting through
the volume of the soil particles is taken into account. An alternative presentation can be
found in some textbooks and assumes that points of contact between particles are small
and analysis is made of equilibrium on a ‘wavy’ surface passing through only the points
of contact. In this case the water pressure acts over the total area of the wavy plane and

σ

σ'

uw uwuw

BA

Figure 1.13 Equilibrium on plane AB cut through a saturated soil.
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σ Ap = uw Ap + σ ′ Ap. This again reduces to Equation 1.17, but the analysis masks the
influence of the fluid pressure (in this case water) acting through the soil particles, which
is important in the analysis of unsaturated soils presented in Chapter 8.

In a perfectly dry soil the surrounding fluid is air and it is the air pressure that acts
through the soil particles. The equivalent effective stress (net stress) for a perfectly dry soil
is given by:

σ̄ = σ − ua [1.23]

This assumes no ‘bonding’ between soil grains and no influence from soil suction.
In unsaturated soils the situation is more complex because two fluids are present. In

Chapter 5 current thinking around the use of independent stress state variables for unsat-
urated soils is discussed. The stress state variables are defined as the two, effective, stresses
(σ − ua) and (σ − uw), along with the matric suction (ua − uw). The suction variable is the
difference between the other two stress state variables and thus only two of the variables
can be considered independent.

We will deal with the state of the soil under triaxial stress conditions in later chapters but
it is appropriate here to define the mean stresses. A schematic of triaxial stress conditions
is presented in Figure 1.14. In the apparatus the total axial stress is given by the principal
stress σ11 and the total radial or lateral stress (the cell pressure acting all around the soil

Loading ram

Bottom drainage
Top drainage

Specimen

Pedestal

σ33
σ33

σ11

Cell pressure

Figure 1.14 Schematic of a triaxial cell.
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specimen) is given by the principal stress σ33. Thus, for a saturated soil:

p′ = p − uw [1.24]

and for a perfectly dry soil:

p = p − ua [1.25]

where p = 1
3 (σ11 + 2σ33) is the mean total stress, p′ = 1

3

(
σ ′

11 + 2σ ′
33

)
is the mean effective

stress, p = 1
3

(
O11 + 2O33

)
is the mean net stress, O11 is the axial net principal stress and

O33 is the radial net principal stress. σ ′
11 is the axial effective principal stress, σ ′

33 is the
radial effective principal stress.

1.5 Soil structure

The fabric or structure of soil is derived from the arrangement of the particles and the pres-
ence of mass structural effects. Soil fabric significantly influences the mechanical and hy-
dromechanical behaviour (Casagrande, 1932; Lambe, 1951; Leroueil and Vaughan, 1990;
Mitchell, 1993). Structure is particularly important in fine-grained clayey soils, which com-
prise an abundance of fine, plate-like particles. Though also influential in coarser-grained
sands and gravels, the effects are less pronounced. The presence of mass discontinuities
such as fissures, laminations and bedding planes form part of the macro-fabric of a soil and
are a consequence of deposition and past stress history. Such characteristics significantly
influence behaviour in the field, not least the permeability (Hossain, 1992; Leroueil et al.,
1992; Little et al., 1992). Small specimens of either natural soil or compacted soil may not
contain a representative distribution of the macro-features, and the structural hierarchy in
situ is rarely as uniform as in laboratory-prepared specimens. It is important to recognise
this in transferring laboratory results to the prediction of behaviour in the field. How-
ever, the micro-fabric, or distribution of the soil particles, also plays a significant part in
soil behaviour and is usually considered adequately represented in small-scale laboratory
specimens.

The early descriptions of the structure of compacted clays was based on individual
particles with the structure dry of OWC described as flocculated and the structure wet
of OWC described as more dispersed with a face-to-face, parallel particle arrangement
(Lambe, 1951). The generalised horizontal alignment of clay platelets in soil compacted
wet of optimum is consistent with the description given by Lambe (1951) of a dispersed
structure. However, an ordered soil structure of this kind can also result from natural depo-
sition or be a consequence of particle reorientation on deformation planes. In fine-grained
cohesive soil, preferential orientation of clay platelets leads to pronounced anisotropic
behaviour characteristics. At right angles to the direction of particle alignment the per-
meability can be expected to be several orders of magnitude less than the permeability in
the direction of particle alignment because of the greater tortuosity of fluid flow (Lambe,
1955; Witt and Brauns, 1983; Arch et al., 1993). Strength, deformation and consolidation
characteristics can also be expected to be influenced by particle alignment. It may be that
research into fractal geometry is able to shed further light on the distribution of different
levels of soil structure.

The importance of soil structure and its dependence, amongst other factors, on water
content, stress history and method of compaction have generated much research, with
progress through the years relying on advances in technology. While there are several
methods available to examine the pore size distribution of soils, the most productive have
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been the scanning electron microscope (SEM) and mercury intrusion porosimetry (MIP).
These techniques are outlined in Section 1.6. Interpretation of the structure in unsaturated
soils dry of OWC is now more refined and takes account of the aggregation of soil
particles. Aggregation leads to a soil with a bi-modal pore size distribution comprising
relatively small intra-aggregate void spaces within the particle aggregations and larger
inter-aggregate void spaces between the aggregates (Barden and Sides, 1970; Ahmed et al.,
1974; Wan et al., 1990; Alonso et al., 1995; Gens et al., 1995; Delage et al., 1996; Lloret
et al., 2003; Romero et al., 2003; Thom et al., 2007; Sivakumar et al., 2010b).

1.6 Experimental techniques for examining
pore size distribution

The importance of soil fabric to behaviour cannot be overemphasised. Consequently, tech-
niques that allow an examination of the microstructural arrangement of soil particles, soil
structural features such as strain localisation and a determination of the variation of pore
sizes within a soil are fundamental to characterising soil behaviour. The SEM allows a
visual image of the structure of fine-grained soils to be obtained and is the most widely
used surface diagnostic tool. Much research has also centred on MIP, which allows mea-
surement of the pore size distribution and clearly illustrates a bi-modal distribution of pore
sizes in most fine-grained unsaturated soils. There continue to be advancements in these
approaches as well as the introduction of newer techniques such as the tomography meth-
ods: X-ray computed tomography, neutron tomography and electrical impedance tomog-
raphy. These approaches are briefly discussed in the following sections. Other techniques
referenced in the literature – time-domain reflectometry, near-infrared spectroscopy, the
dual-energy gamma-ray technique, along with more powerful X-ray techniques provided
by synchrotron radiation and micro-focus X-ray systems – are also finding increasing
usage (see Romero and Simms, 2008).

1.6.1 SEM method

This technique employs a narrowly focused beam of high-energy electrons to scan across
the surface of a specimen. The beam interaction with the surface generates a shower of
secondary and backscattered electrons which are collected by a detector. The intensity of
the emitted electrons varies according to differences in surface topography and/or mate-
rial composition. A flat specimen is usually needed in order to discriminate between the
topographic information and the compositional information, as well as phase identifica-
tion. The specimens are carefully glued into plugs using epoxy or silpaste and are dried
overnight in a low-temperature oven. The specimens are then coated with a conductive
metal, normally gold, and placed inside the SEM unit from which images are obtained at
the required magnifications.

Romero and Simms (2008) described the environmental scanning electron microscope
(ESEM) technique, which is a promising advancement from SEM testing. The approach
requires no conductive coating on the specimen, making it possible to examine wet soil
specimens and to preserve the natural specimen characteristics. Amongst others who have
reported testing using ESEM are Komine and Ogata (1999) and Villar and Lloret (2001),
who have reported on the swelling characteristics of bentonite, and Monroy et al. (2010),
who have reported on the structure of London clay.
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1.6.2 MIP method

MIP is perhaps the most widely used method for measuring pore sizes of a soil or rock frag-
ment. The general procedure for MIP was first suggested by Washburn (1921). Normally,
mercury does not intrude pores in a specimen because the free energy of the soil–mercury
interface is greater than the free energy of the soil–gas interface. However, the application
of pressure can force mercury into the pores of a soil. The differential pressure required
to intrude the pores is given by:

pd = −4Tm cos θm

d
[1.26]

where pd is the differential pressure, Tm is the surface tension of mercury (0.484 N/m at
25◦C), d is the pore diameter, θm is the contact angle of the air-mercury with the walls
of the capillary (usually taken as between 139◦ and 147◦ (Diamond, 1970), although
Penumandu and Dean (2000) suggest higher values of 162◦ for the advancing angle and
158◦ for the receding angle for kaolin using the sessile drop technique).

The use of mercury porosimetry requires that all of the pores be free of interfering
liquids at the start of the intrusion measurement (Sridharan et al., 1971). The interfering
liquids can be removed by either air drying or oven drying. However, in the case of soils,
these approaches can lead to soil shrinkage (Diamond, 1970). In order to overcome the
problem, freeze drying is used to remove the water by sublimation and desorption (Ahmed
et al., 1974; Delage et al., 1996). Romero and Simms (2008) provide further discussion
on the methodology and the use of MIP.

1.6.3 Tomography methods

Sun et al. (2004) described the development and use of real-time, X-ray computed to-
mography to the observation of density changes in both soils and rocks, and reported
results from a conventional triaxial compression test on silty clay. This non-destructive
method was used to provide cross-sectional images of the attenuation of an X-ray beam
through the soil specimen, as the specimen was sheared under increasing deviator stress up
to and beyond peak strength. The images provided evidence of the stages in development
of defects from initial specimen conditions through to post-failure. The cross-sectional
images appear to indicate the development of, or tendency towards, a complex pattern of
fissuring, interpreted as radial, axial fissures, though more laterally inclined fissures are
unlikely to be adequately represented on the images.

Koliji et al. (2006) described the use of neutron tomography followed by image pro-
cessing to measure the macro-pore evolution during compaction. Neutron tomography
is a non-destructive technique for investigating the distribution of neutron attenuating
materials (Degueldre et al., 1996). Using the principles of computer tomography, a 3-D
reconstruction of a soil specimen from a set of radiographies can be obtained by rotating
the specimen.

Electrical impedance tomography can be used in the laboratory as well as in geophysical
investigations in the field. The technique allows the estimation of the spatial distribution of
the electrical conductivity within a soil to be determined from impedance measurements.
Electrodes are applied to the surface of the soil and electric currents applied to selected
electrodes while the resulting voltage is measured at the remaining electrodes. The distri-
bution of conductivity within the specimen can then be estimated. Abu-Hassanein et al.
(1996) and Borsic et al. (2005) described the use of electrical conductivity measurements
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in the laboratory to determine heterogeneities in soil properties such as porosity, degree
of saturation and hydraulic conductivity.

1.7 Pore size distribution

There is a considerable body of research identifying the bi-modal pore size distribution of
unsaturated fine-grained soils based primarily on SEM and MIP analyses of laboratory-
prepared specimens. It is now widely accepted that the simplest representation of un-
saturated soils is given by two levels of structure (Diamond, 1970; Ahmed et al., 1974;
Gens and Alonso, 1992; Al-Mukhtar, 1995; Al-Mukhtar et al., 1996; Delage et al., 1996;
Cuisinier and Laloui, 2004; Koliji et al., 2006). Figure 1.15 illustrates a compacted soil
that possesses a bi-modal pore size distribution as a result of aggregation of the soil parti-
cles. Within the aggregates are the fine intra-aggregate pores, while between the aggregates
are the larger inter-aggregate pores. The general conclusion from analysis of specimens
compacted wet and dry of Proctor OWC is of an aggregated soil structure dry of optimum
and a more dispersed, unimodal pore size distribution wet of optimum.

The dual-porosity model is a result of the micro-structural arrangement of the soil parti-
cles within the aggregations, and the macro-structural arrangement of the aggregates and
their relation to mass characteristics. Within both natural and compacted clayey soils dry
of optimum, the aggregation of soil particles results in what is often referred to as an ‘open’
soil structure. The drier a soil, the more likely the inter-aggregate pore spaces will develop
into open fissures. Griffiths and Joshi (1989) found that volume change of unsaturated
soils under increasing consolidation stress was due to deformation of inter-aggregate pore
spaces and that intra-aggregate pore spaces remained largely unchanged. Gens and Alonso
(1992) reached a similar conclusion from an examination of the deformation character-
istics of unsaturated expansive clay, while Toll (1990) recognised the significance of an
aggregated structure to the strength of unsaturated soils.

As a soil dries, the water phase is drawn into the smaller intra-aggregate pores and
the suction increases, while the air phase fills the surrounding larger inter-aggregate void
spaces (Alonso et al., 1990; Delage and Graham, 1995). The concept of a bi-modal
structure and the dual stress regime implied by this model is used in examining the
strength and compression behaviour of unsaturated soils in later chapters. Consistent
with this, in describing unsaturated soils, Barden and Sides (1970) carried out a series of
SEM tests and referred to the creation of saturated packets, comprising the soil particles
and water, surrounded by air-filled voids. While this represents an idealised view of
unsaturated soils, theoretical justification for the close association of the water and soil
particles is presented in Chapters 7 and 8. There is also increasing experimental evidence
to support the view that saturated aggregates of particles provide a reasonable basis for

Aggregate

Soil particle

Intra-aggregate pores

Inter-aggregate pores

Figure 1.15 Illustration of aggregated soil structure.
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Figure 1.16 Pore size distribution of specimens of kaolin isotropically compressed to various
pressures at water contents of 22.5, 25 and 27.5% (after Thom et al., 2007).

the interpretation of the structure of unsaturated soils over a wide range of suction. Tang
and Cui (2009) made this assumption in their analysis, arguing that it was supported by
the experimental observations of Saiyouri et al. (2000). Monroy et al. (2010) described
a bi-modal structure for unsaturated London clay in which measurements indicated the
aggregates were saturated. Further justification is given by the MIP analyses discussed
later in the chapter.

Thom et al. (2007) reported on the results of an investigation using MIP into the
effect of post-compaction wetting, compaction water content, method of compaction and
compactive effort on the existence of a bi-modal pore distribution in unsaturated specimens
of speswhite kaolin. Figures 1.16–1.18 illustrate the pore size distributions based on the
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Figure 1.17 Pore size distribution of specimens of kaolin statically compressed to various
pressures at water contents of 22.5, 25 and 27.5% (after Thom et al., 2007).

MIP tests on specimens of kaolin isotropically compressed, statically compressed and
dynamically compacted at water contents of 22.5, 25 and 27.5%. The plots indicate
the incremental pore volume for 1 g of dry kaolin plotted against the pore diameter.
Incremental pore volume refers to the volume of mercury that intruded into the pores
between pressure increments. Irrespective of the method of specimen preparation, there
is clear indication that the kaolin specimens possessed a bi-modal pore size distribution.
The SEM image in Figure 1.19, taken of one of the specimens isotropically compressed,
provides a pictorial illustration.

The plots of Figures 1.16–1.18 indicate a distinct division between those smaller voids,
interpreted as comprising the intra-aggregate pore spaces, and the larger inter-aggregate
voids. The intra-aggregate voids are shown as typically between 0.3 and 2 µm, with the
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Figure 1.18 Pore size distribution of specimens of kaolin dynamically compacted at water
contents of 22.5, 25 and 27.5% (after Thom et al., 2007).

larger inter-aggregate voids >3 µm and typically around 10 µm. The difference between
the two sets of void spaces of 2–3 µm corresponds approximately to the particle size of
kaolinite. The inter-aggregate voids are shown as larger than those voids within the aggre-
gations by around 10–20 times. In general, the plots indicate that the lower the compaction
water content, the greater the percentage of the intra-aggregate pores and the lower the
percentage of the inter-aggregate pores. However, a word of caution is necessary as the rel-
ative volume of inter-aggregate pore spaces for very dry soils may be influenced in the field
by macro-fissures not being represented in the small specimens tested in the laboratory.

The plots clearly indicate that the form of compression and the water content at the time
of compression influenced the determined pore size distribution of the unsaturated kaolin.
For given water content, the increase in compression pressure in Figures 1.16 and 1.17 is
shown to have had a far more pronounced influence on the inter-aggregate pores than on

Figure 1.19 SEM image of specimen of compacted kaolin (static compression to 800 kPa at
water content of 25%) (after Thom et al., 2007).



P1: SFK/UKS P2: SFK
c01 BLBK297-Murray May 26, 2010 20:14 Trim: 244mm×172mm

Properties of Unsaturated Soils 29

1.60

1.70

1.80

1.90

2.00

2.10

2.20

2.30

2.40

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

ln (s+patm)/patm

Sp
ec

if
ic

 v
ol

um
e 

(v
) 

an
d 

sp
ec

if
ic

 w
at

er
 v

ol
um

e 
(v

w
) 

 

IS(A)

IS(B)Specific volume

Specific water 
volume

s = 100 200 300

Figure 1.20 Suction-volume and suction-water volume relationship (after Sivakumar et al.,
2010b).

the intra-aggregate pores. This is consistent with the findings of Griffiths and Joshi (1989)
and Gens and Alonso (1992).

It is also important to note that the bi-modal structure was not broken down by com-
paction even at water contents close to the optimum of 29% (based on standard Proctor
compaction).

Figures 1.20 and 1.21 after Sivakumar et al. (2010b) and Sivakumar (2005) respec-
tively present the results of swelling tests on specimens of kaolin. The specimens, IS(A)
and IS(B), were prepared isotropically to two different initial specific volumes (IS(A) at
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Figure 1.21 Wetting-induced volume change of specimens IS(A) and IS(B) (after Sivakumar,
2005).
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Aggregates after 
sample preparation

Wetting 

Aggregates
after saturation 

Wetting 

(a)

(b)

Aggregates
after saturation 

Aggregates after 
sample preparation

Figure 1.22 (a) Simple model and (b) actual model for aggregates expanding into macro-voids
(after Sivakumar et al., 2010b).

2.19 and IS(B) more compact at 1.99), but to similar specific water volumes correspond-
ing to a water content of 25%. The method of isotropic soil preparation is detailed in
Chapter 3. Figure 1.20 shows the specific volume and specific water volume against suc-
tion, and Figure 1.21 shows the change in specific volume against suction of the specimens
from the initially prepared conditions. The inclusion of patm (atmospheric pressure) in the
suction term avoids the natural logarithm of suction becoming indeterminate when the
suction falls to zero. The results for specimens of both IS(A) and IS(B) show that signif-
icant swelling occurred during the wetting process, but the more compact specimens of
IS(B) swelled twice as much as those of IS(A). The simple scenario of swelling of the clay
specimens generated solely by the mechanism of expansion of the aggregates is illustrated
in Figure 1.22(a). If expansion of the aggregates was the only mechanism for volume
change, the volume change for specimens IS(A) and IS(B) would have been expected to be
broadly similar. However, this was not the case and the wetting tests on kaolin confirm
expansion of the individual aggregates into the inter-aggregate void spaces on uptake of
water by the aggregates, reducing the overall potential expansion of a specimen (Thom
et al., 2007; Sivakumar et al., 2010b). The conclusion is that the greater the initial com-
paction, the denser the specimen, the less the closure of the inter-aggregate voids and the
greater the overall specimen expansion for a given increase in water content. The MIP
results of Figure 1.24 indicate a significant reduction in the inter-aggregate pore volume.
This can be explained only by inferred distortion and expansion of the aggregates into the
inter-aggregate pore spaces during wetting, as illustrated in Figure 1.22(b). The aggregates
in the tests thus acted as deformable structures in which particle rearrangement took place
under changing conditions.

According to Alonso et al. (1995) and Sivakumar et al. (2006b), there are three mech-
anisms involved in the volume change characteristics of unsaturated soils: (a) swelling of
individual aggregates due to water uptake; (b) aggregate slippage at the inter-aggregate
contacts due to lack of strength to support the externally applied load, leading to col-
lapse settlement; and (c) distortion of aggregates into the inter-aggregate pore spaces. The
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Figure 1.23 Effects of stress-induced anisotropy on the specific volume during wetting (after
Sivakumar et al., 2010b).

relative influence of these controlling mechanism determines the overall response of clays
during wetting.

Further important insight can be gained into the aggregated structure of kaolin
from the wetting results of Figure 1.23(a) and (b) and the corresponding MIP re-
sults of Figure 1.24(a) and (b). Cumulative mercury intrusion measurements for the
specimens before wetting indicated that the volumes of mercury necessary to fill the
inter-aggregate voids were approximately 0.18 cm3/g and 0.125 cm3/g for specimens
IS(A) and IS(B) respectively. These volumes correspond to a macro-voids ratio of
approximately 0.493 and 0.331 for IS(A) and IS(B). Since the respective overall voids
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Figure 1.24 Effects of stress-induced anisotropy on the pore size distribution (after Sivakumar
et al., 2010b).
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ratios of these specimens were 1.193 and 0.989, the magnitude of intra-aggregate voids
ratios of the specimens of IS(A) and IS(B) were 0.700 and 0.658 respectively. The kaolin
aggregates were prepared at a water content of 25%. If the aggregates were saturated and
the inter-aggregates pores free of water, then, taking the specific gravity of kaolin as 2.65,
the intra-aggregate voids ratios of the specimens would be approximately 0.663. This
value agrees favourably with the measured intra-aggregate voids ratio from MIP results of
IS(A) and IS(B), confirming the existence of saturated aggregates for the specimens with
suctions up to at least 1000 kPa.

Figure 1.23(a) and (b) compares the changes in specific volumes from initial conditions
of isotropically compressed and one-dimensionally compressed specimens subject to re-
ductions in suction on wetting. The IS(A) and 1D(A) specimens of Figure 1.23(a) had an
initial specific volume of 2.19 and the IS(B) and 1D(B) specimens of Figure 1.23(b) an
initial specific volume of 1.99. Although the paired specimens had identical initial specific
volumes and water volumes, the differences in the responses of the specimens to wetting
(i.e. the reductions in suction) are shown as significant. In particular, the results for the
specimen with isotropic previous stress history and relatively low initial density IS(A)
show significant swelling during the wetting process, whereas the paired specimen with
one-dimensional previous stress history 1D(A) exhibits significant collapse compression
on reduction in suction from 200 kPa to zero. The collapse compression was a result
of reduction of the larger inter-aggregate voids associated with a reduction in the resis-
tance to compression instigated by the wetting process. For the denser one-dimensionally
prepared specimen 1D(B) of Figure 1.23(b), no collapse is evident as the resistance to col-
lapse was greater. Both IS(B) and 1D(B) experienced swelling throughout the equalisation
process though the plots differ significantly. The magnitude of swelling from the initial
conditions is shown as 75% greater for the isotropically compressed specimen than the
one-dimensionally compressed specimen.

The MIP results of Figure 1.24(a) and (b) indicate the general trend of reduction in the
larger inter-aggregate voids and increase in the smaller intra-aggregate voids following sat-
uration from the as-prepared conditions. Despite the identical initial specific volumes and
specific water volumes, the specimens with isotropic and one-dimensional previous stress
history exhibit slightly different initial bi-modal pore size distributions, represented in the
figure as ‘after sampling’. The specimens prepared using one-dimensional (1D) compres-
sion are shown to exhibit a slightly more ‘open’ macro-structure at both levels of initial
compression effort (i.e. light 1D(A) and heavy 1D(B) compression). The open structure
exhibited by the statically compressed specimen of 1D(A) may have contributed to unsta-
ble inter-aggregate contacts susceptible to collapse during wetting. However, the observed
small differences in the pore size distributions do not explain satisfactorily the disparity in
the volume change behaviour reported in Figure 1.23(a) and (b), other than to suggest that
small differences in structure may result in significantly different behaviour characteristics
consistent with unstable or meta-stable conditions and a chaotic response to wetting.

1.8 Conclusions

The following outlines the main conclusions:

� Soils encompass a wide spectrum of particulate materials, which in the saturated state
have all the voids between the particles filled with water and in the unsaturated state
have a percentage of the void spaces filled with air. The wide range of particle sizes
and the inherent variability of soils give rise to behavioural characteristics not readily
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amenable to analysis. Stress history and time also influence the soil’s multi-faceted
behaviour requiring simplifications and generalisations in formulating solutions to
problems.

� For a soil system in equilibrium, an applied external pressure (or stress regime) is
balanced by the components of pressure and stress associated with the phases and their
interactions.

� The fabric or structure of soil is derived from the arrangement of the particles and can
significantly affect the overall mechanical and hydromechanical properties.

� Unsaturated fine-grained soils can be viewed as having a bi-modal pore size distribution
due to aggregation of particles, with a clear division between those smaller voids
comprising the intra-aggregate pore spaces and the larger inter-aggregate voids.

� The bi-modal structure does not appear to be readily broken down by compaction
even at water contents close to the optimum.

� The wetting of unsaturated specimens results in individual aggregates expanding into
the inter-aggregate void spaces, reducing the overall potential expansion of the spec-
imen. The aggregates act as deformable structures in which particle rearrangement
takes place under changing conditions.

� Over a wide range of suctions, there is experimental evidence to suggest that the
aggregates remain saturated with water, with air restricted to the larger inter-aggregate
voids.

Notes

1. In later sections we will more frequently refer to matric suction of which negative pore water
pressure may be considered a special case. Suction is the water pressure relative to an elevated
datum air pressure and is frequently used in overcoming cavitation in laboratory testing.

2. B.S. 1377 (1990) 2.5 kg rammer compaction is frequently referred to as Standard Proctor
compaction and 4.5 kg rammer compaction as the heavy or Modified Proctor compaction. The
equivalent ASTM compaction tests are the Standard AASHTO and Modified AASHTO.

3. Throughout the book, the term specimen is used to describe soils carefully prepared for testing,
while the term sample is used to describe volumes of material not yet prepared as specimens.

4. In some disciplines a bubble is defined as having two liquid surfaces, as for a soap bubble, one
on the inside and one on the outside of the bubble. Where there is one surface, such as a gas
bubble in a liquid, this is referred to as a cavity.

5. This is an example of Ostwald’s ripening. Bubbles or cavities with relatively large curvature are
less stable and larger bubbles will grow at the expense of smaller ones.

6. Henry’s law is a physical principle which states that at a constant temperature, the solubility of
a gas in a liquid varies directly with the partial pressure of the gas. Accordingly, as the partial
pressure increases, the solubility also increases. The constant of proportionality is called the
Henry’s law constant and provides a measure of the solubility of a compound.

7. While the term effective stress is strictly applicable only to saturated soils or perfectly dry soils
with no suction, we will from time to time refer to ‘effective’ stress as a generic term for the net
inter-particle and interactive stresses internal to both saturated and unsaturated soils.
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Chapter 2
Suction Measurement
and Control

2.1 Introduction

Many engineering-related problems are associated with soils in an unsaturated state where
the void spaces between particles are partly filled with air and partly with water. This leads
to negative pore water pressures (or suctions), which greatly influences the controlling
stress regime. The accurate measurement and interpretation of soil suction is thus vital to
understanding the behaviour of unsaturated soils. However, magnitudes of suction can
vary enormously (between 0 and 1 GPa) and the instruments and measurement techniques
are usable over only specific suction ranges. Table 2.1 illustrates the general suction ranges
and equalisation times for a number of methods of suction measurement and control.

Some instruments and techniques are suitable for laboratory testing only, while others
can be used in the field. Some instruments record total suction, while others are used to
measure matric or osmotic suction. The different methods can be broadly divided into
direct and indirect techniques. The direct approach measures the equilibrium of a soil-
water system without involving any external medium, while the indirect approach involves
the use of an external medium that achieves moisture equilibrium with the soil. Further
reading on suction measurement and control is provided by Fredlund and Rahardjo (1993),
Guan (1996), Lu and Likos (2004), Rahardjo and Leong (2006), Ng and Menzies (2007),
Bulut and Leong (2008), Delage et al. (2008) and Tarantino et al. (2009).

In this chapter a discussion is presented on the applicability and limitations of the hang-
ing column technique, the pressure plate technique, psychrometers, chilled-mirror dew
point device and tensiometers, along with the more indirect methods of total and matric
suction measurements comprising the thermal and electric conductivity techniques and
filter paper methods. The discussion is then extended to osmotic suction measurements,
the axis translation technique, the osmotic control technique and the vapour equilibrium
technique of suction measurement and control in laboratory tests to investigate the volume
change, straining and strength of unsaturated soils.
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Table 2.1 Approximate measurement ranges and times for equilibration in measurement
and control of soil suction.

Instrument
Suction component
measured

Typical measurement
range (kPa) Equilibration time

Suction measurement

Pressure plate Matric 0–1,500 Several hours to days

Tensiometers and
suction probes

Matric 0–1,500 Several minutes

Thermal conductivity
sensors

Matric 1–1,500 Several hours to days

Electrical conductivity
sensors

Matric 50–1,500 Several hours to
weeks

Filter paper contact Matric 0–10,000 or greater 2–57 days

Thermocouple
psychrometers

Total 100–8,000 Several minutes to
several hours

Transistor
psychrometers

Total 100–70,000 About 1 hour

Chilled mirror
psychrometer

Total 1–60,000 3–10 minutes

Filter paper
non-contact

Total 1,000–10,000 or
greater

2–14 days

Electrical conductivity
of pore water
extracted using pore
fluid squeezer

Osmotic entire range —

Suction control

Negative (or Hanging)
water column
technique

Matric 0–30 or greater with
multiple columns or
vacuum control

Several hours to days

Axis translation
technique

Matric 0–1,500 Several hours to days

Osmotic technique Matric 0–10,000 up to 2 months

Vapour equilibrium
technique

Total 4,000–600,000 1–2 months

2.2 Techniques for measurement of suction

2.2.1 Hanging water column

Vanapalli et al. (2008) provide a detailed discussion on the history and development of the
hanging water column approach to matric suction measurement. This approach has been
used mainly to examine the relationship between capillary potential and water content
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Figure 2.1 Multiple hanging water column apparatus.

in establishing the SWCC for a soil. The maximum suction that can be achieved by the
conventional hanging column technique using a single burette to apply the suction is
20–30 kPa. Higher suctions can be achieved by ‘multiple columns’, as illustrated in Figure
2.1, or using the ‘vacuum control technique’, which permits matric suction measurements
in the range of 0–80 kPa.

2.2.2 Pressure plate

Richards (1941) and Gardner (1956) appear to be amongst the first references to the
pressure plate technique, which works on the assumption that the negative pore water
pressure in the soil can be brought to a positive value by using the axis translation
technique. This was a significant improvement on the original so-called suction plate
approach, in which the air pressure was atmospheric and there was a lack of control over
the equilibrium water content of the specimen under test. In the pressure plate apparatus,
elevated air pressure is applied to an unconfined specimen in order to bring the pore water
pressure to a positive value. The basis of the approach is that the increase in the air pressure
is equal to the increase in the water pressure, and the matric suction (ua − uw), which the
apparatus measures, remains unchanged (Hilf, 1956). It is assumed that the water and soil
particles are incompressible and the artificial increase in the datum atmospheric pressure
does not influence the curvature of the meniscus between the water and air phases.

The apparatus consists of a saturated ceramic disc with a known high air entry (HAE)
value and pressure transducers for measuring both the air pressure in the chamber and
the water pressure in the drainage line (Figure 2.2). The ceramic disc acts as a membrane
between the air and water and resists the flow of air into the pore water measuring system.
The basic principle of the ceramic disc is illustrated schematically in Figure 2.3.

Even under careful control there may be an element of unavoidable liquid phase transfer
through the disc, which is permeable to dissolved salts, thus influencing the measured
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Figure 2.2 Pressure plate apparatus.

suction. If the air entry value of the ceramic disc is less than the soil matric suction, air
will also pass through the disc. The presence of air bubbles in the measuring system must
be avoided as this gives rise to erroneous pore water pressure measurements. The pressure
plate apparatus shown in Figure 2.2 includes the important feature of a flushing valve
to allow any air bubbles below the ceramic disc to be removed. Additionally, while the
presence of a thin film of water on the high air entry filter before placement of the specimen
helps to ensure continuity of the water phase between the specimen and ceramic disc, it
can lead to an underestimate of the soil suction measured.

Two types of tests are normally carried out: the null-type test and the pore water extrac-
tion tests. For the so-called null-type measurements of matric suction, the air pressure is
raised but the specimen is restrained to constant water mass conditions. Matric suction is
the difference between the applied air pressure and the pore water pressure at equilibrium.
In a pore water extraction test, the applied air pressure is increased and drainage from
the specimen is allowed to occur through the high air entry porous disc. Drainage contin-
ues until the water content of the specimen achieves equilibrium with the applied matric

Water pressure uw

Air pressure ua

Soil particles

Pores in ceramic disc

Ceramic disc

Pore water

Pore air

Figure 2.3 Schematic cross section of the interface between the soil specimen and HAE disc.
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Figure 2.4 Pressure–time response in pressure plate apparatus.

suction. The matric suction is the difference between the water pressure on one side of the
disc, which is frequently atmospheric, and the air pressure on the other side of the disc.

When placing the soil specimen on top of the saturated ceramic disc, it is important to
ensure that there is good specimen to disc contact and no break in continuity between the
water in the specimen and water in the drainage line. A weight of typically 0.1 to 0.2 kg
on top of the specimen helps ensure good contact between the specimen and the disc.
The placement of the soil specimen on the ceramic disc and assembly of the cell must be
performed as quickly as possible, as any delay in action can lead to de-saturation of the
previously saturated ceramic filter. Air pressure in the chamber is increased to the desired
elevated value to bring the water pressure to a positive value, while drainage of pore water
is prevented. Figure 2.4 shows a typical response of the water pressure transducer over
time. The water pressure in the drainage line is shown to increase gradually and reach an
equilibrium value. The suction is the difference between the pore air pressure applied in
the chamber and the pore water pressure measured in the drainage line.

The maximum suction measurable by the pressure plate technique is dependent on the
air entry value of the ceramic disc, and these are normally available up to 1500 kPa.
Increased rate of air diffusion at higher air pressure and prolonged moisture loss through
the vapour phase, due to long equalization times, can affect the accuracy of the suction
measurements.

The so-called Tempe pressure cells for measuring matric suction are based on a concept
similar to the pressure plate approach described here.

2.2.3 Thermocouple psychrometers

Thermocouple psychrometers allow a determination of the total suction by measuring
the relative humidity of soil. The relative humidity Rh is the ratio uv/uvo of the partial
pressure of pore water vapour uv to the saturation pressure of water vapour over a flat
surface of pure water at the same temperature uvo. The thermodynamic relationship of
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Figure 2.5 Peltier thermocouple psychrometer (after Lu and Likos, 2004).

Equation 1.15 allows determination of the total suction from measurements of Rh. Ther-
mocouple psychrometers operate on the basis of the temperature difference between a
measuring or sensing junction (i.e. wet junction) and a reference junction (i.e. dry junc-
tion) of the thermocouple. Two types of thermocouple psychrometer are available: the
Peltier type (Spanner, 1951) and the wet-loop type (Richards and Ogata, 1958). The
instruments differ only in the way the measuring junction is wetted. In the Peltier type,
evaporation is induced by passing a thermoelectric, cooling current through the measuring
junction. In the wet-loop type, the measuring junction is wetted by placing a drop of water
in a small silver ring.

A Peltier thermocouple psychrometer is illustrated in Figure 2.5. The thermocouple
consists of 0.0025 cm diameter wires of constantan (a copper–nickel alloy) and chromel
(a chrome–nickel alloy). The difference in the temperature is related to the relative humid-
ity. It makes use of the cooling produced by the ‘Peltier’ effect (Figure 2.6) to condense a
small amount of moisture (once the dew point is reached) inside the shield onto the mea-
suring junction. The Peltier effect is the phenomenon that allows a thermocouple junction
to be cooled by passing an electric current through the junction. As the condensed water
evaporates, a potential difference is set up between the measuring junction and the refer-
ence junction. This creates an induced electric current in the thermocouple loop due to the
‘Seebeck’ effect. The Seebeck effect is the phenomenon resulting from the electromotive
force generated in a closed circuit of two dissimilar metals when the two junctions of the
circuit have different temperatures. The magnitude of the current depends primarily on
the rate of evaporation of the condensed water, which in turn depends on the suction and
the temperature of the soil (Bulut and Leong, 2008).
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Figure 2.6 Basic principle of thermocouple psychrometer.

The response of a psychrometer depends on the protective covering to the thermocouple
wires and the magnitude of total suction being measured. The protective covers take the
form of a ceramic cup, a stainless steel screen or stainless steel (or Teflon) tubing with a
screen end window. The type of protective cover provided depends on the application of
the psychrometer and the response time required, which varies from a few hours to possibly
2 weeks. Brown (1970) suggested that a psychrometer with the ceramic cup protective
cover required an equilibration periods of about three times that of a psychrometer with a
stainless steel mesh cover. No protective cover reduced the equilibration period to about
half that for a stainless steel mesh. The long equilibration time required by a ceramic
cup–type psychrometer renders it impractical in many situations. In addition, the single-
junction thermocouple shown in Figure 2.5 has been shown to be extremely sensitive to
temperature changes and cannot measure the ambient temperature around the measuring
junction. Double-junction psychrometers overcome these shortcomings (Meeuwig, 1972;
Campbell, 1979).

Psychrometers can be used to measure the total suction in a soil specimen by comparing
results with calibration curves. The calibration of a psychrometer consists of determin-
ing the relationship between microvolt output from the thermocouple and known total
suctions. The calibration can be carried out by suspending the psychrometer over a salt
solution with a known osmotic suction in a sealed chamber under isothermal conditions.
The water vapour pressure or the relative humidity in the calibration chamber corresponds
to the osmotic suction of the salt solution. A range of NaCl or KCl solutions of known
osmotic potential are typically used to establish the relation between suction and micro-
volt output. Tables 2.2 and 2.3 show the suction values for a range of temperatures and
concentrations of NaCl and KCl solutions, respectively. Detailed calibration procedures
have been provided by Wiebe et al. (1970) and Sivakumar (2005).

The output readings of the psychrometer are highly dependent on the temperature and
the standard procedure is to adjust all calibrations and measurements to a temperature of
25◦C, using the following formula:

Corrected reading = (measured reading)
(0.325 + 0.027t)

[2.1]

where t is the temperature (in ◦C) at which the reading was made. However,
Comstock (2000) showed that the correction factor φ = 0.325 + 0.027t depends on both
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Table 2.2 Total suction (kPa) of the sodium chloride (NaCl) solution at temperatures from
0 to 40◦C. Reproduced by permission of CSIRO Publishing / © CSIRO 1967

Temperature

NaCl molality 0◦C 5◦C 10◦C 15◦C 20◦C 25◦C 30◦C 35◦C 40◦C

0.05 214 218 222 226 230 234 238 242 245
0.10 423 431 439 447 454 462 470 477 485
0.20 836 852 868 884 900 915 930 946 961
0.30 1247 1272 1297 1321 1344 1368 1391 1415 1437
0.40 1658 1693 1727 1759 1791 1823 1855 1886 1917
0.50 2070 2115 2158 2200 2241 2281 2322 2362 2402
0.70 2901 2967 3030 3091 3151 3210 3270 3328 3385
1.0 4169 4270 4366 4459 4550 4640 4729 4815 4901
1.2 5032 5160 5278 5394 5507 5620 5730 5835 5941
1.5 6359 6529 6684 6837 6986 7134 7276 7411 7548
1.7 7260 7460 7640 7820 8000 8170 8330 8490 8650
2.0 8670 8920 9130 9360 9570 9780 9980 10 160 10 350

Adapted from Lang (1967).

the temperature and the suction. It was suggested that the slope of the correction factor
mp can be calculated using the following formula:

mp = −0.000210ψ2
p − 0.002606ψp + 0.023332 [2.2]

where mp is the variable slope given as a constant (0.027) in Equation 2.1 and �p is the
water potential or total suction. Therefore the corrected psychrometer readings can be

Table 2.3 Total suction (kPa) of the potassium chloride (KCl) solution at temperatures from
0 to 35◦C. Reproduced by permission of SSSA

Temperature

KCl molality 0◦C 10◦C 15◦C 20◦C 25◦C 30◦C 35◦C

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.10 421 436 444 452 459 467 474
0.20 827 859 874 890 905 920 935
0.30 1229 1277 1300 1324 1347 1370 1392
0.40 1628 1693 1724 1757 1788 1819 1849
0.50 2025 2108 2148 2190 2230 2268 2306
0.60 2420 2523 2572 2623 2672 2719 2765
0.70 2814 2938 2996 3057 3116 3171 3226
0.80 3208 3353 3421 3492 3561 3625 3688
0.90 3601 3769 3846 3928 4007 4080 4153
1.0 3993 4185 4272 4366 4455 4538 4620

After Campbell and Gardner (1971).
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Figure 2.7 Typical calibration line for a thermocouple psychrometer at 20◦C.

adjusted using the following formula (with temperature at 20◦C):

Corrected reading = (measured reading)
(0.486 + 0.0257t)

[2.3]

At 20◦C, the corrected reading and measured reading are the same. If the temperature is
greater than 20◦C, the corrected reading will be less than the measured reading, whereas if
the temperature is less than 20◦C, the corrected reading will be greater than the measured
reading. Figure 2.7 shows a typical calibration curve for a thermocouple psychrometer at
20◦C.

Spanner (1951) suggested that the apparatus must be capable of distinguishing dew
points to an order of 0.001◦C in order to measure suctions to an accuracy of about 10 kPa.
This puts a severe limitation on the accuracy of the thermocouple psychrometer technique.
The conclusions of tests reported by Krahn and Fredlund (1972) were that thermocouple
psychrometers are unreliable for measuring total suctions less than 100 kPa and that
psychrometer measurements between 100 and 300 kPa should be very carefully evaluated
for validity. For these reasons, the range of suctions measurable using thermocouple
psychrometers is usually limited to 100–8000 kPa. The lower limit corresponds to an
approximate humidity of around 100% and the upper limit is restricted by the maximum
degree of cooling produced by the chromel–constantan thermocouple and corresponds to
a relative humidity of around 94%. The susceptibility of the device to errors as a result
of temperature fluctuations renders it unsuitable for measuring suctions in situ where
significant temperature changes can occur.

2.2.4 Transistor (or thermister) psychrometer

The transistor psychrometer (Dimos, 1991; Woodburn et al., 1993; Truong and Holdon,
1995) has extended the range of psychrometer total suction measurement to 15 MPa.
Woodburn and Lucas (1995) extended the measuring range further, to 70 MPa, by using a
millivoltmeter to read outputs rather than the standard data logger system of measurement.
Delage et al. (2008) discussed the instrument and its use, which consists of two bulbs that
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Figure 2.8 Schematic of chilled-mirror dew point hygrometer (after Leong et al., 2003).
Reproduced by permission of the authors and the Institution of Civil Engineers

act as ‘wet’ and ‘dry’ thermometers. The instrument is placed in a sealed, insulated chamber
in equilibrium with a soil specimen. A standard drop of distilled water is used in the wet
thermometer. Evaporation from the wet bulb lowers its temperature and the difference
in temperature between the wet and dry bulbs after a standard period of 1 hour gives a
measure of the relative humidity and thus of the soil suction.

2.2.5 Chilled-mirror dew point hygrometer

The relative humidity of the air in the pore spaces of a soil can be determined by the chilled-
mirror dew point technique (Leong et al., 2003). This approach allows the total suction to
be determined in a similar manner to a thermocouple psychrometer but with an extended
upper limit of 60 MPa and a reduced equilibrium time of around 5 minutes. The apparatus
is illustrated in Figure 2.8. A small specimen is placed in a sealed chamber containing a
mirror and a photodetector cell. The soil specimen is allowed to reach equilibrium, which
occurs when the relative humidity of the air in the chamber is the same as the relative
humidity of the air spaces in the soil specimen. The mirror is cooled and the temperature
carefully controlled by a Peltier current. The photoconductor records the exact point at
which water condenses from the air in the chamber onto the mirror. This is the dew point
and is the temperature at which the water vapour in the air is just sufficient to saturate the
air. Relative humidity Rh is the ratio of the saturated vapour pressure of water at the dew
point to the saturated vapour pressure of water above a flat surface at the air temperature.
The device has a control to set the temperature of the soil sample to that at which the
relative humidity is to be measured.

2.2.6 Tensiometers

Tensiometers can be used in the laboratory and under site conditions and are inserted into
the soil via a pre-drilled hole. A number of different types are available and discussed in
the literature (Delage et al., 2008). A discussion on the background to the development
and applicability of the tensiometer is given next. High-capacity tensiometers or suction
probes developed principally for laboratory investigations are discussed in Section 2.2.6.

Tensiometers are used to measure the matric suction or negative pore water pressure
where the pore air pressure is not raised as in the axis translation technique. Osmotic
suction is not measured in the instrument as soluble salts can move freely through the
porous filter.
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Tensiometers rely on an exchange of water between the instrument and the soil to
equalise the water pressure in the instrument with the pore water pressure in the soil.
The instruments consist of a high air entry ceramic cup or filter connected to a pressure
measuring device (usually a vacuum gauge or a pressure transducer) through a small pore
tube. The pore tube and the cup are filled with de-aired water via the top of the tensiometer.
Achieving good contact between the instrument tip and the soil is very important. When
the tensiometer is inserted, the suction in the soil draws water from the tensiometer via the
porous filter until the stress holding the water in the tensiometer is equal to the suction in
the soil. The response time depends on the permeability of the porous filter, the sensitivity
of the measuring gauge, the volume of water in the system and the amount of undissolved
air in the system, but the instruments usually exhibit a relatively rapid response to pore
water pressure changes. A miniature tensiometer is used in a laboratory environment,
whereas larger probes are required for site application. Gosmo et al. (2000) reported the
use of tensiometers in the field up to 3.0 m below ground level. In such cases, it is necessity
to correct the measured negative pore water pressure to account for the difference in
elevation of the pressure transducer and the measuring point. While the suction values
recordable by a miniature tensiometer can be typically as high as 1–1.5 MPa, for larger
scale tensiometers, due to the higher risk of cavitation of the water in the instrument, the
suction values are limited to about 85–90 kPa (Stannard, 1990).

Watson (1967) introduced the electronic pressure transducer tensiometer for field mea-
surement. An electronic pressure transducer tensiometer is shown in Figure 2.9. This
type of tensiometer is suitable for automatic monitoring of negative pore water pressure.
However, the thermal expansion/contraction of the water in the system can affect the
measurements and result in errors thus continuous monitoring is necessary.

A mercury manometer–type tensiometer to measure the tension in the soil water was
proposed by Mottes (1975). Alternative measuring systems include a Bourdon vacuum
gauge or a pressure transducer connected to the tensiometer for measuring the equilibrium
of water pressure (Rahardjo and Leong, 2006).

While other commercially available tensiometers are available, they are generally based
on similar principles to the foregoing. Ridley et al. (2003) described a vacuum gauge
tensiometer with a ‘jet fill’ reservoir. The porous cup or filter is connected to a vacuum
gauge via a rigid pipe (Figure 2.10). The advantage of this type of tensiometer is that the
vacuum gauge directly reads the negative pore water pressure in the porous cup.

Electric 

connection

Water

Sensing 

diaphragm

Ceramic 

filter

Figure 2.9 Electronic pressure transducer tensiometer (after Watson, 1967). Copyright
Elsevier. Reproduced with Permission.
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Figure 2.10 Vacuum gauge tensiometer with a ‘jet fill’ reservoir (after Ridley et al., 2003).
Reproduced by permission of the authors and the Institution of Civil Engineers

The practice of applying tensile stress to the water can cause air bubbles to form within
the tensiometer. Richards et al. (1937) proposed removal of the air bubbles using a
double-tubing tensiometer, allowing flushing of the air from the interior of the cup. Figure
2.11 provides an example of a double-tubing tensiometer. Using a similar principle, the
incorporation of a jet fill system at the top of the tensiometer tube allows flushing of air
bubbles from the tube. During flushing, air bubbles rise to the water reservoir as water
from the reservoir fills the tensiometer tube. However, the presence of air in the reservoir
influences the readings of negative pore water pressure and it is necessary to remove the
collected air (Rahardjo and Leong, 2006).

Peck and Rebbidge (1966) introduced an osmotic tensiometer to overcome the problem
of cavitation in conventional tensiometers. Water in this tensiometer is replaced with
polyethylene glycol (PEG), and the instrument uses a semi-permeable membrane that is
permeable to water but impermeable to the larger PEG molecules. A confined PEG solution
in contact with the pore water via the semi-permeable membrane reaches equilibrium when
the hydrostatic pressure is equal to the negative pore water pressure. When the tensiometer
is placed in soil and equilibrium is achieved, the pressure in the solution decreases by an
amount equal to the negative pore water pressure. An advantage of this instrument over
conventional tensiometers is that direct measurement of negative pore water pressure can
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Figure 2.11 Double-tubing tensiometer (after Stannard, 1986). Reprinted from Ground Water
Monitoring Review with permission of the National Ground Water Association. © 1986

be extended up to 1500 kPa, provided osmotic potential in the soil is not significant.
The instrument does not exhibit hysteresis effects, as water in the tensiometer is always
subjected to positive pressure and the formation of air bubbles is generally inhibited.
The range of measurement is determined by the reference hydrostatic pressure when the
confined solution is in contact with free water. Peck and Rebbidge (1969) found that
the reference pressure could deteriorate with time as a result of leakage or a decrease in
concentration of the PEG solution and that the instrument was temperature dependent.
Dineen and Burland (1995) suggested that the suction determined from vapour pressure of
a PEG solution is greater than that measured via a semi-permeable membrane as a result
of a small amount of the PEG passing through the membrane.

2.2.7 Suction probes

Ridley and Burland (1993, 1995 and 1996) introduced and described improvements to
the suction probe or Imperial College tensiometer (Figure 2.12) designed to overcome the
problem of cavitation associated with conventional tensiometers. The suction probe can
measure matric suctions in excess of 100 kPa and is usually used in laboratory applica-
tions. The suction probe consists of a ceramic porous filter with a high air entry value
(1500 kPa), a diaphragm to which a miniature strain gauge rosette is attached and a very
small quantity of de-aired water (3 mm3) contained in a reservoir between the porous filter
and the diaphragm. The very small volume of water in the reservoir inhibits cavitation.
The probe can be inserted into a pre-drilled hole but its close contact with the soil must be
ensured. When the probe is inserted into a soil specimen, the soil extracts water from the
reservoir due to the effect of suction. As a result there is a drop in the reservoir pressure,
which is measured using a standard pressure transducer. The preparation procedure for
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Figure 2.12 Imperial College suction probe (after Ridley and Burland, 1995). Reproduced by
permission of ASME

the suction probe has been described by Ridley and Burland (1999). Proper precondi-
tioning allows the maximum suction of 1500 kPa, the air entry value of the filter, to be
measured.

Descriptions of an increasing number of tensiometers or suction probes can be found
in the literature. The Trento high-capacity tensiometer was described by Tarantino and
Mongiovi (2002) and is similar in design to the Imperial College tensiometer but with
modifications. This instrument was used by Tarantino and De Col (2008) to investigate
the behaviour of non-active clay subject to one-dimensional static compression in an
oedometer and by Tarantino (2009) to study the water retention behaviour of reconstituted
and compacted soils. Toker et al. (2004) introduced the MIT tensiometer with a face
diameter of 38 mm developed for use in a triaxial cell. They described its use in determining
matric suction and a continuous SWCC. Meilani et al. (2002) and Rahardjo and Leong
(2006) discussed the NTU mini suction probe for direct measurement of matric suction
in the range of 100–500 kPa, although the range can be extended up to 1500 kPa by
replacing the 500 kPa high air entry discs with a 1500 kP high air entry disc. Rahardjo
and Leong (2006) discussed tensiometers with ceramic tips of 6 mm diameter and 25 mm
length used for measuring negative pore water in laboratory tests. The water reservoir
of the jet fill tensiometer can be installed on top of the tensiometer tube for flushing air
bubbles. Lourenço et al. (2006) described the development of a commercial tensiometer,
the WF-DU, which is a miniature suction probe having an approximate diameter of 14 mm
and length of 35 mm.

2.2.8 Thermal conductivity sensors

According to Fredlund and Rahardjo (1993), Shaw and Baver (1939a, 1939b) were the
first to propose using thermal conductivity to measure the water content in a soil.They
employed heating and temperature-sensing elements in direct contact with the soil. Sub-
sequently, Johnston (1942) used plaster of Paris to encase the heating and temperature-
sensing elements. Various porous materials have since been tested as potential encasement
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material including gypsum, carstone (a stone powder), polymer synthetics, sintered metal
or glass as well as mixtures of these materials,but fired clay (or ceramic) is the most com-
mon material used in thermal conductivity sensors (Bloodworth and Page, 1957; Phene
et al., 1971 amongst others). When a porous block is embedded in soil and allowed to
reach equilibrium, any change in subsequent suction of the soil results in a change in water
content of the block. Since the thermal conductivity of water is around 25 times that of
air, the thermal conductivity of the block varies as the water content of the block varies.
The water content of the block is measured by supplying a pulse of heat from a heater
embedded in the centre of the block and measuring the temperature rise as a result of the
heating. The temperature rise is directly related to the thermal conductivity of the porous
material and the water content in the block and indirectly to the suction of the soil.

Fredlund et al. (2000) and Shuai and Fredlund (2000) described the development of a
ceramic thermal conductivity sensor, the UOS (University of Saskatchewan) sensor. This
was subject to both laboratory and field trials. The ceramic block was 28 mm in diameter
and 38 mm in length. A drawback was the failure of the sensor in moist environments
due to cracking of the ceramic, resulting in moisture penetration into the electronics. An
improved version of the instrument with a moisture barrier around the electronics was
described by Padilla et al. (2004). Calibration curves for the instrument for suction up to
1000 kPa were presented.

Thermal conductivity sensors can be used to measure suctions in the laboratory as well
as negative pore water pressures on site. One of the advantages is that the readings are not
affected significantly by soil salinity although the life of a block can be reduced in some
soil types. As long as the block is touching the surrounding soil, it will work. However,
porous blocks are susceptible to hysteresis and their response to change in suction can take
a relatively long time. Calibration of individual blocks is required because of variations
in properties of the porous blocks. This can be achieved by burying the block in a soil
sample that is subsequently subjected to known suction values.

2.2.9 Electrical conductivity sensors

The electrical conductivity sensors comprise a porous block and two concentric electrodes
embedded in the block. The porous block serves the same purpose as the porous block in
the thermal conductivity sensor. However, instead of measuring thermal conductivity, the
electric conductivity sensor measures the electric conductivity of the porous block. In wet
conditions, the electrical resistance is small. As a soil dries, water is drawn from the block,
the larger pores emptying of water first, followed gradually by emptying of the smaller
pores. Electric current travelling between electrodes in the block must travel a longer path
through smaller pores, and experiences greater resistance as a result of the decrease in
water content. Calibration allows electrical resistance of the block to be related to water
content of the block and indirectly to suction in the soil.

Gypsum has been found to be a suitable medium for the measurement of electrical con-
ductivity as it takes a relatively short time to saturate, it is relatively quick to respond when
placed in the ground and has stable electrical properties. Gypsum blocks are commercially
available from a number of sources. However, gypsum has the distinct disadvantage of
softening when saturated. Water in the gypsum blocks dissolves the gypsum, giving a solu-
tion rich in calcium sulphate. The electrical conductivity is influenced by dissolved solutes
and influences the applicability of electrical conductivity sensors. The suction measurement
range of gypsum blocks is typically taken as between 50 and 1500 kPa.
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Figure 2.13 Gypsum blocks of Soilmoisture Equipment Corporation. Courtesy Soilmoisture
Equipment Corp

Typical gypsum blocks are illustrated in Figure 2.13. He (1999) evaluated the perfor-
mance of the Soilmoisture Equipment Corporation model 5201 gypsum block of 32 mm
length and 35 mm diameter. The gypsum blocks were used in conjunction with a Soilmois-
ture Equipment Corporation model 5901-A meter to give a digital readout of soil matric
suction. Delmhorst gypsum blocks GB-1 measure 22 mm diameter and 29 mm in length
with the gypsum cast around two concentric, stainless steel electrodes. Dela (2001) used
gypsum blocks with two electrodes comprising concentric rings of wire mesh embedded
in a gypsum block of 25 mm diameter and 35 mm in length.

Calibration may be achieved in a similar manner to that for thermal conductivity sensors.
Temperature correction is necessary because of the general reduction in electrical resistance
with increasing temperature. Electrical conductivity sensors also experience hysteresis on
wetting and drying.

2.2.10 Filter paper method

The filter paper method was initially developed in the soil sciences and was later introduced
into geotechnical engineering. This is an indirect method of measuring soil suction. The
measurement of suction is based on the moisture equilibrium achieved between the paper
and the soil specimen in a closed system. The measurements are either of total suction or
matric suction depending on how the filter paper interacts with the soil specimen. Total
suction can be measured when the filter paper is not in contact with soil specimen (Figure
2.14(a)), whereas matric suction can be measured when the filter paper is in contact
with soil specimen (Figure 2.14(b)). The upper range of suction measured by the filter
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Figure 2.14 (a) Non-contact filter paper method for total suction measurement. (b) Contact
filter paper method for matric suction measurement.

paper approach is often taken as around 10 MPa, although a significantly greater range is
sometimes quoted.

The filter paper and the soil specimen are placed in a large container that is sealed with
plastic electrical tape. The container is then stored in an insulated, temperature-controlled
box during equilibration. The filter paper is allowed to equilibrate for typically around
7 days. The suction is obtained from a calibration curve using the measured equilibrium
water content of the filter paper.

The accuracy of suction measurements using the filter paper method depends on the
quality of filter paper, the sensitivity of the weighing balance, the accuracy of calibration,
temperature and equilibration time. Several researchers (Fawcett and Collis-George, 1967;
Hamblin, 1981; Chandler and Gutierrez, 1986; Swarbrick, 1995; Navaneethan et al.,
2005)have evaluated the use of filter papers to measure suction. The most commonly
employed filter papers are Whatman No. 42 and Schleicher & Schull No. 589-WH (Bulut
and Leong (2008) noted that in the USA this latter paper is now identified as grade 989-
WH). The Whatman No. 42 filter paper appears to give more consistent results than the
Schleicher & Schull No. 589-WH filter paper. Calibration of the filter paper to be used can
be carried out by either equilibrating it on a pressure plate brought to a known suction or by
enclosing it in a sealed container with a salt solution of known vapour pressure. Further
information on calibration of filter papers is provided by Houston et al. (1994), Bulut
et al. (2001), Leong et al. (2002) and Bulut and Wray (2005) amongst others. The now
withdrawn ASTM (D5298–94) (1997) also provides calibration curves. The calibration
curves for total suction and matric suction are different, as shown in Figure 2.15, and there
are some differences in filter paper calibration curves produced by different investigators
that according to Bulut and Leong (2008) are attributable to factors such as the suction
source used for calibration, the thermodynamic definitions of suction components and
equilibrium time.

The calibration curve for filter paper is always bi-linear with the change in sensitivity
for matric suction occurring at a water content of about 45% for Whatman No. 42 paper
and about 54% for Schleicher & Schuell No. 589-WH paper. The lower part of the curve
represents the high range of filter paper water contents where the water is believed to be
held by the influence of capillary forces. The upper part of the calibration curve represents
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Figure 2.15 Total and matric suction calibration curves for Whatman No. 42 filter paper
(modified from Leong et al., 2002). Reproduced by permission of ASTM

lower water contents in the filter paper where the water is held in absorbed water films
within the filter paper.

The time taken to reach equilibration is important. Swarbrick (1995) suggested that
equilibrium times vary from 2 days to several weeks depending on the soil type. For in-
contact filter paper measurements, the time required to reach equilibrium is generally
less than for the non-contact filter paper method. Houston et al. (1994) and Ridley
(1995) suggested that true equilibrium may never be reached for non-contact filter paper
measurements at low suction values.

The filter paper technique is generally considered suitable only for laboratory measure-
ments. However, Crilley et al. (1991) introduced an approach to measuring in situ suctions
using a non-contact filter paper technique. In this approach, the filter paper is wrapped
around a vertical aluminium mandrel that is placed down a borehole and supported by
PVC tubing. The filter paper protected in a sealed tube is extracted from the borehole and
taken away for measurement.

2.2.11 Osmotic suction measurement techniques

Osmotic suction can be indirectly determined by measuring the electrical conductivity of
the pore water. The greater the dissolved salts, the greater the osmotic suction and the
electrical conductivity. The datum for osmotic suction is that of pure water. The osmotic
suction may thus be calibrated against electrical conductivity. Pore water can be extracted
using a pore fluid squeezer (Fredlund and Rahardjo, 1993; Manheim, 1996; Leong et al.,
2007), although there is evidence that the results are influenced by the magnitude of the
extraction pressure.

Alternatively, the osmotic suction is often determined by subtracting independent mea-
surements of matric suction from total suction in accordance with Equation 1.14 (e.g.
Tang et al., 2002). However, Richards and Ogata (1961) reported that measured total
suctions were not the same as the sum of the matric and osmotic suctions, though Krahn
and Fredlund (1972) reported good agreement between osmotic suction measurements,
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using the squeezing technique, and the difference between the total suction using a psy-
chrometer and the matric suction using a null-type axis translation apparatus. Leong et al.
(2007) suggested that although the results of Krahn and Fredlund showed good agreement
for Regina clay, they exhibited poor agreement for a Glacial Till. Leong et al. (2007) car-
ried out suction measurement tests on three different soils. They used the chilled-mirror
dew point approach to measure total suctions, a null-type axis translation technique to
measure matric suction and measurements of electrical conductivity of extracted pore
water to give the osmotic suction. They reported that at low osmotic suctions the sum of
the matric and osmotic suctions was less than the measured total suction, while at high
osmotic suctions the sum could exceed the total suction measurement. They concluded
that caution should be exercised when inferring either osmotic or matric suction from
total suction measurements.

2.3 Control of suction in laboratory tests

Published literature outlines numerous methods and refinements to methods of controlling
the suction in laboratory tests. The most important principles of these approaches to tests
in apparatus such as the triaxial cell, shear box and oedometer are briefly described.

2.3.1 Axis translation technique

Hilf (1956) proposed the axis translation technique to control suction in unsaturated
soils. Several researchers have successfully used this approach to control the matric suc-
tion in laboratory tests on unsaturated soils (Matyas and Radhakrishna, 1968; Fredlund
and Morgenstern, 1977; Ho and Fredlund, 1982; Escario and Saez, 1986; Wheeler and
Sivakumar, 1995) and notably in the triaxial cell tests reported later in the book. Figure
2.16 illustrates the triaxial cell set-up adopted by Wheeler and Sivakumar (1993).

The basic principle of the axis translation technique is to elevate the pore air pressure
in unsaturated soils so that positive values of pore water pressure are measured. The
difference between the pore air pressure and the pore water pressure is the soil matric
suction. A saturated high air entry filter is used to prevent air from getting into the pore
water measuring system. Normally, a ceramic disc of sintered kaolin is used as a high
air entry filter. The air entry value of the filter must be higher than the matric suction to
be measured to prevent pore water entering the measuring system. The air entry value is
inversely proportional to the pore size of the filter since it controls the radii of curvature
of the air–water menisci at the filter boundary. The air entry value can be increased by
reducing the pore size of the ceramic filter during manufacture. Ceramic filters with an air
entry value up to 1500 kPa are available commercially.

The saturated pores of the ceramic filter provide a connection between the soil pore water
and the pore water measuring system. By increasing the pore air pressure and the total
stress, the water pressure can be maintained at the desired positive value throughout the
system. The main advantage of this method is that there is no chemical used in the process
of controlling suction, and therefore no risk of change in chemistry of the pore fluid.
While elevating pore water pressure from negative to positive values prevents cavitation
within the soil pores, the in situ stress conditions are not replicated in the laboratory tests.
Another disadvantage of this technique is the risk of air diffusion through the high air
entry filter into the pore water pressure system. This leads to the formation of air bubbles,
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Figure 2.16 Triaxial cell set-up using the axis translation technique (after Sivakumar, 1993).

thus influencing the measurements made. A flushing system is needed to overcome this
problem (Bishop and Donald, 1961; Fredlund, 1975; Sivakumar, 1993).

2.3.2 Osmotic technique

Historically, suction control using the osmosis phenomenon originated in the field of soil
science (Painter, 1966; Zur, 1966; Waldron and Manbeian, 1970). Kassiff and Ben Shalom
(1971) were the first researchers to introduce this approach to geotechnical engineering.
Subsequently, several researchers have successfully used this technique to control suction
in oedometers (Delage et al., 1992; Dineen and Burland, 1995; Delage, 2002), the shear
box (Boso et al., 2005) and the triaxial apparatus (Delage et al., 1987; Cui and Delage,
1996; Ng et al., 2007). The triaxial cell set-up adopted by Cui and Delage (1996) is
shown in Figure 2.17. Blatz et al. (2008) have discussed the merits and limitations of the
osmotic technique for controlling matric suction, and the vapour equilibrium method for
controlling total suction.

The osmotic suction method achieves control of the matric suction by allowing the pore
water to equilibrate with a salt solution of known osmotic potential, separated from the
soil specimen by a semi-permeable membrane (Zur, 1966). The semi-permeable membrane
is permeable to water molecules but impermeable to the salt molecules. Different values
of suction are applied using different concentration of the salt solution. Normally, PEG
is the salt solution used due to its large molecular size. The salt solution generates an
osmotic pressure gradient across the membrane that has the effects of drawing water from
the soil until the suction and osmotic pressure are in equilibrium. The main advantage
of this method is that cavitation, the formation of air bubbles within the soil pores, is
not inhibited, as the pore water pressure within the soil is maintained at its negative
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Figure 2.17 Triaxial cell system using the osmotic technique (after Cui and Delage, 1996).
Reproduced by permission of the authors and the Institution of Civil Engineers

value. However, the fragility of the semi-permeable membrane can affect the suction
measurements in long duration tests (Cunningham et al., 2003). Another disadvantage is
the possible migration of soil salts, dissolved in the soil water, entering the salt solution
and thus affecting the soil water chemistry and the soil properties. Delage et al. (2008)
discussed the advantages and disadvantages of the osmotic technique and calibration
requirements. The maximum applied suction is determined by the PEG solution, and
according to Delage et al. (1998), it is up to about 10 MPa. However, Tarantino and
Mongiovi (2000) concluded that the maximum applied pressure was limited by chemical
breakdown of the semi-impermeable membrane.

2.3.3 Vapour equilibrium technique

The vapour equilibrium technique for controlling total suction was again originally de-
veloped by soil scientists. Traditional methods of controlling relative humidity include
the isopiestic (or same pressure) method and the two-pressure method. The isopiestic
approach relies on attaining vapour pressure equilibrium for salt or acid solutions in a
closed thermodynamic environment. The two-pressure approach relies on manipulation
of relative humidity by either varying pressure or by mixing vapour-saturated gas with dry
gas. According to Delage et al. (1998), the vapour equilibrium approach was first applied
to control total suction in geotechnical testing by Esterban and Saez (1988). The control
of humidity by achieving vapour pressure equilibrium has been employed in geotechni-
cal research by Oteo-Mazo et al. (1995), Delage et al. (1998), Al-Mukhtar et al. (1999),
Cunningham et al. (2003) and Blatz and Graham (2003). In this approach, a soil specimen
is placed in a thermodynamically sealed system controlled by the headspace of a desiccator
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where an aqueous solution results in a controlled partial vapour pressure generated by the
known concentration salt solution. The soil specimen undergoes water exchange with the
vapour until the suction in the specimen is in equilibrium with the partial vapour pressure.
Normally, solutions of sulphuric acid, sodium and potassium chloride salt, or glycerine
and water are used to generate the partial vapour pressure. The control of humidity by the
two-pressure approach on the other hand appears to have received less attention though.
Kunhel and Van Der Gaast (1993) reported on total suction measurements obtained by
mixing vapour-saturated gas with dry gas via a feedback system. Nishimura and Fredlund
(2003) used an air regulator and air bubble system in controlling the relative humidity.
In this latter approach, the independent assessment of applied suction was achieved by
a relative humidity sensor embedded in the circulatory system removing the need for a
sensor in the soil specimen.

The vapour equilibrium technique has been used to study the combined effect of high
suction and stress level on the mechanical properties of soils, notably the more plastic,
swelling soils. Al-Mukhtar et al. (1999) reported on oedometer results on smectite under
suctions up to 298 MPa and applied vertical stress up to 10 MPa. Blatz and Graham
(2000) described a triaxial cell set-up using the vapour equilibrium approach and report
limited tests on a 50:50 sand-to-bentonite mixture, where total suctions were up 7 MPa
and imposed isotropic stresses up to 3 MPa. A schematic of the set-up for triaxial cell
testing is presented in Figure 2.18. Thermocouple psychrometers were used to measure
suctions during testing.

The vapour equilibrium technique has all the advantages ascribed to the osmotic tech-
nique with an additional advantage that this approach can be used to apply very high
suction values ranging from approximately 4 to 600 MPa. However, the limitation of this
method is that equilibration of suction within the soil is very slow and has been reported
as often taking 1–2 months. However, testing times can be significantly reduced using an
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Figure 2.18 Schematic of the controlled suction system (after Blatz and Graham, 2000).
Reproduced by permission of the authors and the Institution of Civil Engineers
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air circulation technique employing an air pump (Blatz and Graham, 2000; Cunningham
et al., 2003; Lloret et al., 2003; Dueck, 2004; Oldecop and Alonso, 2004; Alonso et al.,
2005).

2.4 Conclusions

The following are the two main conclusions that we can draw from this chapter:

� There are a large number of techniques for measuring and controlling suction in
unsaturated soils. Each technique has different advantages and disadvantages as well
as limitations in application, range of measurable suctions (and negative pore water
pressures) and sensitivity.

� Care must be exercised in selection of the technique to be adopted for a particu-
lar problem, paying attention to whether matric, total or osmotic suction is being
measured.

In later chapters, most test results reported are for tests in the triaxial cell for specimens
tested through various stress paths. The axis translation technique has generally been
adopted with a limited number of tests reported where suctions have been recorded using
a thermocouple psychrometer.
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Chapter 3
Laboratory Techniques

3.1 Introduction

The validation of a theoretical framework, or assessment of a hypothesis, requires high-
quality experimental data collected from a carefully executed testing programme. In
geotechnical engineering, such data may be obtained from full-scale field testing or
laboratory-based research. Within the context of unsaturated soils, methodologies for
obtaining definitive data from full-scale field testing are still the subject of development,
and such data are inevitably affected by many factors, the influences of which may not
be readily isolated to reveal the underlying principles governing the soil behaviour. While
field measurements are important, and the main aim of research is to provide a basis
for prediction of field deformations and strength, laboratory-based research has the dis-
tinct advantage of allowing careful control of material properties and other influencing
factors.

Considerable progress has been made in laboratory-based testing techniques for unsat-
urated soils. Such testing requires meticulous adherence to testing protocols, including
specimen recovery and preparation, the testing equipment, the testing programme, and
data handling and analysis. As elsewhere in the book, the term specimen is used to de-
scribe soils carefully prepared for testing, while the term sample describes volumes of
material that are to be prepared as specimens. The term sampling identifies the process of
cutting and trimming samples recovered from the field or prepared as larger compacted
or consolidated samples in the laboratory.

This chapter provides information and guidance on laboratory testing techniques in
the investigation of the stress–strain behaviour, volume changes and shear strength of
unsaturated soils. It outlines the testing techniques adopted in providing the experimental
data used in later chapters to investigate and validate the theoretical concepts developed
from considerations of the thermodynamic principles governing the behaviour of
unsaturated soils. We will be principally interested in triaxial cell stress path testing but
much of the discussion is equally applicable to other testing techniques. First, however,
the importance of material selection, material and specimen preparation, specimen size
and sampling is discussed.
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3.2 Material selection and specimen preparation

Laboratory-based research is fundamental to developing a quantifiable understanding of
the response of unsaturated soils to changing conditions. While the testing programme
must reasonably replicate the conditions to be appraised, material selection and specimen
preparation are equally important and forms a prerequisite to obtaining meaningful,
reproducible results.

3.2.1 Material selection

Selection of the soil to be tested depends on the purpose of the research project. The
researcher may have a range of options for selecting a suitable soil type in a situation where
the research is to establish general principles of soil behaviour. However, for problem-
based research of site condition, the researcher is likely to have no freedom in the selection
of the material. For example, recent years have witnessed increased research into the
performance of sand–bentonite barriers exposed to an aggressive ground environment
(Stewart et al., 2001; Tang and Graham, 2002; Blatz and Graham, 2003).

The ‘testing time’ is influenced by the soil to be tested and is an important consideration
in any research programme, as it influences decisions on the size of the specimen and the
ambitions of the research within the available time scale. Normal testing programmes in-
volve testing between equilibrium (or steady-state) conditions. Non-establishment of such
conditions leads to determinations of phase volumes and distributions at odds with those
where the specimen is allowed to equilibrate. However, when a soil is in an unsaturated
state, the time required to reach an equilibrium state can be significantly longer than that
of the soil in a saturated state. Thus, protracted consolidation times can be experienced
under elevated suctions. The collection of data on kaolin by the authors has shown that
the coefficient of consolidation of unsaturated kaolin can be around 10 times lower than
that under saturated conditions. Nevertheless, using kaolin has advantages in research
programmes designed to establish general behaviour characteristics. It has a relatively
high rate of consolidation, compared to more plastic lower-permeability clays, and con-
sistent, uniform bulk samples are readily available from commercial sources. However,
the researcher should be aware that kaolin is a processed material from natural resources
and there can be differences between the supplies obtained over a period of time. Simple
checks such as index testing and particle size analysis will usually confirm the consistent
characteristics of the raw material.

3.2.2 Specimen size

The most common laboratory test procedures employed in investigating the behaviour
characteristics and strength of unsaturated soils are one-dimensional consolidation testing,
shear box testing and triaxial cell testing. Whichever test method is proposed, the size of
the specimen to be tested will dictate the duration of the test. The appropriate specimen size
is influenced by the soil’s grading and the need to test a representative volume of material.
In uniform clay, such as kaolin, relatively small specimens can be used. In triaxial cell
testing, typical specimen diameters are around 38–100 mm with lengths of around 76–
200 mm. If the material to be tested includes larger particles, such as in a glacial till where
a proportion of sand and gravel size particles may exist, consideration must be given to
the use of a larger specimen size.
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The accurate and representative measurement of strains and volume changes is crucial to
interpretation of soil behaviour. Methods of measurement differ for the different tests and
the monitoring methodology also influences the appropriate specimen size. Measurement
of strains and volume changes, particularly those employed in triaxial cell testing, will be
discussed later in this chapter. However, each method involves a degree of unavoidable
error and consideration needs to be given to the percentage error compared to the overall
volume of the soil in deciding on the appropriate specimen size; larger specimens lead to
less percentage error.

3.2.3 Preparation of material

Laboratory preparation of saturated specimens often involves mixing of dry powdered
soil with water. A sample wetted to high water content is usually taken as having no
preferred particle structure though subsequent compaction or consolidation can lead to
anisotropic properties. However, preparation of unsaturated specimens often involves
mixing the soil with water at less than the plastic limit. This inevitably leads to the
formation of aggregates (or peds) of particles in fine-grained soils. The aggregates are
generally saturated, particularly at water contents close to optimum water content, and
are stiff and of markedly variable size. Unless careful control measures are adopted,
there can be significant differences in the pore size distributions of specimens prepared
under essentially similar conditions, and this influences the subsequent performance under
testing. In order to avoid problems, the authors have found that careful sieving of the
aggregated material allows a relatively uniform aggregate and pore size distribution to be
achieved. Figure 3.1 shows a sample of kaolin that has passed through a 1.12-mm sieve.
It has been found appropriate to seal sieved samples of kaolin in a plastic bag and to store
them in a cool place for at least 3 days, to ensure moisture equilibrium before continuing
specimen preparation. If a large amount of material is required, the processing time can
be long and may invite unwanted evaporation of water. If more than 1 kg of dry material
needs to be prepared, it is recommended that the material is processed in batches and at
the end of the process the material is thoroughly mixed before storing.

3.2.4 Sampling method and specimen preparation

The sampling technique plays an important role in the preparation of unsaturated soil
specimens (Alonso et al., 1992; Maâtouk et al., 1995; Sivakumar and Wheeler, 2000). In
the field, sampling of soils, whether from compacted fill or natural material, is fraught
with difficulties. Small-diameter driven tube samples from in situ material generally ex-
hibit significant disturbance. Best practice suggests that, where possible, block samples
are obtained, allowing specimens to be carefully cut from the blocks under laboratory
conditions. Reduction in imposed in situ stresses as a result of sampling must be taken
into account when deciding on the testing regime and assessing specimen behaviour.

In the laboratory, where specimens are prepared from disturbed soils, the method of
specimen preparation must reflect the aims of the research and the likely field conditions.
If it is proposed to assess the performance of compacted fills, attempt must be made to
replicate the field compaction. This is not easy and the researcher is often forced to assume
standard Proctor compaction or other compaction or compression procedure reasonably
reproduces the degree of compaction and soil structure in the field. It is also often the
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Figure 3.1 Sieved kaolin aggregates.

case that the size of the sample produced is not compatible with the size of the specimen
needed for one-dimensional consolidation testing, shear box testing or triaxial testing, and
sub-sampling is necessary leading to possible specimen disturbance. But this is not always
the case. Sivakumar (1993) used a compaction mould of 50 mm in diameter and 150 mm
in height (Figure 3.2) and found that a weight of 0.45 kg with a head diameter of 22 mm,

Figure 3.2 Compaction mould (50 mm diameter and 150 mm height).
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Figure 3.3 Comparison of dynamic compaction characteristics (after Sivakumar, 1993).

falling 300 mm onto soil in the mould, could be used to produce specimens of kaolin that
were reasonably compatible with standard Proctor compaction of larger samples (Figure
3.3). In this procedure the specimens were dynamically compacted in nine layers with nine
blows of each layer. Unsaturated, one-dimensional compaction specimens prepared in this
way were used in the triaxial cell tests reported by Wheeler and Sivakumar (1995, 2000)
and Sivakumar and Wheeler (2000).

Caution should be exercised in preparing specimens using dynamic compaction as expe-
rience indicates that these can exhibit unacceptable variations in voids ratio and degree of
saturation, both within and between specimens. Research has shown that more consistent,
uniform specimens are obtained by static compression, which can be used to achieve over-
all end conditions of density compatible with those achieved under dynamic compaction.
Sivakumar (1993) reported excellent repeatability of soil properties for kaolin statically
compressed to a pre-selected compression pressure, in similar size small-diameter moulds
to those used in preparing the dynamically compacted specimens described above. Axial
pressure on samples of wetted kaolin was increased at a constant rate with the samples
compressed in nine layers (Figure 3.4) as for dynamic compaction. The compression was
terminated when the target vertical pressure was achieved. A disadvantage of this method-
ology of specimen preparation is the potential interface between the layers. It is possible
to improve this by scarifying each layer before a further layer is added. Sivakumar (2005)
reported that for kaolin, 1200 kPa of vertical pressure closely replicated standard Proctor
compaction – though this pressure may be different for different soil types. It should also
be noted that the optimum water content based on standard Proctor, or other modified dy-
namic compaction, may not be identical with that of static compaction since each method
involves a different deformation mechanism. Dynamic compaction involves severe shear
deformation of the aggregated structure of unsaturated soils, whereas shear deformation
is less evident under static compaction.
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Figure 3.4 Frame used for static compression.

Specimens prepared using either one-dimensional dynamic compaction or static com-
pression are subjected to anisotropic deformations that affect the subsequent stress–strain
behaviour (Sivakumar et al., 2010a, 2010b). The influence of anisotropy can be overcome
by isotropic compression of samples in a standard triaxial cell. Isotropically prepared sat-
urated specimens of 100 mm in diameter were produced by Sivakumar et al. (2002). The
technique was subsequently modified by Sivakumar (2005) to produce isotropically pre-
pared unsaturated specimens of kaolin (Figure 3.5). In this approach a rubber membrane
is placed around the pedestal in a triaxial cell and sealed to the base using two O-rings.
A membrane stretcher is then placed around the membrane and the top of the membrane
folded at the top of the stretcher (Figure 3.6). A 100-mm diameter dry porous disc is
then placed above the pedestal and sieved, aggregated material poured slowly into the
membrane. After filling the membrane with material, a top cap with a dry porous stone
is placed on the soil sample and the membrane unfolded. At this stage the membrane
stretcher is removed and the top cap sealed using two O-rings. The triaxial cell can then
be assembled and pressurised. Any excess air pressure in the specimen, developed as a
result of the application of the external pressure, should be allowed to dissipate from the
top and bottom of the specimen. Practice using kaolin suggests that the system should be
allowed to stand for at least 3 days.
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Figure 3.5 Triaxial cell set-up used for isotropic compression of samples (after Sivakumar,
2005).

A specimen of lesser dimensions can be obtained by carefully pushing a sampler into the
isotropically compressed sample (Figure 3.7). The sampler employed by Sivakumar (2005)
had a cutting shoe with the required diameter of the specimen, but with the inner diameter
of the sampler beyond the cutting shoe of a slightly larger diameter, reducing friction and
other disturbing influences on the specimen. The advancement of the sampler can be eased
by trimming the excess material from the specimen tube using a thin wire saw. It was
found that a rate of penetration of 5 mm/min ensured minimal specimen disturbance.

Figure 3.6 Placement of aggregates in membrane.
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Figure 3.7 Progression of sampler into isotropic sample.

3.3 Experimental techniques for volume change and
strength measurements

Experimental techniques in testing unsaturated soils are significantly more complex than
in saturated soils. In the following, an introduction is provided to the one-dimensional
consolidation test, the shear box test (or direct shear test), the simple shear apparatus,
triaxial cell testing and the true triaxial cell. While other testing techniques, such as the
Bromhead ring shear apparatus (Merchán et al., 2008), the hollow cylinder triaxial test
(Komornik et al., 1980), the modified ‘floating ring’ oedometer test with lateral pressure
measurement (Habib et al., 1992; Habib, 1995; Habib et al., 1995) and the K0 compres-
sion apparatus (Rahardjo and Fredlund, 1995) – all modified to suction measurement or
control – may find increasing usage in investigating unsaturated soils, we will restrict our
discussion to the test apparatus with the stress states illustrated schematically in Figure
3.8. Initially only an outline of triaxial testing techniques is presented in Section 3.3.4, but
a more detailed discussion on the triaxial cell and stress path testing is presented in Section
3.5. It is the results from triaxial cell tests that are reported and analysed in subsequent
chapters. Most of the techniques and measurement requirements described for triaxial
testing are equally applicable, or provide guidance, in carrying out the other consolidation
and shearing tests.

In the oedometer, tests are carried out to determine the one-dimensional consolidation
or swelling characteristics when the specimen is subjected to variations in vertical stress
or suction. Consolidation or swelling tests under isotropic or variable axial and radial
loading can be carried out in the triaxial cell and true triaxial cell. In the direct shear box,
simple shear apparatus, triaxial cell and true triaxial cell, consolidation of soil specimens
may be undertaken prior to determination of the shearing strength characteristics. The
shearing stages in these tests are undertaken by independently maintaining or recording
the pore air and pore water pressures under drained or undrained test conditions. Tests
carried out on unsaturated soils without measurement of pore air and pore water pressures
provide little useful data.
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Figure 3.8 Stress states in (a) one-dimensional consolidation test, (b) direct shear box test, (c)
simple shear test, (d) triaxial cell test and (e) true triaxial test.

3.3.1 One-dimensional consolidation apparatus

One-dimensional, or uni-axial, consolidation (Figure 3.8(a)) tests have been used to inves-
tigate the volume change characteristics of unsaturated soils for many years (Matyas and
Radhakrishna, 1968; Escario and Saez, 1973; Fredlund and Morgenstern, 1976; Alonso
et al., 1990). The compression, shrinkage and swelling characteristics of various unsatu-
rated soils under variable vertical loading and suction conditions have been reported. In
the system used by Matyas and Radhakrishna (1968) the suction was controlled using
the axis translation technique. The oedometer has, however, been constantly modified
to perform tests on unsaturated soils. Romero et al. (1995) described the development
of a suction- and temperature-controlled oedometer to investigate the swelling behaviour
of Boom clay at different temperatures. Kassiff and Ben Shalom (1971) adapted the os-
motic technique described in Section 2.3.2 to control matric suction in the oedometer cell.
Subsequently, Delage et al. (1992), Dineen and Burland (1995), Monroy et al. (2008a,b)
and Cuisinier and Deneele (2008) utilised osmotic oedometer cells in the investigation of
soil volume change behaviour. A schematic of the oedometer set-up adopted by Monroy
et al. (2008a,b) is presented in Figure 3.9. Cuisinier and Masrouri (2004) discussed the
use and issues relating to the vapour equilibrium technique, outlined in Section 2.3.3, in
oedometer testing.

In one-dimensional consolidation testing, the vertical pressure, pore air and pore water
pressures, volume change (determined from vertical deformation measurements of the
specimen) and water volume change (from water uptake or drainage from the specimen)
should be recorded. Such measurements allow the net vertical stress (difference between
the total vertical stress and the pore air pressure) to be determined, along with the suc-
tion, specific volume and specific water volume throughout the compression or swelling
processes under examination.
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Figure 3.9 Osmotic oedometer cell (after Monroy et al., 2008). Reproduced by permission of
Taylor and Francis Group

3.3.2 Direct shear box apparatus

Donald (1956) modified the traditional direct shear box and reported a series of shear tests
on unsaturated fine sands and coarse silts. The pore air was maintained at atmospheric
pressure by leaving the top of the shear box exposed to the atmosphere, while the pore
water pressure was controlled. Escario (1980) also modified the traditional shear box to
allow shear testing of unsaturated soils. The major change was the provision of a system
to control and record both pore air and pore water pressures, allowing the suction to be
controlled using the axis translation technique. In shear box tests (Figure 3.8(b)), hori-
zontal shear stress is recorded along with the vertical applied pressure. As for oedometer
consolidation tests, the specimen volume change is measured by recording the change in
vertical height of the specimen and the water volume change measured from the water
uptake or drainage from the specimen. The measurements allow the shear strength of
unsaturated soils to be investigated in relation to net vertical stress, specific volume and
specific water volume throughout the shearing process.

Gan et al. (1988) have described a modified direct shear apparatus where the shear box
was set within an air pressure chamber allowing control of the air pressure in the soil
specimen. Control of the pore water pressure was through a high air entry disc at the
base of the specimen. The set-up allowed elevated air pressures and the axis translation
technique to be employed in testing a glacial till. The apparatus was subsequently used
by Gan and Fredlund (1996), Oloo and Fredlund (1996) and Vanapalli et al. (1996)
to investigate the shear behaviour of various unsaturated soils. Han et al. (1995) and
DeCampos and Carrillo (1995) describe a similar test set-up as illustrated in Figure 3.10.

Tarantino and Tombolato (2005) have presented the results from direct shear tests
on unsaturated statically compacted specimens of speswhite kaolin. The shear box had
the facility to monitor suction using Trento tensiometers. A schematic of the shear box
described in detail by Caruso and Tarantino (2004) is presented in Figure 3.11.
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Figure 3.10 Modified direct shear apparatus (after De Campos and Carrillo, 1995).
Reproduced by permission of Taylor and Francis Group

3.3.3 Simple shear apparatus

Tombolato et al. (2008) described the simple shear apparatus (SSA) designed to investigate
the shear strength of unsaturated soils by imposing a constant volume and constant water
content mode of deformation. A schematic of the SSA is shown as Figure 3.8(c). The
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O-ring

Silicon grease
Brass retaining plate

Specimen

Clamp

Upper half

Lower half

Figure 3.11 Schematic layout of the monitored-suction shear box (after Caruso and Tarantino,
2004). Reproduced by permission of the authors and the Institution of Civil Engineers
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Figure 3.12 Schematic layout of the simple shear apparatus (after Tombolato et al., 2008).
Reproduced by permission of Taylor and Francis Group

apparatus used by Tombolota et al. (2008) is illustrated in Figure 3.12. Suction was
measured at the top surface of the soil specimen by five pairs of Trento high-capacity ten-
siometers (Tarantino and Mongiovi, 2002). The vertical and shear forces were measured
using five pairs of biaxial load cells at the bottom surface of the specimen.

Boso et al. (2005) described an osmotic shear box (Figure 3.13) where a polyethylene
glycol (PEG) solution below the specimen and two tensiometers installed in the loading
pad allowed the independent control and measurement of suction.
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Figure 3.13 Osmotic shear box (after Boso et al., 2005). Reproduced by permission of Taylor
and Francis Group
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3.3.4 Triaxial cell and stress path apparatus

In the axi-symmetrical tests carried out in the triaxial cell (Figure 3.8(d)), the cell pressure
and deviator stress (the difference between the total axial stress and the cell pressure) are
recorded along with the pore air and pore water pressures, the axial compression and
volume change of the specimen, as well as any water volume change. The soil specimen
is contained in a rubber sheath and measurements allow the stresses imposed on the
specimen and the suction within the specimen to be determined, as well as the axial
strain, axi-symmetrical volume change and the air and water volume changes throughout
a test. Strength results are often reported in terms of the mean net stress (p − ua) and the
deviator stress q. This approach has the advantage of not confining the specimen to one-
dimensional compression as in the oedometer test, or dictating the direction of the shear
plane as in the shear box test. However, it has the drawback that it is not truly ‘triaxial’.
The cell pressure is applied radially around the whole specimen, and radial deformation
of the specimen under test is not uniform, with specimens generally exhibiting a degree
of ‘barrelling’. Nevertheless, the triaxial cell, as with the oedometer and shear box tests,
has been shown to produce reliable, reproducible data that can be used to investigate
unsaturated soil behaviour.

In normal triaxial cell tests, constant rates of strain are adopted. The strain rates are
selected depending on material type and size of specimen to ensure that the specimen
under test is close to equilibrium at all stages of the test. Conventionally, these are usually
carried out as fully drained or undrained tests. However, more detailed investigation of soil
behaviour requires different stress paths to be followed such as constant suction, constant
net stress and constant volume tests. These stress path tests are carried out in modified
triaxial test equipment capable of modelling any axi-symmetrical stress path with changes
often in small increments between equilibrium conditions.

3.3.5 True triaxial apparatus

Hoyos et al. (2008) described a true triaxial apparatus for testing cubic specimens of
unsaturated soil (Figure 3.8(e)). This was a development of work reported by Hoyos
(1998) and Hoyos and Macari (2001). The apparatus allowed testing of soils under
constant suction conditions, using the axis translation technique, over a wide range of
stress paths. The soil specimen under test was seated on a high air entry disc and encased
in flexible (latex) membranes on the remaining five sides. The apparatus can thus be
described as a mixed-boundary device. Matsuoka et al. (2002) also reported a true triaxial
apparatus but with three pairs of rigid loading plates in three orthogonal directions.

3.4 Essential measurements

There are a number of important measurements and recordings that should be made in
tests on unsaturated soils if a meaningful interpretation of the data is to be obtained. These
are discussed below.

3.4.1 Initial conditions and imposed stresses and pressures

The initial conditions of a specimen are dictated by the test programme and the material to
be tested. These include accurate measurement of the specimen dimensions, water content,
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dry density and determination of the air voids content. The measurements are readily made
using conventional laboratory techniques. The imposed stresses are determined from the
applied loads and, in the case of the triaxial cell, also by the cell pressure. In the oedometer
and shear box tests, radial confining stresses are unknown unless special measuring devices
are employed and the specimens are tested under conditions of no lateral strain.

3.4.2 Suction, pore water pressure and pore air pressure

The accurate measurement and interpretation of soil suction is vital to understanding
the behaviour of unsaturated soils. Various techniques are available, as discussed in
Chapter 2, and further reading is given by Hilf (1956), Matyas and Radhakrishna (1968),
Fredlund and Morgenstern (1977), Ho and Fredlund (1982), Escario and Saez (1986),
Wheeler and Sivakumar (1995), Cui and Delage (1996), Cunningham et al. (2003) and
Blatz and Graham (2003). The use of the axis translation technique, the osmotic tech-
nique and the vapour equilibrium techniques for control of suctions are further discussed
in Section 3.5.1.

3.4.3 Volume changes

This includes measurements of the total volume changes, water volume changes and air
volume changes. The lack of lateral straining in the oedometer and shear box due to rigid
confinement of the specimens simplifies the total volume change measurements, which are
determined by recording changes in the vertical height of the specimen under test. The
overall specimen volume change dV is given by:

dV = dh × Ap [3.1]

where dh is the vertical compression (or expansion) and Ap is the cross-sectional area of
the specimen.

However, simple vertical, axial measurements to determine volume change are not
appropriate in triaxial testing where lateral straining occurs. This and the dependence of
volume change of unsaturated soils on the change in volumes of both the air and water
phases require special procedures to be employed.

Volume change of water in a soil specimen, whether in the oedometer, shear box or
triaxial cell, can be readily determined by recording the water uptake or the water be-
ing expelled from a specimen, using common laboratory techniques, as water is usually
deemed incompressible. However, direct measurement of air volume change presents
particular difficulties principally because of the compressibility of air. The approach
adopted is to determine the air volume change as the difference between the total vol-
ume change dV and the water volume change dVw. This is expressed mathematically
as:

dV = dVa + dVw [3.2]

where dVa is the air volume change.
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3.5 Further details of triaxial and stress path
testing techniques

Triaxial testing encompasses both the conventional approaches of fully drained and
undrained strain-controlled tests, and more detailed stress path testing techniques where
the deviator stress can be applied using either a stress-controlled or a strain-controlled ap-
proach. Recent developments now allow both stress-controlled and strain-controlled tests
to be performed using a standard compression frame, where the controlling program in-
teracts with the digitalised speed system built into the compression frame1. Using a normal
stress path apparatus, or a digitalised compression frame approach, a soil specimen can be
subjected to any stress path in q : (p − ua) : s, q : (p − ua) : v or other stress–volume space
(Sivakumar, 2005). Figure 3.14 presents an example of a stress path in q : (p − ua) : s
space.

3.5.1 Suction control

Most reported academic research has utilised the axis translation technique to control soil
suction (Hilf, 1956). In this method, the pore air pressure is elevated to a target value
and the pore water pressure is kept above zero to avoid the influences of cavitation in
the measuring system. On change of suction, water moves into the soil or drains out
of the soil depending on the change from the initial conditions. Figure 3.15 shows the
results of wetting and drying tests where the axis translation technique was employed to
control suction. The figure shows the effect of water flow into a kaolin specimen (wetting
or swelling path) under a mean net stress of 50 kPa, where suction was reduced from
1000 kPa (generated by the compaction process) to 50 kPa, and the drainage of water
from similar specimens (drying or shrinkage paths), where the suctions were subsequently
increased to values of 100, 200, 300 and 450 kPa (Sivakumar et al., 2006b).

If the axis translation technique is used to control the suction in a specimen, success
is dependent on the quality of the high air entry filter separating the specimen from the
pore water monitoring system as well as on the saturation of the filter with water. The

q

(p−u )a

s

Shearing under constant suction s

p and q

Shearing under zero 
suction s = 0

Wetting under constant

Figure 3.14 Stress path in q : (p − ua) : s stress space.
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Figure 3.15 Specific water volume against suction characteristic during wetting and drying
(after Sivakumar et al., 2006b).

term ‘high air entry’ means that the filter can withstand a differential pressure (i.e. the
difference between air pressure and water pressure) up to the stated value. Proprietary
high air entry filters can be purchased from Soilmoisture Equipment Corporation2. The
filters are available at various air entry values up to 15 bar (1.5 MPa). The higher the air
entry value, the lower the permeability of the filter. The filters are ceramic and extremely
brittle. Although the filters are stamped with the air entry value, it is desirable to check
their acceptable range before embarking on detailed soil testing.

Where the high air entry filter is to be glued inside a stainless steel ring, as in triaxial
cell testing (Figure 3.16), the use of slow-healing, rigid epoxy resin, such as Araldite
(in the UK), is recommended. Any excess glue on the faces of the filter and the ring can
subsequently be machined off, but every attempt must be made to prevent excess reduction
in the thickness of the stone. It is also advised not to use any form of coolant during the
machining process as this can block the pores of the filter.

Stainless 
steel holder

Araldite glueParallel-sided 
filter disc

Stainless 
steel holder

Araldite glueTapered 
filter disc

(a) Straight

(b) Tapered

Figure 3.16 High air entry filter disc holder arrangements (after Brown, 2009).
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Figure 3.17 Chamber for saturating a filter disc (after Brown, 2009).

Figure 3.17 shows a chamber that can be used in saturating a filter. The chamber and
the filter ring containing the filter should be secured to the pedestal in the chamber with
a facility to flush water under the filter to remove any trapped air. The drainage lines
should be flushed prior to the attachment of the filter ring to avoid build-up of water
pressure under the filter as it is being fastened. Complete saturation of the filter is essential
before its use in a test. Sivakumar (1993) recommended a procedure for this purpose. The
saturation chamber should be filled with de-aired water and pressurised to a value higher
than the air entry value of the filter. Pressurisation can be achieved using a hydraulic
pressure control system such as those commercially available from GDS Instruments3 or
VJ Technology Limited. An air–water interface should not be used in pressurising the
chamber as the water in the system is fully saturated with dissolved air and the saturation
of the filter cannot be ensured. After pressurising, the system should be left under pressure
for at least 2 days during which time no drainage from the chamber should be allowed.
At the end of the second day, one of the drainage lines should be opened and the set-up
left for a further day. At the end of the third day, the pressure should be brought to zero
and the saturation chamber dismantled and reassembled with freshly de-aired water. The
procedure should then be repeated. Experience indicates that it is sufficient to leave the
filter in the chamber during this repeat process for a day, rather than the 2 days of the initial
part of the saturation process. The pressure in the saturation chamber should be brought
to zero gradually over a few hours before removing the filter for subsequent use. The filter
attached on the pedestal should be carefully removed but it is important to leave one of
the drainage lines open to avoid water pressure under the filter ring dropping below zero.

Saturation chambers are typically constructed of aluminium, stainless steel or brass.
If aluminium is used, the chamber should be anodised to avoid corrosion of the metal
surfaces as the formation of aluminium oxide on such chambers is common if the water is
not properly de-ionised. The authors have experienced considerable difficulty saturating
filters in aluminium chambers that have become pitted with corrosion spots (Brown,
2009). These problems are not encountered when the saturation chamber is constructed
of stainless steel or brass.

The surface of the filters can become fissured and fragile after saturation (Figure 3.18)
and be no longer suitable for use. Care is needed in handling the filters on removal from
the saturation chamber and on subsequent use in testing.

There must be rigorous adherence to established procedures in setting up a triaxial cell
for testing. It is particularly important to ensure continuity of the water phase from the
drainage line to the filter and the specimen, or erroneous water pressure and volume change
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Figure 3.18 Fissured and fractured high air entry filter disc (after Brown, 2009).

measurements will ensue. Before testing begins, the drainage lines should be flushed with
de-aired water and the saturated filter mounted carefully on the pedestal. The thickness
of the O-ring used to seal the specimen membrane to the pedestal supporting the filter
is very important. Too thin an O-ring can lead to leakage of air from the specimen into
the drainage lines (Figure 3.19(a)). On the other hand, too thick an O-ring can lead to
the situation where a thin cavity exists behind the filter, which may invite significant
setting up and measurement difficulties (Figure 3.19(b)). For example, during the setting
up procedure, the drainage lines should be left closed. When the specimen is placed on
the filter, it attempts to draw water from the filter and the pressure under the filter ring
can fall below zero. If the water pressure is sufficiently low, it may lead to cavitation,
and subsequently the formation of a thin air sheet under the filter. If this occurs, then the
required continuity of the water phase will be disrupted. It is possible to avoid contact
of the specimen with the filter during the initial setting up procedure by placing a thin
wire loop (Figure 3.19(c)) on the upper surface of the filter. The assumption is made that
the wire will be pushed into the specimen when the cell pressure and deviator stress are
applied. However, if the wire does not properly push into the specimen then an air cavity
will form between the filter and the specimen. If the separating wire approach is used, the
apparent strains as a result of the wire pushing into the specimen should be taken into
account in determining the actual straining of the specimen under test (Brown, 2009).

A further problem can occur if excess glue is used to secure the metal ring to the
stone filter, and the glue is not set rigidly, resulting in it extruding under pressure (Figure
3.19(d)). This can lead to inadequate contact between the specimen, filter and pedestal,
again leading to erroneous measurements.

Suction can also be measured or controlled using psychrometers, as discussed in
Chapter 2. Thom et al. (2008) employed a thermocouple psychrometer to measure suction
in unsaturated kaolin specimens subjected to repeated loading. The suctions measured in
these tests were in the range of 300–1000 kPa. In such an approach it is essential that the
psychrometer tip is carefully embedded in the specimen to ensure good contact of mate-
rial and measuring instrument. Figure 3.20 shows a typical top cap arrangement for the
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Figure 3.19 (a) The problem caused by a small O-ring, (b) the problem caused by a big O-ring,
(c) the fuse wire technique and (d) the problem caused by excess glue (after Brown, 2009).
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Figure 3.20 Psychrometer top cap (after Thom et al., 2008). Reproduced by permission of
ASTM
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Figure 3.21 The vapour equilibrium method for triaxial testing (after Blatz and Graham,
2000). Reproduced by permission of the authors and the Institution of Civil Engineers

triaxial cell. The success of this approach depends on the rigorous control of temperature
in the laboratory.

As discussed in Sections 2.3.2 and 2.3.3, several researchers have reported the use of
the osmotic technique for matric suction control in triaxial testing, while others have
reported testing using the vapour equilibrium approach to control total suction. Blatz
and Graham (2000, 2003) employed the vapour equilibrium method to control suction in
triaxial testing on compacted sand–bentonite. The suction in the test specimen was altered
by circulating vapour above a salt solution and the specimen. The specimen was wrapped
with a special porous geosynthetic filter fabric so that the vapour flowed from one end of
the specimen to the other (Figure 3.21). Using this method the specimen was subjected to
very high suction values of several megapascals.

3.5.2 Measurement of specimen strains and volume change

The measurement of volume changes in unsaturated specimens in the triaxial cell is a
challenging issue and various approaches have been employed over the years to improve
measurement accuracy. Volume change of water in a soil specimen can be readily deter-
mined from water content changes. However, measurement of air volume change presents
particular difficulties as air is highly compressible and can also slowly diffuse into the sur-
rounding cell fluid through the rubber membrane surrounding the specimen. The change
in volume of air in a specimen under test can be evaluated in accordance with Equation
3.2 from the difference between the total volume change and the change in water content.
While overall volume change can be evaluated from change in fluid volume in the cell,
corrections need to be applied for possible sources of error. Improvements to triaxial
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Figure 3.22 Hall effect transducers: (a) elevation of axial strain gauge and (b) plan view of
radial strain gauge (after Thom et al., 2008). Reproduced by permission of ASTM

testing apparatus, which minimise the problem of inaccuracy in volume measurement, are
discussed below but first we will outline the approach of determining strains and volume
change measurement from strain gauges mounted internal to the triaxial cell.

Under triaxial stress conditions, internal strain gauges mounted on a specimen can be
employed in order to evaluate specimen volume change (Maâtouk et al., 1995; Zakaria
et al., 1995; Blatz and Graham, 2003; Thom et al., 2008; Brown, 2009). Figure 3.22(a)
and (b) shows a Hall effect transducer used to measure volume change (Thom et al.,
2008). Rigorous and delicate procedures need to be employed in attaching strain gauges
to directly measure specimen strains. The locations on the membrane where the pads are
to be attached should be lightly roughened with ‘zero’-grade sand paper before applying
glue. Brown (2009) employed radial strain gauges (linear voltage differential transducers)
and inclinometers (travel length 5 mm) to determine lateral and axial strains (Figure 3.23).
Internal strain gauges record local strains and not overall strains, and though valuable in
determining variations in specimen deformation, the measured strains are not as reliable as
large strain deformation measurements in giving volume change performance. In addition,
experience has shown that the glue may not adequately secure a gauge in long-term tests,
which are often required in the testing of unsaturated soils.
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Figure 3.23 (a) Axial and (b) radial inclinometers (after Brown, 2009).

Various indirect approaches have been developed over the years for the measurement
of specimen volume change. A particular problem to be overcome is the influence on
measurements of the change of volume of the cell itself under changing pressures. Bishop
and Donald (1961) developed a modified triaxial cell to monitor the volume change of
specimens in assessing the effective stress concepts for unsaturated soils (Figure 3.24).
The modified triaxial cell included an additional inner cylindrical cell sealed to the cell
base. Mercury was used as the cell fluid. The overall volume change of the unsaturated
specimen was monitored using the movement of a stainless steel ball floating on the
mercury. However, the use of mercury requires special safety precautions because of its
toxicity. Cui and Delage (1996) used a similar technique to measure the total volume
change of an unsaturated soil specimen, but coloured water was used as the cell fluid
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Figure 3.24 Modified triaxial cell (after Bishop and Donald, 1961).

rather than mercury and water levels were measured using high-precision cathetometer
based readings. In order to avoid the absorption of air by the water and to reduce water
evaporation, a thin layer of silicon oil was placed above the water. Rampino et al. (1999)
developed a double-cell triaxial set-up for measuring volume changes of unsaturated soils
using the methodology proposed by Okochi and Tatsuoka (1984) and Tatsuoka (1988).
A number of researchers including Ng et al. (2002), Vassallo et al. (2007) and Papa
et al. (2008) have successfully utilised the double-cell approach. The triaxial and oedometer
set-ups used in suction-controlled tests by Aversa and Nicotera (2002) are illustrated in
Figure 3.25. Rojas et al. (2008) suggested further modifications to the triaxial set-up
to reduce testing times. Rather than utilising level measurements to determine specimen
volume change, Ng et al. (2002) described the measurement of specimen volume change
by recording the difference in pressure between the water inside the reference tube and the
open-ended bottle-shaped inner cell using a high-accuracy differential pressure transducer.
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Figure 3.25 (a) Triaxial and (b) oedometer apparatus for suction-controlled tests on unsatu-
rated soils (after Aversa and Nicotera, 2002). Reproduced by permission of ASTM

Aluminium and steel were used in place of acrylic to construct the inner cell in order to
minimise the effects of creep and hysteresis and to overcome the problem of the absorption
of water by acrylic. Ng et al. (2002) also employed paraffin – floating on top of the water,
as recommended by Tatsuoka (1988) – to overcome problems of evaporation of water
with time. However, Sivakumar (1993) pointed out that allowing paraffin to float on the
top surface of the water can cause problems when the direction of the flow is changed. In
addition, the outer and inner cells (above the reference water levels) pressurised with air
can be dangerous when operating the system under high pressures.
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Figure 3.26 Schematic diagram of the twin-cell stress path apparatus (after Sivakumar, 2005,
and Sivakumar et al., 2006a).

3.5.3 Twin-cell stress path apparatus

Wheeler (1986) developed a modified triaxial apparatus, referred to as the double-walled
triaxial cell, to monitor specimen volume change. The volume change of the unsaturated
specimen was measured by monitoring the amount of water draining into or out of the
inner cell by pressurising the inner and the outer cells to the same pressure. Although this
method produced valuable information (Wheeler and Sivakumar, 1995), the approach
suffered from a number of disadvantages, particularly absorption of water by the inner
acrylic cell wall with time. In addition, setting up the specimen in the triaxial cell required
it to be performed under water. The effect of temperature variations on the volume
change measurement was also of concern. The problems of absorption of water by the
acrylic of the cell and the effects of temperature variations in the testing environment were
successfully overcome in the new twin-cell stress path system for testing unsaturated soils
developed by Sivakumar (2005) and further described by Sivakumar et al. (2006a).

Figure 3.26 shows a cross-sectional view of the twin-cell stress path apparatus composed
of: (a) an outer cell comprising a standard stress path cell supplied by VJ Technology
Limited; and (b) an inner cell comprising a small triaxial cell capable of testing specimens
with a diameter of 50 mm. The inner cell wall is made of high-quality glass ground to have
parallel ends. The use of glass overcomes the problem of absorption of water by acrylic. A
cylindrical cavity at the base of the inner cell allows it to be directly located on the pedestal
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Figure 3.27 Twin-cell stress path system (after Sivakumar, 2005, and Sivakumar et al., 2006a).

of the standard stress path cell. Water and air drainage lines are fitted to the bottom of
the inner cell and passed through the outer cell in order to connect them to the relevant
pressure systems. When the system is assembled, the outer cell fully encloses the inner
cell, which on equalisation of pressures of the inner and outer cells prevents expansion
of the inner cell on raising the cell pressure. The load cell is located inside the inner cell.
A tight O-ring seal is used to prevent any leak of inner cell fluid into or out of the outer
cell through the loading ram bushing. The deviator stress on the specimen can be applied
by controlling the pressure in the lower chamber. The lower chamber is that of the usual
Bishop and Wesley stress path cell. The assembled system is shown in Figure 3.274.

The twin-cell stress path apparatus must be assembled with care. The entrapment of air
bubbles in the inner cell must be avoided and can be overcome by the assembly of the cell
under water, though this approach is an intricate undertaking. It has been found that the
use of an O-ring can lead to air entrapment around the upper ring of the cell if the cell is
filled in the conventional manner. The risk of air entrapment and the need to assemble the
inner cell under water is minimised if the seal is provided by a ring of ‘square’ cross section.

With the specimen mounted on the pedestal and sealed within a membrane, the air
drainage line should be connected and the other ends of the air drainage line, water
drainage lines and the inner cell line should be closed. A small vacuum, applied by reducing
the air pressure, stabilises the specimen during the setting up procedure.

The flow of water in or out of the inner cell and the flow of water in or out of the
specimen can be measured using traditional volume change units. Hydraulic pressure
controllers (see Section 3.5.1) can be used to apply relevant pressures and control the
volume changes. However, it should be noted that the in and out lines of the inner cell
should be pressurised equally and therefore an additional volume change unit should be
located on the pressure line to the inner cell. It should also be noted that if an Imperial
College type volume change unit is used, there must be a minimum pressure of 20 kPa
for the bellows to perform satisfactorily. The zero setting should therefore be established
when the pressure of 20 kPa is applied to the in and out lines of the inner cell.

Even though the inner and outer cells are pressurised to the same value, the inner
cell experiences volume change due to a number of effects. Factors contributing to this
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Figure 3.28 Apparent volume change of inner cell with increasing cell pressure (after Sivaku-
mar, 2005, and Sivakumar et al., 2006a).

volume change are the flexibility of the fittings and connections, the expansion of the
volume change device, the compressibility of water, the deformation of the inner cell and
the deformation of the load cell. While these effects are relatively small, calibration is
necessary. Account should also be taken of the volume of water replaced by movement of
the loading ram into the inner cell during shearing. This latter correction can be achieved
by multiplying the cross-sectional area of the loading ram by its movement.

Figure 3.28 shows the volume change of the inner cell plotted against the cell pressure.
In this case the cell pressure was ramped at a rate of 15 kPa/min to a target pressure of
900 kPa. The calibration is shown as repeated three times and in each case the cell was
reassembled. The calibration shows that the volume change of the volume system is small
and repeatable even at high cell pressures.

Figure 3.29 presents the results of a calibration test to examine the hysteresis of the
system as a result of reversal of the cell pressure. The apparent volume change of the inner
cell is shown for increase of the cell pressure from 0 to 900 kPa, subsequently reduced to
200 kPa, followed by reloading to 900 kPa. The reproducibility of the volume change on
loading reversal is good. However, a reduction of cell pressure to low values might trigger
problems with dissolved air coming out of solution, giving rise to inaccuracies in volume
change measurements even though initially de-aired water is employed in the cell. This
problem potentially arises when a specimen is present in the cell and the axis translation
technique is used to control suction. Diffusion of air from the specimen to the inner cell
fluid can take place through the rubber membrane. This dissolved air subsequently comes
out of solution when the cell pressure is reduced significantly and needs to be addressed
in the test protocol.

Since the measurement of specimen volume change is made by detecting the flow of
water in or out of the inner cell, it is important to minimise temperature variations in
the laboratory as this affects volume change measurements. The effect of unavoidable
temperature variation can be minimised by calibrating the cell volume change against
changes in temperature measured using a temperature probe (LM35 precision temperature
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(after Sivakumar, 2005, and Sivakumar et al., 2006a).

sensor) in the outer cell. Calibration for the effect of temperature variation on the in-
ner cell volume change can be examined by observing the flow of water into or out of
the inner cell when the cell pressure is maintained constant. Figure 3.30 shows the vol-
ume change of the inner cell plotted against time with the cell pressure maintained at
900 kPa for approximately 10 days. Also included in this figure is the recorded change in
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Figure 3.31 Specimen volume change and inner cell water volume change against time (after
Sivakumar, 2005, and Sivakumar et al., 2006a).

temperature. During the first 6 days of the above assessment, the temperature in the lab-
oratory was allowed to vary. Up to 2◦C variation was recorded. During the last 4 days of
the assessment, the temperature control system was set to its default setting of 20◦C and a
maximum fluctuation of ±0.5◦C was recorded. There is a close correlation of variation in
the inner cell volume with temperature allowing calibration correction to be established.

It is possible to check the accuracy of the specimen volume change measurements made
using the twin-cell stress path system. This can be done by performing a test on a saturated
specimen. The volume change of the inner cell (after calibration for apparent volume
change) should be equal to the volume of water leaving or entering the saturated specimen.
Figure 3.31 shows the consolidation data for a specimen initially isotropically consolidated
to 200 kPa of effective confining pressure and then subsequently subjected to increased
consolidation pressures of 400 and 600 kPa. These pressures corresponded to cell pressures
of 400, 600 and 800 kPa. The specimen was allowed to consolidate fully at each pressure.
The volume change of the specimen was assessed from the amount of water that drained
out of the specimen and the water that flowed into the inner cell to compensate for the
reduction in the specimen volume. In the latter approach, relevant calibration was applied
to eliminate the apparent volume change of the volume system caused by the increase
in cell pressure. The volume change curves of Figure 3.31 are essentially coincident. The
agreement between the two volume change measurement approaches is excellent.

3.6 Conclusions

The following outlines the main conclusions of this chapter:

� The importance and significance of material selection, methods of specimen preparation
and the need to carefully address the aims of a testing programme are discussed and
are prerequisite to obtaining meaningful, reproducible results.
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� Laboratory testing of unsaturated soils generally involves protracted time periods and
without careful control and calibration protocol errors can arise leading to invalid test
data.

� Laboratory-based techniques for investigating the volume change, strains and stresses
in unsaturated soils are highly advanced and allow repeatable and reliable test data to
be obtained. In particular, the twin-cell triaxial cell stress path apparatus allows the
greatest flexibility of soil testing with the minimum of error.

Notes

1. A commercially available controlling program for a standard compression frame is available from
VJ Technology Limited, 11 The Metro Business Centre, Toutley Road, Wokingham, Berkshire
RG41 1QW, UK.

2. Soilmoisture Equipment Corporation, 801 S. Kellogg Avenue, Goleta, CA 93117, USA.
3. GDS Instruments, Unit 32, Murrell Green Business Park, London Road, Hook, Hampshire RG27

9GR, UK.
4. There are two control systems available in the market: Triax, developed by D. Toll, University

of Durham, and WinClip, developed by VJ Technology Limited. Both these control programs
operate on Windows and offer a wide range of potential stress paths.
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Chapter 4
Background to the Stresses,
Strains, Strength, Volume
Change and Modelling of
Unsaturated Soil

4.1 Introduction

Quantifying the controlling stresses is essential if the strength of unsaturated soils is to
be adequately assessed for practical problems such as bearing capacity, earth pressure on
retaining walls and slope stability. The prediction of volume change, differential straining
and yielding also requires the stress regime under changing conditions to be determined.
As discussed in Chapter 1, an essential component of the stresses in unsaturated soils
is the matric suction. The concept of matric suction (or negative pore water pressure)
in unsaturated soils was originally developed in soil physics in relation to plant growth
and moisture deficiency. The role of suction as a major factor influencing the mechanical
behaviour of unsaturated soils was subsequently investigated at the Road Research Labo-
ratory, UK (Croney and Coleman, 1948, 1954, 1960). Developments in the mechanics of
unsaturated soils since this time can be divided into four overlapping thematic stages:

� In the first stage, researchers tried to find a single ‘effective’ stress to explain me-
chanical behaviour, as had previously been established for saturated soils. However,
comparison with experimental data has shown that unsaturated soil behaviour cannot
be adequately modelled using a single ‘effective’ stress.

� In the second stage, researchers developed constitutive frameworks to explain the
shear strength and volume change characteristics of unsaturated soils in terms of two
independent stress state variables. The independent stress state variables employed
have generally been the net stress (σ − ua) and the matric suction (ua − uw) . This
approach has resulted in some success.

� In the third stage, researchers have attempted to analyse unsaturated soil behaviour
in terms of constitutive relationships linking volume change, shear strength and shear
deformation in a single elasto-plastic model. While considerable progress has been
made through this approach, and researchers are now able to explain many features
of soil behaviour, there are also anomalies that are not readily explained.

� The fourth stage covers increasing research into the introduction of hydraulic hysteresis
and anisotropic yielding into an elasto-plastic framework.

This chapter presents the concepts behind current understanding and interpretation of
unsaturated soil behaviour and generally, though not strictly, follows the four stages
described above noting obvious overlaps and conflicting ideas where necessary.
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4.2 Stresses in soils

Knowledge of the stresses controlling the deformation and shear behaviour of soils is
essential to the development of a predictive framework. Classical soil mechanics generally
assumes that for most practical purposes the behaviour of a water-saturated soil is gov-
erned by a single stress state variable given by Terzaghi’s (1936) effective stress, which
can be written in tensor form as:

σ ′
i j = σi j − uwδi j [4.1]

where σ ′
i j is Terzaghi’s effective stress tensor, σi j the total stress tensor and δi j the Kro-

necker delta (δij = 1 if i = j and δij = 0 if i �= j).
This form of presentation allows the shear stress τ = σi j , when i �= j, to be included

in a single equation with the effective stress σ ′
i j = σi j − uwδi j , where i = j. The effective

stress equation is independent of any volumetric terms for the solid and water phases as
they are shown from the equilibrium analysis in Chapter 1 to cancel out. The stress state
variables (effective stress) given by the difference between the total stress and the pressure
of the pore fluid (water), together with the shear stresses, are sufficient to define the stress
regime in a saturated soil.

For a perfectly dry soil with zero suction, where air fills the pore spaces, the following
equation applies in place of Equation 4.1:

σ i j = σi j − uaδi j [4.2]

where σ i j is the net stress tensor and ua the pore air pressure.
This is compatible with the soil behaving as a dry, granular material. The net stress is

the effective stress for such a material. As for saturated soils, no volumetric terms appear
in Equation 4.2. This is also an effective stress equation and the stress state variables,
given by the difference between the total applied stress and the pressure of the pore fluid
(air), together with the shear stresses, are sufficient for the stress regime in a perfectly dry
soil to be defined.

Engineers have faced challenging problems where the assumptions of saturated or per-
fectly dry conditions are unreasonable. In order to appraise shear strength, stress–strain
behaviour, shrinkage and swelling, yielding and collapse in unsaturated soils there has
been concerted research into the controlling stress regime. Bishop (1959) proposed a sin-
gle stress variable equation for unsaturated soils. This formulation, given by Equation 4.3,
includes the parameter χ in taking account of the difference between pore air pressure ua

and pore water pressure uw on the mechanical behaviour:

σ ′
Bi j = σ i j + χsδi j [4.3]

where σ ′
Bi j is Bishop’s stress tensor, χ is generally assumed to be a function of degree of

saturation and is zero for a dry soil and unity for a saturated soil, and s = (
ua − uw

)
is the

matric suction.
Equation 4.3 couples the effect of the so-called net stress σ i j and the matric suction s in

an equation for the controlling stress. However, the equation has proved to be unreliable
in predictive analysis principally due to the uncertainty over the parameter χ , though
much research is still centred on its usage. Other forms of effective stress equations for
unsaturated soils have been proposed, such as those by Croney et al. (1958), Aitchison
(1961) and Jennings (1961), though Bishop’s equation reduces to the same form as these
equations when the pore air pressure in Equation 4.3 is taken as the datum of atmospheric
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pressure. Bishop et al. (1960) concluded that there was no unique relationship between
the degree of saturation and χ , while Jennings and Burland (1962) suggested that Bishop’s
equation did not provide an adequate relationship between effective stress and volume
change. Bishop and Blight (1963) and Brackley (1971) amongst others have also cast
doubt on the use of a single stress equation such as Bishop’s in governing volume changes
in unsaturated soils. Importantly, Blight (1965) pointed out that the value of χ depends
on the type of process to which a soil is subjected, and is a non-linear function that
depends on stress level and strain. The conclusion from such observations prompted
many researchers to accept that the search for a single effective stress for unsaturated
soils, similar to that for saturated soils, was unlikely to be successful.

Nevertheless, Richards (1966) and Aitchison (1965, 1973) proposed extensions to the
effective stress equation to incorporate solute or osmotic suction, which is important
where there is a chemical imbalance and the thermodynamic chemical potential is likely
to lead to the exchange of mass. The equation of Aitchison (1965, 1973), which differs
slightly from that of Richards (1966), can be written as:

σ ′
Ai j = σi j + (χms + χsφs)σi j [4.4]

where σ ′
Ai j is Aitchison’s stress tensor, χm the matric suction parameter, χs the osmotic

suction parameter and φs the osmotic suction.
The parameters χm andχs are complex and, as with the parameter χ in Bishop’s equation,

are dependent on the test conditions and stress path though normally their values are
within the range of 0–1.

As a consequence of the lack of success with finding a single stress state variable for
unsaturated soils, Burland (1964, 1965) suggested that the behaviour should be related
independently to the net stress and matric suction. This formed a change of emphasis in
research activities with researchers using the uncoupled stress state variables to investigate
strength and volume change characteristics. In accordance with the findings of Fredlund
and Morgenstern (1977)1 from theoretical considerations, any two of the three stress
state variables σ = (σ − ua), σ ′ = (σ − uw) and s = (

ua − uw

)
can be used to describe the

behaviour of an unsaturated soil. The experimental evidence from Tarantino et al. (2000)
supports this contention. The independent stress state variables have been used to develop
constitutive equations from experimental evidence and in this way tentative steps have
been made towards formulating a general constitutive framework for unsaturated soils.

From examination of the power input into unsaturated soils, Houlsby (1997) developed
the concept of work conjugate stress and strain-increment variables. A primary aim of the
paper was to determine the conjugate variables that would allow constitutive modelling
to be more productive. However, the analysis ignored the surface tension effect of the
contractile skin and did not account for the fluid pressure acting through the volume of
the solids (as discussed in Chapter 1). An equation emerged from the analysis which had
a form similar to Equation 4.2 of Bishop (1959) but with χ replaced by the degree of
saturation Sr. Equation 4.5 presents this equation in tensor form:

σ ′′
i j = σi j − [Sruw + (1 − Sr)ua] δi j [4.5]

where Houlsby (1997) described σ ′′
i j as the average soil skeleton stress tensor.

Jommi (2000) examined the use of Equation 4.5 under triaxial stress conditions but
without significant advancement in interpretation of soil behaviour. One of the problems
with Equation 4.5 is that the volumes of all three phases are not represented by the term
Sr. The solid particles are not represented, yet it is these that give a soil its strength.
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While there would be advantages if the stress conditions in an unsaturated soil could
be formulated in terms of a single stress state variable, this avenue of research has proved
unfruitful. The use of two independent stress state variables has resulted in advances in our
understanding of unsaturated soil behaviour, but it is inconsistent with thermodynamic
principles not to include conjugate volumetric and strain-increment terms in such analysis.
In Chapters 6 and 7 a formulation of the dual stress regime controlling unsaturated soils
is developed. The controlling stresses are coupled in an equation linking the stresses with
conjugate volumetric variables. In Chapter 9 the analysis is extended to the work input
into unsaturated soils, which provides the conjugate stress and strain-increment variables
in triaxial cell tests.

4.3 Strains in soils

On the basis of three orthogonal extensible (and compressible) fibres embedded in a soil
specimen, Schofield and Wroth (1968) identified total deformation as made up of body
displacement, body rotation and body distortion. The directions of embedment 1, 2 and
3 are not necessarily principal strain or strain-increment directions. The body distortion
is defined as including compressive strains and shear strains. The analysis isolates the
influences of body displacement and body rotation to identify generalised strain variables
capable of describing body distortion. These variables comprise the compressive strains
ε11, ε22, ε33 and the shear strains2 ε23 = ε32, ε31 = ε13, ε12 = ε21 as in Equation 4.6:

εi j =
⎡

⎣
ε11 ε12 ε13

ε21 ε22 ε23

ε31 ε32 ε33

⎤

⎦ [4.6]

Figure 4.1 shows the simple case of two-dimensional body distortion for the extensible
fibres of initial lengths x and y in the 1 and 2 directions respectively. The compressive
strains ε11 in the 1 direction and ε22 in the 2 direction are given by −dx/x and −dy/y.
Similarly, in the orthogonal 3 direction for a fibre of initial length z, the compressive strain
ε33 is given by −dz/z. Here we have defined compressive strains as positive consistent with
the work input analysis of Chapter 9.

In Figure 4.1, the shear strain ε12 = ε21 is given by the angle ω between the distorted
fibres and the original positions. The other shear strains are defined in a similar manner.

Isolation of the influences of body displacement and body rotation allows the strain
variables to be used to define the overall strain measurements of specimens in the triaxial
cell and other laboratory tests, where the compressive and shear strains are sufficient to
describe overall specimen straining. However, in Chapter 9 when discussing the straining
of the aggregates and between the aggregates in an unsaturated soil, it is necessary to take
account of not only body distortion but also other strain components that give rise to
energy dispersion under the application of loading.

For the simple case of body distortion and no body displacement or rotation, if the
extensible fibres in the soil specimen are orientated to the principal strain directions, there
are only compressive strains and Equation 4.6 simplifies to:

εi j =
⎡

⎣
ε11 0 0
0 ε22 0
0 0 ε33

⎤

⎦ [4.7]
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Figure 4.1 Definitions of strains.

The volumetric strain εv is given by the sum of the compressive strains, thus:

εv = ε11 + ε22 + ε33 [4.8]

We will be particularly concerned with triaxial cell testing where the axial and radial
directions are principal stress directions, and axi-symmetrical conditions exist, giving
σ22 = σ33, as in Figure 4.2.

3333

11

11

h

2r

Figure 4.2 Axi-symmetrical conditions in triaxial cell.
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For incremental changes dh in the length of the specimen h and dr in the radius of the
specimen r:

dε11 = −dh
h

and dε33 = −dr
r

[4.9]

where dε11 is the axial strain-increment and dε33 the radial strain-increment.3

The volumetric strain-increment is accordingly given by:

dεv = dε11 + 2dε33 = −dv

v
[4.10]

where dv = 1 + de = dV
/

Vs is the increment of change in specific volume, v = 1 + e =
V

/
Vs is the original specific volume, V is the total volume of the soil specimen, Vs is the

volume of the solid phase, e is the voids ratio and de is the incremental change in voids
ratio.

The fixed mass of soil particles provides the reference datum for volume changes as a
result of changes in the volumes of water and air in a specimen4.

The deformation state variables must be consistent with the continuity requirements of
continuum mechanics. This requires that the variables when integrated should give the
total deformations and applies to a single-phase or multi-phase material. In an unsaturated
soil, the total volume change is made up of the summed changes in volume of the phases.
Accordingly:

dv = dvw + dva [4.11]

where dvw is the increment of change in the specific water volume and dva is the increment
of change in the specific air volume.

A further important strain parameter employed in the analysis of triaxial cell test data
is the deviator strain-increment dεq given by:

dεq = 2 (dε11 − dε33) /3 [4.12]

In addition to the requirement that the variables are consistent with the continuity
requirements of continuum mechanics, it is also necessary that when the stresses and
strain-increments are multiplied together they are conjugate and give the incremental work
input per unit volume performed by the imposed stresses. It is not intuitively apparent
why there is the 2/3 term in Equation 4.12, but it is a consequence of the summed energy
in the definitions of stresses and strains. The ideas behind conjugate stresses and strain-
increments under triaxial stress conditions, where the mean stress and deviator stress are
often employed in place of the axial and radial stresses, are developed in later chapters.
The thermodynamic concepts and analysis of undrained and drained loading in the triaxial
cell are dealt with in Chapter 6, and the conjugate stresses and strain variables (and strain-
increment variables) for saturated and unsaturated soils are determined in Chapter 9.
The continuity and work input relations for the straining of the phases in a multi-phase
material are shown to be more complex than in the foregoing analysis.

4.4 Constitutive modelling

The use of independent stress state variables in constitutive modelling is an empirical
but practical approach to a complex problem that has found a good degree of success.
Constitutive modelling is used in other science disciplines, such as climatology, where
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Figure 4.3 Behaviour of specimens in drained shear tests.

complex behaviour makes a rigorous scientific analysis impossible. However, in such an
approach, unless account is taken of all the relevant variables, parameters derived from
experimental observations incorporate the influence of undefined variables which render
the analysis to be highly dependent on test conditions. The result is that extrapolation of
conclusions from a particular test to other test conditions leads to anomalies. This is the
case with Bishop’s stress (Equation 4.3), particularly when tested against volume change
behaviour in unsaturated soils. In examination of currently available constitutive models
it is by no means clear that all the relevant variables, notably the volumetric and strain
terms, are adequately and appropriately represented.

4.4.1 Shear strength

Figure 4.3 shows generalised plots of shear stress τ against shear strain for drained tests on
clay and sand. Overconsolidated clays and dense sands exhibit a peak strength followed
by a reduction to the critical state strength. Normally consolidated clays and loose sands
achieve maximum strength at the critical state. The critical state thus represents a stress
condition that a soil specimen subjected to shearing must experience irrespective of its
initial state. It is generally assumed that shear strength and volumetric conditions remain
relatively unchanged subsequent to achieving the critical state. However, continued shear-
ing to very large strains can result in reduction of soil strength and further volumetric
changes as a soil approaches its residual state. Saturated plastic clays can exhibit a sig-
nificant reduction in shear strength beyond the critical state to the residual state. A low
residual strength is characterised by alignment of particles (Lupini et al., 1981). However,
soils that comprise rotund particles do not exhibit alignment and may not experience sig-
nificant change beyond the critical state. In such soils, turbulent behaviour and randomly
orientated particles are evidenced on shearing. Unsaturated fine-grained soils comprise
aggregations of particles that can be expected to exhibit a degree of rigidity and resilience
dependent on the level of suction. Their behaviour may thus be perceived as complying
more closely with that of a rotund particle structure. We will not be concerned with the
residual state but with the behaviour up to the critical state. First we will deal with the gen-
eral strength of soils and concentrate on the critical state framework for unsaturated soils in
Section 4.5.
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Figure 4.4 Peak and critical state strength envelopes for saturated soil.

The strength of a saturated soil as given by a Mohr–Coulomb failure envelope can be
expressed by the equation below, which incorporates Terzaghi’s single stress state variable
at failure (Equation 4.1):

τ = c′ + σ ′ tan φ′ [4.13]

where τ is the shear stress at failure, c′ is the intercept of the failure envelope with the
shear stress axis, σ ′ = (σ − uw) is the effective normal stress on the failure plane at failure
and φ′ is the effective angle of friction associated with changes in σ ′.

The failure envelopes for peak and critical states given by Equation 4.13 are illustrated
in Figure 4.4.

As discussed in Section 4.2, any two of the three stress state variables can be used to
describe the stress regime in unsaturated soils. An equation for the shear strength must
reflect the duality of the stress regime implicit in this statement. Fredlund and Morgen-
stern (1977) proposed that the two uncoupled, independent stress state variables σ and s
were the most appropriate. On this basis, Fredlund et al. (1978) proposed an extension
to the Mohr–Coulomb failure envelope for saturated soils (given by Equation 4.14) to
incorporate the suction:

τ = c′ + σ tan φ′ + s tan φb [4.14]

where φb is the friction angle associated with changes in s alone.
The failure envelope for an unsaturated soil can be plotted in a three-dimensional man-

ner, as illustrated in Figure 4.5. The three-dimensional plot consists of shear stress τ and
two stress state variables: net normal stress σ̄ and matric suction s. The shear strength
envelope is planar if φb is constant or curved if φb varies with matric suction. As the soil
becomes saturated, the matric suction reduces to zero and the pore water pressure ap-
proaches the pore air pressure. As a result, the three-dimensional failure envelope reduces
to the two-dimensional Mohr–Coulomb failure envelope for a saturated soil.

Escario (1980) examined the shear strength of unsaturated soils by conducting drained
direct shear and triaxial tests on unsaturated Madrid grey clay. The tests were performed
under controlled suction by adopting the axis translation technique. Test specimens were
statically compacted and brought to a pre-selected suction value prior to shearing. The
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Figure 4.5 Failure envelope for unsaturated soils (Fredlund and Morgenstern, 1977).

direct shear and triaxial test results obtained by Escario (1980) produced a series of curved
failure envelopes that were in general in agreement with Equation 4.14 and confirmed an
increase in shear strength with increase of suction. Subsequently, Ho and Fredlund (1982)
performed a series of multi-stage triaxial tests on undisturbed specimens of two residual
soils from Hong Kong under consolidated drained test condition. The suction was again
controlled using the axis translation technique. When the triaxial test results were analysed
using Equation 4.14, a planar failure envelope resulted. Ho and Fredlund (1982) concluded
that shear strength increased linearly with respect to matric suction. A similar trend was
observed by Rahardjo et al. (1994) for residual clay from Singapore. However, there is also
a significant amount of data which contradict the foregoing. Gan et al. (1988) conducted
multi-stage direct shear tests on an unsaturated glacial till. Suction was again controlled
using the axis translation technique during shearing. The results showed non-linearity of
the failure envelope in the shear stress versus the matric suction plane. Fredlund et al.
(1995) came to a similar conclusion as shown in Figure 4.6. Non-linearity in the shear
strength versus matric suction relationship was also observed by Escario and Saez (1986).
Oloo and Fredlund (1996) explained the non-linearity of the shear strength envelope with
respect to matric suction, and the decrease in φb as suction increased, as being the result of
the diminishing contribution of matric suction to the shear strength as the water content
of the soil approached the residual water content.

Escario and Saez (1986) proposed the following relationship between φb and φ′:

tan φb = χ tan φ′ [4.15]

where χ is the parameter from Bishop’s stress (Equation 4.3).
Thus, while it is true that in cohesive soils there is a general increase in strength with

increase in suction, the value of φb is not necessarily constant and may decrease. However,
there is some evidence that in cohesionless soils, in particular, there may be an initial
increase in shear strength followed by a decrease as suction is progressively increased
(Escario and Juca, 1989; Fredlund et al., 1995). Leroueil (1997) outlined a number of
limitations in the use of Equation 4.14, as others have done (Escario and Saez, 1986;
Fredlund et al., 1987), and suggested that while applicable for a variety of unsaturated
soils, most of the time, this was often within a limited range of matric suction and net
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Figure 4.6 Failure envelope shear stress τ against matric suction (after Fredlund et al., 1995).
Reproduced by permission of Taylor and Francis Group

normal stress. Of note, as in Figure 4.6, tests on a range of materials suggest a marked
reduction in φb on change from a saturated or near-saturated soil to an unsaturated soil.
There is an inherent assumption in the equation of Fredlund et al. (1978) of a smooth
transition between unsaturated and saturated behaviour. It is shown in Chapter 8 that
this assumption is often unjustified.

Vanapalli et al. (1996) developed an empirical, analytical model to predict the shear
strength in terms of soil suction, with validation of the approach based on statically com-
pacted glacial till tested in a modified direct shear apparatus. The approach incorporated
the soil water characteristic curve and the saturated shear strength parameters and resulted
in Equation 4.16, which may be compared with the expression (Equation 4.14) proposed
by Fredlund et al. (1978):

τ = [
c′ + σ tan φ′] + s

[
�κ tan φ′] [4.16]

where σ = (σ − ua) is the net normal stress on the shear plane at failure, � is the normalised
volumetric water content = θw

/
θs, κ is a fitting parameter, θw is the volumetric water

content at current matric suction and θs is the volumetric water content when Sr = 100 %.
Vanapalli et al. (1996) also proposed an equation for the shear strength which removed

the need for the fitting parameter:

τ = [
c′ + σ tan φ′] + s

[(
θw − θr

θs − θr

)
tan φ′

]
[4.17]

where θr is the residual volumetric water content.
The authors suggested that soils such as highly plastic clays were resistant to de-

saturation and could exhibit essentially linear shear strength behaviour over a relatively
large range of soil suctions.

4.4.2 Volume change characteristics

Researchers have examined the possibility of describing the deformation behaviour of
unsaturated soils using Bishop’s (1959) single-valued effective stress equation, but a unique
relationship between volume change and Bishop’s stress has been shown not to exist
(Bishop and Blight, 1963; Burland, 1965; Blight, 1965; Aitchison, 1967; Morgenstern,
1979). As discussed in Section 4.2, Burland (1965) proposed that the volume change
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should be independently related to σ and s, and a number of researchers subsequently
developed frameworks that treated the volume change and shear strength behaviour of
unsaturated soils in terms of the two independent stress state variables (Matyas and
Radhakrishna, 1968; Barden et al., 1969; Aitchison and Woodburn, 1969; Aitchison
and Martin, 1973; Fredlund and Morgenstern, 1977). This section reviews the most
important developments in establishing a constitutive framework for the volume change
characteristics of unsaturated soils.

Matyas and Radhakrishna (1968) appear to be amongst the first researchers to have
introduced the concept of ‘state variables’. The state variables of σ , s and e (or Sr) were
used to plot the volume change data as three-dimensional plots, thus defining ‘state paths’
and ‘state surfaces’. In their study, Matyas and Radhakrishna (1968) determined the vol-
ume change characteristics in isotropic and K0 consolidation tests on statically compacted
specimens of unsaturated kaolin-flint. The plots emerged as having a consistent warped
surface as illustrated in Figure 4.7. The warped surface illustrated the swelling that oc-
curred on wetting at a low value of net stress and the collapse that occurred on wetting
at a high value of net stress. The collapse as a result of suction reduction indicated a
meta-stable soil structure. The surfaces were found not to be wholly unique suggesting
hysteresis on wetting and drying.

Subsequently, the significance of the uncoupled net stress and suction was examined in
a number of research projects on the volume change behaviour of unsaturated soils. In
particular, Fredlund and Morgenstern (1976) proposed mathematical expressions relating
the voids ratio and the water content changes of an unsaturated soil to the independent
stress state variables σ and s. The proposed constitutive relations were supported by a
series of tests on undisturbed Regina clay and compacted kaolin under K0 and isotropic
loading conditions. During the tests the total pressure, pore air pressure and the pore
water pressure were controlled independently. The proposed mathematical expressions
for the state surfaces for voids ratio e and water content w were:

e = e0 − Ct log σ − Cm log s [4.18]

w = w0 − Dt log σ − Dm log s [4.19]

where Ct is the compression index with respect to σ̄ , Cm is the compression index with
respect to s, Dt is the water content index with respect to σ̄ , Dm is the water content index
with respect to s, e0 is initial voids ratio and w0 is the initial gravimetric water content.

Equation 4.18 defines a planar surface in e : log σ : log s space and Equation 4.19 a
planar surface in w : log σ : log s space, as illustrated in Figure 4.8(a) and (b) respectively.
Similar forms of equation can be used for unloading surfaces. The analysis assumed that
the plots were linear over a relatively large stress range. The formulation does not explicitly
include both wetting-induced swelling and wetting-induced collapse and Equations 4.18
and 4.19 can be used only over a limited range of suction values because they do not
satisfy saturated conditions when the suction approaches zero. However, Fredlund (1979)
suggested that these effects could be incorporated if the compression and water content
indices were stress-state-dependent. Ho et al. (1992), Fredlund and Rahardjo (1993) and
Ho and Fredlund (1995) further described their measurement and usage.

Amongst other relevant approaches, Lloret and Alonso (1985) proposed expressions for
the state surfaces for voids ratio e and degree of saturation Sr. The equations, though not
reproduced here, defined warped surfaces so that wetting-induced swelling and wetting-
induced collapse were both included.
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Figure 4.7 Void ratio and degree of saturation constitutive surfaces for a mixture of flint and
kaolin under isotropic loading conditions: (a) void ratio constitutive surface; and (b) degree
of saturation constitutive surface (after Matyas and Radhakrishna, 1968). Reproduced by
permission of the authors and the Institution of Civil Engineers

4.5 Critical state framework for saturated soils

An alternative approach to defining the strength and deformation behaviour of a saturated
soil is provided by critical state soil mechanics. This forms the basis of the Original Cam
clay model described by Schofield and Wroth (1968) and the Modified Cam clay model
described by Roscoe and Burland (1968), as well as other modifications to extend the ideas
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Figure 4.8 Schematic soil structure and water content constitutive surfaces: (a) void ratio
constitutive surfaces for monotonic volume change – solid lines indicate compression, dashed
lines indicate swelling or rebound; (b) water content constitutive surface for monotonic volume
change – solid lines indicate water content decrease, dashed lines indicate water content increase
(after Ho and Fredlund, 1995). Reproduced by permission of Taylor and Francis Group

to a more general class of soil. In this respect it is important to recognise that the Cam
clay models were developed from test data on isotropically consolidated specimens and
assumed that elastic behaviour was isotropic (Graham et al., 1989; Graham and Houlsby,
1983). Those aspects of critical state soil mechanics and the Cam clay models for saturated
soils that are of particular relevance to our current understanding of unsaturated soils will
be briefly described and later in the chapter will be extended to encompass unsaturated
conditions.

There are a number of elements to the models of saturated soil behaviour based on
critical state soil mechanics:

� An isotropic normal compression line (iso-ncl);
� A one-dimensional normal compression line (1d-ncl);
� A critical state line (csl);
� A state boundary surface which links isotropic normal compression states, one-

dimensional compression states and critical states;
� Yield surfaces which lie on the state boundary surface and which act as plastic potential

surfaces;
� The ‘hardening’ or ‘softening’ of a soil as it yields and moves over the state boundary

surface;
� Elastic straining within the yield surface and a combination of elastic and plastic

straining when the yield surface is reached.

The basic theoretical constructs within the Cam clay models are essentially similar, the
main differences being the form of the yield surface.
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The critical state of a soil is the condition when it exhibits relatively constant stress
and volume conditions under shearing. Wood (1990) expressed this mathematically as
follows:

∂p′

∂εq
= ∂q

∂εq
= ∂v

∂εq
= 0 [4.20]

where p′ = (p − uw) is Terzaghi’s mean effective stress, p = (σ11 + 2σ33) /3 is the mean
total stress and q = (σ11 − σ33) is the deviator stress.

The first term in Equation 4.20 defines the rate of change of Terzaghi’s mean effective
stress with shear strain, the second term defines the rate of change of deviator stress
with shear strain and the third term defines the rate of change of specific volume with
shear strain. All should equate to zero. A further condition that should be satisfied is
∂uw

/
∂εq = 0, i.e. the rate of change of pore water pressure with shear strain should be zero.

Figure 4.9 illustrates a unique relationship between the stress and volumetric variables in
p′ : q : v space based on the csl, iso-ncl and 1d-ncl. A premise of the critical state concept
is that a soil will, on shearing, end up on a unique critical state line irrespective of its initial
condition. Often the same intrinsic critical state concepts are applied to sands as to clays
though this appears not always to be justifiable and there are recognisable differences in
behaviour characteristics. There are also soils that do not appear to conform to the critical
state principles. Ferreira and Bica (2006) reported on the effects of structure on a residual
soil from Botucatu sandstone. While a unique ncl and csl could be determined for the
natural residual soil, remoulded compacted specimens did not exhibit a unique ncl and
csl. The authors described the soils as exhibiting a transitional behaviour between clays
and sands and concluded that the csl was dependent on initial voids ratio at odds with the
concept of a unique csl. There was also no evidence that the structure of the natural soil
was sufficiently altered either by compression or shearing to bring the state towards that
of the equivalent remoulded soil. Nevertheless, the critical state concepts appear justifiable

q

(p − uw)

v

iso-ncl

csl

State boundary surface

1d-ncl
<M

Sections of constant
specific volume

Figure 4.9 State boundary surface linking the iso-ncl, 1d-ncl and csl for a soil.
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for a wide class of saturated materials and the following discusses first the strength and
then the deformation characteristics within the critical state framework.

4.5.1 Shear strength

Experimental evidence suggests that the strength envelope at critical state when plotted
in the τ : σ ′ plane is a straight line passing through the origin and is the Mohr–Coulomb
failure criterion with the cohesion c′ = 0. From Equation 4.13, the critical state strength
can thus be represented by:

τ = σ ′ tan φ′ [4.21]

The equivalent relationship between deviator stress q and mean effective stress p′ at the
critical state for a saturated soil under triaxial stress conditions is given by Equation 4.22
and represented in Figure 4.10. The csl of Figure 4.10 is the projection of the csl of Figure
4.9 on the p′ : q plane.

q = Mp′ [4.22]

where M is the stress ratio parameter.
Equations 4.21 and 4.22 describe the same condition and the parameters are related by

the following equation:

M = 6 sin φ′

3 − sin φ′ [4.23]

4.5.2 Volume change characteristics

The idealised compression characteristics for saturated soils are represented in Figure
4.11 as plots in v : ln p′space. The isotropic normal compression line (iso-ncl) and the
critical state line (csl) are taken as parallel lines in v : ln p′ space though they are curved in
three-dimensional p′ : q : v space in Figure 4.9. Inside the iso-ncl, one-dimensional normal
consolidation lines (1d-ncl) parallel to the foregoing lines are also shown in Figure 4.11.
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Figure 4.10 Critical state strength under triaxial stress conditions.
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Figure 4.11 Compression characteristics for a saturated soil.

For the iso-ncl the specific volume is related to the mean effective stress by the following
equation:

v = N − λ ln p′ [4.24]

For a 1d-ncl the following straight-line relationship is defined:

v = vλ − λ ln p′ [4.25]

The unloading and reloading pressure–volume characteristic lines are represented by url
in Figure 4.11 and defined by the following relationship:

v = vκ − κ ln p′ [4.26]

If the soil is subjected to shearing, the ultimate state of the soil regardless of initial
condition is taken as being on the csl represented by:

v = 
 − λ ln p′ [4.27]

where N, vλ, vk and 
 are the intercepts of the iso-ncl, the 1d-ncl, the url and the csl
respectively at p′ = 1.0 kPa. λ is the slope of the iso-ncl, the 1d-ncl and the csl. κ is the
slope of the url.

The 1d-ncl can be defined by the value of the mobilised stress ratio η given by the
following expression:

η = q
p′ [4.28]

For m = M the 1d-ncl lies on the csl and for m = 0 the 1d-ncl corresponds to the iso-ncl.
The stress ratio η has a value less than M for a normally or lightly overconsolidated
specimen, but a value greater than M for a heavily overconsolidated specimen. The stress
ratio η is useful in identifying qualitatively the volumetric behaviour during shearing. For
η < M on the so-called ‘wet side’ of the csl (between the csl and the iso-ncl), compressive
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plastic hardening occurs on yielding under shearing. For η > M on the ‘dry side’ of the csl
(opposite side of csl), plastic softening occurs on yielding under shearing.

For a heavily overconsolidated soil specimen the peak strength is given by (Wood, 1990;
Atkinson, 1993):

q
p′ = M − dεv

dεq
[4.29]

The expression shows that the peak deviator stress ratio q/p′ is the sum of the critical
state stress ratio M and the rate of dilation −dεv/dεq (the negative sign is required because
volumetric strain dεv is negative for dilation). This is in accordance with the argument of
Schofield (2005, 2006) that the peak strength of both granular and cohesive deposits is
the sum of the critical state strength and interlocking (or the rate of dilation).

On the iso-ncl, a soil specimen is normally consolidated and an increase in isotropic
mean stress p′ leads to both elastic and plastic volumetric strainings. However, a decrease
in isotropic stress p′ for the specimen entails the specimen following a url and the specimen
becoming overconsolidated. On the url, the specimen is assumed to experience only elastic
volumetric strain. To draw further conclusions it is necessary to recognise the three-
dimensional relationship of the p′ : q : v plot of Figure 4.9. The state boundary surface
is shown as linking the iso-ncl, the 1d-ncl and the csl. This surface marks the boundary
to soil conditions although cemented soils can exhibit unstable states beyond the state
boundary surface. However, other than for cemented soils, a soil specimen under test that
reaches a condition represented by a point on the state boundary surface will experience a
combination of elastic and plastic strainings and the soil can be considered to be yielding.
If the stress state of the soil is brought inside the boundary surface the strains are usually
assumed to be purely elastic. It is important to recognise that this is an idealisation of soil
behaviour, and inelastic behaviour inside the state boundary surface can occur, particularly
if time-dependent (viscous) behaviour is present.

The existence of a unique state boundary surface for saturated clay soils has been
demonstrated by data reported by Atkinson and Bransby (1978) and Wood (1990). That
part of the state boundary surface on the ‘wet side’ of the critical state is often referred to as
the Roscoe surface and that part on the ‘dry side’ is often called the Hvorslev surface. The
Roscoe and Hvorslev surfaces are shown in Figure 4.12. A tensile fracture cut-off surface
is also shown. The Hvorslev and the tensile fracture surfaces are generally represented as
straight lines on constant volume sections.

The principles of critical state soil mechanics can be extended to the volume change
behaviour of unsaturated soils though the critical state characteristics of unsaturated soils
are still the subject of much research. While there is a growing body of experimental
evidence on the behaviour of soils in an unsaturated state, there is as yet insufficient
definitive information and agreed principles to draw all-encompassing conclusions.

4.5.3 Yielding

Figure 4.13 shows an isotropic swelling and recompression line or unload–reload line url.
On this line a soil experiences only elastic behaviour. If the volumetric and shear deforma-
tions are uncoupled, then volumetric changes are related only to the mean effective stress
p′ and are unrelated to changes in deviator stress q. Similarly, shear strains are related only
to q with no influence from p′. This relies on an assumption that the soil is isotropic. The
uncoupling of the influences of p′ and q is discussed further in Chapter 6. Nevertheless,
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Figure 4.12 State boundary surface limiting states.

this means that on the isotropic url, only volumetric straining occurs and no shear strain-
ing. It also means that inside the state boundary surface, vertically above the url, a plane
can be drawn on which only elastic straining occurs. This is referred to as an elastic wall.
Since the soil will yield when the state reaches the state boundary surface, the intersection
of the elastic wall with the state boundary surface represents a yield surface. The shape
of the projection of the yield surface onto the q : p′ plane differs from the projection of

q

v
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csl

State boundary surface

Sections of constant
specific volume

Isotropic swelling and
recompression line (url)

Elastic wall

(p − uw)

Figure 4.13 The elastic wall.
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the sections of constant specific volume v, also shown in Figure 4.13. It is the assumption
of the shape of the projection of the yield surface that often distinguishes approaches to
yielding in critical state soil mechanics and other forms of elasto-plastic modelling.

Yielding is usually considered as controlled by the mean effective stress and deviator
stress and forms a locus in the p′ : q plane. The Original Cam clay model (Schofield
and Wroth, 1968) assumed the yield surface locus for isotropic specimens to be a series
of logarithmic spirals symmetrical about the p′-axis in the p′ : q plane as illustrated in
Figure 4.14. The equation for the logarithmic yield surfaces can be written as:

ln
(

p′

p′
cs

)
= 1 − η

M
[4.30]

where p′
cs is the value of the mean effective stress at the critical state.

The Modified Cam clay model (Roscoe and Burland, 1968) assumed the yield surfaces
in the p′ : q plane to be ellipses, as illustrated in Figure 4.15. The equation for the yield
surfaces for isotropic specimens can be written as Equation 4.31 and are again symmetrical
about the p′-axis.

p′

p′
cs

= 2M2

M2 + η2
[4.31]

The concept of yielding in saturated soils has been explored by a number of researchers
including Mitchell (1970), Crooks and Graham (1976), Tavenas and Leroueil (1977)
and Graham et al. (1983). This constitutes relatively large-strain yielding at a macro-
mechanical level and it is important to realise that yielding and the onset of plastic defor-
mations are likely to start at much smaller strains. Nevertheless, the concept of large-strain
yielding provides idealised behaviour characteristics that have allowed advancement of our
understanding of soil behaviour.

The yield surfaces shown in Figures 4.14 and 4.15 are for isotropic soil specimens. In real
soils the assumption of isotropic characteristics is unlikely to be realised. Consequently,
there have been attempts to examine the yielding of one-dimensionally compressed, K0,

csl

p' = (p−uw)

q

Μ

1

Μ

Μ

Μ

'pcs

η = q/p'

1

Figure 4.14 Logarithmic yield curves in p′ − q plane for Original Cam clay model.
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Figure 4.15 Elliptical yield curves in p′ : q plane for Modified Cam clay model.

specimens. For this more general class of anisotropic materials there is evidence to suggest
that the yield curves are rotated around the K0 line in the p′ : q plane, as depicted in
Figure 4.16 (Crooks and Graham, 1976; Graham and Houlsby, 1983; Graham et al.,
1983, 1988; Sivakumar et al., 2001).

Graham et al. (1989) suggested that asymmetry of the yield loci about the p′-axis may
be a function of the plotted variables and the authors presented limited data to suggest that
normalising the axis may result in a more symmetrical yield surface around the normalised
p′-axis. Nevertheless, the importance of the yield locus is that it separates relatively stiff,
pseudo-elastic pre-yield behaviour from the large-strain post-yield behaviour. The shape
and magnitude of a yield locus depend on the composition, anisotropy and stress his-
tory of the soil (Graham et al., 1988; Sivakumar et al., 2002). However, it is important
to realise that while yielding is classically associated with a sharp change from purely

csl

Mean effective stress p' = (p−uw)

q

Μ

Id-ncl (K  conditions)o

Yield surfaces

= q/p'

1

1 η

η

Figure 4.16 Idealised yield curves in p′ : q plane for one-dimensionally consolidated saturated
soil specimens.
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elastic to plastic behaviour, in soils yielding does not take place abruptly but over a range
of pressures, leading to a transition from elastic behaviour to elasto-plastic behaviour
(Smith et al., 1992).

Yielding in unsaturated soils is incorporated in the ideas behind the Barcelona Basic
Model and the amendments and additions to the concepts as discussed in the following.

4.5.4 The plastic potential and normality

A common way of describing the flow rule for plastic straining is to define a plastic
potential envelope that is orthogonal to the vectors of plastic straining. Often it is assumed
that the plastic potential is synonymous with the yield curve, which results in an associated
flow rule and normality of the plastic strain-increments to the local stresses on the yield
curve. This is illustrated in Figure 4.17. However, normality of plastic yielding to the yield
curve is an assumption that is not always justifiable as demonstrated by Cui and Delage
(1996).

Hardening (increase in the size of the yield curve) or softening (decrease in the size of the
yield curve) occurs at the yield surface. Depending on the form of the yield curve or plastic
potential, a hardening (or softening) law or flow rule giving the relationship between the
change in yield stress and the plastic strain-increment can be written.

4.6 The constitutive Barcelona Basic Model
for unsaturated soils

Schofield (1935) appears to be the first to have introduced the concept of suction in
unsaturated soils to research in soil mechanics. Brady (1988) and Murray and Geddes
(1995) drew on previously published work on unsaturated soils, in particular the work
reported by Croney and Coleman (1954, 1960), to extend the concepts of critical state
soil mechanics from saturated to unsaturated soils. The Barcelona Basic Model (BBM)
proposed by Alonso et al. (1990) utilises a critical state framework, extended to include

Mean effective stress (p − uw)  

q

η

Current yield surface
(and plastic potential)

η = q/p'

Elastic
behaviour

Plastic strain-increment

Ko conditions

1

Figure 4.17 Normality of plastic straining on yield surface when it acts as the plastic potential.
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suction as a separate stress state variable. The BBM follows earlier work by Alonso et al.
(1987) who proposed an elasto-plastic model based on experimental data from suction-
controlled triaxial tests on compacted clay. Significantly more research on the behaviour of
soils under unsaturated conditions has now been undertaken and a number of constitutive
models have been proposed. However, the BBM forms the basis for most elasto-plastic
constitutive modelling for unsaturated soils (Gens, 2010). The model was defined in terms
of the mean net stress p and suction s, along with the deviator stress q for triaxial test
conditions. The model was intended for the cases of slightly or moderately expansive soils
but is able to account in a simplistic way for most of the mechanical characteristics of
unsaturated soils.

4.6.1 Shear strength

It is assumed that under shearing a soil will ultimately reach a critical state. It is further
assumed that there is a linear increase of critical state shear strength q with both p and
s. A smooth transition between unsaturated and saturated conditions is also an inherent
assumption and thus all the critical state lines are considered parallel to the constant
slope M line for a saturated soil as depicted in Figure 4.18. The critical state line for an
unsaturated soil can be written as:

q = Mp − Mks [4.32]

where −ks is the intersect on the p-axis at which p = −ps = −ks in Figure 4.18 and k is
a negative constant as in Figure 4.20.

4.6.2 Volume change characteristics

In accordance with Figure 4.19, the volume change behaviour on an iso-ncl for an
isotropically prepared unsaturated soil under constant suction conditions can be expressed

csl s = 0

Mean net stress (p − ua)

q

Μ

csl s>0

Μ

ps−

1
1

Figure 4.18 BBM critical state strength.
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Figure 4.19 Isotropic stress–volume characteristics (iso-ncl and url) for unsaturated soils
(modified from Alonso et al., 1990). Reproduced by permission of the authors and the Institu-
tion of Civil Engineers

mathematically as:

v = N(s) − λ(s) ln
[

p
pc

]
[4.33]

where pc is the net stress at a reference stress state for which v = N(s). λ(s) is the stiffness
parameter for changes in p for virgin states of the soil (both N(s) and λ(s) are functions of
suction).

The following incremental expression for compression under constant s can be written:

dv = −λ(s)
d p̄
p̄

[4.34]

The unloading and reloading pressure–volume characteristic lines are represented by
url in Figure 4.19 and it is assumed that the slope κ of the lines is independent of s. The
lines at inclinations λ and κ for s = 0 and p′ = p correspond to the iso-ncl and the url
respectively in Figure 4.11, and if pc = 1, N(0) corresponds to N. Equation 4.33 for an
unsaturated soil thus reduces to Equation 4.24 for a saturated soil. This is not to say that
there is a physically smooth transition from unsaturated behaviour to saturated behaviour
or vice versa, but only that the equations are compatible.

From experimental data, Alonso et al. (1990) proposed an empirical equation for the
slope λ(s) of the iso-ncl for unsaturated soils under constant suction:

λ(s) = λ(0) [(1 − rc) exp (−βs) + rc] [4.35]

where rc is a constant related to the maximum stiffness of the soil (for infinite suction), β

is a parameter that controls the rate of increase of soil stiffness with suction, and λ(0) is
the stiffness parameter for the iso-ncl for s = 0.
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For unloading and reloading at constant s, elastic swelling and compression are given
by:

dv = −κ
dp
p

[4.36]

Assuming a linear dependence between v and ln (s + patm) both in the elasto-plastic and
elastic range for suction shrinkage and swelling at constant p, the following expressions
emerge for virgin compression and swelling/shrinkage respectively:

dv = −λ(s)
ds

(s + patm)
[4.37]

dv = −κ(s)
ds

(s + patm)
[4.38]

where λ(s) is the stiffness parameter for changes in suction for virgin states and κ(s) is the
elastic stiffness parameter for changes in suction.

4.6.3 Yielding

The BBM assumes elastic behaviour if the state of the soil remains inside a yield surface
defined in p : q : s space, with plastic strains commencing once the yield surface is reached.
Thus, for stress paths remaining inside the yield surface, an increase (or decrease) of mean
net stress p produces elastic compression (or expansion, as along path A–B in Figure 4.19),
and a decrease (or increase) in suction s as along path B–C produces elastic swelling (or
shrinkage).

To depict yielding under triaxial stress conditions in the BBM, the following yield loci
are defined, which are likely to be simplifications of the interlinked yield conditions for
real soils:

� A load-collapse yield locus (LC);
� A suction increase (SI) yield locus.

These are depicted in Figures 4.20–4.22. For isotropic stress states, the intersection of
the yield surface with the q = 0 plane defines the LC yield locus shown in Figure 4.20 and
given by the following expression:

(
p0

pc

)
=

(
p∗

0

pc

)[λ(0)−κ]/[λ(s)−κ]

[4.39]

where p0 is the pre-consolidation stress and p∗
0 is the pre-consolidation stress for saturated

conditions.
The SI yield curve is also shown in Figure 4.20 and is taken as a straight line at constant

s in the q = 0 plane.
The deviator stress q is incorporated in the model to account for triaxial stress states,

and the LC yield curve for the case of constant suction is described by an ellipse as in
the Modified Cam clay model for saturated soils. A family of elliptical yield loci may be
drawn in the constant suction plan, and two ellipses (s = 0 and s > 0) are shown in Figure
4.21. These are assumed to have a constant aspect ratio. The equation of the ellipses is
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Figure 4.20 LC and SI yield loci in p : s plane for q = 0 (modified from Alonso et al., 1990).
Reproduced by permission of the authors and the Institution of Civil Engineers

given by:

q2 − M2 (p + ps) (p0 − p) = 0 [4.40]

It should be noted that the description of yielding in p : q : s space in the BBM does not
include any volumetric terms. In unsaturated soils the relative volumes of the phases are
considered an important consideration in examining and attempting to predict behaviour
patterns such as yielding. This will be discussed further in Section 8.4.

4.6.4 The plastic potential and normality

Normality of the plastic strain-increment to the current yield surface is an assumption
frequently made but not always justifiable. Alonso et al. (1990) suggested a non-associated
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s
p− *

o
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Figure 4.21 Elliptical LC yield curves and critical state strength in q : p plane (modified from
Alonso et al., 1990). Reproduced by permission of the authors and the Institution of Civil
Engineers
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Figure 4.22 Three-dimensional view of yield surfaces in p : q : s space (modified from Alonso
et al., 1990). Reproduced by permission of the authors and the Institution of Civil Engineers

flow rule for elliptical LC yield loci in s constant planes in developing the BBM. For
yielding on the SI locus in the constant p plane, normality was assumed. Cui and Delage
(1996) presented results for an Aeolian silt which demonstrated a number of important
features. As discussed further in Section 4.7.5, the LC yield locus was rotated about the K0

line in the p : q plane. It was also noted that when suction hardening extended the LC yield
curve, the direction of the plastic strain-increment was approximately radial, suggesting
an isotropic suction hardening phenomenon. When hardening occurred due to the action
of net stress, non-associated plastic strain-increments were recorded. A hyperbolic plastic
potential was found satisfactory in modelling the non-associated plastic strains.

4.7 Extended constitutive and elasto-plastic critical state
frameworks for unsaturated soils

There are a large number of assumptions in the BBM that continue to be challenged by
researchers. This has led to different though comparable constitutive approaches in an
effort to develop a more comprehensive model able to deal with inconsistencies in the
BBM. However, the framework of the BBM for an idealised initially isotropic soil is con-
sidered by many to provide a good starting point even though experimental research has
highlighted the need to modify and develop the model if more general features of unsatu-
rated soil behaviour are to be adequately addressed. Shortcomings of the model have been
highlighted by a number of researchers. In particular, as pointed out by Lloret et al. (2008)
amongst others, the BBM does not intrinsically include a term (or terms) for the volumes
of the phases and cannot fully describe the important features associated with hydraulic
hysteresis associated with wetting and drying paths. Badonis and Kavvadas (2008) pointed
out that the BBM does not address the range of suctions over which shrinkage occurs. The
BBM also assumes constant κ for the url independent of the suction and that for increas-
ing suction there is a linear increase in shear strength and a linear decrease of the slope
of the normal compression line λs. Badonis and Kavvadas (2008) suggested that a more
general class of models should allow for the non-continuous increase of shear strength
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with increasing suction, while Georgiadis et al. (2008) suggested a non-linear increase in
shear strength with increasing suction. Additionally, while the monotonic decrease of the
compression line was supported by Cui and Delage (1996), it was challenged by Wheeler
and Sivakumar (1995). The issue remains unresolved.

Based on ongoing experimental research, a number of modified unsaturated soil models
have been suggested in order to accommodate a more general class of material behaviour.
Some of those to be found in the literature are described in the following along with
discussions of their significance in the light of ongoing research. Also discussed are aspects
of hydraulic hysteresis and yielding.

4.7.1 Constitutive model of Toll (1990) and Toll and Ong (2003)

The papers describe a constitutive framework for unsaturated soils in terms of the stress
state variables p, q and s and the volumetric variables v and Sr. Validation of the frame-
work was provided by results of triaxial tests on compacted Kiunyu gravel (Toll, 1990)
and residual Jurong soil (Toll and Ong, 2003). The triaxial tests were carried out in a stan-
dard displacement-controlled triaxial cell with suction controlled by the axis translation
technique. Most of the tests were conducted under constant water mass.

The authors proposed the following equation for the strength at the critical state under
triaxial stress conditions:

q = Ma p + Mbs [4.41]

where Ma and Mb are the total and suction stress ratio parameters respectively.
Equation 4.41 can be compared with Equation 4.32 of the BBM. Both equations in-

corporate the three independent stress variables p, q and s identified by Matyas and
Radhakrishna (1968) as necessary to define the stress state in unsaturated soils. However,
the interpretation of the stress ratios differs. Values of Ma and Mb in Equation 4.41 were
back-calculated from the experimental results using an iterative process based on multiple
linear regression assuming that each value was a function of Sr and consequently of the
matric suction s. Figure 4.23 presents the interpreted values for Kiunyu gravel. It can
be seen that the value of Ma increases and the value of Mb decreases from the saturated
stress ratio M when Sr reduces and s increases.

The values of Ma and Mb are related to φ and φb of Equation 4.14 by the following
expressions:

Ma = 6 sin φ′

3 − sin φ′ [4.42]

Mb = 6 cos φ′ tan φb

3 − sin φ′ [4.43]

The stress ratio parameters Ma and Mb describe the components of shear strength
associated with the uncoupled stress state variables p and s respectively. As Ma and Mb

vary with Sr, Equations 4.42 and 4.43 indicate that φ′ as well as φb vary with the degree of
saturation. While Equation 4.41 recognises the dual stress regime present in unsaturated
soils, it has no theoretical basis and the choice of values for Ma and Mb, in matching
the equation to experimental data, is somewhat arbitrary. Toll et al. (2008) examined
three alternative ways of determining Ma and Mb for constant water mass triaxial tests
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Figure 4.23 Variation of critical state stress ratios Ma and Mb with degree of saturation Sr for
Kiunyu gravel (after Toll, 1990). Reproduced by permission of the authors and the Institution
of Civil Engineers

on artificially bonded sand using the axis translation technique without reaching a firm
conclusion as to the most appropriate way.

Wheeler (1991), Alonso et al. (1992) and Wheeler and Sivakumar (1995) proposed
strength equations of a form somewhat similar to Equation 4.41. In particular, Wheeler
(1991) proposed an alternative form of critical state relationship for unsaturated soils
based on the experimental results of Toll (1990). He suggested that the critical state
equation for the deviator stress q can be represented by the following equation:

q = Mp + f (s) [4.44]

where M is the critical state stress ratio for a saturated soil and is constant for a given
material, and the function f can be found by plotting q − Mp against s. The function f is
thus matched to the experimental data and not linked to fundamental physics.

As with the proposal of Fredlund et al. (1978) encapsulated in Equation 4.14, a smooth
transition between unsaturated and saturated conditions is assumed in determining the
values of the stress ratio parameters of Equation 4.41. This relies on the progressive
breakdown of the aggregated structure associated with unsaturated conditions to the
more dispersed condition associated with saturated soils. Chapter 9 shows that Equation
4.41 can be derived on a theoretical basis without imposing any assumptions on the values
of Ma and Mb. This alternative approach allows the significance of the stress ratios to be
clearly demonstrated and validated using experimental data.

Toll (1990) included in his constitutive model an empirical equation relating the dual
stress regime to the specific volume at the critical state. The equation can be written as:

v = 
ab − λa ln p − λb ln s [4.45]

where λa is the compression coefficient as a result of the influence of p and λb is the
compression coefficient as a result of the influence of s.
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Figure 4.24 Variation of critical state compressibilities λa and λb with degree of saturation
Sr for Kiunyu gravel (after Toll, 1990). Reproduced by permission of the authors and the
Institution of Civil Engineers

Toll also proposed the following relationship for 
ab:


ab = 1 + 
 − 1
Sr

[4.46]

where 
 is the intercept of the csl at p′ = 1.0 kPa for a saturated soil and 
ab is the
intercept of the csl at p′ = 1.0 kPa for an unsaturated soil.

The values of λa and λb were back-calculated using an iterative process as for the stress
ratios in Equation 4.41. The values for Kiunyu gravel are shown in Figure 4.24. The value
of λa increases from the saturated value λ with reducing Sr, and the value of λb decreases
from the saturated value λ with reducing Sr. From analyses of experimental data on the
critical state of unsaturated Kiunyu gravel and Jurong soil, Toll and Ong (2003) concluded
that the following five variables were necessary to describe the critical state: p, q, s, v and
Sr. They also concluded that five parameters were required: Ma, Mb, 
ab, λa and λb.

Due to the large number of independent variables and parameters, Wheeler (1991)
suggested that the proposed framework could not be used for any form of prediction.
Based on the results of Toll (1990), Wheeler (1991) proposed a critical state volumetric
relationship as a component of a constitutive framework to complement the strength
relationship given by Equation 4.44. The relationship between the stress state variables p̄
and s and the specific water volume vw was given by:

vw = 
 − λ ln p + f s [4.47]

where 
 and λ are the intercept and slope of the csl for the saturated soil.
The form of the last term in Equation 4.47 can be examined by plotting vw − 
 + λ ln p

against s.



P1: SFK/UKS P2: SFK
c04 BLBK297-Murray June 10, 2010 7:19 Trim: 244mm×172mm

116 Unsaturated Soils

4.7.2 Constitutive elasto-plastic model of Wheeler and Sivakumar (1995)

The authors proposed an elasto-plastic critical state framework based on a series of
suction-controlled triaxial tests on specimens of compacted speswhite kaolin. The frame-
work was defined in terms of five state variables: mean net stress p, deviator stress q,
suction s and specific volume v, although the significance of the specific water volume vw

was also examined. The framework consists of an isotropic normal compression hyperline,
a critical state hyperline and a state boundary hypersurface. The term hyperline is used to
describe a locus of states within four-dimensional space (p : q : s : v) and the term hyper-
surface describes a four-dimensional surface joining the normal compression and critical
state hyperlines. If the state of the soil lies inside the state boundary hypersurface, the soil
behaviour is assumed to be elastic, with movement over the state boundary hypersurface
corresponding to plastic expansion of the yield surface in stress space. The framework
enhances the approach advocated in the BBM by inclusion of the specific volume v as an
intrinsic component.

Wheeler and Sivakumar (1995) defined the isotropic normal compression hyperline in
the plane q = 0 by the following equation:

v = N(s) − λ(s) ln (p/patm) [4.48]

where λ(s) and N(s) are functions of suction and patm is the atmospheric pressure taken as
a reference pressure.

Equation 4.48 can be compared with Equation 4.33 of the BBM. Both equations rep-
resent the iso-ncl and they are the same when the reference states are the same, i.e. when
patm = pc. The BBM assumes a monotonic decrease of λ(s) with increasing suction but
the results of Wheeler and Sivakumar (1995) showed relatively little variation in λ(s) with
s for suctions between 100 and 300 kPa, but a significant drop when s was reduced
to zero. They argued that differences in experimentally determined values of λ(s) from
the behaviour assumed in the BBM were due to the soil fabric produced by the initially
one-dimensionally compacted specimens. Futai and Almeida (2005) reported decreasing
values of λ(s) with decreasing suction for a natural, intact gneiss residual soil, but different
stratigraphic horizons produced different relationships.

The influence of soil fabric was investigated by Sivakumar and Wheeler (2000) and
Wheeler and Sivakumar (2000). They investigated the influence of compaction pressure,
compaction water content and method of compaction (static or dynamic) for speswhite
kaolin. The following conclusions were reached for specimens isotropically compressed
following initial one-dimensional compression or compaction:

� Compaction pressure influenced, to a limited degree, the position of the normal com-
pression line for different values of suction suggesting an influence from the initial
compaction-induced soil fabric.

� A more radical effect on subsequent soil behaviour resulted from a change in com-
paction water content. The initial state of the soil, the value of suction and the posi-
tions of the normal compression line for different suctions were strongly influenced.
This suggested that it may be necessary to treat samples compacted at different water
contents as fundamentally different materials.

� A change from static compression to dynamic compaction (with no change in com-
paction water content or compaction-induced dry density) had no apparent effect on
subsequent soil behaviour. This finding was tempered with a note that this may not be
applicable for all clays and at all water contents.
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These findings must be recognised in interpretation of the results of tests reported in the
literature as they are generally on specimens compacted or compressed one-dimensionally
into a mould (Sivakumar, 1993; Cui and Delage, 1996; Sharma, 1998; Wang et al., 2002;
Wheeler and Sivakumar, 2000; Tan, 2004). The process of one-dimensional compression
inevitably introduces a degree of stress-induced anisotropy in specimens and results in
a complex soil fabric that affects subsequent behaviour and normal compression data.
However, Sivakumar et al. (2010b) reported evidence to support the principle of a unique
iso-ncl at a given suction for unsaturated kaolin specimens initially prepared under truely
isotropic conditions using the methodology outlined in Section 3.2. The results for IS(A)
and IS(B) in Figure 4.25 are for specimens prepared at different initial specific volumes and
appear to suggest it reasonable to assume a linear iso-ncl in the p : v plane for specimens
with true isotropic stress history.

Wheeler and Sivakumar (1995) defined the critical state hyperlines by the following
equations:

q = M(s) p + µ(s) [4.49]

v = 
(s) − �(s) ln
(

p
patm

)
[4.50]
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Figure 4.25 Pressure–volume relationship for specimens of kaolin with isotropic stress history.
From Sivakumar, et al., in press. Geotechnique [doi: 10.1680/geot.8.P.007]. Reproduced with
permission.
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vw = A(s) − B(s) ln
(

p
patm

)
[4.51]

where the parameters M(s), µ(s), 
(s), �(s), A(s) and B(s) are dependent on suction. The
authors suggested that the variation of M(s) with suction is relatively small and can be
assumed as constant slope M as for a saturated soil. However, the value of µ(s) varies with
suction in a non- linear fashion.

Wheeler and Sivakumar (2000) examined the effects of initial conditions resulting from
different compaction efforts and water contents on the position of the csl and concluded
that:

� A change in compaction water content produced a marked effect not only on the
positions of the normal compression line for different values of suction, but also on
the locations of the csl in the p : v plane and the p : vw plane.

� The csl in the p : q plane was not affected by the compaction water content.
� Difference in soil fabric caused by a change of compaction water content, such as a

change from an aggregated fabric to a more dispersed fabric, continued to influence
the volumetric soil behaviour even on shearing to the critical state.

While Wheeler and Sivakumar (2000) concluded that M and M(s) were largely unchanged
by the initial conditions and M(s) = M for suctions up to 300 kPa, Sivakumar et al. (2010a)
reported a small increase in M(s) as the suction increased, with a more significant increase
in M(s) as the suction increased beyond a critical value. Futai and Almeida (2005) on the
other hand reported increasing values of M(s) with increasing suction from saturated to
air-dried conditions for natural, intact gneiss residual soil. Values of µ(s) also increased
with suction but then dropped for very high suctions (air-dried conditions). A further
challenging aspect of the findings of Sivakumar et al. (2010a) was that the csl and iso-ncl
were not parallel. Adding to the complexity was that the csl for s = 100 kPa in the p : v

plane was below the csl for other values of suction, including zero as discussed further in
Section 8.2.1. In addition, the shearing of the specimens resulted in the uptake of water
(i.e. increase in vw) and there were question marks on whether the specimens reached a
true critical state condition.

Maâtouk et al. (1995) examined the critical state of unsaturated soils by conducting a
series of controlled suction triaxial tests on unsaturated silty material (rock powder) and
showed that the shear strength was independent of suction when p was larger than about
200 kPa. The csl at different values of suction converged towards a point corresponding
to a mean net stress of 450 kPa (Figure 4.26). A similar observation was made when the
voids ratio obtained in the shear tests at critical state were plotted in p : e space. The
compression lines, at different values of suction, converged towards the saturated line at
a p value of about 700 kPa (Figure 4.27) and supported the model proposed by Wheeler
and Sivakumar (1995).

4.7.3 Constitutive model of Wang et al. (2002)

The authors examined the critical state of unsaturated soils by conducting suction-
controlled triaxial tests on unsaturated Botkin silt. In order to simplify the soil structure
and stress history, the authors prepared the soil specimens by consolidating soil slurry in
a cylindrical mould. Three critical state equations for unsaturated soils were proposed:

q = Mp + qos [4.52]
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Figure 4.26 q against p = (p − ua) critical state strength envelopes at various suctions (after
Maâtouk et al., 1995). Reproduced by permission of the authors and the Institution of Civil
Engineers

v = vos − λ ln p [4.53]

vw = vwos − λw ln p [4.54]

where M, λ and λw are the slopes of the csl in the q : p, v : p and vw : p planes respectively;
qos is the intercept of the csl with the q-axis; vos is the specific volume of the soil at critical
state when p = 1 kPa and vwos is the specific water volume of the soil at critical state when
p = 1 kPa.

Wang et al. (2002) concluded that the parameters M and λ in Equations 4.52 and 4.53
respectively were independent of suction and corresponded to the values for a saturated
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Figure 4.27 Void ratio e against p = (p − ua) at critical state at various suctions (after
Maâtouk et al., 1995). Reproduced by permission of the authors and the Institution of Civil
Engineers
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soil, while the values of qos, vos and vwos were functions of suction. The adoption of a
constant M independent of s agrees with the results obtained by Alonso et al. (1990) and
Wheeler and Sivakumar (1995). However, the value of λ was independent of suction,
which differs from the results obtained by Alonso et al. (1990), Wheeler and Sivaku-
mar (1995) and Maâtouk et al. (1995). The authors concluded that the value of λ was
independent of suction because of the simplified soil fabric and stress history.

4.7.4 Hydraulic hysteresis

Non-reversibility of volume change behaviour during wetting and drying cycles within the
LC yield locus of Figures 4.20–4.22 is a recognised phenomenon that is not modelled in
the BBM. The irreversible behaviour is illustrated in Figure 3.15. The BBM assumes that
soil behaviour inside the LC yield locus is elastic with any volume change recoverable if the
stress state is reversed. This is not the case in practice. In accordance with the discussion
in Section 1.7, there are three mechanisms which dictate the overall swelling behaviour
of unsaturated soils with the addition of water: (a) swelling of individual aggregates due
to water uptake, (b) aggregate slippage at the inter-aggregate contacts and (c) distor-
tion of aggregates into the inter-aggregate pore spaces (Alonso et al., 1995; Sivakumar
et al., 2006b). The relative influence of these factors determines the overall response of
clays during wetting. Not all these effects are reversible and subsequent drying results in
different magnitudes of micro-mechanical and inter-aggregate changes from those during
wetting, resulting in different overall effects. The difference between wetting and drying
cycles is known as hydraulic hysteresis.

Wheeler et al. (2003) discussed hydraulic hysteresis and collapse phenomena in a cou-
pled elasto-plastic constitutive framework and used a mechanical model to outline the
reasons why a soil can have different degrees of saturation at a given value of suction
depending on whether the soil is wetting or drying. It was argued that the suction in the
bulk water within water-filled voids influences both the normal and tangential (shear)
forces at particle contacts, while the suction within meniscus water at inter-particle or
inter-aggregate contacts influences only the normal forces. Hysteresis and collapse were
described as influenced by the components of contact forces generated by suction via two
elasto-plastic physical phenomena:

� The first was the mechanical straining of the soil. This comprised elastic deformation
of soil particles and aggregates under the controlling stress regime, along with plastic
straining as a consequence of slippage at inter-particle and inter-aggregate contacts.
Slippage was described as controlled by the tangential and normal components of forces
at points of contact and inhibited by the presence of meniscus water which provides a
stabilising effect through an additional component of normal force at contacts without
adding to the tangential force. Slippage at particle contacts can be expected to produce
both plastic volumetric and plastic shear strains and not to follow a reversible path
during wetting and drying cycles.

� The second elasto-plastic phenomenon considered by Wheeler et al. (2003) to influence
hysteresis and collapse was the hydraulic process of water inflow and outflow to the
void spaces. As discussed in Section 1.4.3, surface tension forces resist the filling of
air-filled void spaces during wetting and resist the emptying of water-filled void spaces
during drying. This contributes to the complex hysteretic effect in a soil where there
are interconnected void spaces of variable dimensions.
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Figure 4.28 Model for water retention behaviour (after Wheeler et al., 2003). Reproduced by
permission of the authors and the Institution of Civil Engineers

Within this framework, the authors examined the transition between saturated and un-
saturated conditions, irreversible compression during the drying stages of wetting and
drying cycles, and the influence of a wetting and drying cycle on subsequent behaviour
during isotropic loading. The model for the hysteretic wetting and drying behaviour of an
unsaturated soil is shown in Figure 4.28. In the figure the modified suction component s∗

comes from considerations of the work input analysis of Houlsby (1997) and is given by
the following equation:

s∗ = ns [4.55]

where n is porosity.
The significance of hysteresis and collapse and the link with the thermodynamic potential

are discussed in Section 7.10.

4.7.5 Yielding

There is a large volume of experimental evidence to support the concept of a load collapse
yield locus LC, and to a lesser extent suction increase and suction decrease yield loci SI and
SD respectively. However, the forms of the loci and their interaction are subject to much
research. Support for the concept of an LC yield locus has been provided by Wheeler and
Sivakumar (1995), Sivakumar and Ng (1998), Tang and Graham (2002) and Blatz and
Graham (2003). Zakaria et al. (1995) carried out a series of suction-controlled triaxial
tests on compacted kaolin using the axis translation technique that suggested that the LC
yield curve was qualitatively consistent with the model of Alonso et al. (1990). Figures
4.20–4.22 illustrate the yield surfaces within the BBM. The size of the constant-suction
cross sections of the yield surfaces increases with increasing suction. The yield loci are
reasonably represented by ellipses that are symmetrical about the p̄-axis. The symmetry
was attributed to the isotropic stress history of the specimens. Sivakumar and Wheeler
(2000) provided experimental evidence and discussed the expansion of the LC yield locus
for speswhite kaolin arising from increasing compactive effort. Wheeler et al. (2003) used
the modified suction component s∗ of Equation 4.48 and the mean Bishop’s stress with
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Figure 4.29 LC, SI and SD yield curves for isotropic stress states (after Wheeler et al., 2003).
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χ = Sr to examine yielding and developed simple shapes for the LC and SI yield curves as
well as an SD yield curve, along with associated flow rules for all three yield curves for
isotropic stress states. The curves are illustrated in Figure 4.29 for isotropic stress states
and in Figure 4.30 for anisotropic stress states. Importantly, Sivakumar et al. (2010a) have
questioned the shape of the LC locus proposed by Alonso et al. (1990) and have provided
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Figure 4.30 Yield surfaces for anisotropic stress states (after Wheeler et al., 2003). Reproduced
by permission of the authors and the Institution of Civil Engineers
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experimental data on kaolin to indicate that the LC yield locus for truly isotropically
prepared specimens is a straight line in the p : s plane. The curved nature of the LC locus
reported by Alonso et al. (1990) was attributed to the initial anisotropic, one-dimensional,
preparation of the specimens.

As for saturated anisotropic soils discussed in Section 4.5.3, there is evidence of rotation
of the LC yield surface in the p : q plane for unsaturated anisotropic soils. This is supported
by the evidence from tests on compacted silt carried out by Cui and Delage (1996), which
showed that after one-dimensional compaction, constant suction yield curves were inclined
in the p : q plane so that the major axis of each curve coincided approximately with the
K0 line. The significance of the rotation of the yield locus for anisotropically prepared
soil specimens was discussed by Wheeler and Sivakumar (2000). For an unsaturated
soil specimen initially one-dimensionally compressed, unloaded and then isotropically
compressed to point A as in Figure 4.31, the yield curve is given by Y1. On increasing the
isotropic loading, yield will occur at point B in accordance with the rotated yield surface.
Figure 4.31(b) shows that the specific volume at point B lies considerably below that of
the true iso-ncl at the same suction as well as that of the corresponding 1d-ncl. On loading
from point B to point C, the yield curve expands and rotates to that of Y2 as the influence
of the isotropic loading starts to overshadow the anisotropic stress history. In the v − p
plane of Figure 4.31(b), point C lies below the iso-ncl but subsequent compression under
increasing p means that the compression curve gradually converges on the iso-ncl as the
yield curve gradually rotates in a clockwise manner. The rotation of the yield surface is
important in the interpretation of experimental data on soils.

Further complexity is apparent in the form of the SI yield locus for which limited
experimental evidence exists. The original proposal by Alonso et al. (1990) for an isotropic
soil under isotropic loading conditions was of a straight-line yield locus parallel to the
p-axis. This conflicts with the principles of thermodynamics at the point where the LC
and SI yield loci meet, and the hypothesis that the loci are continuous. On the basis that
increasing net pressure and increasing suctions both cause structural changes and produce
plastic hardening, Delage and Graham (1995) argued that the LC and SI yield loci should
be coupled. Figure 4.32 shows the possible linking of the LC and SI yield surfaces as a
smooth curve line in p : s space. Tang and Graham (2002) and Blatz and Graham (2003)
examined the possible coupling by conducting triaxial tests on a sand–bentonite mixture
but the results were inconclusive. While Sivakumar et al. (2002) and Sivakumar et al.
(2010a) have provided some evidence in support of the continuity of the LC and SI yield
loci, further experimental evidence is required.

Interestingly, Gens and Alonso (1992), Alonso (1998), Alonso et al. (1999) and Sánchez
et al. (2010) have proposed refinements to the BBM that allow a degree of coupling be-
tween the micro- and macro-structure in unsaturated soils. This provides a simple mech-
anism for visualising mechanical behaviour up to and including yielding. Micro- and
macro-mechanical fabric levels have been linked in a simple manner with the complex
behaviour characteristics of suction-controlled oedometer tests on compacted bentonite
by Lloret et al. (2003). The aggregate structure of London clay subject to wetting and
loading in conventional and osmotic shear box tests has also been discussed by Monroy
et al. (2010) in terms of a double-structure elasto-plastic model. The interplay of dif-
ferent levels of structure and straining is an important feature in the assessment of the
strain mechanisms in unsaturated kaolin examined in Chapter 9. There is evidence to
suggest that the onset of yielding based on overall specimen deformation measurements
is likely to mask irreversible, plastic straining at lower stress levels at a micro-mechanical
level.
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Figure 4.31 Idealised yielding of one-dimensionally compressed specimen subsequently
isotropically compressed: (a) rotation of yield locus and (b) compression characteristics (mod-
ified from Wheeler and Sivakumar, 2000).

4.8 Concluding remarks

The chapter provides a review of historic and current concepts surrounding our under-
standing of unsaturated soil behaviour. The significance of stresses and strains is initially
discussed along with the widely utilised concept of constitutive modelling, which generally
employs the stress state variables of mean net stress p and suction s along with the deviator
stress q to describe the controlling stress regime. The background to critical state concepts
in saturated soils is extended to the critical state concepts within the BBM for unsaturated
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Figure 4.32 Conceptual elastic-plastic framework for unsaturated soils: (a) three-dimensional
stress state space and (b) three-dimensional volume state space (modified after Delage and
Graham, 1995). Note: the authors use SY to signify the SI yield locus and LY to signify the LC
yield locus. Reproduced by permission of Taylor and Francis Group

soils. This includes the concepts behind the strength, volumetric change characteristics
and yielding, along with a brief introduction to the concepts of a plastic potential and
an associated and non-associated plastic strain-increment. Advances in current thinking
including the introduction of hydraulic hysteresis and rotated yield loci are discussed.

The story is far from complete and our understanding of unsaturated soils is not yet
on a firm theoretical footing. Advancements in constitutive models have undoubtedly
paved the way to a better understanding of unsaturated soils, but intriguing questions in
relation to anomalies in observed behaviour still need answering. Notably, further detailed
experimental evidence is required on the slopes and continuity of the iso-ncl, 1d-ncl and csl
and how they are affected by suction for different materials. The influence of initial state
on the strength and behaviour characteristics also needs further experimental investigation
as does the significance of macro- and micro-levels of straining and yielding. The validity
and improvement in modelling of cyclic wetting and drying must also be addressed. What
becomes obvious is that while there is a degree of agreement amongst researchers in terms
of research tactics, the models are incomplete and there is no firm consensus, often on
even the basic concepts, as the inherent variability of materials and their multifaceted
behaviour are not readily confined to simple behaviour patterns.

Constitutive frameworks for unsaturated soils must adhere to the general principles of
thermodynamics. The development of critical-state-based models, which forms a major
line of current research, relies on elasto-plasticity principles that are intrinsically linked
to thermodynamics. In Chapters 5 and 6, thermodynamic concepts relating to soil be-
haviour, and in particular soil behaviour in the triaxial cell, are introduced before the



P1: SFK/UKS P2: SFK
c04 BLBK297-Murray June 10, 2010 7:19 Trim: 244mm×172mm

126 Unsaturated Soils

significance of the controlling stresses and conjugate volumetric variables are described in
detail in Chapters 7 and 8. These chapters present an alternative view of the strength and
deformation characteristics of unsaturated soils, and a model incorporating both stresses
and volumetric terms is developed. The analysis is extended in Chapter 9 to examine
the macro- and micro-mechanical stress–strain behaviour based on conjugate stress and
strain-increments for soil specimens under triaxial stress conditions, and provides insight
into the controlling stresses and the meaning of strains.

Notes

1. See Clifton et al. (1999) for a compilation of papers by Fredlund which expands this topic as
well as providing background reading to a number of topics on unsaturated soils covered in the
book.

2. The shear strains are half the magnitude of the definition of shear strain often taught to engineers
and of opposite sign: εi j = −γi j/2, where i �= j .

3. In the triaxial cell tests, the choice of variables entails the assumption of the coincidence of the
principal axes of stress, strain and strain-increment.

4. We have used the prefix ‘d’ rather than ‘δ’ to indicate small displacements and strains, as in
later chapters, when considering thermodynamic concepts, it is necessary to distinguish between
changes that are path-dependent and not exact differentials and given the prefix ‘δ’ and changes
that are considered independent of path and exact differentials (only dependent on initial and
final conditions) and given the prefix ‘d’.
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Chapter 5
Thermodynamics
of Soil Systems

5.1 Introduction

In general, soils are three-phase materials comprising a mix of solid particles, liquid and
gas. The liquid is water and the gas usually deemed to be air. However, the chemistry of
not only the soil particles but also the water and the percentages of the different gases
making up the air may vary. Nevertheless, the behaviour of soils must be compliant with
the general laws of thermodynamics. This is true irrespective of the degree of saturation,
chemistry of the solid, liquid and gas phases as well as the shape and properties of the soil
particles. The description and development of the general principles of thermodynamics
vary widely from discipline to discipline, and texts in soil mechanics can be expected
to differ significantly from, say, those in chemistry. Nevertheless, soils must adhere to
the basic thermodynamic rules describing the specifics of heat transfer, work and the
movement of substances in any process undergone by the soil, though the influence of
past stress history and the dispersal of energy due to work input needs particularly careful
attention, as does the definition of the system’s boundaries. In essence we will primarily
deal with principles that can be more correctly described under the term ‘equilibrium
thermostatics’, but we will use the all encompassing term thermodynamics since the former
terminology is in less general usage.

The variability of soils means they exhibit behavioural trends that present difficulties in
formulating rigorous analysis. Thermodynamics, with its global principles to which mate-
rial behaviour must adhere, provides a basis for understanding and interpreting generalised
soil characteristics. In this chapter, the principles of thermodynamics are outlined, partic-
ularly as they relate to a multi-phase material, and in subsequent chapters, these principles
are used to examine the mechanical behaviour of unsaturated soils. Chapter 6 examines
the fundamental considerations and assumptions in laboratory tests on soils in the triaxial
cell. Chapter 7 develops an equation describing the controlling stress regime in an unsatu-
rated soil. Chapter 8 develops a theoretical approach to the interpretation of soil strength
and volume change. Finally, Chapter 9 uses work input analysis to establish the conjugate
stresses and strains under triaxial stress conditions. The principles of thermodynamics are
thus used to provide a framework for the interpretation of experimental soil behaviour
based on a sound theoretical basis.
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5.2 Outline of thermodynamic principles and systems

Thermodynamics treats soil as either a mass with no distinction as to its composition
or as an assemblage of solid particles, liquid and gas. In either case, the system is acted
on by physical fields, such as gravity, and bounded by a surface of arbitrary shape.
Thermodynamics is concerned with energy. Although all matter is ‘frozen energy’, in the
sense that it was created due to expansion and associated cooling of the universe following
the ‘big bang’, the general principles of thermodynamics are taken as generally relating
to the macroscopic or large-scale properties of matter and are more difficult to relate
to the small-scale or microscopic structure; this is the province of quantum mechanics.
From the principles of thermodynamics it is possible to derive general relations between
variables such as the imposed pressures (and stresses) and strains and to examine expansion
and compression characteristics as well as the influence of heat exchange. The principles
of thermodynamics also tell us the properties of a system that need to be determined
experimentally. In soils, these include coefficients such as the critical state parameters
M, λ and κ. The principles are used in later chapters to define strength and compression
parameters for unsaturated soils that need to be determined experimentally.

A thermodynamic process occurs when there is a change in the value of one or more of
the thermodynamic variables used to describe the system. Thermodynamic texts generally
deal with reversible processes. However, because natural materials often exhibit behaviour
that is not strictly reversible, it is usual to consider changes as occurring as a series of
infinitesimal steps (Houlsby, 1997; Li, 2007a, 2007b), each of which can be reversed so
that the system variables have the same values as they had before the infinitesimal change
took place. The assumption of reversible increments of change means the changes can
be described by exact differentials that are dependent only on the end conditions and
not on the path followed. Thus, integration is not required. A reversible, infinitesimal
process must be quasi-static and is a process in which the system is in essence at or
very close to thermodynamic equilibrium or meta-stable equilibrium, the meanings and
significances of which are discussed in Section 5.3 and explored further in terms of the
thermodynamic potentials in Section 5.8. Soils generally exhibit hysteresis when subject to
change and the assumption of process reversibility to describe their behaviour is not easily
reconciled. However, the assumption of reversibility is deemed reasonable in soil tests
with small incremental changes between equilibrium conditions. This allows examination
of the significance of equilibrium and hysteresis as well as allowing the most appropriate
variables to be defined. The significance of hysteresis and stress history will be discussed
in greater detail in Section 7.10.

An accurate thermodynamic description of the system under investigation is important
in order to reach meaningful conclusions. In triaxial cell testing, for instance, the system
may be described by a soil specimen and the triaxial cell in which the specimen is contained
(as analysed in Chapter 6); or it may be described by the soil specimen alone. Both systems
are taken as separated from their surroundings but with which they may interact in a spe-
cific manner. In order to investigate how such systems interact with their surroundings, it
is necessary to consider the systems as surrounded by a thermodynamic wall, the proper-
ties of which influence the interactions that can take place. Common thermodynamic
walls are outlined below, though slightly different definitions are given in different
references depending on the discipline being studied:

� A rigid wall prevents a system from changing its volume or shape so that no mechanical
work is undertaken on or by the system.
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� An adiabatic wall prevents a system from gaining or losing heat by interaction with
the surroundings and is thus thermally isolated.

� An isolating wall prevents any interaction between the system and the surroundings.
These walls are rigid, perfectly insulated and impermeable to matter.

� An open wall permits the free transfer of both matter and thermal energy.

In any thermodynamic analysis, it is important to describe carefully the system and
restrictions placed on behaviour by the thermodynamic wall employed so that the system
represents as closely as possible the conditions to be investigated. Walls are important
because they simplify complex situations and allow analysis without knowing everything
about a system. In essence, the walls restrict as many degrees of freedom as possible and
allow a study of the effect of changing the few degrees of freedom left unchecked. On the
downside, they may not wholly replicate actual conditions.

5.3 Introduction to equilibrium and meta-stable
equilibrium

When an arbitrary system is isolated and there is balance between applied and resisting
forces, all movements should eventually cease. The system is then said to be in a state of
mechanical equilibrium. This does not mean that pressures are the same everywhere, for
example in a vertical column of liquid, the pressure increases with decreasing elevation
due to earth’s gravitational field. However, there is a balance of forces. For soil specimens
in the triaxial cell, the pedestal on which a specimen sits counters the gravitational effect
of the specimen’s weight, and the specimen is considered sufficiently small that the change
of gravitational field from top to bottom of the specimen can be ignored at the stress
levels normally imposed on the specimen. However, in thermodynamics it is necessary to
consider more than purely mechanical equilibrium. If there are variations in temperature,
this leads to changes. When temperatures equilibrate and heat exchange ceases, thermal
equilibrium is established. There is also a need to consider chemical imbalance where sub-
stances can react. In general, in a soil, this might include change of chemical composition
as well as phase changes such as phase water to water vapour. When sufficient time has
elapsed and all possible chemical reactions have taken place, the system can be said to be
in chemical equilibrium. In general, other changes to a system can occur, such as those
dictated by electrical and magnetic potentials, but these are outside the scope of this book.

We will restrict ourselves to considering thermal, mechanical and chemical equilibrium,
and when each of these is in balance, a system is said to be in thermodynamic equilibrium.
It is important to note that in a real soil, non-equilibrium of any of the potentials is likely
to have a knock-on effect on the others. However, if sufficient time elapses, an equilibrium
(or meta-stable equilibrium1) is achievable. When examining and discussing equilibrium,
this can be taken to include meta-stable equilibrium unless we distinguish between stable
equilibrium and meta-stable equilibrium where this is important, as in soils where a meta-
stable equilibrium may be established, such as in quick clays, but the soil structure could
suffer a collapse to a more stable, lower potential, equilibrium if agitated.

In Chapter 6 we will look at the conditions necessary for ‘equilibrium’ in a triaxial cell.
Such equilibrium may take a significant period of time to become established particularly
in unsaturated soils where internal phase pressures and strain interactions can take longer
to equilibrate, though overall pressure equilibrium may apparently be satisfied.
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A further thermodynamic requirement is that the properties of a system do not depend on
its stress history. This is because it is necessary to consider changes from the equilibrium
state as reversible. The properties are assumed to only depend on their end condition.
This presents particular conceptual problems in the interpretation of thermodynamics in
soils, which can exhibit significant hysteresis effects. For this reason, changes are often
defined as infinitesimally small, virtual or, as in plasticity theory, as rates of change. Wroth
(1973) argued for the use of increments of change as this has more direct relevance in soil
mechanics and this approach will be adopted. Essentially, when dealing with changes, we
will consider them to be sufficiently small so that any effects arising from non-reversibility,
and deviation from the applicability of the exact differentials, can be ignored. This is
a common assumption in the application of thermodynamics and not restricted to the
analysis of soils. In Chapter 9 we will examine the work input into unsaturated soils in
examining experimental data and the analysis will be based on small strain increments
between equilibrium states. We will thus be concerned with soil systems in thermodynamic
equilibrium (or meta-stable equilibrium) or in which the departure from equilibrium is
negligible.

Before moving on to the four principal laws of thermodynamics, we need to define the
variables of state employed and the meaning of intensive and extensive variables.

5.4 Variables of state

The fundamental variables of a soil are the smallest set of variables that provide a complete
thermodynamic description of the soil, yet are independent and can be varied without
change in the value of other fundamental variables. The fundamental variables are chosen
on the basis of experience and describe the state of a soil. They are thus often termed
independent variables of state. The following list of fundamental variables serves for a soil
in the absence of external fields such as gravity:

� Temperature (T) is an intensive variable measured on the kelvin or absolute zero scale
and controls equilibrium with respect to thermal energy change.

� Entropy (S) is an extensive variable and a measure of the amount of energy un-
available to do work. It is often deemed a measure of the multiplicity and disorder
of a system, though such terminology can be confusing and will be avoided. En-
tropy is introduced in the second law of thermodynamics as the ratio of heat in a
body to the absolute temperature (Q/T). It is measured in units of joule per kelvin
(JK−1).

� Pressure (p) is an intensive variable and the criterion controlling mechanical equilib-
rium. It is a measure of the force per unit area and has units of pascal (Pa).

� Volume (V) is an extensive variable that describes the spatial extent of the soil influ-
enced by the pressure p. Change in V gives a measure of mechanical energy transfer. It
is measured in units of cubic metres (m3).

� Chemical potential terms (µi) are intensive variables that are the criteria controlling
chemical transfer of matter of a component of the soil from one phase to another (such
as water to water vapour) or the transformation into a different chemical compound.
These are measured in units of joule per kilogram (Jkg−1).

� Mass (Mi) is an extensive variable of mass for the component of the soil influenced by
the chemical potential terms µi . It is measured in units of kilogram (kg).
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5.5 Extensive and intensive variables

The variables (listed in Section 5.4) that depend on the quantity of matter (or size of
the system) are termed extensive while the variables that do not depend on the quantity
of matter are termed intensive. A clear distinction is made between the extensive and
intensive variables because extensive variables possess the important property that they
can be expressed as the sum of the quantities of the separate components that comprise
a multi-phase material such as a mass of soil. Accordingly, the extensive variable total
volume for an unsaturated soil is equal to the sum of the volumes of the soil particles
and the water and air in the pore spaces. Similarly, both S and Mi are equal to the sum
of the individual components in a soil and are extensive variables.2 The thermodynamic
potentials are also extensive variables and their meanings and significances are discussed in
Section 5.7. Intensive quantities are the counterparts of extensive quantities. The intensive
variables T, p and µi are not ‘additive’ and are intrinsic to a particular subsystem or
component of a soil. The intensive variables are independent of the size of a system and
are associated with points in a soil mass.

5.6 The laws of thermodynamics

Thermodynamics is based on a limited number of principles that are generalisations jus-
tified and supported by experimental evidence. Thermodynamics is shown to mesh well
with experimentation in soils, though some of the ideas are abstract and not readily rec-
onciled with actual soil characteristics. At present there are four recognised laws. The first
law defines the internal energy and introduces the variable enthalpy. The significance of
enthalpy as an extensive variable is used in Chapter 7 in investigating the stress conditions
in unsaturated soils. The second law formulates the extensive variable entropy and relates
to heat exchange within a system, while the third law defines the meaning of the intensive
variable temperature. The fourth law is the Zeroth law and stipulates the equalisation of
temperature in heat transfer. While other laws have been postulated, these are tentative
and not generally agreed on by the scientific community, though intriguingly attempts
have been made to develop a law relating thermodynamics to organic matter and evolu-
tion. However, this is beyond the scope of this book and we restrict ourselves to outlining
the laws of direct interest in soils.

5.6.1 The Zeroth law

This law involves a simple definition of temperature equalisation. In accordance with
Maxwell (1872), if two systems A and B are in thermal equilibrium with a third system
C, they are in thermal equilibrium with one another. It is the temperature difference that
dictates whether there is heat movement or exchange. The Zeroth law requires that for
thermal equilibrium within or between systems in thermal contact, the temperatures must
equilibrate.

5.6.2 The first law

The first law of thermodynamics stipulates the conservation of energy even though
its form is changed. Many different definitions of the law can be found in the
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literature in attempts to closely define the principles involved, including the follow-
ing:

� ‘Energy can neither be created nor destroyed’.
� ‘The total energy of a system and its surroundings must remain constant’.
� ‘The energy of an isolated system is constant’.

Consider first an idealised system where work is performed on the system but no heat is
generated or exchanged with the surroundings. In such a system, the work done W to the
system such as a soil specimen, in taking it from an initial to a final state, is the same for
all paths and only depends on the initial and final states. There must therefore be some
property of the system or change in energy of the system with an initial value U1 and final
value U2 such that:

W = U2 − U1 = �U [5.1]

The terms U1 and U2 are called the internal energies of the system at the initial and final
states and are dependent only on the end conditions. Suppose now that the system changes
between the same initial and final states by an adiabatic process (no heat is exchanged with
the surroundings) but heat is generated within the system as a result of friction and viscous
effects. The work done W to the system will be different and heat Q will be generated
as in compression of air in a bicycle pump. Both W and Q will now be path dependent.
Taking account of the heat Q generated within the system:

�U = Q+ W [5.2]

Thus, the differential change in the internal energy U of a system between the same two
states can be written as the sum of the work done on the system plus the heat generated.
In essence, the greater the resistance to mechanical change, the greater the heat generated
and the less the work done. An alternative view of Equation 5.2 is that the work done is
not all transferred to internal energy in the system; some dissipates as heat.

For infinitesimal changes, Equation 5.2 can be written as:

dU = δQ+ δW [5.3]

where δQ is the infinitesimal heat generated, δW is the infinitesimal work done on the
system and dU is the infinitesimal change in internal energy.

Neither δQn or δW are, in general, exact differentials as they are path dependent in
natural processes. Small changes in these variables are represented by δ. However, dU, or
the sum δQ+ δW, is independent of path and the change is indicated by d.

The internal energy is that part of the ‘total energy’ which depends on the internal state
of a system. However, depending on the system being analysed, terms for elevation (or
gravitational) potential and kinetic energy may also be included in a more all encompassing
energy formulation. The influence of an ‘external’ gravitational potential is discussed in
Section 5.10 and is also discussed in analysis in Chapter 6. However, for the soil systems
considered in later chapters, it is unnecessary to include terms for kinetic energy. We
will be concerned with the state of a soil under equilibrium conditions, or incremental
changes between equilibrium conditions, and not with transient conditions involving phase
movements and flows as during deformation of soils.

However, we will generalise the analysis by including a term for the influence of chemical
imbalances as in Equation 5.4:

dU = δQ+ δW +
∑

µidMi [5.4]
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where Mi is a set of component masses and µi are coefficients usually termed the chemical
potentials (not to be confused with the overall chemical potential

∑
µidMi).

The terms
∑

µidMi relate to an increase of internal energy as a result of addition of
matter to a system or change of matter within a system due to a chemical imbalance. Note
that the term dMi is not a path function and only relies on the initial and final conditions.
This is also true of changes in the extensive variables volume V and entropy S.

It is appropriate at this juncture to define the thermodynamic meaning of work. In
general terms, work can be thought of as the dispersion of mechanical energy in overcom-
ing an inherent resistance to change. Traditionally, thermodynamics deals with pressures
and the work done for a small increment of assumed reversible volume change is given
by δW = −pdV, where p is the applied pressure and V is the volume through which
the pressure acts (dV < 0 for compression and thus δW > 0). The ‘driving force’ behind
the change is the pressure p, which both causes and controls the direction of change or
displacement. However, it is important to realise that thermodynamics relates to not only
pressures or isotropic stress conditions but also to the anisotropic stress conditions more
relevant to soils.

5.6.3 The second law

The second law of thermodynamics introduces a further variable called entropy, which
traditionally is taken as relating the heat absorbed by a body to the temperature. Entropy
and the second law are two of the most confusing concepts in science because they are
dependent not only on the interpretation of individuals but on the system being studied.
Accordingly, many different definitions of the second law can be found in the literature.
In essence, heat, sometimes described as energy in transit, can produce different forms of
work in systems ranging from machines to plant growth, from soil mechanics to the stars.
In the soil systems with which we are concerned, it is the work that tends to produce heat
due to frictional effects. The relationship between heat and temperature which defines
entropy is given by:

δQ ≤ TdS [5.5]

where T is the temperature and dS is the infinitesimal change in entropy.
It is assumed that T is constant, which may not be the case in a real system. However, in

many cases, tests are carried out at a slow rate and allowance is made for the temperature
to achieve equilibrium and at this point it is assumed that it is no longer necessary to worry
about temperature change, while the influence of other variables is examined. However,
in practice it must be ensured that the system is connected to a large reservoir at constant
temperature. This is usually assumed to be the case in soil tests.

From Equation 5.5 we may say that the heat generated in a system is at most the
product of the temperature and the increase in entropy, but may be less. The condition
dS = δQ = 0 implies that no heat is generated and all energy is turned into work. For the
condition TdS = δQ, heat is generated but none is lost from the system and the process
is adiabatic. For TdS > δQ, heat is lost from the system. The inequality is consistent with
natural processes where entropy is usually lost to the surroundings.

Substituting for δQ from Equation 5.5 into Equation 5.4 gives:

dU ≤ TdS + δW +
∑

µidMi [5.6]



P1: SFK/UKS P2: SFK
c05 BLBK297-Murray May 24, 2010 22:23 Trim: 244mm×172mm

134 Unsaturated Soils

When the equality holds, the transfer of work δW to internal energy dU is at maximum
for the system. When the equality does not apply, entropy is lost from the system; this
loss is irreversible and less energy is available to do work. This is also consistent with the
concept of energy tending to disperse from areas of concentration and become diffused.
Thus, in accordance with Equation 5.5, entropy can be depicted as a measure of how
much energy is spread out at constant temperature as a result of a process. The definition
of entropy has become fuzzier with time and it is now frequently referred to as a measure
of the energy in a process that is unavailable to do work, and may be related to other
energy losses such as light and sound. Perfect efficiency is impossible and entropy always
increases in the universe and in any hypothetical isolated system within it. While entropy
is reasonably well-defined in terms of heat and temperature, there is difficulty in pinning it
down to a firm quantifiable definition in terms of general energy dissipation, particularly
for complex systems.

It is necessary to define reversible and irreversible processes in providing further discus-
sion on entropy and its significance to soil testing and analysis. However, those not wishing
to over-complicate the issues can treat entropy as a ‘black box’ that allows reversible heat
exchange to be expressed as an exact differential.

A process is said to be reversible if, after completion of the process, the initial states of all
systems taking part in the process can be restored (by whatever means possible) without
any outstanding changes in the states of other systems. The key words are ‘without
outstanding changes in the states of other systems’. While it may be possible to restore a
soil system to its original particle configuration through some complex stress–strain path,
in the process heat is developed as a result of frictional and viscous effects and there will
be heat exchange with the surroundings that is not reversible. This is because while you
can move heat from a hotter place to a colder place without doing work, you need to work
to move heat from a colder place to a hotter place. Only if there is no heat exchange is the
process reversible. This is consistent with the statement by Kelvin (1852) that ‘no process
is possible whose sole result is the complete conversion of heat into work’. Thus in any
real system, entropy must increase. This is why perpetual motion machines are impossible
and unless energy is imported to a system, increasing entropy will ensure that the system
eventually grinds to a halt.

The equality in Equation 5.6 holds only for reversible processes where entropy remains
constant. However, all natural physical and chemical processes proceed in the direction of
increasing entropy and irreversibility, with the entropy of the universe (the system plus its
surroundings) increasing to the maximum possible at which point there is equilibrium. This
is where the confusing description of entropy leading to disorder arises as thermodynamics
deals principally with systems that are at or move towards equilibrium.

In general terms, soil specimens tested in the triaxial cell experience irreversible ther-
modynamic changes in that some heat is generated and exchanged with the surroundings.
In thermodynamic analysis, this is overcome by considering infinitesimal processes in
which the system can be considered to closely conform to reversible ideals. In accor-
dance with recognised precepts in thermodynamic systems, reversible processes are ones
which can be considered as a series of infinitesimal changes each of which can be reversed
so that the system variables have the same values as they had before the infinitesimal
change took place. In Chapter 6, we will look at infinitesimal changes which decrease
back to zero and which are deemed reversible. These essentially comprise virtual changes
that are useful in analysing the conditions required under thermodynamic equilibrium.
A reversible process must be quasi-static for which the system must essentially be in
thermodynamic equilibrium. However, in Section 7.9, we examine hysteresis in soils.
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This irreversibility is not just a symptom of heat generation but principally of material
changes.

5.6.4 The third law

This law leads to the definition of temperature as the macro result of the kinetic energy
of the molecules. The law requires that the entropy of a perfect crystal of an element is
zero at the absolute zero of temperature. At the absolute zero of temperature, there is zero
thermal energy or heat. Since heat is a measure of average molecular motion, zero thermal
energy means that the average atom does not move at all. Since no atom can have less
than zero motion, the motion of every individual atom must be zero when the average
molecular motion is zero. When none of the atoms which make up a perfectly ordered
crystal move at all, there can be no disorder or different states possible for the crystal.

5.7 Thermodynamic potentials

Section 5.6 defines the four laws of thermodynamics (0 to 3) and provides a precursor
to understanding the significance and meaning of the thermodynamic potentials. From
Equation 5.6, for a reversible process, noting that δW = −pdV:

dU = TdS − pdV +
∑

µidMi [5.7]

The products of the conjugate pairs on the right-hand side in Equation 5.7 give the total
energy transfer dU for the condition where S, V and Mi are the independent variables of
state. The temperature T, pressure p and chemical potential terms µi can be thought of
as intensive ‘forces’, which drive changes in the extensive variables of entropy S, volume
V and chemical mass Mi respectively. dU is an increment in the internal energy of a
thermodynamic system and is the sum of the products of the intensive forces and the
generalised extensive ‘displacements’.

Equation 5.7 leads directly to an equation for the internal energy potential under equi-
librium conditions:

U = TS − pV +
∑

µi Mi [5.8]

In Equation 5.8, the terms U, TS, pV and
∑

µi Mi represent the internal energy, heat,
mechanical potential and chemical potential respectively. The internal energy change dU
in Equation 5.7 is the differential form of the internal energy thermodynamic potential of
Equation 5.8.

The question arises as to whether it is possible to adopt the intensive variables rather than
the extensive variables as independent variables of state and thus to determine different
forms of thermodynamic potential. The answer is yes. However, it is important to note
at this point that only one variable of each of the conjugate pairs can be chosen as
an independent variable of state during an increment of change of the thermodynamic
potential because one variable in the pair can be derived from the other by differentiation
of the thermodynamic potential. Thus, from Equation 5.8, the intensive variables, T, p
and µi can be derived as the partial derivatives of the internal energy with respect to the
conjugate extensive variable, as in Equation 5.9a:

T = ∂U/∂S p = ∂U/∂V µi = ∂U/∂Mi [5.9a]
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Or, the extensive variables can be treated as independent variables and the intensive
variables determined as in Equation 5.9b:

S = ∂U/∂T V = ∂U/∂p Mi = ∂U/∂µi [5.9b]

Or, a combination of intensive and extensive variables can be considered as the indepen-
dent variables of state. Accordingly, a soil can be described by T, V and a set of Mi but
not T, S, V and a set of Mi. The temperature–entropy pairing provides a practical exam-
ple of the importance of being able to redefine the independent variables. No laboratory
instrument exists for measuring entropy, whereas devices for temperature measurement
abound, allowing temperature variations to be monitored.

The independent variables of state, in particular the pV pairing, are important in soil
testing. A triaxial test can be carried out by increasing the cell pressure and keeping it
constant while examining the change in volume of the soil specimen as a result of the
imposed pressure. This would correspond to treating the extensive variable V as the
independent variable of state. However, in tests on soils, the situation is complex as
there are three phases. Thus, for instance, while the total volume could change, the test
could be carried out with the volume of water, as well as the volume of soil particles,
maintained constant. The volume change of the soil specimen would in this case correspond
to the volume change of the air. It is worth outlining the significance of the independent
variables of state to some of the triaxial shearing tests assessed in later chapters:

Constant suction,
fully drained test

Under controlled applied loading, the volume change is recorded;
V is the independent variable of state.

Constant suction,
constant pressure test

Under controlled applied loading, the axial stress and cell pressure
are adjusted to maintain the mean applied stress as constant, while
the volume changes are monitored; V is the independent variable of
state.

Constant suction,
constant volume test

The volume of the soil specimen is maintained constant by adjusting
the imposed stresses; p is the independent variable of state. (In
Chapter 6 it is shown that p can be taken as the mean stress as well
as an isotropic pressure.)

Constant water mass
tests

Under controlled applied loading, the volume change is recorded
but the water mass is maintained constant; V is the independent
variable of state.

The case of a saturated soil shearing test under undrained conditions is also worth
mentioning. While V is the independent variable of state, because the soil particles and
water are both considered incompressible, there is usually deemed to be no volume change.
This is a special case.

Nature does not necessarily adhere to the restriction that only one variable of the
conjugate pairs is independent at any time, with the other variable constant. In real systems,
both variables in a conjugate pairing could change at the same time and true equilibrium
may not be established. For instance, in the pV pairing both p and V could experience
continual changes. Consider the case of an excavated clay slope. During excavation,
dramatic changes to the ground stress regime will occur and the groundwater table may
be drawn down. An element of soil in the slope may experience pressure and volume
changes over a considerable period of time as it moves towards an equilibrium condition.
However, further influences on the slope, such as those arising from the prevailing weather,
have a bearing on the lack of a true equilibrium for the soil element. Successive infinitesimal



P1: SFK/UKS P2: SFK
c05 BLBK297-Murray May 24, 2010 22:23 Trim: 244mm×172mm

Thermodynamics of Soil Systems 137

Table 5.1 The thermodynamic potentials.

Potential name
Independent
variables Potential equation Differential potential equation

Internal energy S, V, Mi U = TS − pV + ∑
µi Mi dU = TdS − pdV + ∑

µidMi

Enthalpy S, p, Mi H = TS + ∑
µi Mi dH = TdS + Vdp + ∑

µidMi

Helmholtz T, V, Mi A = −pV + ∑
µi Mi dA = −SdT − pdV + ∑

µidMi

Gibbs T, p, Mi G = ∑
µi Mi dG = −SdT + Vdp + ∑

µidMi

changes can be used in attempting to model such conditions. For example, after allowing
p to change, while maintaining V constant, V could be maintained constant while p varies.
In this case the terms pdV and Vdp would be necessary to define the overall change.

Partial Legendre transformations performed on Equation 5.8 create a set of thermo-
dynamic potentials3. In addition to the internal energy, the most commonly employed
potentials are presented as Equation 5.10a–c:

Enthalpy potential H = U + pV = TS +
∑

µi Mi [5.10a]

Helmholtz potential A = U − TS = −pV +
∑

µi Mi [5.10b]

Gibbs potential G = U − TS + pV =
∑

µi Mi [5.10c]

The incremental form of the enthalpy potential can be derived from Equation 5.10a by
differentiation and substitution for dU from Equation 5.7 as follows:

dH=dU+ pdV+Vdp=TdS− pdV+
∑

µi Mi+ pdV+Vdp=TdS+Vdp+
∑

µi Mi

Similar manipulations are used to derive the differential forms of the Helmholtz and
Gibbs potentials. Table 5.1 summarises the potentials, their differential forms and the
independent variables of state.

The heat, mechanical and chemical potentials as well as the thermodynamic potentials
U, H, A and G are variables that have the dimensions of energy. They are called ‘poten-
tials’ because in a sense, they describe the amount of ‘potential energy’ in a thermodynamic
system when it is subjected to certain constraints. It is possible to define other thermody-
namic potentials that can be employed in describing a process. The appropriate potential
depends on the test set-up and the independent variables of state4.

It is important to recognise that thermodynamic potentials such as H, A and G are
merely convenient, special cases of the general thermodynamic potential equation for U.
Because of the wide applicability of thermodynamic potentials to laboratory and natural
processes in different disciplines, it is not easy to generalise without appearing obscure
and each problem studied requires careful individual consideration.

While the very design of an experiment dictates the appropriate form of thermodynamic
potential, the potential may control different processes within the design set-up. Consider
a triaxial cell. It is possible to perform a number of different tests on soil specimens within
the triaxial cell from undrained tests on saturated specimens through to fully drained
tests on unsaturated specimens. The enthalpy H is a form of the thermodynamic potential
that can be used to describe soil equilibrium conditions in such tests. The enthalpy is
minimised at equilibrium in a pressure-controlled system, such as the triaxial cell (Callen,
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1965), where tests generally follow the procedure of applying an increment of loading,
then holding the loading constant while the specimen adjusts to an equilibrium state,
before a further increment of loading is applied5. The significance of the thermodynamic
potentials in examining different phenomena in different triaxial test set-ups is outlined
briefly below:

Internal energy Since dU = δQ+ δW + ∑
µidMi, for an isothermal process with

δQ = 0, where there is no chemical imbalance (
∑

µi Mi = 0), dU
represents the increase in internal energy as a result of the work done
on the system. That is, under similar constraints it also equals the
decrease in internal energy resulting from the work done by the
system. Thus, for a system at constant entropy (and with no chemical
imbalance), U acts as the ‘potential for work’.

Enthalpy potential In a natural system where both V and p may vary, the incremental
form of Equation 5.10a is dH = dU + pdV + Vdp. The change in
enthalpy dH can thus be described as the change in internal energy
dU plus the work done pdV on the system at constant pressure. The
enthalpy H represents the potential for work for a system at constant
pressure.

Helmholtz potential From Equation 5.10b, A is constant in a constant temperature,
constant volume process where there is no chemical imbalance.
Helmholtz potential acts as a potential for work for a system at
constant temperature T (and with no chemical imbalance). It is the
natural potential to describe a closed system since the variables of
state are T, V and Mi. It is particularly useful in statistical mechanics.

Gibbs potential From Equation 5.10c, G is the Gibbs chemical potential and dG is
equal to the Gibbs chemical potential change for a reversible, constant
temperature, constant pressure process. Phase transitions take place
under these conditions (we use the full term ‘Gibbs chemical
potential’ to distinguish it from the chemical potential terms µi).

The internal energy is used in Chapter 6 to examine virtual changes in variables while
examining different forms of triaxial stress test, and the enthalpy and its minimisation at
equilibrium is used in Chapter 7 to analyse the stress conditions in the triaxial cell under
equilibrium conditions.

5.8 Thermodynamic potentials in practice

The principles of thermodynamics can be used to examine many aspects of material
behaviour. This includes equilibrium and meta-stable equilibrium. Numerous examples of
meta-stable equilibrium can be found in chemistry and physics, and under such conditions
a material or system is not at its lowest possible thermodynamic potential and thus not
at its lowest equilibrium state. Under meta-stable conditions a system is likely to change
to a lower potential state following some perturbation and given sufficient time. The
conditions necessary for a meta-stable state are that (i) there must be a lower potential
state and (ii) mechanisms through which this meta-stable state may relax to a more
stable state must be inhibited. Changes of phase between solid, liquid and gas provide
the most frequent examples of meta-stable states, but the thermodynamic potential and
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its minimisation is not just dictated by thermal and chemical changes. The following
discusses the thermodynamic potentials, equilibrium and meta-stable equilibrium and
their significance in interpreting the behaviour of unsaturated soils. The discussion brings
together examples of thermal, mechanical and chemical meta-stable conditions to illustrate
the problem in terms of thermodynamics and allows the significance of the following to
be highlighted (Murray et al., 2008):

� The minimisation of the potential at equilibrium or meta-stable equilibrium.
� ‘Staged’. Changes between ‘equilibrium’ states.
� The likelihood of abrupt energy changes at the extremes of system changes.
� The significance of a disturbing force to change from meta-stable equilibrium to a more

stable equilibrium.

Later in the book the arguments are extended to describe collapse and hysteresis mech-
anisms in unsaturated soils, and the influence of the transition between unsaturated and
saturated conditions on the critical state strength.

5.8.1 Equilibrium and meta-stable equilibrium

There are physical and chemical phenomena where analogous behaviour can be used
to explain the underlying concepts. A simple mechanical analogy of a potential and its
minimisation is illustrated in Figure 5.1 where a ball is shown rolling down a valley
side. The ball at A has a tendency to reduce its potential energy to a minimum value,
which within the defined system is at D in the valley bottom. The potential energy for
a ball of given mass is dictated by its height above the valley floor. The significance of
the minimisation of the thermodynamic potential for a soil is that equilibrium conditions
are established and the potential of the soil system comprising the particles, water and
air achieves a minimum under this equilibrium state. However, achieving an absolute
minimum potential is ‘easier said than done’. Conditions can arise where a meta-stable
equilibrium is established where an absolute minimum potential is not achieved as can be
explained by again examining Figure 5.1.

As the ball rolls down the valley side, it is possible that a ledge (position B) prevents
the ball from rolling down to the valley bottom, without some other factor agitating the
ball in order for it to pass over the lip of the ledge at point C, to the more stable state at
D. Point B represents a position of meta-stable equilibrium as a lower equilibrium potential

E
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Decreasing 
potential

A

B

C

D

Figure 5.1 Analogy of ball rolling down valley side.
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exists within the system. The lip at C represents an ‘energy barrier’ preventing the ball
from achieving a minimum potential state.

The phase changes of water present readily appreciated meta-stable conditions. Consider
the case where water is contained in a beaker and heated in a microwave. The water
may not change to vapour at its boiling point of 100◦C if the water is ‘clean’ because
nucleation of the vapour phase is inhibited. When water exists at ambient pressure but at
a temperature above 100◦C, it is said to be in a superheated state. If this meta-stable water
is agitated, possibly by the introduction of a solid substance, such as coffee, nucleation to
the vapour phase occurs and the liquid suddenly boils as the superheated liquid changes
to a vapour phase. Accidental superheating of a liquid is best avoided for safety reasons
(Erné, 2000).

At the other extreme of freezing it is interesting to draw on the contents of a letter written
by Joseph Black (professor of chemistry in Edinburgh) in 1775 to Sir John Pringle. In the
letter, the writer describes some crude experiments on the freezing of water: (i) water
initially boiled then cooled to room temperature and (ii) water thawed from snow to
room temperature. Separate cups of boiled and unboiled water were placed outside under
freezing conditions. The boiled water froze readily and the unboiled water remained fluid.
However, on agitation with a toothpick, the unboiled water also froze. Drawing on earlier
work by Fahrenheit, who found that boiled water placed in glass globes purged of air did
not freeze at temperatures some degrees below the normal freezing point, he described
how Fahrenheit found that the supercooled water suddenly froze on agitation or exposure
to air. Black (1775) argued that since one effect of boiling water was to expel the air,
which it naturally contained, then as soon as the water cooled it began to absorb air again
over a period of time; and the air entering the boiled water provided sufficient agitation
to the water to facilitate passing over the energy barrier and freezing.

The examples of meta-stable superheated and supercooled water illustrate that the
creation of a new phase involves an interface, which in many situations costs energy and
gives rise to an energy barrier to the formation of the new phase, analogous to the energy
barrier at point C in Figure 5.1. The examples also illustrate that substances under meta-
stable conditions can experience dramatic change if a mechanism for change exists. The
phase changes of water are driven by heat and chemical potentials. But the thermodynamic
potential of Equation 5.8 also includes a mechanical potential term (pV) and there is no
reason to suppose that similar abrupt energy changes will not occur at the extremes of
mechanical change in soils. Such behaviour is considered true of unsaturated soils at the
extremes of near-saturation and very dry conditions.

Some caution must however be exercised as the occurrence of meta-stable conditions
can represent various degrees of stability. In fact, while stable conditions may be perceived
to exist, gradual changes could be taking place. Consider the nucleation of gas bubbles in
water and their attachment to the sides of a container. The bubbles may attain meta-stable
equilibrium and only with some other influencing factor is a lower potential achievable,
for example agitation of the bubbles allows them to rise through the liquid. However,
the growth and decay of gas bubbles (Keller, 1964), particularly within the void spaces
of soils, is complex (Murray, 2002) and the rate of expansion and decay of the volume
of free air is likely to influence the perceived equilibrium conditions. Barden and Sides
(1967) concluded that in unsaturated soils there is evidence that equilibrium in terms of
Henry’s law may require a considerable time interval, far greater than in the absence of
soil particles.

It is also interesting to note that phase transitions as well as other changes from
meta-stable conditions often represent chaotic changes that are highly non-linear in their
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mathematics. The smooth and predictable behaviour of matter tends to break down and
is of little help in understanding the transition.

5.8.2 Minimisation of the potential

The enthalpy minimum principle, described in more detail in Section 6.2, means that the
mechanical equilibrium of a specimen in the triaxial cell is controlled by minimisation of
the enthalpy. The enthalpy is shown to act as the controlling thermodynamic potential.
This is true not just for isotropic loading conditions. As shown by Murray and Brown
(2006) (see also Chapter 6), under anisotropic stress conditions, p in Equation 5.10a is
the mean stress, which complies with the term pV being an extensive quantity.

Consistent with the minimisation of the total enthalpy of a soil system at equilibrium
is the minimisation of the individual components of the total enthalpy. This is the same
as saying that the stresses and pressures within the soil system will adjust to achieve a
minimum energy condition. A more complete statement would be ‘the stresses adjust to
a minimum under the volumetric restrictions’ as it is necessary to allow for meta-stable
equilibrium of the soil particle structure. There could be a lower thermodynamic potential
and reduced stresses and pressures associated with a redistribution of the particles. The
analogy of a ball on a ledge on the valley side can again be drawn on. The ball is in meta-
stable equilibrium on the ‘ledge’ but could achieve a lower potential if it were to roll down
the slope to the valley bottom. This might correspond to collapse of a soil structure. At
the ledge, the components of the soil system minimise their potential within the confines
of the system.

5.8.3 Staged changes

As discussed by Mullen (2001), in the early part of the nineteenth century several re-
searchers made the experimental observation that some aqueous solutions of inorganic
salts, when cooled rapidly, first deposited crystals of a less stable form than that which
normally crystallises. Ostwald (1897) attempted to generalise this sort of behaviour by
propounding a ‘rule of stages’ which Mullen states as:

An unstable system does not necessarily change directly into the most stable state, but
into one which most closely resembles its own, i.e., into another transient state whose
formation from the original is accompanied by the smallest loss of free energy.

This quote succinctly summarises the law of stages and also hints at a physical explana-
tion for it. If the transitions to lower energy states are governed by energy barriers, then
the height of these energy barriers will necessarily govern the rate at which the new states
form. Hence, the state that forms from a meta-stable state is governed not by thermody-
namics but by kinetics (the kinetic rate being defined as the rate of change from one state
to another). In many circumstances, the energy barrier will be much smaller, and kinetics
faster, for the transition to some intermediate state that more closely resembles the initial
state. A good example of this is the formation of ice crystals from cold supersaturated
water vapour. In an elegant experiment, Huang and Bartell (1995) cooled water vapour
very rapidly in a jet expansion and at 200 K particles formed. At this low temperature,
the thermodynamically most stable phase is ice; however, they demonstrated that liquid
water droplets initially formed and only at some finite time later did these droplets then
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relax to form crystalline ice. In fact, when ice did form, it did so in a meta-stable cubic
form rather than the more stable hexagonal form and only at some later stage did the
cubic ice particles relax to hexagonal ice.

It is worth noting that such phase transformations can take protracted periods of time
and meta-stable states can appear to be the most stable state (Murray et al., 2005; Murray
and Bertram, 2006).

A similar cascade through a sequence of meta-stable states may occur as soils relax:
for instance, in soils that are subject to collapse or soils under post-peak shearing. The
behaviour of such soils is influenced by a number of interacting factors including the
interparticle stresses, the re-orientation of soil particles (or aggregates of particles) and
the movement of water and air within void spaces that are changing anisotropically. The
interplay between these factors leads to the formation of meta-stable states, which form
more readily than the most stable state. Only with enough time and sufficient disturbance,
may a more stable state be obtained; in the case of a collapsing soil this would be at greater
density, and in the case of a soil experiencing post-peak shearing, this would be when a
lower shear resistance is achieved.

5.9 Conjugate thermodynamic pairings

Besides the individual terms S, V and µi being extensive variables along with the conjugate
paired terms TS, pV and µi Mi, the thermodynamic potentials are also extensive variables
and the total potential is the sum of the individual potentials within a system. This is
consistent with the first law of thermodynamics which requires that energy cannot be
created or destroyed and that the energy of an isolated system is constant. This implies
‘packets’ of energy, such as TS, pV and µi Mi, which in an isolated system may change
without overall change in the total energy, and that for a system at equilibrium the packets
of energy, which can be broken down into smaller components, are additive.

The terms TS, pV and µi Mi are made up of the products of an intensive and extensive
variable. It is useful to envisage the corollary with mathematics where an intensive variable
is given a positive sign and an extensive variable a negative sign. The product of an intensive
and extensive variable thus results in a negative sign or extensive variable. Similarly,
the division of one extensive variable by another such as mass divided by volume to give
density yields an intensive variable. The enthalpy given by H = pV + U is the sum of two
extensive variables and is itself an extensive variable. Thus, the total enthalpy is the sum
of the enthalpies of the various components making up a soil.

The equations for the thermodynamic potentials give conjugate pairings that are mea-
sures of energy in the system. The incremental forms of the thermodynamic potentials
give conjugate pairs where one of the pair is an increment of change. In this case, the
pairings represent measures of the energy changes. In Chapter 9, the analysis is developed
to introduce conjugate stress and strain increments under triaxial stress conditions. These
represent components of work in a soil system. The analysis allows the anisotropic con-
ditions for both the air voids and the aggregated soil packets comprising the soil particles
and water to be examined.

In soils it is necessary to address the significance of the phases and their interactions.
In this context it is important to appreciate the significance of miscible and immiscible
interactions. Miscible interactions such as water vapour in air obey Dalton’s divisional law
of partial pressures. The alternative of immiscible interactions such as the adsorbed water
on soil particles must be treated as having their own pressure acting through their own
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volume. Chapter 6 shows these ideas tie in with the ideas of extensive variables. The chap-
ter also shows how breaking down the conjugate pairings forming the thermodynamic
potential into the individual additive components for the phases and interactions within
a soil system results in other conjugate pairings. This is merely summing the energy com-
ponents to give the overall energy and is consistent with the first law of thermodynamics.

5.9.1 The temperature–entropy pairing

The heat term TS in Equation 5.7 applies to a soil where it is treated as an unspecified mass
and not as a multi-phase material. It assumes that all phases are at the same temperature
in accordance with the Zeroth law. If the soil is treated as a collection of phases and
interactions, it follows directly from the fact that S is an extensive variable:

TS = T
∑

Si [5.11]

where Si is the entropy of a phase or interaction in a soil. The differential form of the
thermodynamic potential in Equation 5.8 can be modified by replacing TdS as follows:

TdS = T
∑

dSi [5.12]

In general in a soil system, heat will be generated due to applied pressure changes and soil
specimen deformations. Heat exchange with external sources could also occur if a wall at
the boundary of the system allows such interchange. Both can be accommodated in the
formulation.

5.9.2 The pressure–volume pairing

The pressure p acts as the driving force producing mechanical work by change in volume
V. In the more general loading case applicable to viscous fluids or plastic and elastic solids
(as in soils), the pressure–volume pairing must be generalised to accommodate the stress
tensor. Chapter 6 shows that the isotropic pressure p can be replaced with the mean stress
in triaxial tests in the thermodynamic potential equation. In Chapter 7, this approach is
developed further to examine a soil comprising distinct phases with interactions where
it is shown that such a system can be viewed as comprising a dual stress regime. The
differential form of the thermodynamic potential allows the work input for the different
phases to be determined as well as allowing an analysis of anisotropic behaviour. But we
are running ahead of ourselves. It is important to note, however, that thermodynamics
deals with conjugate pairings in dealing with both equilibrium and changing conditions.
Treating pressures and stresses in soils without due deference to the volumes of the phases
does not follow thermodynamic principles.

The formulation does not allow for loss of mass from a system other than due to chemical
imbalances as described below. For a soil specimen in a triaxial cell, drained conditions
would allow the exchange of air and water with external reservoirs while maintaining the
mass of the solid phase. As shown in Section 5.10, this requires some modification to the
energy formulations so far discussed.
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5.9.3 The chemical potential–particle number pairing

The chemical potential terms µi are akin to forces which when imbalance exists push an
exchange of particles, either with the surroundings, or between phases inside the system.
This is important in assessing the establishment of chemical equilibrium and if osmotic
effects are likely to influence the soil system. For example, the pores in an unsaturated
soil hold water as a phase liquid and water vapour in air. There is a possible chemical
potential for the liquid pushing water molecules into the vapour (evaporation) or a reversed
chemical potential for the vapour pushing vapour molecules into the liquid (condensation).
Equilibrium is obtained only when these forces equilibrate. Similar arguments can be
made for the interaction between phase air and dissolved air in water and the water phase
and adsorption into the double layer on the surfaces of the soil particles. The chemical
potentials

∑
µi Mi can be used to allow for both energy changes as a result of chemical

changes internal to a soil specimen and, assuming a suitable wall exists at the system
boundary, for chemical imbalance, and thus mass exchange, with external sources. It is
possible to express the chemical potentials in other ways. For instance, the potential for
the water can be expressed as the product of µwρw and Mw

/
ρw, where ρw is the density

of water. The term µwρw has units of pressure and the term Mw
/
ρw has units of volume.

This alternative terminology is often employed when considering osmotic suction and ties
in with the units used in describing matric suction.

5.9.4 The internal energy

On a similar basis to the foregoing, since U is an extensive variable, being the sum of other
conjugate pairs which are themselves extensive variables, the total U can be equated to
the sum of the internal energies of the phases and their interactions within a soil, thus:

U =
∑

Ui [5.13]

where Ui is the internal energy of a phase or interaction within a soil system.

5.10 Influence of a gravitational field

To take account of the influence of a gravitational field requires a modification to the
thermodynamic potential equation. The gravitational or elevation potential is given by
ϕ = gz, where g is the acceleration due to gravity and z is the elevation above a suitable
datum such as the earth’s surface (the analogy of the potential energy of a ball on a hillside
as in Figure 5.1 is again valid). The modified equation for the thermodynamic potential
can be written as:

U = TS − pV +
∑

µi Mi +
∑

ϕi Mi [5.14]

where ϕi is the gravitational potential and Mi is a component mass of the soil.
The differential form of the equation, where S, V and Mi are independent variables of

state, is:

dU = TdS − pdV +
∑

µidMi +
∑

ϕidMi [5.15]
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The gravitational potential comes into force when considering changes in the mass con-
stituents of a soil, as when fluid flow from or to a soil system has occurred. In this case,
the solid phase is usually considered constant and unmoving within an element of the
soil. However, during consolidation or combined fluid flow and consolidation (Houlsby,
1997; Wheeler et al., 2003), there will also be change in the potential of the solid phase
as the soil grains move closer together. When considering infinitesimal changes in drained
effective stress tests in the triaxial cell in Chapter 6, we will include terms for the gravita-
tional potential. However, when examining equilibrium conditions we will be concerned
primarily with pressure equilibrium and we can omit the terms for both the gravitational
potential and the chemical potentials. As discussed in Section 5.3, for soil specimens in
the triaxial cell, the pedestal on which a specimen sits counters the gravitational effect of
the specimen’s weight; and the specimen is considered sufficiently small that the change of
gravitational field from top to bottom of the specimen can be ignored at the stress levels
normally imposed on the specimen.

5.11 Concluding remarks

The following outlines the main conclusions of this chapter:

� Thermodynamics provides global principles to which soil behaviour must adhere and
thus provides a basis for the understanding and interpretation of generalised soil char-
acteristics. However, in applying the principles due consideration must be given to the
heterogeneous nature of soils and their highly variable behaviour characteristics, in
particular their dependence on past stress history.

� Thermodynamic equilibrium is defined as established when mechanical, thermal and
chemical equilibrium has been achieved. Strictly all other forms of potential influencing
a system should also be in equilibrium, but considerations of mechanical, thermal and
chemical equilibrium suffice in the analysis. The total thermodynamic potential and the
individual potentials governing mechanical, thermal and chemical changes must each be
a minimum at equilibrium. This is true for a system whether equilibrium, dictated by an
absolute minimum potential within the system, or meta-stable equilibrium, dictated by
a ‘local’ minimisation above the lowest possible potential, is achieved. The phenomenon
of ‘staged’ changes between meta-stable equilibrium conditions is described in the text.
Under meta-stable equilibrium, a lower absolute minimum for the potential exists but
the system may require some stimulus in order for the lower potential to be achieved.
It is assumed in subsequent chapters that equilibrium or meta-stable equilibrium is
established (or departure from such conditions is negligible), or where changes do
occur these are between equilibrium states. Accordingly, the potentials associated with
the phases and interactions within multi-phase materials attempt to minimise under
equilibrium or meta-stable equilibrium conditions.

� When considering changing conditions, the assumption is made of system reversibility.
As soils exhibit distinct deviation from reversibility it is necessary to consider small
incremental changes when analysing behaviour. This is an assumption in analysis of
most real materials.

� Each of the extensive variables S, V and Mi are additive in that the sum of the value
for each component of a soil (the phases and their interactions) equals the total value
for the soil. The thermodynamic potentials are also extensive variables. Thus, the
conjugate pairings TS, pV and µi Mi are each the sum of the conjugate pair for each
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component of a soil and can be summed to give the total thermodynamic potential
given by the internal energy U. Importantly, the enthalpy given by H = pV + U acts
as a thermodynamic potential and is an extensive variable.

� Chapter 6 presents the minimum principles for the thermodynamic potentials. The
chapter also uses the internal energy potential U to analyse virtual, infinitesimal changes
in examining the fundamental considerations and assumptions in laboratory tests on
soils in the triaxial cell. Chapter 7 uses the concepts associated with extensive variables
and the minimisation of the thermodynamic potential at equilibrium to develop an
equation describing the controlling stress regime in an unsaturated soil. The equation
forms a ‘cornerstone’ to analysis of experimental data used in later chapters. Chapter 8
develops a theoretical approach, supported by comparison with published experimental
data, for the interpretation of soil strength and volume change, which results in a
three-dimensional model in dimensionless stress–volume space. Chapter 9, the last
chapter, uses thermodynamic principles in a work input analysis that establishes the
conjugate stresses and strains under triaxial stress conditions. This allows not only
the macro-mechanical behaviour of soils under test to be examined but also allows
the micro-mechanical volumetric and anisotropic stress–strain behaviour both of the
aggregates and between the aggregates of fine-grained soils to be analysed.

Notes

1. Meta-stable conditions are discussed in Section 5.8. Although mechanical, thermal and chemical
balance may be achieved, this is not necessarily at the lowest possible potential and a more
stable, lower potential equilibrium condition may be achievable.

2. Some caution must be exercised here as it is necessary to take account of miscible and immiscible
interactions between phases as discussed briefly in Section 5.9 and dealt with in greater detail in
Section 7.2.

3. Callen (1965) describes Legendre transformations and the derivation of the enthalpy, Helmholtz
and Gibbs potentials.

4. The independent variables deduced from the partial Legendre transformations are sometimes
referred to as the natural variables of the thermodynamic potential.

5. Tests may be carried out following other procedures. This includes strain-controlled tests where
a slow rate of strain may dictate that the system is never far from equilibrium conditions. The
assumption of equilibrium conditions may be made if flow, deformation, drag and viscous effects
can be neglected. The establishment of steady states of flow is a further form of test, but one
which requires dynamic effects to be taken into account.
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Chapter 6
Equilibrium Analysis and
Assumptions in Triaxial
Testing

6.1 Introduction

A description of triaxial testing procedures, measuring devices and equipment was pre-
sented in Chapters 2 and 3. In this chapter the fundamental considerations and assump-
tions in laboratory tests on soils in the triaxial cell are examined using the principles of
thermodynamics and work input. First the minimum principles for the thermodynamic
potential at equilibrium are examined and it is demonstrated that the total enthalpy can be
used as the thermodynamic potential for a pressure-controlled system such as the triaxial
cell. The internal energy and mechanical potentials making up the enthalpy must also min-
imise within the restrictions of a soil system. From this the stress conditions necessary for
establishment of equilibrium in undrained total stress tests and both undrained and drained
‘effective’ stress tests in the triaxial cell are determined. Isotropic loading conditions are
considered first, followed by an extension of the ideas to anisotropic loading. Generally,
other than where deemed necessary, we will not make a distinction between equilibrium
and meta-stable equilibrium as the principles established are equally applicable.

The first law of thermodynamics necessitates that the work equation, thus the stresses,
pressures and associated strains within a soil specimen, should be determinate from the
thermodynamic potential. This is undertaken and it is shown that the thermodynamic
potential can be written in a similar form for both isotropic and anisotropic loading condi-
tions, but for the latter, the mean stress replaces the isotropic pressure (Murray and Brown,
2006). This is followed by an examination of the implication to the enthalpy of adopting
the axis translation technique in triaxial testing. Lastly, a discussion is presented on the
significance to soil structure of a soil achieving a minimum thermodynamic potential.

6.2 The minimum principles for the potentials

The thermodynamic potential provides a set of independent variables appropriate for a
particular problem. From the basic tenet of a thermodynamic potential arises the minimum
principle of the thermodynamic potential at equilibrium. This will not be presented in a
rigorous manner but hopefully in a way that is readily understood. Intrinsic to this is
the assumption of independent variables, as discussed in Section 5.4, which allow us to
examine the controlling potential under different system constraints by examination of
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Figure 6.1 Idealised triaxial cell.

the effect of changing the variables in isolation. A comparable approach is adopted in
unsaturated soils where the terminology ‘independent stress state variables’ is in common
usage.

In accordance with Table 5.1, under equilibrium conditions the internal energy U can
be written in general terms as:

U = TS − pV +
∑

µi Mi [6.1]

We will use this in the analysis of an idealised, isolated triaxial cell as depicted in
Figure 6.1. This comprises an outer cell wall that acts as a rigid, adiabatic wall allowing
no work, heat or chemical interaction with the surroundings. The cell contains a pres-
surised water reservoir that surrounds a soil specimen contained in a flexible sheath. For
mechanical, thermal and chemical equilibrium the total energy of the system comprising
the triaxial cell is a minimum and we can write the first condition for equilibrium as:

dU = d (Um + Ur) = 0 [6.2]

where dU is a change in internal energy and dUm and dUr are changes in internal energy
of the soil specimen and reservoir (water in cell) respectively.

The internal energy within the idealised triaxial cell is given by U = Ur + Um and Equa-
tion 6.2 defines zero gradient when differentiating individually against the thermal, me-
chanical and chemical energy components that make up the internal energy (i.e. each
energy component is in equilibrium). The second condition for equilibrium is that if an
infinitesimal change in (Um + Ur) was to occur, this would always be positive; thus, small
changes away from the minimum condition for the individual energy components always
result in an increase in the internal energy. This condition ensures that a state produced
by such a change will not exhibit a lower value of U and is given by:

d2U = d2 (Um+Ur) > 0 [6.3]

This condition does not preclude meta-stable conditions where a localised minimum is
achieved, though sufficient disturbance could give rise to a lower equilibrium potential.

We will be particularly interested in the Enthalpy Minimum Principle. This will be
outlined below for the case of the idealised triaxial cell. It is necessary to make use
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of the independence of the variables of state, as discussed in Section 5.4, and to allow a
small virtual or infinitesimal change dVm in the volume of the specimen under constant
pressure conditions. This alters the mechanical potential of the specimen but not the heat
or chemical potentials. There will be an equal and opposite change −dVr of the volume
of the reservoir that needs to be taken into account. From Equations 6.1 and 6.2, the first
condition for equilibrium of a pressure-controlled system can be written as:

d (Um + Ur) = dUm + pmdVm + dUr + prdVr = dH = d (Hm + Hr) = 0 [6.4]

where dH is the change in enthalpy, dHm and dHr are the changes in enthalpy of the soil
specimen and reservoir (water in cell) respectively, pm is the pressure in the soil specimen
and pr is the pressure in the reservoir.

Accordingly, the second equilibrium condition for a pressure-controlled system is:

d2 H = d2 (Hm + Hr) > 0 [6.5]

Enthalpy H can thus be viewed as the thermodynamic potential governing mechanical
equilibrium of a specimen in the triaxial cell under constant pressure. Equilibrium is
controlled not only by minimisation of the internal energy U but also by minimisation
of the enthalpy H and consequently by minimisation of the pressure potential term pV.
Thus, each component of the thermodynamic potential is minimised under equilibrium
conditions. This is not just true for isotropic loading conditions, as will be demonstrated
in Section 6.5. Callen (1965) more rigorously analyses the foregoing Enthalpy Minimum
Principle as well as the Internal Energy Minimum Principle, the Helmholtz Potential
Minimum Principle and the Gibbs Potential Minimum Principle. Thus, just as internal
energy acts as a potential for work for a system of constant entropy, the Helmholtz
potential acts as a potential for work for a system at constant temperature and the enthalpy
acts as a potential for work for a system at constant pressure.

The minimum principle for enthalpy is used later in determining the controlling stresses
in an unsaturated soil and in appraising the significance of the individual components of
the total enthalpy (the phase and interaction components of Section 1.4) of a soil specimen.

6.3 Isotropic loading conditions

We will consider the following cases of a soil specimen tested under isotropic loading
conditions as in Figure 6.2:

� An undrained ‘total’ stress test;
� An undrained ‘effective’ stress test;
� A drained ‘effective’ stress test.

However, we need to refine our description of the idealised triaxial cell set-up. The
cell contains the pressurised water, which acts as a thermal and volume reservoir for the
system, and the flexible sheath around the specimen allows no mass exchange, including
no chemical exchange, between the specimen and the reservoir. There is also no chemical
imbalance with the back pressure systems. Thus, the last term �µi Mi can be omitted
from the thermodynamic potential (Equation 6.1) as this does not represent a potential
for change.
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Pressurised water reservoir 

Specimenσ33 σ33

σ33

σ33

Figure 6.2 Isotropic loading conditions in triaxial cell.

6.3.1 Undrained ‘total’ stress test

In general, for an infinitesimal, reversible change in thermal and work energy as a result
of changes dS and dV:

dU = δQ+ δW = TdS − pdV [6.6]

where δQ is the heat generated in the specimen, δW = −pdV is the work done to the
specimen, dS is the increase in entropy and dV is the change in volume (dV < 0 for
compression giving δW > 0).

Equation 6.6 reflects the situation where work is done to the specimen and is consistent
with volumetric compression, and accordingly length and radius reduction, corresponding
to positive strain-increments for positive compressive stresses. In the undrained test the soil
is treated as a mass with no distinction as to its degree of saturation or composition and it
is assumed that at equilibrium and during the infinitesimal changes considered that there
is no transfer of mass or heat from or to the specimen as a result of exchange with external
measurement devices. The cell reservoir (water) applies an all-round pressure pr to the soil
specimen contained in the impermeable membrane. The membrane is assumed to impart
no additional loading to the specimen. The soil specimen has a responsive pressure pm.
Under the above conditions, the internal energy change for the system dU is given by
Equation 6.7 (Sposito, 1981):

dU = dUm + dUr = δQm + δWm + δQr + δWr = TmdSm − pmdVm + TrdSr − prdVr

[6.7]
where δQm = TmdSm is the change in heat of the soil, δQr = TrdSr is the change in heat of
the reservoir, δWm = pmdVm is the work done on the soil, δWr = prdVr is the work done on
the reservoir, Tm and Tr are the absolute temperatures of the soil and reservoir respectively
and dSm and dSr are the changes in entropy of the soil and reservoir respectively.

There is no change in total entropy of the system as the cell wall acts as an adiabatic
barrier preventing heat exchange with the surroundings, and thus dSm = −dSr. There is
also no change in volume of the system for a rigid cell wall, and thus dVm = −dVr. In
addition, assuming the establishment of thermal equilibrium within the system, Tm = Tr.
Under these conditions Equation 6.7 can be rewritten as:

dU = − (pm − pr) dVm [6.8]
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Equation 6.8 essentially describes a virtual process comprising an infinitesimal change in
the soil volume dVm. For equilibrium, in accordance with Equation 6.2, dU = 0, as there is
a requirement for the thermodynamic potential U to be a minimum. The equation confirms
that under isotropic undrained loading conditions, provided the assumptions outlined are
satisfied, a prime requirement in comparing equilibrium conditions in the triaxial cell with
theoretical predictions is that the pressure imposed by the water in the cell pr is balanced
by the pressure exerted within the soil specimen pm. This simple conclusion that is intu-
itively correct represents the condition for mechanical equilibrium, i.e. pm = pr.

6.3.2 Undrained ‘effective’ stress test

Similar overall triaxial conditions are assumed as for the case of an undrained ‘total’
stress test. However, in a detailed analysis of ‘effective’ stress conditions, it is necessary to
account for:

� The pore air and pore water pressures within the respective volumes of air and water;
� The fluid pressure acting through the volume of solids (as discussed in Section 1.4.5);
� The phase interaction effects, such as the contractile skin.

We apologise for appearing to put the ‘cart before the horse’, but at this point it is
necessary to draw on the conclusion of Section 8.5 that the net influence of the contractile
skin and surrounding fluid pressures is equivalent to assuming that the pore water pressure
acts through the solid phase, and other phase interaction effects can be ignored. While this
might be perceived as applicable only at high degrees of saturation, this is later shown not
to restrict the analysis. The basis of this is that the thermodynamic potential is minimised
when the pressure acting through the soil particles as a result of the fluid pressures is a
minimum. In an unsaturated soil the water pressure is less than the air pressure, and it is
shown that the net influence of the contractile skin and the fluid pressures is to minimise
the thermodynamic potential1. In this respect the contractile skin might be perceived as a
physical manifestation of the minimisation of the thermodynamic potential.

The infinitesimal compressions of the air phase dVa, water phase dVw and solid phase
dVs make up the overall volume change of the specimen dVm. It is important to take
account of the compression of all three phases at this stage if a correct formulation is to
be obtained. Accordingly, the internal energy equation for an undrained ‘effective’ stress
test is given by:

dU = TmdSm − p′
cdVm − uadVa − uwdVw − uwdVs + TrdSr − prdVr [6.9]

where p′
c is an average ‘effective’ stress2.

As for the case of an undrained total stress test, in the idealised triaxial cell dSm = −dSr

and dVm = −dVr, and under equilibrium conditions Tm = Tr and dU = 0. Thus, Equation
6.9 can be rewritten as:

p′
c = (pr − ua) + (ua − uw)

(dVw + dVs)
dVm

[6.10]

The stress function that gives rise to Equation 6.10 is the requirement for mechanical
equilibrium in an undrained ‘effective’ stress test under isotropic loading, and is given by:

p′
c = (pr − ua) + (ua − uw)

(Vw + Vs)
Vm

[6.11]
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Equation 6.11 can be written as:

p′
c = (p − ua) + (ua − uw) vw

/
v [6.11a]

where v is the specific volume, vw is the specific water volume and p = pr.
In Chapter 8 this equation is shown to be one of a set of three alternative representations

of the stress regime in an unsaturated soil and is derived on a more rigorous basis.

6.3.3 Drained ‘effective’ stress test

Assumptions relating to the triaxial cell and specimen will generally be as for the undrained
tests. However, for the more complex case of drained conditions, an infinitesimal exchange
of air and water between the specimen and the external measuring system is allowed. It is
also necessary, in order to allow recognition of the significance of the solid phase, to allow
an exchange of solids, though in practice this does not occur and can be equated to zero.
We will also take account of the change in gravitational potential of the matter exchanged
with the measuring system. As for the case of an undrained ‘effective’ stress test, the fluid
pressure acting through the volume of solids will be taken equal to the water pressure.

The infinitesimal volume change of the soil specimen dVm is made up of the exchange of
air dVa, the exchange of water dVw and the exchange of the solid phase dVs. Accordingly,
the internal energy equation for a drained ‘effective’ stress test is given by:

dU =TmdSm+
∑

Ti dSi − p′
cdVm−uadVa−uwdVw−uwdVs+TrdSr− prdVr+�ϕi dMi

[6.12]

where
∑

Ti dSi is the summed heat exchange as a result of the exchange of air, water
and solids and

∑
ϕi dMi is the summed gravitational potential change as a result of the

exchange of air, water and solids.
The change of entropy of the system is given by dSm + ∑

dSi = −dSr and the change
in volume by dVm = dVa + dVw + dVs = −dVr. In addition, assuming the establishment
of thermal equilibrium within the system, Tm = Tr = Ti . Under equilibrium conditions the
change in internal energy dU and the change in gravitational potential

∑
ϕi dMi are both

zero. Thus, Equation 6.13 reduces to Equation 6.11a and the requirement for mechanical
equilibrium in a drained ‘effective’ stress test under isotropic loading is given by the same
condition as in an undrained ‘effective’ stress test. Again this is intuitively correct as there
should be only one definition of ‘effective’ stress.

Obviously, the case of both phase volume compression/expansion, as in the undrained
‘effective’ stress test, and phase exchange with the external measuring system, as in the
drained ‘effective’ stress test, will also lead to Equation 6.11a at equilibrium.

6.4 Anisotropic loading conditions

As for isotropic loading conditions, we will consider the three basic tests on soil spec-
imens: an undrained total stress test, an undrained ‘effective’ stress test and a drained
‘effective’ stress test. The idealised anisotropic (shear) loading conditions in a triaxial cell
are illustrated in Figure 6.3.
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Pressurised water reservoir 
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σ11
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σ11

Figure 6.3 Anisotropic loading conditions in triaxial cell.

6.4.1 Undrained total stress test

Consider the case of a specimen of height h, cross-sectional area Ap and radius r (Figure
6.3) subject to a total axial stress σ11 and a cell pressure σ33 such that the mean applied
stress is given by p = (σ11 + 2σ33) /3 and the deviator stress by q = (σ11 − σ33). The double
number suffix notation has been adopted to be compliant with subsequent sections of the
book. The work equation takes the form δW = −σ33dV − (σ11 − σ33) Apdh.

It is also necessary to take account of the change in length of the axial loading ram
in the cell as a result of the deformation of the specimen. The reservoir water pressure
acts through the volume of cell water and the loading ram and the pdV term for the
loading ram is included in the term σr,33dVr in Equation 6.13, where σr,33 is the reservoir
water pressure and dVr is the volume change of the reservoir and includes the change in
volume of loading ram in the cell. However, it is necessary to include a separate term
for the gravitational potential change due to the change in length of loading ram in the
cell. Accordingly, for an infinitesimal transfer of thermal and work energy under similar
conditions to the assumptions for isotropic undrained total stress loading, the internal
energy change for the system dU is given by:

dU = TmdSm − σm,33dVm − (σm,11 − σm,33) Apdhm + TrdSr − σr,33dVr

[6.13]
− (σr,11 − σr,33) Apdhr + ϕLdML

where σm,11 and σr,11 are the total axial stress in the soil and from the cell loading system re-
spectively, σm,33 and σr,33 are the total radial stress in the soil and from the cell loading sys-
tem respectively, dhm and dhr are the axial compression of the soil specimen and displace-
ment of the cell axial loading system respectively and ϕLdML is the gravitational potential
change as a result of the change in length of axial loading ram in the cell (Figure 6.4).

As previously, for no change in total entropy of the system dSm = −dSr and for no net
change in volume of the system, dVm = −dVr. It is also necessary to assume compatibility
of axial displacement, dhm = −dhr. In addition, Tm = Tr if thermal equilibrium of the
system is established and under equilibrium conditions ϕLdML = 0 and dU = 0. Under
these conditions, Equation 6.13 can be written as:

0 = − (σm,33 − σr,33) dVm − [(σm,11 − σm,33) − (σr,11 − σr,33)] Apdhm [6.14]
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Figure 6.4 Compressive straining of specimen in triaxial cell.

Dividing throughout by the volume of the specimen Vm gives:

0 = (σm,33 − σr,33) (dεm,11 + 2dεm,33) + [(σm,11 − σm,33) − (σr,11 − σr,33)] dεm,11 [6.15]

Rearranging and manipulating the variables gives:

0 = (pm − pr) dεm,v + (qm − qr) dεm,q [6.16]

where for stress and strain positive in compression:

dεm,v = −dVm
/

Vm = (dεm,11 + 2dεm,33)
dεm,q = 2 (dεm,11 − dεm,33)

/
3

dεm,11 = −dhm
/

hm
dεm,33 = −drm

/
rm

drm is the change in radius of the soil specimen
pm = (σm,11 + 2σm,33)

/
3

qm = (σm,11 − σm,33)
pr = (σr,11 + 2σr,33)

/
3

qm = (σm,11 − σm,33)

Equilibrium analysis axially and radially gives σm,11 = σr,11 and σm,33 = σr,33 and thus
from Equation 6.16, pm = pr and qm = qr. However, this does not necessarily follow
directly from the equation unless the influence of the mean stress, deviator stress and
the conjugate strains in the work equation are treated independently. It is shown in the
following that it is appropriate to treat these stress variables as independent, a situation
often assumed in soil mechanics and discussed in relation to yielding in saturated soils in
Section 4.5.3. Accordingly, the condition for equilibrium in an undrained total stress test
is that pm = pr and qm = qr.

6.4.2 Undrained ‘effective’ stress test

In this case the infinitesimal compression of the air phase dVa, water phase dVw and solid
phase dVs makes up the overall volume change of the specimen dVm. Accordingly, the
internal energy equation for an undrained ‘effective’ stress test under anisotropic (shear)
loading is given by:

dU = TmdSm − σ ′
c,33dVm − uadVa − uwdVw − uwdVs − (

σ ′
c,11 − σ ′

c,33

)
Apdhm

+ TrdSr − σr,33dVr − (σr,11 − σr,33) Apdhr + ϕLdML
[6.17]
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where σ ′
c,11 is the average axial ‘effective’ stress and σ ′

c,33 is the average radial ‘effective’
stress3.

As previously, in the idealised triaxial cell, dSm = −dSr, dVm = −dVr and dhm = −dhr.
Under equilibrium conditions, Tm = Tr and ϕLdML and dU = 0 and Equation 6.17 can be
written as:

0 = − (
σ ′

c,33σr,33
)

dVm − [(
σ ′

c,11 − σ ′
c,33

) − (σr,11 − σr,33)
]

[6.18]
Apdhm − uadVa − uwdVw − uwdVs

Dividing throughout by the volume of the specimen V and rearranging gives:

0 = (
σ ′

c33 − σr,33
)

(dεm,11 + 2dεm,33)
[6.19]

+ [(
σ ′

c11 − σ ′
c33

) − (σr,11 − σr,33)
]

dεm,11 + uadεm,v − (ua − uw) dεw

where dεw = −(dVw + dVs)
/

Vm.
Rearranging and manipulating the variables gives:

p′
cdεm,v + qmdεm,q = (pr − ua) dεm,v + (ua − uw) dεw + qrdεm,q [6.20]

The stress functions governing the mechanical equilibrium requirement for an undrained
‘effective’ stress test under anisotropic stress conditions are thus given by p′

c = (pr − ua) +
(ua − uw) (Vw + Vs)

/
Vm and qm = σ ′

c,11 − σ ′
c,33 = qr. The equation for p′

c is in a form
similar to Equation 6.11a for isotropic loading conditions but there is now an additional
equation for the deviator stress under anisotropic loading.

6.4.3 Drained ‘effective’ stress test

The internal energy equation for a drained ‘effective’ stress test is given by:

dU = TmdSm + TmdSa + TmdSw + TmdSs − σ ′
c,33dVm − uadVa − uwdVw − uwdVs

− (
σ ′

c,11 − σ ′
c,33

)
Apdhm + TrdSr − σr,33dVr − (σr,11 − σr,33) Apdhr [6.21]

+
∑

ϕi dMi + ϕLdML

As previously, the idealised triaxial cell set-up gives dSm + dSa + dSw + dSs = −dSr and
dVm = dVa + dVw + dVs = −dVr and equilibrium conditions dictate that Tm = Tr and dU,
ϕLdML and

∑
ϕi dMi = 0. Thus, the stress function governing the mechanical equilibrium

in a drained ‘effective’ stress test for anisotropic loading conditions is the same as that for
an undrained ‘effective’ stress test.

Thus, Equation 6.11a gives the equilibrium stress regime for undrained or drained ‘effec-
tive’ stress tests on unsaturated soils in the triaxial cell for both isotropic and anisotropic
(shear) loading conditions provided the pressure p under isotropic conditions is replaced
with the mean stress for anisotropic conditions.

6.5 Work input and the thermodynamic potential

Compliance with the laws of thermodynamics is a required feature of any soil model if it
is to be based on sound principles (Houlsby et al., 2005). In accordance with the first law
of thermodynamics it is necessary that the work equation, thus the stresses, can be derived
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from the thermodynamic potential. In soils this is complicated by anisotropic loading
conditions. Consider the case of the work input δWm to a soil specimen under anisotropic
undrained loading, as given by Equation 6.22:

δWm

Vm
= pm (εlm + 2εrm) + qm

2
3

(εlm − εrm) = −pm
dVm

Vm
− qm

2
3

[
dhm

hm
− drm

rm

]
[6.22]

In addition, the change in internal energy dUm can be written as:

dUm = TmdSm + δWm [6.23]

Substituting for δWm from Equation 6.22:

dUm = TmdSm − pmdVm − qm
2
3

Vm

[
dhm

hm
− drm

rm

]
[6.24]

The extensive thermodynamic potential Um before the increment of work determined
from Equation 6.24 is given by:

Um = TmSm − pmVm [6.25]

Equation 6.25 is in the same form as the Euler equation (Equation 6.1) for isotropic
loading without a chemical potential but pm represents the mean stress (Murray and
Brown, 2006). There is no term in the potential for the deviator stress as on integration of
Equation 6.24 the deviator strain term reduces to zero. Alternatively, the appropriateness
of Equation 6.25 can be demonstrated by differentiation, but it is not appropriate to
merely write dUm = TmdSm − pmdVm as this is true only for isotropic loading conditions.
Equation 6.25 can be written as:

Um = TmSm−1
3

(σm,11 + 2σm,33) Vm = TmSm−1
3

(σm,11 − σm,33) Aphm − σm,33Vm [6.26]

Substituting Ap = πr2
m and noting that rm = Nmhm, where Nm is the ratio of radius to

height of the specimen, differentiation correctly leads to:

dUm = TmdSm − σm,ssdVm − (σm,11 − σm,33) Apdhm = TmdSm + δWm. [6.27]

Thus, the thermodynamic potential given by Equation 6.25 can be written without a
term for the deviator stress but leads to the correct work equation for anisotropic loading.
This is important as exclusion of a term for the deviator stress from Equation 6.25 means
that there is no violation of the extensive properties of the thermodynamic potential. The
fact that a term for qm does not appear in Equation 6.25 also suggests that at equilibrium
it is appropriate to treat the mean stress and deviator stress as independent or uncoupled
variables, as suggested in relation to Equation 6.16.

6.6 The thermodynamic potential and axis translation

The datum for pressure is often, in fact generally, taken as atmospheric (or gauge) pressure
though there is no overriding thermodynamic reason for this convention. In unsaturated
soils in situ, where continuous air passages are connected to the atmosphere, the air pres-
sure in the pores is at atmospheric pressure. However, in triaxial cell testing of unsaturated
soils it is generally impractical to carry out tests where the air pressure is atmospheric,
or less than atmospheric, as cavitation, the disruptive nucleation of air bubbles, occurs
in the tubes and measuring devices, affecting the pressure measurements. The approach



P1: SFK/UKS P2: SFK
c06 BLBK297-Murray May 24, 2010 19:44 Trim: 244mm×172mm

Equilibrium Analysis and Assumptions in Triaxial Testing 157

adopted is to raise the air pressure above atmospheric pressure while maintaining the same
difference between the air and water pressure, thus maintaining the same suction. This
is the so-called axis translation technique (Hilf, 1956). Measurements are then generally
reported as (p − ua) and (ua − uw) where the datum is not atmospheric pressure but some
pressure ua above atmospheric pressure.

Where pressure or stress is the driving force governing change as in the triaxial cell,
enthalpy may be considered as the thermodynamic potential. In using the axis translation
technique the thermodynamic potential needs to be redefined as:

H = (p − ua) V + U [6.28]

This is a minimum at equilibrium, which means that (p − ua) V and U are both a
minimum at equilibrium. The differential form of this equation for constant (p − ua) is:

dH = (p − ua) dV + dU [6.29]

6.7 The thermodynamic potential and an aggregated
soil structure

In Chapter 1, it was concluded from the results of mercury intrusion porosimetry testing
that unsaturated fine-grained soils can be viewed as having bi-modal pore size distributions
with a clear division between those smaller voids comprising the intra-aggregate pore
spaces and the larger inter-aggregate voids. It was also concluded that over a wide range of
suctions the aggregates remain saturated with water, with air restricted to the larger inter-
aggregate voids. As a precursor to the analyses in Chapter 7, and in particular the analysis
of Section 7.5, an introduction is provided to the significance and creation of an aggregated
soil structure. First this will be outlined in terms of the generally recognised behaviour
attributable to the contractile skin in drawing particles together, and will be followed
by consideration of the significance of the enthalpy minimum principle as described in
Section 6.2.

Consider the case of soil particles intermixed with the fluids of water and air. Water
and air fill the void spaces between the particles. Movements of the three phases are not
prevented but are limited by the stresses, phase interactions and the void spaces. Air fills
the larger pore spaces as it is at greater pressure than the water, and a contractile skin
forms at the interface of the water and air. Surface tension means that the contractile skin
is concave to the water phase and it is the minimisation of this interface phenomenon
that draws the water into the smaller pore spaces. The contractile skin in turn pulls the
particles together into aggregates. This results in relatively small intra-aggregate voids.
This presents a logical view and reasoning for the creation of an aggregated structure in
unsaturated soils. There is, however, another way of considering the issue.

At equilibrium, the thermodynamic potential given by the enthalpy H = U + pV is a
minimum and, as demonstrated in Section 6.2, this requires minimisation of the mechanical
potential term pV. In accordance with the derivation of Equation 6.11, pV is a function
of the pressure–volume terms for the three phases as well as the interactions between
the phases. Thus, the mechanical potential is minimised by minimising the potentials
associated with these components internal to the soil. If they are not minimised, there
is an imbalance, i.e. equilibrium has not been achieved and change will occur until an
equilibrium state is achieved. In this context, there are three identifiable reasons for the
creation of an aggregated structure in an unsaturated soil, and which provide a basis
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for the interpretation of data in terms of aggregates containing all the water and soil
particles. These are the differences between the air pressure and the water pressure, the
contractile skin, which forms as a result of the imbalance in pressures, and the fluid
pressure acting through the soil particles. These require careful consideration.

Consider the case of free water droplets in air. These would have a surface convex
to the water and a pressure greater than air. For constant air pressure and a similar
volume of water in an unsaturated soil, the interaction of the water and soil particles
in an aggregated structure allows the water pressure to drop, and a concave interface to
form with the water phase, if the water occupies the smaller intra-aggregate pores. The
pressure and thus potential of the water is reduced when in close association with the soil
particles. The close association also means that the area of the contractile skin is likely
to be minimised and thus its potential is minimised by the water filling the smaller void
spaces and the particles being drawn together into aggregates.

The pressure acting through the soil particles also influences the creation of an aggre-
gated structure. In Chapter 1 it was established that the pressure of a fluid surrounding a
particle must act through the volume of the particle. Since the air pressure is greater than
the water pressure in an unsaturated soil, the component of the thermodynamic potential
associated with the pressure acting through the particles is a minimum if the water pres-
sure acts through the particles. Thus, the minimisation of the potentials associated with
the water and the contractile skin leads not only to a close association of soil particles and
water, but also to the requirement that the pressure acting through the particles should be
minimised. The soil particles are drawn together to form aggregated packets that minimise
the intra-aggregate void spaces.

However, close compaction of the soil particles in the aggregates leads to greater inter-
particle stresses, which offsets the minimisation of the other components of the enthalpy
potential. This can be explained by considering the analogy of the behaviour of loose sand
in a container with a trap door. Opening the trap door allows the sand to escape. The sand
flows from the container, reducing its potential, and does not concern itself that on falling
into a lower container it might achieve a more compact condition with increased inter-
particle stresses. Similarly, in an unsaturated soil, the soil particles combine with the lower
pressure water minimising the potentials of the water, contractile skin and fluid pressure
acting through the soil particles, even though the more compact aggregate arrangement
leads to greater inter-particle stresses internal to the aggregates.

The concept of the minimisation of the thermodynamic potential and the creation of an
aggregated structure in unsaturated soils will be developed further in Chapter 8.

6.8 Conclusions

The following main points emerge from the analysis:

� The extensive variable enthalpy given by H = pV + U acts as a thermodynamic po-
tential and can be used to describe the potential governing the mechanical response of
soils such as in a triaxial cell.

� The enthalpy minimises at equilibrium and meta-stable equilibrium, along with the
internal energy U and mechanical potential pV that make up the enthalpy.

� The equation for enthalpy can be written in a similar form for both isotropic and
anisotropic (shear) loading conditions, but for the latter the mean stress replaces the
isotropic pressure.
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� Equilibrium stress and pressure conditions under combinations of undrained or drained
and isotropic or anisotropic triaxial test conditions have been determined and shown
to be logically correct.

� The enthalpy can be written as H = (p − ua)V + U when employing the axis transla-
tion approach in soil testing.

� The minimisation of the thermodynamic potential at equilibrium can be used to explain
the close affinity of water and soil particles and the creation of an aggregated structure
in unsaturated soil.

Notes

1. In Chapter 8 the term α is introduced which combines the influence of the contractile skin and
the fluid pressure acting through the solid particles. It is the maximisation of α at a value of 1
that leads to the conclusion that the net effect is equivalent to assuming that the water pressure
acts through the solid particles.

2. p′
c is more rigorously defined in Chapter 8 as the average volumetric coupling stress where its

meaning and significance are explored. As previously, we use the term ‘effective’ in quotation
marks to loosely describe the stress conditions in unsaturated soils.

3. σ ′
c,11 and σ ′

c,33 are more rigorously defined in Chapter 8 as the axial and radial volumetric
coupling stress where their meanings and significance are explored.
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Chapter 7
Enthalpy and Equilibrium
Stress Conditions in
Unsaturated Soils

7.1 Introduction

The prediction of soil behaviour is intrinsically linked to the need to determine the
controlling stresses. The stress state in unsaturated soils under equilibrium conditions can
be examined using the principles of thermodynamics, which are of general applicability
to the behaviour of gases, liquids and solids. Thermodynamics allows examination of
multi-phase materials and the general principles can be extended to soils without modi-
fication, though the principles need to be expressed differently for different applications.
Chapters 5 and 6 provide a framework for the equilibrium thermodynamics of unsaturated
soils. In particular in Section 5.7, the idea of enthalpy as an extensive thermodynamic
variable, and a potential for work for a pressure-controlled system, as in the triaxial cell,
was developed. This was extended in Chapter 6 to show that under anisotropic loading
conditions the mean stress can replace the pressure or isotropic stress in the thermodynamic
potential. Accordingly, the individual enthalpy components associated with the anisotropic
stresses can be added together to give the total enthalpy. This means that in conventional
triaxial cell tests the enthalpy of a soil specimen can be taken as the thermodynamic
potential driving change and the enthalpy achieves a minimum at equilibrium. In fact,
each component of the total enthalpy in a soil system adjusts and strives to minimise at
equilibrium. An analysis using enthalpy is made in the following to yield an equation
describing the controlling stress regime in an unsaturated soil (Murray, 2002; Murray
and Sivakumar, 2006).

7.2 Role of enthalpy

Enthalpy is an extensive thermodynamic variable and for a material comprising a num-
ber of phases, Principle 1 holds true under equilibrium conditions. This has particular
significance for a multi-phase material such as an unsaturated soil where the phases
and their interactions need to be taken into account in analysis of the controlling
stresses.

Principle 1 – The total enthalpy H of a multi-phase material is the sum of the enthalpies
of the individual phases and the interactions between the phases Hi.
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Section 1.4 described the following interactions in unsaturated soils:

– the water vapour in air;
– the dissolved air in water;
– the contractile skin at the interface between the phases of water and air;
– the adsorbed water on the soil particles and crystalline water;
– the fluid pressure acting through the solid phase; and
– soil particle interactions.

The enthalpies of these interactions, as with the enthalpies of the phases, may in most
cases be defined in terms of the product of a pressure and a volume term within an equation
for the total enthalpy. However, for the contractile skin it is necessary to replace this with
the product of the surface tension and the area of the film.

Principle 1 is applicable whether phases exhibit miscible or immiscible interactions.
A miscible interaction, such as water vapour in air, can be taken as obeying Dalton’s
divisional law of partial pressures, whereas an immiscible interaction, such as the adsorbed
water on soil particles, can be treated as having its own pressure acting through its
own volume. For immiscible interactions where pi is the total pressure arising from the
miscible interactions, Dalton’s divisional law states that the partial pressures pp of the
interacting phases act through the total volume Vi. Accordingly, the total pressure pi for
a miscible interaction is given by pi = ∑

pp. In terms of the pressure–volume relationship
within the thermodynamic potential (Equation 5.8), this can be written as piVi = ∑

ppVi.
For immiscible phase interactions on the other hand, each phase or interaction can be
represented by a term piVi. Thus, the total pressure p for a multi-phase material with both
immiscible and miscible interactions, assuming a surface encompassing a representative
mass, is the sum of the pressures of the phases and their interactions factored by the relative
volumes Vi/V through which the pressures act, giving p = ∑

piVi/V. Further, since the
internal energy U is an extensive variable, in accordance with Equation 5.13 the total U
can be equated to the sum of the internal energies of the phases and their interactions (i.e.
U = ∑

Ui) and from the definition of enthalpy:

H =
∑

Hi = pV + U =
∑

(piVi + Ui) [7.1]

This is the mathematical representation of Principle 1 and holds true for isotropic
and anisotropic loading as the influence of the individual stresses are additive. The total
enthalpy of an unsaturated soil specimen can thus be determined from the summation
of the enthalpies of the individual phases and their interactions1. An examination of
the analysis using enthalpy in Section 7.4 reveals that it is only necessary to use the
mechanical potential component pV, and not include the internal energy U, but the
enthalpy is a more recognisable thermodynamic potential and its use provides a closer
link with thermodynamic concepts and the enthalpy minimum principle.

It is necessary in the formulation that follows to define a second principle for an op-
eration where phases are brought together and where there is no mass loss or gain, heat
exchange with the surroundings or work done in combining the phases.

Principle 2 – The sum of the enthalpies of the individual phases in isolation equals
the enthalpy of the combined phases if no work is done or heat exchanged with the
surroundings in combining the phases.

This principle later allows an equation to be established for aggregates comprising the
water phase and the soil particles. This idealised operation is applicable where no actual
process of combining the phases is undertaken but only a theoretical redistribution of
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the phases within a given volume is considered. We will develop Principle 2 by initially
considering the general energy equation in combining the phases, which can be written as:

dU = δQ+ δW +
∑

µi Mi = TdS − pdV +
∑

µi Mi [7.2]

where δQ = TdS is the change in heat of the soil and δW = −pdV is the work done on
the soil.

As there is no mass loss or gain or heat exchange with the surroundings, Equation 7.2
reduces to dU = −pdV. If the process is one where there is no volume change as the phases
are combined, then no net work is done and δW = dU = dH = 0. Thus, in combining
incompressible phases, equilibrium requires that:

dH =
∑

dHi = 0 [7.3]

where Hi represents the enthalpy of an individual phase or interaction.
Equation 7.3 states that there is no change in total enthalpy. Thus, the sum of the

enthalpies of the individual phases in isolation equates to the sum of the enthalpies of the
combined phases in accordance with Principle 2. As water and soil particles are usually
considered incompressible, Equation 7.3 is considered to apply to the idealised unsaturated
soil structure comprising aggregates of water and soil particles. The aggregates are created
as a result of the difference between the surrounding inter-aggregate air and the intra-
aggregate water pressures and thus arise from isotropic loading conditions.

In the following, Principle 1 is first applied to a saturated soil to develop Terzaghi’s
effective stress equation and then the analysis is extended to unsaturated soils.

7.3 Enthalpy and Terzaghi’s effective stress for
saturated soils

In accordance with Equation 1.24, Terzaghi’s effective stress equation for a saturated soil
in the triaxial cell can be written in terms of the mean stress as:

p′ = p − uw [7.4]

The resistance to total stress p applied to a saturated soil specimen is provided by the
sum of the water pressure uw and the effective stress p′, where p′ is the result of the solid
phase being present as discrete particles rather than as a coherent mass. Both p and p′ can
be viewed as components of enthalpy per unit total volume of the soil system. The pore
water pressure uw can also be viewed as a component of enthalpy per unit of volume of
the soil as it acts through both the volume of the water phase Vw and the volume of the
solid phase Vs as water surrounds the soil particles. From Equation 7.1 we may write:

pV + U = uwVw + uwVs + p′V +
∑

Ui [7.5]

or

H = Hw + Hs [7.5a]

where H = pV + U, Hw is the enthalpy of the water phase (= uwVw + Uw), Hs is the
enthalpy of the solid phase and its interactions (= uwVs + p′V + Us) and

∑
Ui = Uw + Us.

In accordance with Equation 5.13, U = ∑
Ui, and for a saturated soil V = Vw + Vs.

Accordingly, Equation 7.5 reduces to Terzaghi’s equation (Equation 7.4), which is not
derivable unless the water pressure acting through the solid phase is taken into account
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as in the analysis of equilibrium on a plane in Chapter 1. It should also be noted that
no terms for the components of enthalpy associated with the adsorbed water or dissolved
air are present. These interactions are discussed in the following and are shown not to
significantly influence Equation 7.5.

7.4 Enthalpy of unsaturated soils

A generalised equation describing the stress state of an unsaturated soil based on the
enthalpy and including the coupling stress p′

c can be written in simplistic terms as:

pV + U = uwVw + HV + HC + HA + uaVa + HD + usVs + p′
cV +

∑
Ui [7.6]

or

H = Hw + Ha + Hs [7.6a]

where Hw is the enthalpy of the water phase and its interactions (= uwVw + HV + HC +
HA + Uw); Ha is the enthalpy of the air phase and its interaction (= uaVa + HD + Ua); Hs

is the enthalpy of the solid phase and its interaction (= usVs + p′
cV + Us); Va is the volume

of the air phase; us is the pressure in the soil particles as a result of the pore water and pore
air pressures uw and ua respectively; HV, HC, HA and HD are the enthalpy components as
a result of the water vapour, contractile skin, adsorbed and absorbed (crystalline) water,
and dissolved air respectively; and

∑
Ui = Uw + Ua + Us.

This formulation differs slightly from that presented by Murray (2002) as the internal
energy terms are included as distinct terms for completeness, but these are shown later to
cancel out. The coupling stress p′

c is shown to link the independent stress state variables
and represents the average volumetric stress between particles within and between the
aggregates, allowing the behaviour of an unsaturated soil to be more clearly appreciated.
In accordance with previous arguments, p′

c can be viewed as a component of enthalpy per
unit total volume of unsaturated soil. In the following, the individual components making
up Equation 7.6 are discussed and analysed to develop a general form for the equation
governing the behaviour of unsaturated soils. This expands on the discussion of the phases
and their interactions given in Chapter 1.

7.4.1 Water vapour

Vapour movement is an important means of transport of water within an unsaturated soil
and assists in the equalisation of water pressures. Under equilibrium conditions within
a closed system, the vapour pressure is the saturated vapour pressure in air above the
contractile skin. This is the case for air bubbles under equilibrium conditions in unsaturated
soils. Where the air passages are connected to the atmosphere, however, the vapour
pressure will be less than the saturated vapour pressure and a true equilibrium may not
be established.

The partial pressures of the air and water vapour constitute a miscible interaction and
are defined as the pressures they could exert if each alone occupied the volume of the
mixture2. Dalton’s divisional law states that the total pressure is equal to the sum of the
partial pressures of the constituents. From Equation 7.6, this is consistent with:

uaVa + HV = (ua + uv) Va [7.7]



P1: SFK/UKS P2: SFK
c07 BLBK297-Murray May 27, 2010 19:43 Trim: 244mm×172mm

164 Unsaturated Soils

where uv is the water vapour pressure and Va is the volume of air and is taken to include
the volume of water vapour.

Schuurman (1966), in discussing the role of air bubbles in water, stated that the com-
pressibility of air bubbles is not influenced directly by the saturated vapour pressure,
although there is an influence on uw. However, Schuurman (1966) further showed that
the influence on uw is small and the influence of the water vapour decreases as ua increases,
as for small air bubbles. At 20◦C the vapour pressure above a flat water surface, which
represents likely worst conditions, is around 2.4 kPa and the volume percentage of water
vapour in air is likely to be less than 1%. Thus, the contribution of the water vapour to
the total enthalpy of a soil system is small and HV in Equations 7.6 and 7.7 can in most
cases be ignored.

7.4.2 Dissolved air

In general, the change in the volume of air within a soil may be a result of: (i) the interchange
of air with the external surroundings, (ii) compression or expansion of the free air in the
pores or (iii) air dissolving or being liberated from the pore water. At equilibrium, when
water is in contact with free air, the volume of air dissolved in the water is essentially
independent of air and water pressures, as can be demonstrated by examination of the
ideal gas laws and Henry’s law (Fredlund and Rahardjo, 1993). It is the liberation of the
dissolved air under decreasing external pressure and corresponding increasing suction that
leads to the formation of air bubbles. As shown by Dorsey (1940), however, dissolved
air produces no significant difference between the compressibility of de-aired water and
air-saturated water. Additionally, the volume of dissolved air, approximately 2% of the
volume of water (as under normal temperature and pressure conditions encountered in
soils), does not influence the total volume of the soil system as it is incorporated within
the water without any significant change in volume. This suggests that the pressure of the
air dissolved in water has little effect on the pore water pressure. Thus, the contribution of
the component of enthalpy HD in Equation 7.6 due to dissolved air, to the total enthalpy
of a soil system, can in most cases be ignored.

7.4.3 Fluid pressure acting through the soil particles

In describing unsaturated soils, Barden and Sides (1970) referred to the creation of satu-
rated aggregates comprising the soil particles and water, surrounded by air-filled voids. In
Section 6.7 a discussion was presented of the reasons for the close association of the water
and solid phases. A saturated aggregate arrangement of the particles provides a useful
means of visualising the bi-modal structure considered to exist in unsaturated soils, with
a different stress regime within and between the aggregates. Within the aggregates the
particles will be tightly packed and the total volume comprises the combined volumes of
the solid and water phases. The pressure us in Equation 7.6, contributing to the enthalpy
of the particles, can be viewed as varying depending on whether the particles are on the
periphery or internal to the aggregates. The air pressure ua may be viewed as acting on
any particles on the periphery of the aggregates with the water pressure uw acting on
those particles internal to the aggregates. Thus, a general expression for the component
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of enthalpy due to air and water pressures is given by:

usVs = auwVs [7.8]

where the dimensionless variable a has a minimum value of 1 as ua ≥ uw. For a perfectly
dry soil, uw in Equation 7.8 should be replaced with ua. However, the transition to such
a state requires the breakdown of the large suction present at low degrees of saturation.

7.4.4 Contractile skin

The significance of the contractile skin is discussed in Section 1.4.3. For the idealised case
of spherical occluded air bubbles of radius R in water, the component of enthalpy of the
contractile skin is given by the surface tension multiplied by the total surface area of
the bubbles. Thus, for relatively uniform size spherical bubbles, it is readily shown that
the component of enthalpy associated with the contractile skin as a result of surface tension
is given by the following equation:

3
2

Va (ua − uw) [7.9]

For the idealised case of occluded air bubbles, the component of enthalpy HC in the
contractile skin (Equation 7.6) is controlled by the volume of the air in accordance with
Equation 7.9. However, at larger suctions where the air passages are continuous and the
pore water is drawn into the aggregates, it is considered more appropriate to relate HC to
the sum of the volumes of the water and the solid phase (Vw + Vs) (though it is noted that
for a given volume of soil V, if Vs is known, then (Vw + Vs) may be determined, and vice
versa). Noting the form of Equation 7.9, a more general equation for the component of
enthalpy HC associated with the contractile skin in unsaturated soil can be written as:

HC = b (Vw + Vs) (ua − uw) [7.10]

where b is a dimensionless variable influenced by the structure and size of the aggregates.
For the idealised case of occluded (spherical) air bubbles, b is equal to 3Va/2 (Vw + Vs).

7.4.5 Adsorbed double layer

Clay particles are usually considered to have a negatively charged surface. When such
particles are surrounded by sufficient free water, the charge is balanced by the cations
in the adsorbed double layer. For isolated particles under these conditions there would
be no net component of energy due to surface charge. However, as discussed in Section
1.4.5, the surface charge comes into play when the double layers of neighbouring particles
come into contact, or if there is a reduction of the cations in the double layer as would be
expected under unsaturated conditions or if there is a change in pore fluid chemistry. The
surface energy per unit volume is very small compared with the energy levels associated
with the products of the pressures (or stresses) and volumes for the soil particle, water and
air masses in Equation 7.6. The interplay of inter-particle forces is deemed to be included
in the formulation of p′

c as it is for Terzaghi’s effective stress in saturated soils.
Changes in the amount of crystalline water held in the inter-layer spaces of swelling

clay minerals as a result of wetting and drying cause the particles to change volume.
This influences the interaction between the particles and is again deemed included in the
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formulation of p′
c. This does not influence the enthalpy analysis based on equilibrium stress

conditions, although the significance of this phenomenon with respect to soil behaviour
needs further investigation. The additional enthalpy HA in Equation 7.6 associated with
the adsorbed fluid and crystalline water is considered small and is ignored, as to a large
part the volume of water will be included in the volume of the water phase when measuring
water contents.

7.4.6 Average volumetric coupling stress

The stress p′
c incorporates not only the influences of changes in the external applied

pressures, but also the influences of changes in the degree of saturation which produce
additional changes in the attractive and repulsive forces between the particles. While the
principles of thermodynamics allow us to derive general relations between such variables as
the imposed pressures, stresses, volumes and strains, the principles of thermodynamics also
tell us which of these relations must be determined experimentally in order to completely
specify all the properties of a system. This is the case with the interactions between the
particles, which results in aggregation and change in behaviour as a soil becomes drier.
Both p′

c for unsaturated soils and p′ for saturated soils represent macro-views of the
microscopic forces between particles.

7.4.7 General equation describing the state of unsaturated soils

In accordance with the foregoing discussion, Equation 7.6 can be simplified by ignoring
the small effects of water vapour HV, adsorbed water HA and dissolved air HD. In addition,
substituting Equations 7.8 and 7.10 into Equation 7.6 gives the following general equation
for unsaturated soils:

p = uwnw + b(nw + ns) + uana + auwns + p′
c [7.11]

The porosity terms na, nw and ns are given by Va
/

V, Vw
/

V and Vs
/

V as defined in
Section 1.2. The term (nw + ns) represents the total volume of the aggregates per unit
volume of soil.

As illustrated in Figure 7.1, the plots of ua and uw against p in unsaturated soils are not
linear, as is often taken for saturated isotropic soils, and ua has a value greater than uw.
This means that p′

c in the unsaturated state is less than p′ would have been if the soil had
remained saturated. Rearranging Equation 7.11, the following form of the equation can
be obtained:

p′
c = (p − ua) + α (ua − uw) (nw + ns) = p + αs

vw

v
[7.12]

where vw
/
v = (Vw + Vs) /V (ratio of specific water volume to specific volume) and is the

total volume of the aggregates per unit volume of soil, and α is a dimensionless variable
defined as:

α = 1 − b − (a − 1)
ns

(nw + ns)
uw

(ua − uw)
[7.13]

The equation for α includes the dimensionless variable a, which relates to the pressure
in the soil particles from the surrounding fluid, and the dimensionless variable b, which
relates to the influence of the contractile skin and the size and shape of the aggregates. It is
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Figure 7.1 Responses of ua and uw due to monotonic undrained unloading.

shown in Section 7.5 how values for a and b can be estimated in exploring the significance
of α.

7.5 The significance of α

Section 6.7 outlined the mechanics behind the creation of an aggregated soil structure
comprising a close association of the water and soil particles. The argument was based
initially on the water, at lower pressure than the air, tending to fill the smaller void
spaces, with the contractile skin, concave to the air phase, acting between particles and
drawing them together. This was then extended to consideration of the ‘enthalpy minimum
principle’ and its significance in relation to the phases and their interactions. It was
concluded that the net effect was the creation of an aggregated structure consistent with
the conclusions of the results of mercury intrusion porosimetry (MIP) testing discussed
in Chapter 1. Further analysis is given below which examines the significance of an
aggregated structure and the term α. Initially an analysis will be presented which uses
Principle 2 of Section 7.2 along with experimental data to suggest a value of α = 1 as
reasonable over a wide range of degree of saturation (Murray, 2002). This will then be
supported by consideration of the thermodynamic potential to show that α equals 1 if the
thermodynamic potential under equilibrium conditions is to be a minimum.

Analysis is first presented based on aggregates comprising the water phase and the soil
particles. This leads to an equation relating a to b in addition to the relationship between a
and b given by Equation 7.13 and allows a value of α to be determined from experimental
evidence. The idealisation of unsaturated soils as comprising aggregates of water and soil
particles surrounded by air voids allows a visualisation of the mathematics involved but
should not be taken as restricting the use of the equations developed to a limited range of
soil suctions and degrees of saturation. The primary stipulations in the analysis undertaken
are that the soil particles and water are intrinsically linked by water in contact with all
particles, and that at equilibrium the suction is everywhere the same. The close affinity
of water and soil particles may be as water bridges at points of particle contact at low
degrees of saturation, or as intra-aggregate water and water bridges between aggregates
at higher degrees of saturation. While it is recognised that the idealised soil structure may
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not be perceived as representing the condition particularly near the extreme of a very
dry soil, the equations developed are thought to apply to a wide range of conditions and
soils provided these are relatively intact and do not contain open fissures. Only further
experimental evidence will fully justify the range of their usage.

It was argued in Section 6.7 that there are three major reasons for the creation of an
aggregated structure in terms of potentials and which provide a basis for the interpretation
of experimental data on unsaturated soil. These are (i) the minimisation of the potentials
associated with the water pressure, (ii) the contractile skin and (iii) the fluid pressure
acting through the soil particles. It was recognised however that an exchange occurs in
that while the potentials for these three components of the overall potential are minimised,
there will be an increase in the inter-particle stresses within the aggregates because of closer
compaction. It was argued using a ‘trap door’ analogy that the increase in inter-particle
stresses will not prevent reduction in the other components of the overall potential but,
nevertheless, the inter-particle stresses will also tend to minimise within the confines of
the system. We will extend the argument of potentials to give greater justification to the
conclusions.

Consider the idealised initial situation of a spherical water droplet of radius R∗ sur-
rounded by air, along with isolated soil particles of total volume Vs also surrounded by
air. The water pressure within the droplet would be greater than the surrounding air
pressure with the contractile skin between the water and air phases convex to the water
phase. If the small soil particles were added to the droplet, the overall volume of water and
particles combined would increase and the water pressure would decrease as the overall
size of the droplet increased. Eventually a situation would be reached where the volume
of soil particles inserted in the droplet would result in water pressure less than the sur-
rounding air pressure and in this situation a saturated aggregate would be created. Within
the aggregate the contractile meniscus between the water and air phases would now be
concave to the water phase. In accordance with Principle 2, the sum of the individual
enthalpies of the free water droplet (including that of the contractile skin, noting that the
water pressure exceeds the air pressure) and the soil particles before they were combined
can be equated to the total enthalpy of the saturated aggregate after they are combined
(including that of the effective stress and the contractile skin, noting that now the air
pressure exceeds the water pressure). This requires the assumption that the volumes of
water and soil particles remain unchanged, and thus no work is done in combining the
water droplet and soil particles, and that the process of aggregate creation is isothermal.
Ignoring the small components of enthalpy associated with the water vapour pressure
and dissolved air and using the subscripts ‘i’ and ‘f’ to denote initial and final conditions
respectively:

Hwi + Hsi = Hwf + Hsf [7.14]

or

u∗
wVw − HCi + usiVs = uwVw + HCf + usfVs + p′

fV [7.14a]

where

Hwi = u∗
w − HCi = u∗

wVw − 3
2

(
ua − u∗

w

)
Vw

Hsi = usiVs = uaVs

Hwf = uwVw + HCf = uwVw + Ac (ua − uw) Vw

Hsf = usfVs + p′
fV = auwVs + p′

f (Vw + Vs)
u∗

w is the water pressure in a droplet of radius R∗
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HCi is the component of enthalpy of the contractile skin of a spherical water droplet
(determined in a way similar to Equation 7.9 for air bubbles)

HCf is the component of enthalpy of the contractile skin in an aggregate of soil particles
and water

Ac is a shape factor for the contractile skin of an aggregate of soil particles and water
p′

f is the mean effective stress within a saturated aggregate due to suction alone V =
Vw + Vs.

And in accordance with Equation 1.16:

ua − u∗
w = −2Tc

R∗ [7.15]

For a number of isolated aggregates created by combining soil particles with water
droplets, Equation 7.14a can be written as:

−3
2

(
ua − u∗

w

)
nw + u∗

wnw + uans = Ac (ua − uw) nw + uwnw + auwns + p′
f (nw + ns)

[7.16]
where

nw = Na
4π

3
(R∗)3 [7.17]

where Na is the number of aggregates per unit volume of soil (the total volume of water in
the aggregates must equate to the volume of water contained in the free water droplets).

In equating the enthalpies before and after combining the soil particles and water
into aggregates, the increase in enthalpy associated with the inter-particle stresses must
balance any reduction in potential associated with the other components of the total
enthalpy. Within the aggregates the inter-particle stress is given by p′

f = (ua − uw). This is
consistent with Terzaghi’s effective stress acting between the particles: p′

f = (p − uw), with
p = ua as the isolated saturated aggregates are surrounded by air. Gens and Alonso (1992)
and Tang and Cui (2009) argued that the effects of suction and mean net stress on the
micro-mechanical volume changes of saturated aggregates are similar, and accordingly
Terzaghi’s effective stress applies to the aggregates. Monroy et al. (2010) from tests
on London clay also suggested that the principles of effective stress apply to saturated
aggregates. Substituting for p′

f in Equation 7.16 gives:

Ac (ua − uw) nw = b (ua − uw) (nw + ns) [7.18]

where

b = nw

nw + ns

[

1 − 5
(
ua − u∗

w

)

2 (ua − uw)
+ (ua − auw) ns

(ua − uw) nw

]

− 1 [7.19]

This equation provides a relationship between the variables a and b. Substituting for b
in Equation 7.13 gives:

α = 1 + 5
2

(
ua − u∗

w

)

(ua − uw)
nw

(nw + ns)
[7.20]

where
(
ua − u∗

w

)
is negative, being the difference between the external air pressure and

the water pressure inside a spherical bubble of water with the same volume as that of the
water within a saturated aggregate.
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For a dry soil nw ≈ 0 and from Equation 7.20 α ≈ 1. For a saturated or near-saturated
soil, if Terzaghi’s effective stress equation applies, (nw + ns) = 1 and again α = 1. Between
these two extreme cases, α ≤ 1. Murray (2002) concluded that from an analysis of a wide
range of data from triaxial testing on kaolin, after Wheeler and Sivakumar (1995), that
even under reasonably worst-case conditions α varied only between 0.96 and 1.00, and
that there was little error in the assumption of α = 1. The boxed section presents details
of a calculation to determine α.

Example Determination of α

It is necessary to assign a size to the aggregates. These are taken to vary between silt
and coarse sand size (0.01–1.00 mm) and for simplicity to be spherical, although this
is not considered to detract from the conclusions reached. The smaller the aggregate,
the greater is the influence on α. Silt size has been chosen as the lower limit because it
has been noted that silt-size aggregates are present in clays that have been subjected to
repeated extremes of wetting and drying (e.g. Chandler and Davis, 1973). The upper
limit has been chosen as coarse sand size, although aggregates could be larger than this
in soils where there is a low air voids content.

From a selected result of Wheeler and Sivakumar (1995), at the critical state, na =
0.087, nw = 0.399, ns = 0.514, ua = 349.75 kPa and uw = 50.35kPa.

For a silt-size saturated aggregate: The volume Vp of a saturated aggregate = 5.24 ×
10−13 m3 and Na = (nw + ns)/Vp = 1.74 × 1012 m−3. From Equation 7.17, the radius
of a free water droplet R∗ = 3.79 × 10−5 m. From Equation 7.15, taking Tc = 73 ×
10−6 kNm−1 at 20◦C,

(
ua − u∗

w

) = −3.85 kPa. From Equation 7.20, α = 0.986.
For coarse sand-size saturated aggregate: Vp = 4.19 × 10−9 m3, Na = 2.18 × 10−4

m−3, R∗ = 7.59 × 10−4 m,
(
ua − u∗

w

) = −0.19 kPa and α = 0.999.

A range of values of a and b for the aggregates can also be determined from the
experimental data as in the following boxed section. The analysis indicates that within
the range of experimental data, the component of enthalpy in the soil particles as a result
of imposed air and water pressures under unsaturated conditions can be taken as that
under saturated conditions (a = 1) without any appreciable error, and the influence of the
surface tension in the contractile skin is small and can be ignored (b = 0).

Determination of a and b

Having determined values of α, Equations 7.13 and 7.19 may be used to show that for
silt-size aggregates 1 ≤ a ≤ 1.15 and 0.14 ≥ b ≥ 0, and for coarse sand-size aggregates
1 ≤ a ≤ 1.01 and 0.0007 ≥ b ≥ 0. From Equation 7.8, for the pressure in the soil
particles, a ≥ 1 and a = 1 under saturated conditions. In addition, from Equation 7.10
for the contractile skin, b ≥ 0, with b = 0 for saturated conditions. The results indicate
that there is little error in taking a = 1 and b = 0. It is not clear whether this is true
under lower degrees of saturation outside the experimental range.

Combining the water phase and the soil particles has been shown to minimise the
water pressure, and by comparison with experimental data for kaolin, it has been shown
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to minimise the fluid pressure acting through the soil particles and the influence on the
thermodynamic potential of the contractile skin. This leads to the condition α = 1. It
is also necessary, however, to consider the interactions between the soil particles as the
minimisation of the thermodynamic potential also requires the stresses within the soil
system to adjust to minimise the ‘effective’ stress. For a saturated soil from Equation 7.12:

p′
c = p′ = p − αuw [7.21]

As discussed previously, Terzaghi’s equation holds true if α is a maximum of 1.0.
This is consistent with p′ being a minimum in Equation 7.21. Similarly for unsaturated
conditions, Equation 7.12 can be written as Equation 7.22 if for clarity we remove the air
pressure term ua and take this as the datum pressure:

p′
c = p − αuw

vw

v
[7.22]

p′
c is a minimum if α = 1. There should, however, be a caveat included with the statement

‘the “effective” stress achieves a minimum’. A more complete statement would be ‘the
“effective” stress achieves a minimum under the volumetric restrictions’ as it is necessary
to allow for meta-stable equilibrium of the soil particle structure as the degree of saturation
reduces as discussed in Section 5.8.2.

In accordance with Equation 7.6 and ignoring the influences of the water vapour in air,
dissolved air in water and adsorbed water, each of the remaining components of the total
enthalpy has been shown to minimise if the water and soil particles are combined into
aggregates and the condition α = 1 is adopted. This complies with the thermodynamic
principle of H being a minimum at equilibrium, as discussed in Section 5.8.2.

In Chapter 6, in the analysis of undrained and drained ‘effective’ stress tests in the triaxial
cell, the reader was asked to accept the conjecture that the fluid pressure acting through
the solid phase could be taken as equivalent to the pore water pressure and the phase
interaction effects could be ignored. This is equivalent to adopting α = 1, justification for
which has now been given. It leads to similar equations governing the equilibrium stress
regime in unsaturated soils in the triaxial tests based on virtual work considerations as
developed in the current chapter using enthalpy as an extensive variable.

It is important to recognise that the overall stress regime in an unsaturated soil is influ-
enced by discontinuities. Essentially the stress regime described is considered applicable
where the soils remain relatively intact. However, discontinuities such as open tension
cracking in very dry soil means there is no stress transmitted across the open fissure
and such features have no shear strength. Any assessment of the overall behaviour of the
ground must take account of such discontinuities. In stability analysis this is normally done
by modelling tension cracking as distinct features outside the stress regime and strength as-
sumed throughout the remainder of the soil mass. Further research is required on this topic.

7.6 Stress state in unsaturated soils

On the basis of α = 1, Equation 7.12 can be written as (Murray, 2002; Murray and
Sivakumar, 2005; Murray and Sivakumar, 2006):

p′
c = (p − ua) + s

vw

v
= p + s

vw

v
[7.23a]

This equation describes the mean stress condition in unsaturated soil under equilibrium
conditions. By rearranging the variables the following two alternative representations of
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the equation can be determined:

p′
c = (p − ua)

va

v
+ (p − uw)

vw

v
= p

va

v
+ p′ vw

v
[7.23b]

p′
c = (p − uw) − (ua − uw)

va

v
= p′ − s

va

v
[7.23c]

The equations link the stress state variables to the volumetric variables and define the
average volumetric coupling stress p′

c. The stresses are not independent of the volumetric
variables, as in saturated soils. The basis of much recent research has been the use of
independent stress state variables. Equations 7.23a–c should not be viewed as adding
complication to analysis by the inclusion of volumetric variables, but should be considered
as removing a tier of uncertainty inherent when using independent stress state variables.
Using the equations, more fundamental and consistent parameters are determined, and
the links between the stresses and soil behaviour are brought to the fore when examining
experimental data in Chapters 8 and 9.

Since enthalpy is an extensive variable, the influence of the individual stresses is additive
and from Equations 7.23a–c, consistent with the analysis of Chapter 6, it is possible to
write the general stress tensor equations for unsaturated soils under equilibrium condi-
tions:

σ ′
c,i jv = (

σi j − uaδi j
)
v + (ua − uw) δi jvw [7.24a]

σ ′
c,i jv = (

σi j − uaδi j
)
va + (

σi j − uwδi j
)
vw [7.24b]

and

σ ′
c,i jv = (

σi j − uwδi j
)
v − (ua − uw) δi jva [7.24c]

where σ ′
c,i j is the ‘coupling stress’ tensor.

For a saturated soil, Equations 7.23a–c reduce to Terzaghi’s mean stress Equation
1.24, and Equations 7.24a–c reduce to Terzaghi’s directional stress Equation 1.22. For
a perfectly dry soil, Equations 7.23a–c and 7.24a–c do not reduce directly to Equations
1.25 and 1.23 respectively. As a soil dries, the condition p′

c = (p − ua) + (ua − uw) /v is
approached, with the second term being a result of the high suctions associated with the
very small volumes of water remaining where the particles are closest together. Only on
complete breakdown of the suction does p′

c = (p − ua).

7.7 Alternative equilibrium analysis

Equilibrium of forces on a flat plane of area Ap cut through a saturated soil was considered
in Section 1.4.7. Account was taken of the water pressure acting not only through the
volume of the water but, because it surrounded the soil particles, also acting through
the volume of the solids. For a plane cut through a saturated soil, under equilibrium
conditions, the applied force σ Ap acting on one side of the plane was balanced by the
forces internal to the system giving Terzaghi’s (1936) effective stress equation σ ′ = σ − uw.

Consider now a similar representative plane of area Ap cut through an unsaturated soil
as depicted in Figure 7.2. Equilibrium conditions are considered to prevail and the applied
stress σ acting on one side of the plane is balanced by the pore air pressure ua acting
over area Aa, the pore water pressure uw acting over area Aw and the forces associated
with the soil particles. The latter can be thought of as comprising two components: (i)
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Figure 7.2 Equilibrium on plane AB.

the ‘coupling’ stress σ ′
c as a result of interactions between the solid particles acting over

area Ap, consistent with the principles of continuum mechanics, and (ii) the stress internal
to the soil particles us acting over area As. The stress us is a result of the air and water
pressures acting on the particles. Thus, from equilibrium of forces acting on the plane:

σ A = σ ′
c Ap + uw Aw + ua Aa + us As [7.25]

Multiplying throughout by a characteristic length L and substituting for ApL = V,
AwL = Vw, AaL = Va and AsL = Vs gives:

σ V = σ ′
cV + uwVw + uaVa + uaVa + usVs [7.26]

A bi-modal structure exists in unsaturated soils. This can be idealised as aggregates of
soil particles and water, surrounded by air voids, with different stress regimes implied as
existing within and between the aggregates. The concept of saturated aggregates is thus a
useful representation to illustrate the dual stress regime considered present in unsaturated
soils. At high degrees of saturation the particles will be surrounded by water other than
possibly at the extremities of the aggregates. Under these conditions, it can be argued that
us ≈ uw. This simplification is thought to be valid over a relatively wide range of water
contents. As in the foregoing discussion, the influence of other forces (as arising from the
contractile skin and other phase interaction effects) can be ignored for a wide range of
degrees of saturation. Thus, taking us as uw and noting that V = Vw + Vs + Va, Equation
7.26 can be written as:

σ ′
c = (σ − ua) V + (ua − uw) (Vw + Vs) [7.27]

Equation 7.27 leads directly to Equations 7.23a–c and 7.24a–c.

7.8 Graphical representation of stress state in
unsaturated soils

Equations 7.23a–c and 7.24a–c can be represented graphically. As an example, Figure 7.3
provides a graphical representation of Equation 7.23b. The volumetric coupling stress p′

c
can be seen as the mean stress based on the relative volumes through which the stresses
and pressures of the phases in an unsaturated soil act.
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Figure 7.3 Compression plot for an unsaturated soil (after Murray, 2002). 2008 NRC
Canada or its licensors. Reproduced with permission.

7.9 Stress state variables and
conjugate volumetric variables

In an analysis of the behaviour of unsaturated soils, it is essential to be able to define
the controlling stress regime and the volumes through which such stresses act. From such
considerations, the work input due to the application of an external stress regime can be
determined as in Chapter 9.

Equations 7.23a–c and 7.24a–c link the stress state variables to the conjugate volumetric
variables (Murray et al., 2002). The equations comply with the suggestion of Fredlund
and Morgenstern (1977) that any two of the three stress state variables can be used in
describing the stress state of an unsaturated soil. The equations describe three views of
the dual stress regime considered to exist in an unsaturated soil as a result of a bi-modal
structure. The equations do not rely on a specific soil density or particle distribution, but
do rely on a close association between the soil particles and pore water and that the matric
suction is everywhere the same. The equations describe the stress regime relating to the
volumetric conditions.

The mean stresses in Equations 7.23a–c, and the directional stresses (or stress tensor
terms) in Equations 7.24a–c, are intrinsically linked with volumetric terms that define the
conjugate stress–volumetric pairings in unsaturated soils. To explain their significance,
the stress tensor terms given by Equation 7.24b may be compared with the stress tensor
equations 4.1 and 4.2 for saturated and perfectly dry soils respectively. In Equation
7.24b, σ ′

cv is made up of two components. The second term on the right of the equation
indicates that the stress state variable given by Terzaghi’s effective stress equation 4.1
acts through the aggregated regions, the volume of which is defined by the specific water
volume vw (i.e. the volume of water and solids per unit volume of solids). The first term
on the right of Equation 7.24b indicates that it is necessary to account for the additional
stress state variable given by Equation 4.2, for a perfectly dry soil, which acts within the
remaining volume between the aggregates and is given by va = (v − vw) (i.e. the volume of
air voids per unit volume of solids). In simple terms, Equation 7.24b for the coupling stress
demonstrates that the stress state variables (σ − uw) and (σ − ua), which are in essence
‘effective stresses’, can be considered as acting within specific volumes of an unsaturated
soil as intra-aggregate and inter-aggregate stresses respectively. An alternative view of
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Equation 7.24b is provided by consideration in terms of mechanical potential. As the
potential terms comprise extensive pairings, (σ − uw) vw can be viewed as a component
of the mechanical potential within the aggregates and (σ − ua) va as a component of the
mechanical potential between the aggregates.

The simple visualisation of an unsaturated fine-grained soil as comprising saturated
aggregates of soil particles and water, surrounded by air-filled voids, is useful in describ-
ing the dual stress regime and conforms to the observation by Croney et al., (1958) that
compacted clays comprised aggregations of clay particles. This was confirmed by Barden
and Sides (1970) from microscopic examination. Brackley (1973, 1975) proposed a model
for soil structure based on the soil ‘aggregates’ in which the intra-aggregate voids were
saturated. Tang and Cui (2009) made a similar assumption when examining the thermo-
mechanical volume change behaviour of compacted expansive clays. The idealisation is
supported by the MIP results reported in Chapter 1 and with the contention that the water
phase has a close affinity with the soil particles, and with the requirement that the thermo-
dynamic potential is a minimum under equilibrium conditions (Murray and Brown, 2006;
Murray and Sivakumar, 2006). Equation 4.1 for a saturated soil and Equation 4.2 for a
perfectly dry soil can be seen as special cases of Equation 7.24b, and thus of the equivalent
equations 7.24a and 7.24c. They indicate that for an unsaturated soil the stress regime can
be viewed, in simple terms, as complying with a saturated soil within the aggregates and
with a perfectly dry soil in the remaining air void spaces between the aggregates. Within
this framework the aggregates are considered to act as large ‘deformable particles’. This is
supported by the experimental evidence of Sivakumar (2005) who concluded that during
wetting, saturated aggregates expand and deform with increasing water content closing up
the inter-aggregate air voids. However, the simplified view of saturated aggregates does
not sit well with the presence of water bridges between aggregates and which provide
continuity of the water phase throughout a soil at high degrees of saturation. Equally on
drying, the description does not sit well with the water phase being drawn back further
and further into the finer intra-aggregate pore spaces. However, sight should not be lost
of the fact that the term ‘saturated aggregates’ is a simplifying descriptive expediency and
the equations merely require that the water and soil particles are intrinsically linked.

The stress state variable s = (ua − uw) is the difference between the two effective stresses
given by the other two stress state variables. Thus, Equations 7.23a–c and 7.24a–c for
an unsaturated soil indicate that the stress regime can be described in terms of either two
effective stresses or by one of the effective stresses and the difference between the effective
stresses. However, the volumes through which these stresses act must be taken into account
as only the products of the stress state variables and the conjugate volumes as in Equations
7.23a–c and 7.24a–c define additive extensive thermodynamic terms (Murray and Brown,
2006; Murray and Sivakumar, 2006). The reason the ‘effective stress’ equations 4.1 and
4.2 for saturated and perfectly dry soils hold true is that the volumetric terms cancel.

The overall stress–strain behaviour of unsaturated aggregated materials is controlled
by two distinct internal mechanisms as a result of the bi-modal pore size distribution:
interaction between the aggregates and interaction of particles within the aggregates.
Sivakumar et al. (2010b) argued that for a given suction, at low confining pressures
it is the interaction between the aggregates that is the dominant mechanism, but at high
confining pressures the particles within the aggregates begin to play a more significant role.

Much research has been undertaken and results presented in the literature on the use of
independent stress state variables. The stresses are generally considered independent of the
volumes through which the stresses and pressures act. While it is shown in the foregoing
analysis that this is a valid assumption in saturated soils as the volume terms cancel out in
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Terzaghi’s effective stress equation, in unsaturated soils any relationships that include only
stresses will have coefficients with a hidden reliance on the relative volumes of the phases.
In unsaturated soils, it is necessary to take account of the conjugate variables of pressure
(or stress) and the volumes (or strain-increment) through which they act. Constitutive
analysis which takes account only of the stress regime is akin to rowing a boat with one
oar. The boat will only go round in circles.

7.10 Hysteresis, collapse and discontinuities in
soil behaviour

In Section 5.3 we described equilibrium conditions and outlined the significance of stress
history to soil behaviour. In this context it is necessary to talk of small changes from
the equilibrium state where the deviation from non-reversibility can be ignored and the
changes between equilibrium states can be described by exact differentials dependent only
on end conditions. The dependence of soil behaviour on stress history is apparent in water
characteristic curves obtained on wetting and drying. On de-saturation of a fine-grained
soil, an aggregated structure results as air begins to fill the larger void spaces, while the
water phase tends to confine itself to the smaller intra-aggregate pore spaces, although
a small amount of water remains at the inter-aggregate contact points. The aggregated
structure persists during subsequent wetting and drying. Only if the soil is wetted and
sufficiently agitated would it be possible to restore a dispersed soil structure.

Wheeler et al. (2003) described the existence of bulk water within the water-filled
voids and meniscus water at the inter-particle contacts around air-filled voids. The bulk
water complies with the water retained within the smaller intra-aggregate pores of fine-
grained soils and the meniscus water complies with the water at the points of contact
between the aggregates. The suction within bulk water influences the normal and tangential
forces at particle contacts, whereas the suction within meniscus water influences only the
normal forces at inter-particle or inter-aggregate contacts. As discussed in Chapter 4,
Wheeler et al. (2003) linked the irreversibility during wetting and drying, and the onset
of plastic deformations at suctions below suction levels previously experienced, with
hydraulic hysteresis forces arising from the bulk and meniscus water. This was argued
as giving rise to not only hysteresis but also a plastic creep phenomenon during repeated
wetting and drying.

In Section 5.8 a detailed description was given of the minimisation of the thermodynamic
potential at equilibrium and at meta-stable equilibrium, along with the significance of
staged equilibrium, the likelihood of abrupt energy changes at the extremes of system
changes and the significance of a disturbing force to change from meta-stable equilibrium
to a more stable equilibrium. The discussion drew on analogous behaviour observed in
chemistry and physics to illustrate the concepts. It was argued that similar behavioural
trends can be expected when examining unsaturated soils. This is further examined below
in terms of soil collapse and hysteresis phenomena.

It is interesting to re-examine the results of a suction-controlled oedometer test on highly
expansive clay reported by Alonso et al. (1995). The results are presented in Figure 7.4.
During the first wetting path C1, initial swelling was followed by collapse compression as
the suction was progressively reduced. The plot shows significant irreversible components
of compression during subsequent drying stages of the wetting–drying cycles C2 to C5.
The phenomenon of collapse is consistent with an abrupt energy change from a meta-
stable to a more stable, lower potential state. The subsequent phenomena of hysteresis
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Figure 7.4 Wetting–drying cycles performed on Boom clay under oedometer conditions (after
Alonso et al., 1995). Reproduced by permission of Taylor and Francis Group

and plastic irreversible strains are consistent with meta-stable conditions and the soil
not necessarily changing directly into the most stable state. The soil exhibits a staged
transition analogous to the transient meta-stable phases observed by Ostwald (1897).
Mathematical models of soils must take into consideration these meta-stable states in
addition to considering the most thermodynamically favourable state. While at each point
on the curves a stable state may be reached, in thermodynamic terms it is not clear that an
equilibrium state with the lowest possible potential has been achieved. Hysteresis suggests
that changes are not reversible and a more stable equilibrium state could exist. The
existence of various stable states for similar water contents is consistent with meta-stable
equilibrium conditions. Thermodynamic principles of potentials can be used to examine
the significance of hysteresis.

Figure 7.5 shows a schematic plot of specific volume v against suction s to a log scale
for a soil drying from slurried conditions. The plot can be compared with that of Figure
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Figure 7.5 Idealised soil shrinkage characteristics.
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1.9 from the results of Croney and Coleman (1960) for London clay. While saturated, and
with a dispersed structure, the soil often plots as a relatively straight line A–B. On further
reduction in water content and de-saturation, the volume follows a curve such as BC,
which is far from linear, and suction approaches a maximum value of around 106 kPa.
On de-saturation an aggregated structure forms as air begins to fill the larger void spaces
with the water filling the smaller intra-aggregate pore spaces. The aggregated structure
persists for subsequent wetting and drying and follows characteristic S-shaped paths such
as CDEF. Only if the soil is wetted and agitated would it be possible to restore a dispersed
soil structure. Cyclic wetting and drying tests on compacted, remoulded expansive soils
have shown that there is a build-up of residual shrinkage for about three to five cycles
(Subba Rao and Satyadas, 1987; Al-Homoud et al., 1995; Songyu et al., 1998 amongst
others).

The wetting–drying curve for a soil is often taken as the definitive indication of non-
reversibility of soils and the potential influence of soil stress history. For a given water
content there is a range of suctions (or suction potentials) that could exist. It is important
to note that a soil exhibits significant fabric differences, phase constituent differences,
stress (pressure) differences and volume differences throughout a wetting–drying cycle.
The material essentially changes from point to point. At each point, the soil minimises
the thermodynamic potential but this is unlikely to be an absolute minimum potential.
The soil is likely to be in a meta-stable state. Nevertheless, at each point the potentials
associated with the phases and interactions within a soil will minimise.

The drier a soil becomes, the less the water pressure and the greater the suction, the
influence of the contractile skin and the particle–water attraction. Sivakumar (2005) pre-
sented wetting data on compacted kaolin, which indicate that water was drawn into the
saturated aggregates and on wetting did not start to fill the inter-aggregate voids until suc-
tions were below 100 kPa. While Equations 7.23a–c and 7.24a–c for the stress conditions
in an unsaturated soil are reducible to the special cases of a saturated soil and a perfectly
dry soil, their applicability towards the extremes for soils with a high degree of saturation,
where the air is in isolated bubbles, and for a dry soil, where the water phase is restricted
to the finest intra-particle pores, needs further experimental evidence.

Toll (1990, 2003) suggested that the packets of aggregated particles act like ‘large
particles’ that are maintained by the suction and are not easily broken down or destroyed
even at shearing to the critical state. This is consistent with the suggestion of Murray
(2002) that under shearing to the critical state the aggregated structure in unsaturated
soils only breaks down to a more dispersed structure at low values of suction and there is
a discontinuity, or abrupt energy change, between saturated and unsaturated conditions
under shearing. A discontinuity in behaviour is also considered to exist on drying a soil.
Arguments developed previously suggest that an unstable particle structure is likely to
develop as a result of drying. This results in the water phase and contractile skin confining
themselves to the smaller intra-aggregate pore spaces in order to minimise their potential.
The elevated suction helps to maintain the soil particle structure. The soil particles are, as
a consequence, restrained, which results in a particle structure liable to collapse settlement
particularly under loading or inundation. The processes of extreme wetting and drying
thus lead to latent abrupt energy changes.

Other discontinuities in behaviour occur in soils on shearing; dilation is a prime example.
There has also been research into the abrupt changes associated with air entry on change
from a saturated soil to an unsaturated soil. At the other extreme of dry soils, the collapse
of soil structure has already been discussed. In fact, collapse has been recorded over a
wide range of de-saturation. There are numerous examples in physics and chemistry of
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such meta-stable conditions leading to abrupt energy changes. These energy changes and
the general behaviour of unsaturated soils on shearing will be examined experimentally in
Chapter 9.

Despite these apparent discontinuities in behaviour, the equations for the stress regime
in unsaturated soils are still applicable under equilibrium and meta-stable equilibrium
conditions.

7.11 Conclusions

A number of important conclusions have been reached in this chapter:

� Using enthalpy as the thermodynamic potential in a pressure-controlled test (triaxial
cell), three forms of an equation governing the stress regime under equilibrium condi-
tions have been developed. These are presented as mean stress equations (Equations
7.23a–c) and directional stress equations (Equations 7.24a–c) and indicate that any
two of the three stress state variables can be used to describe the stress regime in an
unsaturated soil.

� The use of the three independent stress state variables leads to models that need
portrayal in three-dimensional stress space. A major advantage of the coupling stress
is that it allows the shear strength data presented in Chapter 8 to be unified on two-
dimensional plots.

� The importance of the conjugate pairings of stress state variables and volumetric
variables is described, which are consistent with the principles of thermodynamics.
The equations do not rely on a specific soil density or particle distribution other than
that the soil particles and the water are intrinsically linked and that the matric suction
is everywhere the same.

� Evidence is presented to suggest that the equations are applicable under equilibrium
(lowest thermodynamic potential) and meta-stable equilibrium conditions. It is tenta-
tively suggested that they apply over a wide range of degrees of saturation although
further experimental evidence is required particularly at the drier end of this spectrum.

� The significance of hysteresis and stress history is described in terms of equilibrium and
meta-stable equilibrium as a precursor to the experimental evidence in the following
chapters.

Notes

1. Amenu et al. (2005) and Chen and Kumar (2004) use enthalpy summation equations to ex-
amine the interaction of the soil moisture profile and subsurface temperature profile with
land–atmosphere energy fluxes due to weather variations over time.

2. This is analogous to the condition in a saturated soil where the water pressure acts through the
total volume of the soil comprising the water phase and solid phase, as discussed in Chapter 1.
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Chapter 8
Shear Strength and
Compression Characteristics
of Unsaturated Soils

8.1 Introduction

The strength and deformation characteristics of unsaturated soils are complex. Material
behaviour is influenced by changes under drying, wetting, loading and unloading, as well
as the ‘old devil’ time. Yet predictive approaches need to be developed if the performance
of engineering structures comprising unsaturated soils, or the interaction of engineering
structures with the ground in an unsaturated state, is to be adequately assessed. In this
chapter we propose methods of interpreting soil strength and volume change, which form
a three-dimensional model in dimensionless stress–volume space. We will first deal with
the strength of unsaturated soils, in particular, the critical state strength, and will then
examine the volume change behaviour (Murray, 2002; Murray et al., 2002). Relationships
will be established and validated by comparison with published experimental data.

Attempts to improve predictive methods must take account of the stress regime control-
ling the physics of the material behaviour. The formulation describing the stress regime
in unsaturated soils under equilibrium conditions developed in the preceding chapter will
be used. The stress equations (Equations 7.23a–c and 7.24a–c) confirm that any two of
the three stress state variables can be used to describe the stress state in unsaturated soils,
although functions of these variables can also be considered. An equation for the deviator
stress q at peak strength or at the critical state must reflect the duality of the stress regime
implicit in this statement. The duality of the stress regime is a consequence of the three
interacting phases and results from the bi-modal structure exhibited by fine-grained soils
and comprising aggregates of soil and water surrounded by air voids. A relationship is
presented for q that incorporates the ‘coupling’ stress p′

c which links the dual stress regime
to the specific volume v and the specific water volume vw. The strength of unsaturated soils
defined in terms of q is thus not independent of phase volumes as is usually considered to
be the case in saturated soils.

Published data on unsaturated kaolin, a lateritic gravel, a residual soil, bentonite en-
riched sand (BES) and a rock powder are used to validate the relationship for q. Consistent
trends are indicated for all five materials. The strength equation based on the coupling
stress provides a compelling basis for understanding and predicting large-strain strengths
of a wide range of unsaturated soils.

Subsequent examination of the volume change characteristics also utilises the equations
for the stress regime in unsaturated soils developed in the preceding chapter. Published
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experimental results for kaolin are used to examine the iso-ncl and csl for unsaturated
soils and to link them in three-dimensional stress–volume space using the dimensionless
variables p/s, q/s and vw/v. Consistent but complex trends are indicated by the model.

8.2 Shear strength and critical state characteristics
of unsaturated soils

We will first examine the critical state strength and critical state volumetric characteristics
of kaolin and determine an equation for the strength using the coupling stress p′

c defined
in Chapter 7. The equation will then be used to examine published shear strength data for
other materials before drawing generalised conclusions on material behaviour.

8.2.1 Kaolin (Sivakumar, 1993; Wheeler and Sivakumar, 1995, 2000;
Sivakumar, 2005; Sivakumar et al., 2010a)

The results of shearing tests in the triaxial cell on lightly and heavily statically compressed
specimens and lightly dynamically compacted specimens of speswhite kaolin have been
reported by Sivakumar (1993) and Wheeler and Sivakumar (1995, 2000). The kaolin
had liquid and plastic limits of 70 and 34% respectively. Aggregates of particles were
prepared using a 1.12-mm sieve prior to specimen preparation (as discussed in Chapter 3).
The one-dimensionally compressed and compacted specimens were prepared at different
water contents and were subsequently subjected to isotropic consolidation in the triaxial
cell, prior to shearing to critical state along various stress paths. The shearing stages
were carried out at constant suctions of 100, 200 or 300 kPa using the axis translation
technique. For brevity, these tests will be referred to as 1d-cs tests, i.e. one-dimensionally
compressed, constant suction shearing tests.

Figure 8.1 presents plots of the conjugate variables v and p′
c (from Equation 7.23a–c)

at the critical state with the stress plotted to a log scale. The nature of the initial one-
dimensional compression or compaction of the specimens does not appear to influence
the conditions at critical state. The results portray a logical, sequential trend with the
plots for constant suction s converging on the s = 0 line for increasing stress level as the
significance of s reduces. The results of Maâtouk et al. (1995) amongst others support
such a trend in behaviour.

Wheeler and Sivakumar (1995) produced critical state plots of v against ln(p − ua)
for different suctions (see Figure 8.2) and recognised the apparent anomalous position
of the line for s = 100 kPa lying significantly below the line for s = 0. They suggested
the possibility of a discontinuity in behaviour at the transition between unsaturated and
saturated conditions. Wheeler and Sivakumar (2000) examined additional data for kaolin
and reported similar behaviour.

In accordance with Equation 7.23a, v plotted against (p − ua) does not take account of
the duality of the controlling stress regime. The apparent anomalous change in behaviour
between unsaturated and saturated conditions for kaolin is considered consistent with the
development and influence of a dual stress regime and the difference in behaviour between
a dispersed and aggregated structure. The use of p′

c takes account of the duality of the
stress regime and Figure 8.1 for kaolin does not exhibit the apparent inconsistency that is
observed in plotting v against (p − ua) in Figure 8.2.
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Figure 8.1 Specific volume v against p′
c at critical state from 1d-cs test results of Sivakumar

(1993) and Wheeler and Sivakumar (1995, 2000) for kaolin.

Figure 8.3 also presents results from the shearing stages of the triaxial tests on kaolin.
The deviator stress q at critical state has been plotted against p′

c. All lines are tentatively
interpreted as straight and parallel within the range of data presented. The question that
must be asked is why do the plots for greater suctions lie below the line s = 0? The
primary reason is that within an unsaturated soil, there is preferential shearing between
(not through) the more highly stressed aggregates. Preferential shearing tends to reduce
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Figure 8.2 Specific volume v against p at critical state from 1d-cs test results of Wheeler and
Sivakumar (1995) for unsaturated kaolin.
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Figure 8.3 Deviator stress q against p′
c at critical state from 1d-cs test results of Sivakumar

(1993) and Wheeler and Sivakumar (1995, 2000) for unsaturated kaolin.

shearing resistance. The conjugate variables of Equation 7.23b indicate that the stress
between the aggregates is given by (p − ua), but a greater stress (p − uw) acts within the
aggregates, leading to greater shearing resistance. Following the ‘path of least resistance’
is a theme that runs through science and includes the shearing of unsaturated soils.

In Figure 8.4, the critical state results for q and p′
c for kaolin have been normalised with

respect to s. The data lie close to a unique line that can be written as:

q
s

= Ma

[
p′

c

s

]
+ C [8.1]
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Figure 8.4 q/s against p′
c/s at critical state from 1d-cs test results of Sivakumar (1993) and

Wheeler and Sivakumar (1995, 2000) for unsaturated kaolin.
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where Ma is the slope of the critical state line based on the normalised axes and C is the
intercept of the line at p′

c/s = 0.
The equation can be rearranged in the following form:

q
s

= Ma

[
p′

c

s
− 1

]
+ � [8.2]

where � is the intercept on the q/s axis at p′
c/s = 1.

Substituting for p′
c from Equation 7.23a gives:

q = Ma p + Mbs [8.3]

where

Mb = Ma

[vw

v
− 1

]
+ � [8.4]

While Equation 8.3 is in a form similar to that of Equation 4.41 suggested by Toll
(1990), the interpretation and values of the total stress ratio parameter Ma and suction
stress ratio parameter Mb are fundamentally different. The analysis permits an alternative
method of analysing the experimental data without the assumption of a smooth transition
from unsaturated to saturated conditions. The approach thus allows the results to ‘speak
for themselves’.

The value of Ma from Figure 8.4 is constant at 0.86. This is slightly greater than
M = 0.82 for a saturated soil (s = 0) in Figure 8.3, determined in accordance with Equa-
tion 4.22. This difference, though small, is consistent with differences in soil fabric in
unsaturated and saturated soils.

In Figure 8.4, the intercept on the q/s axis is given by � = 0.6. This is also the inter-
cept value for other materials tested to critical state and discussed in subsequent sections.
The significance of this is appraised in Section 8.2.6. Taking � = 0.6, Figure 8.5 presents
values for the suction stress ratio Mb from Equation 8.4 plotted against vw/v. Mb de-
creases linearly with decreasing vw/v at an inclination of Ma. It decreases as the degree of
saturation decreases, that is, with increasing values of suction. This is consistent with an
increasing proportion of the shearing taking place between (not through) the aggregates
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Figure 8.5 Stress ratios Ma and Mb plotted against vw/v from 1d-cs tests of Sivakumar (1993)
and Wheeler and Sivakumar (1995, 2000) for unsaturated kaolin.
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as the soil becomes drier (Leroueil, 1997). As saturation is approached, Figure 8.5 shows
that Mb tends towards the condition Mb = � = 0.6.

Most published data on unsaturated soils, as with the 1d-cs results of Sivakumar (1993)
and Wheeler and Sivakumar (1995, 2000) on kaolin, are on initially anisotropically com-
pacted or compressed soil specimens. Sivakumar (2005) and Sivakumar et al. (2010a)
presented data on truly isotropically prepared specimens of kaolin. As for the tests re-
ported by Sivakumar (1993) and Wheeler and Sivakumar (1995, 2000), the aggregated
kaolin was graded using a 1.12-mm sieve prior to specimen preparation. Critical state
strength results for saturated specimens are presented in Figure 8.6 and results for un-
saturated specimens in Figure 8.7. The authors reported results of tests on unsaturated

0.5

1.0

1.5

2.0

2.5

3.0

3.5

0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

q/
s

iso-cwm test
1d-cwm test
iso-cs test

Ma = 1.0

? = 0.6

0

1

s'pc 
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Sivakumar (2005) and Sivakumar et al. (2010a) for unsaturated kaolin.
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specimens where the suction was maintained constant by the axis translation technique
during shearing, and the results of constant water mass tests where the suction was allowed
to vary and was recorded by a thermocouple psychrometer. The critical state results on
the normally compressed unsaturated specimens are presented in Figure 8.7 as normalised
plots of q/s against p′

c/s, along with some additional results from constant water mass tests
on specimens initially one-dimensionally compressed in layers than subject to isotropic
compression prior to shearing. The range of suctions in the suction-controlled tests was
up to 300 kPa and in the constant water mass tests was between 400 and 1000 kPa. The
tests reported by Sivakumar (2005) and Sivakumar et al. (2010a) are given the following
abbreviations:

� Constant suction tests on truly isotropically prepared specimens – designated iso-cs
tests;

� Constant water mass tests on truly isotropically prepared specimens – designated iso-
cwm tests;

� Constant water mass tests on specimens initially one-dimensionally compressed in
layers – designated 1d-cwm tests.

The data for isotropically prepared specimens and one-dimensionally prepared speci-
mens iso-cs, iso-cwm and 1d-cwm in Figure 8.7 can be reasonably represented by a single
critical state strength line. The value of Ma = 1.00 is notably greater than the value of
Ma = 0.86 obtained for kaolin based on the 1d-cs test results of Sivakumar (1993) and
Wheeler and Sivakumar (1995, 2000) as shown in Figure 8.4. There is no material charac-
teristic difference to account for the greater value of Ma, and the value of M for saturated
kaolin (s = 0) is close to that from the results of Sivakumar (1993) and Wheeler and
Sivakumar (1995) as shown in Figure 8.6. The difference in the unsaturated kaolin test
data is discussed in Section 8.2.7 in terms of the form of the aggregated soil structure and
the influence of test procedure.

For unsaturated specimens, the trend line of Figure 8.7 has been drawn through a value
of � = 0.6 as for Figure 8.4, though points close to p′

c = 1 appear to lie a little below
this point. This will be discussed in Section 8.2.6 in terms of the fissured nature of these
specimens at elevated suctions.

Figure 8.8 presents the values of Mb, based on � = 0.6, but omitting the results con-
sidered significantly influenced by fissuring. The data correspond to those of Figure 8.7,
and again indicate a consistent trend with results close to a line drawn at an inclination
of Ma in accordance with Equation 8.4. The steeper plot in Figure 8.8 compared to that
in Figure 8.5 indicates proportionally less shearing taking place between the aggregates in
the former figure.

8.2.2 Kiunyu gravel (Toll, 1990)

The lateritic Kiunyu gravel used in these tests had a clay fraction of 8–9% and fines content
(clay and silt) of approximately 15%. The specimens were prepared by either static or
drop hammer compaction in layers. The triaxial tests were carried out with the water
contents and pore air pressures kept constant. Shearing was continued until the specimens
were at or reasonably close to critical state with recorded suctions in the range 0–537 kPa.
The original test data have been re-evaluated and these are presented in Figures 8.9–8.11.
The only results not included are those where s was zero or very close to zero. These tests
are designated 1d-cwm tests as defined in Section 8.2.1.
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test results of Sivakumar (2005) and Sivakumar et al. (2010a) for unsaturated kaolin.

Figure 8.9 shows q at critical state plotted against p′
c. Similar to the results for kaolin

shown in Figure 8.3, end-of-test results for the unsaturated lateritic gravel specimens
plot below the saturated strength envelope. This is again consistent with the conclusion
expressed earlier that there is preferential shearing through the inter-aggregate void spaces.
Figure 8.9 does not show plots for constant suctions below the saturated envelope as
suctions varied during the tests.
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c/s at critical state from 1d-cwm test results of Toll (1990) for un-

saturated Kiunyu gravel (after Murray, 2002). 2008 NRC Canada or its licensors. Reproduced
with permission.

If the values of q and p′
c shown in Figure 8.9 are normalised with respect to s, the results

for all suctions and different initial compaction techniques lie close to a unique line as
shown in Figure 8.10. As for kaolin, Ma is again constant and larger than the value of M
for saturated material (s = 0); for the lateritic gravel Ma = 1.77 and M = 1.62. Also in
Figure 8.10, the intercept � = 0.6 is the same as for kaolin in Figures 8.4 and 8.7.

Taking � = 0.6, Equation 8.4 can be used to determine values of Mb. These are plotted
against vw/v in Figure 8.11. An important difference from the behaviour of kaolin shown
in Figures 8.5 and 8.8 is that the value of Mb drops rapidly to zero at vw/v = 0.66 because
of the large value of Ma for Kiunyu gravel, which dictates the inclination of the plot for
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(1990) for unsaturated Kiunyu gravel (after Murray, 2002).
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Mb. The condition Mb = 0 is where the remaining water phase has been drawn back into
the finer pores within the aggregates and shearing is wholly concentrated through the
regions between the aggregates. Under these conditions, the suction no longer has a direct
influence on q other than in maintaining the aggregates.

8.2.3 Jurong soil (Toll and Ong, 2003)

The residual Jurong soil used in these tests had liquid and plastic limits of 36 and 22%
respectively, and test specimens were prepared by static compaction in layers. A series
of constant water mass triaxial tests was carried out on unsaturated specimens with the
matric suction controlled by the axis translation technique. The matric suction varied
between 170 and 400 kPa. These tests are designated 1d-cwm tests.

Figures 8.12 and 8.13 indicate a consistent interpretation of the data for unsaturated
Jurong soil with Ma constant and Mb decreasing with decreasing vw/v (increasing suction)
at an inclination of Ma. The value of Ma is approximately 1.27, which is again greater than
M = 1.23 for the saturated soil as quoted by the authors. As with the foregoing results,
the intercept � on the q/s axis at p′

c/s = 1.0 appears close to 0.6.

8.2.4 Bentonite-enriched sand (Stewart et al. 2001)

These triaxial tests were carried out on specimens of saturated Sherburn sand and unsat-
urated mixtures of bentonite and Sherburn sand. The sand was uniformly grained with
minimal fines. The bentonite (sodium-montmorillonite) had a liquid limit of 354% and
a plastic limit of 27%. The bentonite-enriched sand (BES) contained 10% by dry weight
of bentonite. The sand specimens were prepared by pouring, and the BES specimens by
heavy compaction in layers. The tests on the sand were conventional drained triaxial com-
pression tests. The tests on the BES were consolidated triaxial compression tests run with

4
0

2

4

6

8

10

12

1 2 3 5 6 7 8 9 10 11

q/
s

1

sp'c

Ma = 1.27

Ω = 0.6

Figure 8.12 q/s against p′
c/s at critical state from 1d-cwm test results of Toll and Ong (2003)

for unsaturated Jurong soil.
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Figure 8.13 Stress ratios Ma and Mb plotted against vw/v from 1d-cwm test results of Toll
and Ong (2003) for unsaturated Jurong soil.

constant water mass. The suctions in the BES specimens were between 68 and 185 kPa
at failure. Failure in this case was defined as peak deviator stress and so may not corre-
spond to the critical state condition. The tests on unsaturated BES are designated 1d-cwm
tests.

Figure 8.14 shows q plotted against p′
c at failure for both the saturated sand and for the

unsaturated BES. All results appear to lie close to a unique line. The value of M for this
line is approximately 1.45. The plot supports the conclusion of Stewart et al. (2001) that
the inclusion of bentonite had no influence on the shear strength, which was controlled
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Figure 8.14 Deviator stress q against p′
c from drained tests on Sherburn sand and 1d-cwm

tests on unsaturated BES of Stewart et al. (2001).



P1: SFK/UKS P2: SFK
c08 BLBK297-Murray June 10, 2010 7:29 Trim: 244mm×172mm

Shear Strength and Compression Characteristics of Unsaturated Soils 191

Ma = 1.45

Ω = 1.45

3
0

4

8

12

16

1 5 7 9 11 13

q/
s 1

sp'c

Figure 8.15 q/s against p′
c/s from 1d-cwm tests of Stewart et al. (2001) for unsaturated BES.

by the frictional properties of the sand grains. The results reported by Blatz and Graham
(2003) on a compacted 50–50 mixture of quartz sand and sodium-rich bentonite support
the general behaviour reported by Stewart et al. (2001).

Normalisation of q and p′
c with respect to s for the peak deviator stress results for

the unsaturated BES in Figure 8.15 again leads to the results following a unique line for
all suctions. While this finding leads to a formulation (Equations 8.3 and 8.4) similar
to that for kaolin, Kiunyu gravel and the Jurong soil tested to critical state, for the BES
Ma = � = M = 1.45. This differs from the relationship between Ma and M for the other
three materials. Using Equation 8.4 and taking � = 1.45, Figure 8.16 shows values of the
suction stress ratio Mb plotted against vw/v. The decrease in Mb with decreasing vw/v is
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Figure 8.16 Stress ratios Ma and Mb plotted against vw/v from 1d-cwm test results of Stewart
et al. (2001) for unsaturated BES.
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again linear and at an inclination of Ma, consistent with the critical state data analysed.
However, as saturation is approached, the plot of Mb against vw/v tends towards the
condition Mb = Ma = � = 1.45.

8.2.5 Trois-Rivières silt (Maâtouk et al. 1995)

These data appear intermediate in character between (i) those for kaolin, Kiunyu gravel
and Jurong soil and (ii) those for the BES. The material tested comprised a rock powder
(16% sand, 66% silt and 18% clay) eroded and deposited along the St. Lawrence River,
Quebec. The plasticity index was 7% and the soil was described as not significantly
expansive. Specimens were formed by initially lightly tamping the material into a mould.
Triaxial shearing tests were reported for saturated and unsaturated soil specimens that
were compressed quasi-isotropically in the triaxial cell prior to shearing. Consolidated
undrained shearing tests were performed on the saturated specimens and consolidated
drained tests performed on unsaturated specimens. The tests on unsaturated specimens
employed the axis translation technique with suctions held constant during shearing at
values between 80 and 600 kPa. Failure was defined as the critical state. It is unclear
whether to designate the tests on unsaturated Trois-Rivières silt as 1d-cs tests or iso-cs
tests.

Figure 8.17 shows q plotted against p′
c at critical state for both the saturated and the

unsaturated specimens. As for the other soils examined other than the BES, the results for
the unsaturated silt plot below the saturated strength envelope. The slope of the critical
state strength envelope for the saturated specimens is given by M = 1.63.

Normalising q and p′
c with respect to s, the critical state deviator stress results in Figure

8.18 lie close to a unique line for all suctions. A line through the data at Ma = 1.63 with
an intercept of � = 0.6 on the q/s axis at p′

c/s = 1 reasonably follows the data points.
This suggests M ≈ Ma = 1.63, which differs from the results for kaolin, Kiunyu gravel
and Jurong soil where Ma > M, but complies with the behaviour of BES. However, the
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Figure 8.17 Deviator stress q against p′
c at critical state from the results of Maâtouk et al.

(1995) for Trois-Rivières silt.
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Figure 8.18 q/s against p′
c/s at critical state from 1d-cs test results of Maâtouk et al. (1995)

for unsaturated Trois-Rivières silt.

value of � = 0.6 complies with the results for kaolin, Kiunyu gravel and Jurong soil, but
differs from the behaviour of BES.

Using Equation 8.4, Figure 8.19 shows values of the suction stress ratio Mb plotted
against vw/v. The decrease in Mb with decreasing vw/v is at an inclination of Ma as
for all materials examined. As for Kiunyu gravel, the value of Mb drops rapidly and
approaches zero at an intercept of vw/v = 0.63 where shearing can be expected to become
concentrated between the aggregates.
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Figure 8.19 Stress ratios Ma and Mb against vw/v from 1d-cs test results of Maâtouk et al.
(1995) for unsaturated Trois-Rivières silt.
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8.2.6 Significance of �

The significance of � and the reason for it having a value close to 0.6 at critical states in the
shearing tests on kaolin, Kiunyu gravel, Jurong soil and Trois-Rivières silt are examined.
Further investigation is needed to confirm whether � = 0.6 is applicable to other soils.
It is important to recognise that linear regression gives values of � slightly different for
each of the materials, but the critical state results examined suggest that � = 0.6 provides
a reasonable approximation for the materials. On this basis, when the critical state shear
strength results are extrapolated to the condition p′

c = s, then q = 0.6s. It should also be
noted that Mb tends to � as saturation is approached. This is attributable to the aggregated
structure rather than the nature of the fine particles. However, to create an aggregated
structure, sufficient fines must be present and there must be a predisposition for the fines
to aggregate.

8.2.6.1 Components of q

Rearranging Equation 8.3 gives Equation 8.5, which can be used to explain the significance
of the different components making up the shear strength and the form of the experimental
relationship of q/s plotted against p′

c/s.

qv = Ma pv + sMavw − s (Ma − �) v [8.5]

It is informative to examine each of the terms in the equation separately using the idea
of conjugate pairings originally introduced in Chapter 5:

� qv is the conjugate pairing for the total deviator stress q acting through the total soil
volume represented by v.

This is made up of:

� Ma pv, which is the conjugate pairing Ma p and v for the deviator stress component due
to p acting through the total soil volume given by v.

� sMavw, which is the conjugate pairing sMa and vw for the deviator stress component
due to the addition of suction s acting through the combined volume of the water and
solids represented by vw.

� −s (Ma − �) v, which is the conjugate pairing −s (Ma − �) and v. This must account for
all other factors that influence the shearing resistance, in particular (i) the reduction in
total deviator stress due to preferential shearing through regions where suction has less
influence, and (ii) the difference that may potentially exist between shearing resistance
within and between aggregates due to the variation in soil fabric. This is consistent
with the first two terms on the right of Equation 8.5 being in direct proportion to the
volumes through which the net stress p and suction s act, and both being controlled
by the stress ratio parameter Ma.

The test results of Stewart et al. (2001) for BES (10% bentonite) do not indicate an
influence from soil particle aggregation with the plot of q/s against p′

c/s for unsaturated
BES following a similar plot to that of q against p′ for saturated BES (Figures 8.14 and
8.15). In these tests � = Ma and the last term in Equation 8.5, which includes the influences
of both preferential shearing and the difference between inter- and intra-aggregate soil
structure, is zero. � = Ma suggests a relatively uniform soil structure with no net influence
from aggregate formation. For this condition q = Ma (p + svw/v) and the deviator stress
components are directly related to the volumes through which p and s act. It is a little
surprising that the results of Toll (1990) appear to indicate aggregation of particles and a
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value of � = 0.6 as the Kiunyu gravel tested had a clay content of only 8–9%. However,
this material was more widely graded than the BES, which contained 90% uniform sand.
This suggests that the clay mineralogy and the grading of a soil influence the development
of aggregates and the behaviour at critical state.

The plots of Mb against vw/v for the soils examined indicate that as the soil dries Mb

decreases to zero and as p′
c/s approaches 1 all shearing can be expected to be between the

aggregates with q given by:

q = Ma p [8.6]

Under these conditions, from Equation 8.5, for the condition � < Ma , where aggregation
is inferred as influencing soil behaviour:

sMa
v∗

w

v∗ − sMa + s� = 0 [8.7]

And from Equation 8.7, noting that for a dry soil Vw = 0 (and v∗
w = 1.0):

� = Ma

[
1 − v∗

w

v∗

]
= Ma

[
v∗

a

v∗

]
= Man∗ = Ma

[
1 − ρ∗

d

ρwGs

]
[8.8]

where the superscript ∗ denotes the conditions for a dry aggregated soil with only a relict
water phase internal to the aggregates, ρ∗

d is the density of a dry aggregated material and
Gs is the specific gravity of the soil particles.

The intercept � at p′
c/s = 1 is determined from extrapolation of the critical state strength

line for an unsaturated soil. At this extreme, the soil can be expected to be subject to a very
high suction and in a loose condition because of shearing to the critical state. Measurements
of dry aggregated speswhite kaolin in a loose state indicate a dry density of around 0.80
Mg/m3. With Gs = 2.65, Equation 8.8 gives a value of v∗

a/v
∗ = 0.70, and with Ma = 0.86

(determined from Figure 8.4) it yields a value of � = 0.60, which is in agreement with the
experimental value.

The fact that � = 0.60 is a reasonable approximation for the four soils tested to critical
state, and for which it is believed that aggregation of particles influenced the results,
suggests that � = Man∗ may be relatively constant for a wide class of materials. Further
experimental evidence is required to draw firm conclusions.

8.2.6.2 Influence of a fissured structure

Figure 8.20 presents plots of p′
c/s against va/v and n at the critical state for speswhite kaolin

based on the 1d-cs results of Sivakumar (1993) and Wheeler and Sivakumar (1995, 2000).
The drier a soil, the closer va/v must be to n. The plots are reasonably consistent with
convergence at n∗ = v∗

a/v
∗ = 0.70, as determined for dry aggregated soil in the foregoing

using Equation 8.8. Extrapolating the plot for Mb in Figure 8.5 to the condition Mb = 0,
where shearing is wholly between the aggregates, gives a value of vw/v = 0.30. This again
corresponds to va/v = v∗

a/v
∗ = 0.70.

The other soils that have been examined generally comply with the above interpretation.
However, a note of caution is required in extrapolation of the data for p′

c/s against va/v

and n to the condition p′
c/s = 1. Both the volumetric variables and the variable p′

c, which
includes the volumetric term vw/v, are based on overall measurements of soil volume terms
and are thus influenced by any open fissures in the soil specimens. As a consequence, p′

c/s
values less than 1 (not possible for an intact material) can be recorded for fissured soils.
Fissures mask the behavioural trend that would be obtained for an intact material. In
fact, fissuring is likely to be present in soils with values of p′

c/s a little greater than 1,
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Figure 8.20 p′
c/s against va/v and n at critical state from 1d-cs test results of Sivakumar

(1993) and Wheeler and Sivakumar (1995, 2000) for unsaturated kaolin.

particularly where confining pressures are low and suction is elevated. This is evident
in Figure 8.21 for kaolin from the results of Sivakumar (2005) and Sivakumar et al.
(2010a) where the specimens were subject to low confining pressures (≤100 kPa) with
elevated suctions of around 800–1000 kPa. The strength relationship established assuming
a constant Ma applies to intact volumes of unsaturated soil, or at least requires the fissures
to be essentially closed. The shear strength of fissured soils where p′

c/s is less than or close

Sivakumar (2005) iso-cwm test

Sivakumar (2005) 1d-cwm test
Sivakumar et al. (2010a) iso-cs test
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Figure 8.21 p′
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results of Sivakumar (2005) and Sivakumar et al. (2010a) for unsaturated kaolin.
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to 1 can be expected to deviate from the relationships established for intact materials and
leads to values deviating from the extrapolated value of � = 0.60.

8.2.7 Influence of soil fabric

A number of factors influence the soil fabric and the results of shearing tests. These are
discussed in the following.

8.2.7.1 Particle aggregation and preferential shearing

The materials that have been examined indicate a decrease in Mb with decreasing vw/v.
This is consistent with the water phase being drawn back into the finer pore spaces and
the suction having less influence on the shear resistance (Toll, 1990). When Mb = 0, the
suction plays no part in the shear resistance other than in maintaining any aggregation
of particles. While this is true as a general statement, the test results for Ma and � for
kaolin, Kiunyu gravel and Jurong soil contrast with those for BES, while the results for
Trois-Rivières silt exhibit intermediate behaviour characteristics. The results for BES are
considered not to have been influenced by aggregation of particles. The different behaviour
characteristics suggest a significantly different soil structure.

Other than for the BES tests, Ma ≥ M and � = 0.60 < M. This is indicative of aggregates
of particles acting as larger particles. The experimental evidence indicates that once created
the aggregates give rise to a relatively constant Ma that appears unaffected by change
in suction. It is generally accepted that larger soil particles produce greater frictional
resistance under shearing. In an unsaturated fine-grained soil comprising a significant
percentage of clay and silt, it is not surprising therefore that when aggregates are present,
Ma can exceed M if the suction is sufficiently high to maintain the aggregates under the
application of shear stresses (Toll, 1990).

For saturated BES with 5–10% bentonite, Mollins et al. (1999) concluded that the uni-
formly grained sand matrix was primarily responsible for supporting the applied stresses
and the bentonite made a negligible contribution to the strength. Stewart et al. (2001)
suggested this was also true for the unsaturated BES tests with 10% bentonite. They con-
cluded that the sand grains became coated with bentonite ‘gel’ but that the sand grains
were brought into mechanical contact when the BES was compacted. The sand grains thus
controlled the strength of the BES whether the material was saturated or unsaturated.
This is considered to have resulted in Ma = � = M = 1.45 for the BES. In accordance
with Equation 8.3, the shearing resistance is made up of that attributable to the net stress
and that attributable to the suction. The equality M = Ma for the BES suggests that the
component of shearing resistance attributable to the net stress was unaffected by particle
aggregation, while the equality � = Ma suggests there was no net influence from prefer-
ential shearing or soil fabric variations. This is consistent with the uniformly grained sand
in the BES controlling the shear resistance in a relatively homogeneous material.

The Trois-Rivières silt results exhibit strength characteristics intermediate between those
of the BES and the other materials examined. For the Trois-Rivières silt and the BES,
M ≈ Ma and the relatively low percentage of fines is considered to have resulted in the
coarser soil fraction controlling the influence due to the net stress. However, for the Trois-
Rivières silt as well as for kaolin, Kiunyu gravel and Jurong soil, � = 0.6〈Ma indicates a
reduction in shearing resistance due to the presence of aggregates and, in particular, the
influence of preferential shearing.
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8.2.7.2 Specimen preparation and test procedure

Different preparation procedures produce different soil fabrics. However, Wheeler and
Sivakumar (2000) concluded from tests on kaolin that differences in fabric caused by
different one-dimensional compaction procedures could be erased by shearing to the
critical state, and any remaining influence of soil fabric was likely to be related only to
the suction and the initial compaction water content. This does not tell the whole story.
The constant suction critical state strength results 1d-cs in Figure 8.4 for kaolin appear
to confirm that the initial structure, whether from one-dimensional light or heavy static
compression or light dynamic compaction, has no influence on the strength envelope.
The results of Figure 8.7, again for kaolin, also appear to lie on a unique critical state
strength line, but this line indicates greater deviator stress than in Figure 8.4. As there
was no measurable property change in the kaolin, it is necessary to consider carefully the
differences in the methods of specimen preparation and the test procedures adopted in
the test series in order to appreciate the reasons for the difference. It is argued that this
is attributable to the aggregation of the fine particles and the behaviour of the aggregates
during specimen preparation and shearing.

A unique critical state strength line for saturated soils in p′ : q : v space (see Section 4.5)
is based on the premise that any original soil structure due to specimen preparation history
is destroyed during shearing. This appears justified for a wide class of materials. However,
this requires that in the shearing tests there is no influence from change in particle size
or shape due to specimen preparation procedure or shearing action. In unsaturated soils,
aggregation of particles influences the shearing characteristics. In the constant suction tests
1d-cs on kaolin, differences in the initial soil structure as a result of different preparation
procedures were erased, though the suction-controlled aggregates influenced the strength
characteristics. In these tests, an example of which is analysed in Section 9.9, the action
of increasing deviator stress resulted in the specimens taking up water. Mercury intrusion
porosimetry (MIP) analysis, as discussed in Section 1.7, indicates that water added to
an unsaturated specimen is preferentially absorbed by the aggregates, allowing them to
expand and deform in a manner influenced by the imposed stresses and the available
surrounding inter-aggregate void spaces. Such expansion along with the shearing action
can be perceived as eradicating any initial differences in soil structure.

The results for kaolin examined indicate differences in critical state behavioural
characteristics depending on the specimen preparation procedure and test conditions.
In particular, the results in Figure 8.21 for the constant suction tests on truly isotropically
prepared specimens iso-cs; constant water mass tests on truly isotropically prepared spec-
imens iso-cwm; and constant water mass tests on specimens initially one-dimensionally
compressed in layers 1d-cwm show marked differences. The dimensionless volumetric
terms va/v and n at critical state plotted against p′

c/s follow consistent but different trend
lines. Thus, although all the results appear to plot on the same strength envelope q/s
against p′

c/s at critical state (Figure 8.7), they do not lie on the same critical state line in
p′

c/s : q/s : vw/v space in the three-dimensional model developed in Section 8.5.
The shearing tests 1d-cs on one-dimensionally prepared specimens (Figures 8.4, 8.5

and 8.20) and the shearing tests iso-cs on truly isotropically prepared specimens (Figures
8.7, 8.8 and 8.21) were carried out under constant suction conditions but indicate dif-
ferent strength and volumetric conditions at critical state. The differences in test results
are considered attributable to differences in soil fabrics as a result of the initial specimen
preparation. Thus, while Wheeler and Sivakumar (2000) concluded that any influence
from soil fabric due to different one-dimensional compression procedures was destroyed
on shearing to the critical state, specimens prepared under truly isotropic conditions are
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inferred as leading to a different soil structure at critical state. The initial one-dimensional
compression in the 1d-cs tests will have resulted in a heterogeneous soil fabric and dis-
tortion and possible breakage of aggregates arguably at odds with the specimens iso-cs
prepared by isotropic compression. Subsequent shearing at constant suction entailed up-
take of water and expansion of the aggregates into the surrounding macro-pores, which
can be expected to be different under the one-dimensional and isotropic preparation pro-
cedures, and will have resulted in further changes in the size and form of the aggregates.
It is these likely differences in aggregate shape and size at critical state that are considered
the reason for the differences between the critical state results for 1d-cs and iso-cs.

The test series iso-cs and iso-cwm on truly isotropically prepared specimens on the other
hand (Figure 8.21) differ only in that the iso-cs results relate to shearing tests carried out
under constant suction and the iso-cwm results to shearing under constant water mass. This
leads to the conclusion that the differences in the volumetric conditions at critical state are
dictated by the shearing procedure. Constant water mass tests are likely to maintain the ag-
gregates more rigidly than constant suction tests where shearing was associated with water
uptake and expansion and deformation of the aggregates. Again it is argued that the nature
of the aggregates at critical state is the primary reason for the differences in test results.

The results for test series iso-cwm and 1d-cwm shown in Figure 8.21 relate to shearing
tests carried out under constant water mass conditions but the iso-cwm tests were on
specimens initially prepared under truly isotropic conditions and the 1d-cwm tests on
specimens under one-dimensional compression. In both series of tests the control of the
water mass is considered to have resulted in relatively rigid aggregates. It is the difference
in specimen preparation that is considered to have resulted in the different volumetric test
results. The heterogeneous soil fabric and distortion and possible breakage of aggregates
under one-dimensional compression are likely to be at odds with the aggregate structure
resulting from isotropic preparation.

The discussion is developed further in Sections 8.4 and 8.5, but it appears evident from
the test data on kaolin that the critical state is non-unique. This contrasts with the evidence
for saturated soils. The critical state in unsaturated soils appears to be influenced by the
size and rigidity of the aggregates, which is influenced by the test specimen preparation
(whether one-dimensional or isotropic) and the test procedure (whether constant suction or
constant water mass). Other materials may exhibit further differences in shear behaviour
and a wider range of critical state strength data.

8.2.7.3 Transitional behaviour

A further important influence of soil structure is the transition between unsaturated
and saturated soils. Toll (1990) and Toll and Ong (2003) along with other researchers
have assumed a smooth transition from unsaturated to saturated behaviour in analysing
experimental shear strength data. However, the foregoing analysis does not require this as
an assumption and direct comparison with the experimental data shows consistent trends
with a discontinuity between unsaturated and saturated behaviour where aggregation of
particles significantly influences the soil strength. No obvious breakdown of the aggregate
structure during shearing is indicated for kaolin even for suctions below 100 kPa. Monroy
et al. (2010) noted that the transition from an aggregate to a matrix structure in unsatu-
rated London clay took place as the suction in wetting tests was reduced from 40 kPa to
0 kPa. It might be reasonably argued that if the suction in an unsaturated soil is sufficient
to maintain the integrity of individual aggregates when the soil is at critical state, then it is
likely to hold everywhere within a soil mass and at all lower stress levels. Only at relatively
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low suctions when the integrity of the aggregates can no longer be maintained under
shearing will they break down. In this case, the aggregates in the zones of shearing can be
expected to break down. If this is so, it may be unreasonable to expect a smooth transition
from unsaturated to saturated behaviour. This needs further experimental investigation.
The lack of a smooth transition from unsaturated to saturated behaviour adds some com-
plexity to strength analysis but as shown by Murray and Sivakumar (2004) and discussed
in Section 8.6, the analysis that leads to this conclusion justifies a reduction in the number
of variables and parameters necessary to describe the critical state of unsaturated soils.

8.3 Equivalent strength parameters

It is possible to relate the critical state stress ratios Ma and Mb to the equivalent φ′ and c′

parameters as below:

Ma = 6 sin φ′

3 − sin φ′ and Mb = c′

s

[
6 cos φ′

3 − sin φ′

]
[8.9a]

φ′ = sin−1
[

3Ma

6 + Ma

]
and c′ = Mb

[
3 − sin φ′

6 cos φ′

]
s [8.9b]

For constant Ma, φ′ is also constant and independent of s. However, while Mb decreases
with decreasing degree of saturation and increasing s, the apparent cohesion parameter
c′ incorporates s in its definition and increases with increasing suction. Cohesion implies
tensile strength, which increases with increasing suction. At the extreme of a perfectly
dry soil, both Mb and c′ must be zero, indicative of a discontinuity in behaviour between
unsaturated conditions and perfectly dry conditions. Determination of φ′ and c′ from Ma,
Mb and s, using Equations 8.9a and 8.9b, allows conventional φ′, c′ stability analysis
calculations to be carried out.

8.4 Compression and critical state characteristics
of unsaturated kaolin

This section looks at the compression characteristics of one-dimensionally and isotropi-
cally prepared kaolin specimens prior to shearing, and the volumetric conditions at critical
state.

8.4.1 Isotropic compression of initially one-dimensionally prepared specimens

Figure 8.22 presents results from isotropic, constant suction compression tests of ini-
tially one-dimensionally prepared specimens of kaolin. The tests are after Wheeler and
Sivakumar (1995) and were carried out in the triaxial cell prior to shearing under axially
increasing loads at constant suction. The tests correspond to those reported in Section
8.2.1. Figure 8.22 indicates consistent reproducible results and a clear linearisation of
the plots of ln p′

c against specific volume v as the compression pressure increases. The
normally compressed straight-line portions of the plots are given by:

v = Nt − λt ln p′
c = Nt − λt ln [p + svw/v] [8.10]
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Figure 8.22 Specific volume v against p′
c during ramped compression at constant suction

from the results of Wheeler and Sivakumar (1995) for kaolin (after Murray, 2002). 2008 NRC
Canada or its licensors. Reproduced with permission.

where Equation 7.23a has been used to substitute for p′
c, Nt is the extrapolated value of v

at p′
c = 1.0 kPa and λt is the slope of the straight-line portion of the compression plots.

The values of λt and Nt plotted in Figure 8.23 have been reassessed from those published
by Murray (2002). The data suggest it reasonable to interpret a constant λt of 0.313 for
s ≥ 100 kPa. On this basis, Nt cannot also be constant and must be a function of s,
though the results suggest a reasonable approximation of around 3.9 for s ≥ 100 kPa.
The corresponding values of λt = 0.120 and Nt = 2.61 for a saturated soil (s = 0) are
notably less and indicate convergence of the plots for unsaturated and saturated soils
as p′

c increases. This interpretation of the data is consistent with that from the shearing

0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

0 50 100 150 200 250 300

Suction s (kPa)

Nt

λ t

N
t
an

d
tλ

Figure 8.23 Plots of Nt and λt against suction s from the compression results of Wheeler and
Sivakumar (1995) for kaolin.
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tests and indicates a marked difference in behaviour between that of an unsaturated soil
with an aggregated structure and a saturated soil with a more dispersed structure. The
aggregated structure was not broken down though inevitably modified during the isotropic
compression tests.

8.4.2 Critical state volumetric conditions for initially one-dimensionally
prepared specimens

Figure 8.24 presents the critical state data of Sivakumar (1993) and Wheeler and Sivaku-
mar (1995, 2000) for kaolin and corresponds to the data of Figure 8.1 but as plots of p′

c
against vw/v. Again the plots indicate convergence of the critical state results for constant
suction on the saturated line as p′

c increases, but they also show a distinct change in be-
haviour represented by an inflection in the plots for unsaturated conditions. Convergence
towards the condition for a saturated soil occurs as v (or the volume of the soil) reduces
and vw/v (or the relative volume of the aggregates) increases. In other words, the aggre-
gates comprising the soil particles and water come closer together and the air voids reduce.
The change in behaviour either side of the inflection is inferred as being a result of the
greater interaction of the aggregates due to reducing air voids. This adds complexity to the
interpretation of the critical state results and probably to the number of parameters neces-
sary to define the critical state. The change occurs at v ≈ 2.0 for all the suction values (i.e.
when the volume of voids equals the volume of solids). This was the approximate value of
v at the inflections in the critical state data for unsaturated kaolin presented in Figure 8.1.

8.4.3 Analysis of critical state data and compression data

Figure 8.25 (after Murray, 2002) presents the results of both the compression data of
Figure 8.22 and the critical state data of Figure 8.24 for unsaturated kaolin. The data
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c against vw/v at critical state from 1d-cs test results of Sivakumar (1993) and

Wheeler and Sivakumar (1995, 2000) for unsaturated kaolin.
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Canada or its licensors. Reproduced with permission.

are presented in terms of the dimensionless stress ratios q/s and p′
c/s plotted against

the dimensionless volumetric variable vw/v based on Equation 7.23a, which describes
the stress regime in an unsaturated soil, and Equation 8.3, which describes the critical
state strength of an unsaturated soil. As discussed in Section 4.6, the Barcelona Basic
Model (BBM) describes soil behaviour, including yielding, in q : p : s stress space and
does not include any volumetric terms. However, the relative volumes of the phases in
an unsaturated soil are considered important when describing behaviour patterns. In
saturated soil this is achieved in the Cam Clay models by the inclusion of the specific
volume v. The use of the normalised stresses q/s and p′

c/s along with the dimensionless
volumetric term vw/v in unsaturated soils allows the behaviour characteristics to be more
fully appreciated.

The plots of Figure 8.25 show a high degree of unification of the critical state data
for different suctions. The plots also indicate that the isotropic compression results for
initially one-dimensionally prepared specimens tend towards a single curved line, iden-
tified in Figure 8.25 as an envelope of isotropic compression. This is shown in Figure
8.26, as discussed in the following, to correspond to the isotropic normal compres-
sion line (iso-ncl). Consistent with the argument of Wheeler and Sivakumar (2000)
from theoretical considerations, specimens initially one-dimensionally compacted and
then subsequently isotropically loaded at a given value of suction should gradually
converge on the truly isotropic normal compression line (iso-ncl) for an isotropically
prepared specimen at the same suction. They explain this in terms of an elasto-plastic
anisotropic model involving a rotated yield surface as discussed in Section 4.7.5. Though
Wheeler and Sivakumar (2000) employed q : p to describe the yield surface, which dif-
fers from the dimensionless parameters of Figure 8.25, the basic principles are considered
applicable.
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Figure 8.26 ln p′
c/s and ln q/s against vw/v at critical state from 1d-cs test results of Sivakumar

(1993) and Wheeler and Sivakumar (1995, 2000) and the isotropic compression data for
truly isotropically prepared specimens of Sivakumar (2005) and Sivakumar et al. (2010b) for
unsaturated kaolin.

The critical state data from initially one-dimensionally compressed specimens and the
envelope for isotropic compression in Figure 8.25 have been plotted in Figure 8.26 as
dimensionless stress terms p′

c/s and q/s to a logarithmic scale against vw/v. Also included
are the compression results from truly isotropically prepared specimens of kaolin after
Sivakumar (2005) and Sivakumar et al. (2010b). The isotropic experimental results can
be reasonably represented by a bi-linear relationship, with the plot for results between A
and B (values of p′

c/s of 1–2.4) being significantly steeper than the plot between B and C
(values of p′

c/s between 2.4 and 10). As indicated, the plot between A and B corresponds
to the inferred iso-ncl of Figure 8.25. Equation 8.11 can be used to represent the iso-ncl.

vw/v = �c + λc ln
[
p′

c/s
]

[8.11]

where �c is the intercept of the iso-ncl on the vw/v axis at p′
c/s = 1 and λc is the gradient

of the iso-ncl.
A value for the intercept �c = 0.767 along with a gradient λc = 0.143 are applicable

to the iso-ncl between A and B, and values of �c = 0.827 and λc = 0.0746 to the iso-ncl
between B and C. A combination of imposed stress and suction given by p′

c/s controls the
isotropic volume characteristics. The inflection point B in the iso-ncl is at an approximate
value of v between 2.0 and 2.1. This differs only slightly from the inflection value of
v = 2.0 determined from the critical state data for initially one-dimensionally compressed
specimens of Figures 8.1 and 8.24. The steeper section of the iso-ncl A–B in Figure 8.26
(i.e. where the change in vw/v for a given change in ln

(
p′

c/s
)

is greatest) is the region
where v is greatest and the experimental data give values between 2.02 and 2.23. The
flatter section B–C corresponds to lesser values of v between 1.85 and 2.10. The data
suggest that between A and B where p′

c/s is less than 2.4, the suction is sufficiently large
in relation to the imposed isotropic stress to maintain a relatively loose soil structure.
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Figure 8.27 ln p′
c/s and ln q/s against vw/v from the critical state results for constant suction

tests on isotropically prepared specimens (iso-cs) of Sivakumar (2005) and Sivakumar et al.
(2010a) for unsaturated kaolin.

However, increasing imposed isotropic stress under the same suction (increasing p′
c/s)

results in relatively large compression changes and closure of the inter-aggregate voids,
resulting in greater interaction between aggregates. Continued increase in isotropic loading
at constant suction into the region B–C where p′

c/s > 2.4 and the soil is more compact
results in a change in behaviour with reduced compression for a given change in p′

c/s.
It is interesting to note that as discussed in Section 8.2.6, p′

c/s cannot be less than 1.0 for
an intact material and for increasing suction and decreasing p′

c/s the critical state lines in
Figures 8.25 and 8.26 become asymptotic to a value of p′

c/s = 1. The plots also converges
on the iso-ncl line as the relative influence of the suction increases.

Figure 8.27 presents the iso-cs critical state results from Sivakumar (2005) and Sivaku-
mar et al. (2010a). Again, p′

c/s and q/s to a logarithmic scale have been plotted against
vw/v. Though behaviour trends similar to those of the initially one-dimensionally prepared
specimens of Figure 8.26 are indicated, the critical state data do not follow the same lines.
As argued in Section 8.2.7, it appears that the initial preparation of the specimens, whether
one-dimensionally compressed or isotropically compressed, influences the conditions at
critical state. It is thought that the primary influence is the nature of the aggregates with
more rotund aggregates likely to be present for the specimens prepared initially under the
truly isotropic preparation regime.

Figure 8.28 presents a limited amount of data for iso-cwm tests on kaolin specimens.
Though Figure 8.7 suggests it reasonable to include the critical state strength data along
with that for constant suction tests as they appear to lie close to the same strength line,
the results of Figure 8.28 suggest that there is an influence on critical state volumetric
conditions from the type of test carried out. Constant water mass tests will tend to
preserve the aggregate shape and size more readily than constant suction tests.

Figure 8.29 shows that the 1d-cwm results of p′
c/s against vw/v at critical state plot

outside the iso-ncl (opposite side to the critical state results for the 1d-cs, iso-cs and iso-
cwm tests). This does not follow the general rule for saturated soils. In unsaturated soils
the influence of aggregation means that the rule can no longer be relied upon. The iso-ncl is
based on aggregates initially sieved to 1.12 mm size. A different iso-ncl would be expected
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Figure 8.28 ln p′
c/s and ln q/s against vw/v from the critical state constant water mass results

on isotropically prepared specimens (iso-cwm) of Sivakumar (2005) and Sivakumar et al.
(2010a) for unsaturated kaolin.

if the sieved aggregate size was varied. The data for q/s, p′
c/s and vw/v are considered

influenced by the aggregate size and shape at critical state.

8.5 Modelling of unsaturated kaolin

The plots of p′
c/s against vw/v and q/s against vw/v at critical state of Figures 8.26 to 8.29

are projections of the critical state lines csl in three-dimensional p′
c/s : q/s : vw/v space.

Figure 8.30 combines the csl plots from one-dimensionally prepared specimens sheared
under constant suction (1d-cs tests) from Figure 8.26, with the critical state strength line
q/s against p′

c/s of Figure 8.4 (M = 0.86 and � = 0.60). Also shown in Figure 8.30 is the
iso-ncl. An advantage over the BBM discussed in Chapter 4 is that all stress and volumetric
data can be viewed in three-dimensional space and there is no need to revert to hyperspace
(four-dimensional space) as in the model proposed by Wheeler and Sivakumar (1995) also
discussed in Chapter 4.

Figure 8.31 shows the csl and iso-ncl along with the shearing stages of four tests carried
out and reported in Figure 8.4. Plot A is for a drained shear test on a specimen with suction
maintained at 300 kPa, plot B for a specimen maintained at constant v and a suction of
100 kPa, plot C for a fully drained specimen at a suction of 100 kPa and plot D for a
specimen at constant p and suction of 200 kPa.

Figure 8.32 presents the critical state lines (csl) for the iso-cs, iso-cwm and 1d-cwm
tests of Sivakumar (2005) and Sivakumar et al. (2010a) for kaolin in p′

c/s : q/s : vw/v

space along with the 1d-cs results of Wheeler and Sivakumar (1995). The csl are markedly
different for the different tests though showing a limited range of projected strength in the
p′

c/s : q/s plane.
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ter mass tests on one-dimensionally prepared specimens (1d-cwm) of Sivakumar (2005) and
Sivakumar et al. (2010a) for unsaturated kaolin.
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c/s : q/s : vw/v space for unsaturated kaolin.
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Figure 8.31 Shearing stress paths in p′
c/s : q/s : vw/v space from the results of Wheeler and

Sivakumar (1995) for unsaturated kaolin.

8.6 Structure, variables and parameters

Sivakumar et al. (2010b) concluded from MIP tests on kaolin that an aggregated struc-
ture was maintained on wetting up to saturated conditions. This is important in that the
behaviour of a suction-controlled aggregate structure can be expected to differ from that
of a dispersed particle structure. The BBM and comparable constitutive models such as
proposed by Toll (1990) and Wheeler and Sivakumar (1995) assume there is a smooth
transition in shear strength results between unsaturated and saturated soils. This relies
on progressive breakdown in the aggregated structure associated with unsaturated condi-
tions in fine-grained soils to the more dispersed condition associated with saturated soils.
However, as discussed in Section 8.2.7, an alternative philosophy is advocated, and it is
argued that if the suction in an unsaturated soil is sufficient to maintain the structure at
critical state, it is likely that it will hold everywhere. Only at relatively low suctions when
the structure can no longer be maintained under shearing will it break down. A smooth
transition may thus not occur. In accordance with Section 5.8, which discusses thermo-
dynamic potentials, at low suctions the aggregated structure may represent a meta-stable
condition. This structure is maintained unless disturbing forces, such as during shearing,
facilitate the ‘energy barrier’ between an aggregate structure and a dispersed structure
being overcome. Shearing appears to result in breakdown of the structure to a dispersed
and lower potential structure only at low values of suction.

The degree of saturation Sr is frequently used to describe the volumetric variables in
an unsaturated soil. It is argued that vw/v is a more appropriate volumetric variable. The
significance of vw/v is that it represents the volume of the aggregates per unit volume
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Figure 8.32 Critical state lines from the 1d-cs results of Sivakumar (1993) and Wheeler and
Sivakumar (1995, 2000) and the iso-cs, iso-cwm and 1d-cwm test results of Sivakumar (2005)
and Sivakumar et al. (2010a) in p′

c/s : q/s : vw/v space for unsaturated kaolin.

of soil, and the foregoing analysis describes the critical state strength using the variables
q, p, s and vw/v. Two parameters also emerge from the analysis for critical state strength:
Ma and �.

While the discontinuity in behaviour between an unsaturated soil and a saturated soil
requires further investigation, importantly, Ma appears to be constant for a given soil, other
than where an open fissured structure develops. It is also not necessary to include Mb as
a parameter as this is shown in Equation 8.4 to be a function of the other variables and
parameters, i.e. Mb = f (Ma, vw/v, �). It may be possible to further reduce the parameters
to 1 if, as for kaolin, Kiunyu gravel, Jurong soil and Trois-Rivières silt, � can be shown
to be relatively constant at 0.6 for other soils. In accordance with Equations 8.3 and 8.4,
this means that only one or two carefully controlled tests may be necessary to characterise
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the critical state strength of an unsaturated soil. In attempting to extend this to specific
site conditions it would be necessary to measure or assess (p − ua), s and vw/v values at
critical state within the soil mass under analysis.

Equation 8.10 presents an equation for isotropic compression of specimens of kaolin
initially one-dimensionally compressed. The equation is presented in terms of the variables
p, s, v and vw (or vw/v). Two parameters also emerge from this analysis: λt and Nt.

The dimensionless Equation 8.11 is shown to represent the iso-ncl using the variables
p, s and vw/v and the parameters λc and Nc. The critical state strength and iso-ncl param-
eters are thus represented by a gradient and an intercept term.

A warning is issued at this point that the foregoing interpretation of soil compression
behaviour is principally based on the results of tests on kaolin. It must be recognised that
other soils, particularly more plastic clays and materials with significant proportions of
sand and gravel, may exhibit variations in behaviour characteristics. In particular, there is
some evidence to suggest that graded materials exhibit a change in behaviour characteris-
tics depending on stress levels and the degree of compaction, leading to greater or lesser
interaction of the coarser fraction and thus its relative importance to soil behaviour.

The aim of research into unsaturated soils is to provide working guidelines and a
methodology for practising engineers to be able to predict the strength and deformation
characteristics under field conditions. To this end the approach must be as simple as
possible, but robust in order to provide the predictive accuracy required. Acceptable
simplification can be justified only in the light of detailed research. While it is tempting to
advocate the wielding of Occam’s razor1 in choosing between the approach described in the
foregoing discussion and those of Chapter 4, this must be tempered by considerations of the
current general shortcomings in the modelling of unsaturated soil behaviour. However,
the approach outlined above has a theoretical basis and relies on a limited number of
variables and parameters to describe the critical state strength and compression behaviour
as well as providing a clear explanation of experimental data.

8.7 Conclusions

The shear strength and compression behaviour in laboratory triaxial stress testing have
been analysed using the coupling stress variable p′

c that links the stress state variables to
the volumes of the phases. The following main conclusions have been reached:

� Using p′
c and published experimental triaxial shearing data for the critical state strength

of kaolin, a lateritic gravel (Kiunyu gravel), a residual soil (Jurong soil) and rock powder
(Trois-Rivières silt) and the peak strength of BES, an equation (Equation 8.3) for the
large-strain deviator stress q has been developed and analysed. This equation is in a
form similar to that proposed by Toll (1990) from consideration of the independent
stress state variables and includes the net stress ratio Ma and suction stress ratio Mb

that give the components of deviator stress associated with the stress state variables p
and s respectively. However, the interpretation of the stress ratios, which reflect the
duality of the stress regime considered present in unsaturated soils, differs significantly
from that of Toll (1990).

� The significance of Ma and Mb to the shear strength of unsaturated soils is described
in terms of the soil fabric and preferential shearing within and between particles and
aggregates. Consistent trends are indicated for all materials analysed, indicating the
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equation for deviator stress as a reliable basis for the understanding and prediction of
the strength of a wide class of unsaturated soils.

� The results demonstrate that Ma for an unsaturated soil is greater than or equal to
M for the soil in a saturated state. The inequality Ma > M exists for soils where the
aggregates have a significant influence on the strength, and the equality Ma = M exists
for soils where a relatively low percentage of fines means the coarser soil fraction
controls the influence due to the net stress.

� All materials examined have indicated a decrease in Mb with decreasing vw/v (increas-
ing s) at a slope of Ma consistent with the water phase being drawn back into the finer
pore spaces.

� Preferential shearing between aggregates is indicated by � = 0.60 < Ma with � ap-
pearing to be a constant for the materials sheared to the critical state. An equation for
� in terms of basic soil properties is presented. However, for BES where the uniformly
grained sand controlled the shearing resistance, and for which it is unclear whether
critical state conditions were established, � = Ma = M and no reduction in shearing
resistance due to preferential shearing is indicated suggesting a relatively homogeneous
material.

� Critical state data and isotropic compression data on kaolin, examined using the
volumetric coupling stress p′

c, have shown consistent trends. The test data indicate
well-defined critical state lines (csl) and isotropic normal compression lines (iso-ncl).
The iso-ncl plotted as ln

(
p′

c/s
)

against vw/v is interpreted as bi-linear. It is also shown
that the critical states and isotropic compression results can be presented as three-
dimensional plots in p′

c/s : q/s : vw/v space. The use of the dimensionless variables
allows the interaction of the stresses and volumetric terms to be more fully appreciated.
It is shown that the csl is not unique but is influenced by the aggregate fabric and
changes under preparation and shearing though for a given preparation procedure and
test conditions it appears well defined.

� There is some evidence to suggest a distinct change in characteristics in the csl and
iso-ncl for kaolin at a value of v of 2.0–2.1 (i.e. close to the condition when the volume
of voids equals the volume of solids).

� While the analysis is shown to limit the number of variables and parameters necessary
to describe strength and normal compression characteristics, there is evidence of a
discontinuity in behaviour between unsaturated and saturated fine-grained soils as the
aggregated structure is maintained in an unsaturated soil even at relatively low values
of suction.

� No attempt has been made to define yielding in the test results. The BBM and other
models examined in Chapter 4 assume elastic behaviour at stresses below the previous
stress level and the onset of plastic behaviour when the yield surface is encountered.
This is a simplification of actual conditions and on a micro-mechanical level a degree
of yielding and plastic behaviour can be expected at stress levels below the stress
levels previously experienced. In Chapter 9 the micro-mechanical characteristics of
unsaturated soil is examined and provides insight into the definition of yielding, strain
and the dispersion of energy due to the application of loading to a soil specimen.

Note

1. Also spelled Ockham’s razor after the fourteenth-century English Franciscan friar William of
Ockham. Occam’s razor, or the principle lex parsimoniae (the law of succinctness), recommends
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that the theory which is simplest and introduces the fewer assumptions amongst conflicting
theories should be chosen. Essentially this relies on the unproven principle that while the universe
is under no obligation to make life as easy as possible for researchers to understand, there is no
requirement to make life more complex than it has to be. Experience tells us that solutions to
problems tend to be simpler than first imagined.



P1: SFK/UKS P2: SFK
c09 BLBK297-Murray May 24, 2010 21:53 Trim: 244mm×172mm

Chapter 9
Work Input, Conjugate
Variables and
Load-Deformation
Behaviour of
Unsaturated Soils

9.1 Introduction

The stress regime governing the behaviour of unsaturated soils is defined by the three forms
of the equation for the directional stresses, Equations 7.24a–c. These equations, along
with Equations 7.23a–c for the average volumetric coupling stress under triaxial stress
conditions, are used in this chapter to determine three forms of a work input equation.
Sections 9.2–9.6 detail this analysis of the conjugate stresses and strain-increments. Im-
portantly, the analysis allows the volumetric and anisotropic stress–strain behaviour both
of the aggregates and between the aggregates of fine-grained soils to be examined. The
conjugate variables summarised in Table 9.1 and discussed in Section 9.7 are intuitively
correct and sight of this should not be lost in following the analysis. The work conjugate
stress and strain-increment variables provide a theoretical basis, centred on the thermo-
dynamic principles developed in Chapters 5 and 6, for analysing triaxial experimental
data.

Section 9.8 addresses the meanings of stress and strain in analysing experimental data
and, in particular, the strain continuity requirements and the need to balance the work
input with the energy dispersion internal to the soil. In Section 9.9 the use of the conju-
gate stress and strain-increments is illustrated by the analysis of the shear behaviour of
specimens of kaolin. The influence of the bi-modal structure on the shearing resistance of
unsaturated soils is clearly demonstrated.

9.2 Work input under triaxial stress conditions

First we will look at the work input at the two extremes of soil conditions – a saturated
soil and a perfectly dry soil – for a specimen under triaxial stress conditions. The specimen
is subjected to imposed stresses and experiences a small axial strain-increment dε11 and
a radial strain-increment dε33. For a saturated soil specimen, the incremental work input
per unit volume δW ′ (Schofield and Wroth, 1968) can be written as:

δW ′ = p′dεv + qdεq = σ ′
11dε11 + 2σ ′

33dε33 [9.1a]
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For a perfectly dry soil with no influence from suction, the incremental work input per
unit volume can be written as:

δW ′ = pdεv + qdεq = σ 11 dε11 + 2σ 33 dε33 [9.1b]

Equations 9.1a and 9.1b for incremental work input can be abbreviated to Equation
9.1c, which is written in terms of the decoupled volumetric and deviatoric work compo-
nents:

δW ′ = δW ′
v + δW ′

q [9.1c]

where p′ = (p − uw) = (
σ ′

11 + 2σ ′
33

)
/3 is the mean effective stress for a saturated soil,

p = (p − ua)
(
σ 11 + 2σ 33

)
/3 is the mean effective stress for a perfectly dry soil, q = σ ′

11 −
σ ′

33 = σ 11 − σ 33 is the deviator stress, dεv = −dv/v = dε11 + 2dε33 is the volumetric strain-
increment, dεq = 2 (dε11 − dε33) /3 is the deviator strain-increment, δW ′

v = p′dεv or pdεv

is the volumetric work input per unit volume due to p′ or p respectively and δW ′
q = qdεq

is the deviatoric work input per unit volume due to q.
In the analysis, volumetric compression and length and radius reduction are taken as

positive strain-increments, consistent with compressive stresses being positive and that
work is done to the specimen1. Equations 9.1a and 9.1b are applicable for a saturated soil
and a perfectly dry soil respectively, but are not applicable for the more general class of a
partially saturated soil in which a dual stress regime controls material behaviour.

Equations 7.23a–c, and accordingly Equations 7.24a–c, give alternative but equivalent
views of the dual stress regime within an unsaturated soil. The correct interpretation of σ ′

c
is essential in determining the work input equation for unsaturated soils. It is not correct
to simply multiply σ ′

c by an appropriate strain-increment as for the effective stresses in
saturated or perfectly dry soils. This would lead to an anomalous situation of the strain-
increments for the aggregates and air voids merely being in proportion to their relative
volumes. This would clearly be incorrect as the changes in relative volumes are dependent
on test drainage conditions and differences in phase compressibility. For an unsaturated
soil, if the differences in the strain-increment responses both of the aggregates and between
the aggregates are to be correctly determined, it is essential to segregate the stresses and the
work conjugate strain-increments based on a dual stress regime and bi-modal structure.
The bi-model structure comprises the aggregates, formed from the soil particles and water,
along with the surrounding air voids.

For unsaturated soils it is first necessary to define the stresses applicable under axially
symmetrical loading conditions. Under such conditions the average volumetric coupling
stress p′

c is given by:

p′
c =

(
σ ′

c,11 + 2σ ′
c,33

3

)
[9.2]

where σ ′
c,11 is the axial coupling stress and σ ′

c,33 is the radial coupling stress.
To demonstrate the derivation of the work input equation, Equation 7.23a and accord-

ingly Equation 7.24a will be used as these contain the most commonly employed stress
state variables. Equation 7.23a is rewritten below as Equation 9.3:

p′
c = p + s

vw

v
[9.3]

where p = (p − ua) is the mean net stress (here p = (σ11 + 2σ33) /3 is the mean total
stress).
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Consistent with thermodynamic principles, the work input components are addi-
tive, and under triaxial stress conditions the following equation applies to unsaturated
soils:

δW ′
u = δW ′

vu + δW ′
qu [9.4]

where δW ′
u is the total incremental work input per unit volume in an unsaturated soil,

δW ′
vu is the incremental volumetric work input per unit volume due to the stress state

variables and δW ′
qu is the incremental deviatoric work input per unit volume due to the

components of the deviator stress.
Equation 9.4 decouples the volumetric and deviatoric work components for unsaturated

soils and may be compared with Equation 9.1c for saturated and perfectly dry soils.
However, for unsaturated soils the duality of the stress regime must be taken into account
in determining δW ′

vu and δW ′
qu.

9.2.1 Work input δW ′
vu

Within an unsaturated fine-grained soil there will be both air-filled voids and aggregates.
The application of an external stress regime will, in general, result in straining of both the
air and water voids and will influence the solid particle fabric. Whichever of Equations
7.24a–c is used to describe the stress regime, and thus considered to control the deforma-
tions in an unsaturated soil, it is important to correctly account for the regions through
which the stress state variables act in defining the work conjugate strain-increments. In
accordance with Equation 7.24a, the net stress σ i j is conjugate to the specific volume
v, which represents the total volume of the soil, and is thus work conjugate to the total
strain-increment in the direction of the stress. Similarly, under triaxial test conditions, in
accordance with Equation 9.3, p is conjugate to the specific volume v, which represents
the total volume of the soil, and is thus work conjugate to the volumetric strain-increment
dεv. On the same basis, in Equation 9.3 the suction s is conjugate to the specific water vol-
ume vw, which represents the total volume of the aggregates and is work conjugate to the
volumetric strain-increment of the aggregates dεw. Thus, in accordance with Equations 9.3
and 9.4, under triaxial test conditions, the component of work input δW ′

vu can be written
as:

δW ′
vu = pdεv + sdεw [9.5]

where dεw = −dvw/v = dεw,11 + 2dεw,33 is the volumetric strain-increment of the
aggregates, dεw,11 is the overall axial strain-increment of the aggregates and dεw,33 is the
overall radial strain-increment of the aggregates.

For a saturated soil vw = v and dεw = dεv, and δW ′
vu correctly reduces to δW ′

v of Equa-
tion 9.1c. For a perfectly dry soil the strain-increment dεw = 0 and again δW ′

vu correctly
reduces to δW ′

v .
Equation 9.5 describes the overall incremental volumetric straining of an unsaturated

soil specimen and is made up of the volumetric straining of the aggregates and the volumet-
ric straining of the air voids. The definition of dεw indicates that the volumetric straining
of the aggregates can be further divided into axial and radial components. This is also true
of the air voids.

The first term on the right of Equation 9.5 is the work input per unit volume due to p
acting through the whole soil mass and the volumetric straining of the soil dεv. The second



P1: SFK/UKS P2: SFK
c09 BLBK297-Murray May 24, 2010 21:53 Trim: 244mm×172mm

216 Unsaturated Soils

term relates to the additional work input per unit volume due to the suction s acting within
the more highly stressed aggregates and the volumetric straining of the aggregates dεw.

9.2.2 Work input δW ′
qu

For a saturated soil at the critical state (Schofield and Wroth, 1968) the deviator stress
can be shown by experimental data to be closely represented by:

q = Mp′ [9.6]

where M is a stress ratio being the slope of the critical state line in p′ − q space for a
saturated soil. This is illustrated in Figure 9.1 for tests on saturated kaolin. For the general
case of stresses other than at the critical state, Schofield and Wroth (1968) suggested
the use of q = ηp′, which is also illustrated in Figure 9.1. On this basis, the work input
Equation 9.1a for a saturated soil can be written as:

δW ′ = p′ (dεv + ηdεq
)

[9.7]

where η is the mobilised stress ratio q/p′.
A comparable approach can be adopted for unsaturated soils. However, in such soils the

deviator stress has two components. These depend on which two of the three stress state
variables are considered to represent the stress regime. This is consistent with the shearing
resistance being different through and between the aggregates and is thus influenced by
the dual stress regime. The significance of the stress state variables to the deviator stress
q for an unsaturated soil is demonstrated by the following equation for the critical state
strength of unsaturated soils as developed in Chapter 8 and which uses the stress state
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Figure 9.1 Deviator stress q against mean effective stress p′ = (p − uw) from the results of
Sivakumar (1993) and Wheeler and Sivakumar (1995) for saturated kaolin (s = 0).
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variables p and s.

q = Ma p + Mbs [9.8]

where Ma is the total stress ratio and Mb is the suction stress ratio.
For the general case of unsaturated soils under conditions other than at the critical state,

adopting a similar approach to that for saturated soils, the deviator stress can be written
as:

q = ηa p + ηbs [9.9]

where ηa and ηb are the mobilised stress ratios with values at critical state of Ma and Mb

respectively.
The first term on the right of Equation 9.9, i.e. ηa p, represents the component of q as a

result of p acting through the whole soil mass and is thus work conjugate, under triaxial
loading conditions, to the overall deviator strain-increment dεq. Thus, the component of
distortional work input is given by ηa pdεq. The second term ηbs represents the additional
component of q within the more highly stressed aggregates, where the additional stress
state variable s acts. In the triaxial cell the work conjugate deviator strain-increment for
the aggregates is dεqw. Thus, the additional distortional work input in the aggregates is
ηbsdεqw. Accordingly, the work input per unit volume resulting from the deviator stress is
given by:

dW ′
qu = ηa pdεq + ηbsdεqw [9.10]

where dεqw = 2 (dεw,11 − dεw,33) /3 is the deviator strain-increment for the aggregates.
For a saturated soil, vw = v and dεqw = dεq. The work increment δW ′

qu given by Equa-
tion 9.10 reduces smoothly to δW ′

q of Equation 9.1c if ηa and ηb tend smoothly to η. At
the other extreme, for a perfectly dry soil the deviator strain-increment for the aggregates
dεqw = 0, and δW ′

qu reduces smoothly to δW ′
q if ηa tends smoothly to η. The transitions

from unsaturated conditions to saturated conditions and unsaturated to perfectly dry
conditions are discussed in the following.

9.2.3 Total work input δW ′
u

Substituting Equations 9.5 and 9.10 for δW ′
vu and δW ′

qu respectively into Equation 9.4
gives the following equation for the total incremental work input (per unit volume) into
an unsaturated soil under triaxial stress conditions:

δW ′
u = p

(
dεv + ηadεq

) + s
(
dεw + ηbdεqw

)
[9.11a]

Following similar lines of argument, the following two alternative equations for the
work input can be determined consistent with the use of any two of the three stress state
variables:

δW ′
u = p

(
dεa + (ηa − ηb) dεqa

) + p′ (dεw + ηbdεqw
)

[9.11b]

or

δW ′
u = p′ (dεv + ηadεq

) − s
(
dεa + (ηa − ηb) dεqa

)
[9.11c]

where dεa = −δva/v = dεa,11 + 2dεa,33 is the volumetric strain-increment for the air voids,
dεqa = 2 (dεa,11 − dεa,33) /3 is the deviator strain-increment for the air voids, dεa,11 is the
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axial strain-increment for the air voids and dεa,33 is the radial strain-increment for the air
voids.

Equations 9.11a–c are considered logical and consistent with the bi-modal structure
present in unsaturated soils. Only two of the three stress state variables are necessary to
define the incremental work input along with the deviator stress which is represented by
the mobilised stress ratios ηa and ηb.

9.3 Components of the deviator stress

Equation 9.9 can be written in terms of the two mobilised components of deviator stress
in three compatible ways:

q = qa + qb [9.12a]

or, based on the alternative views of the dual stress regime:

q = qc + qd [9.12b]

or

q = qe + qf [9.12c]

where qa to qf are components of q and are dependent on the stress regime considered to
represent an unsaturated soil and given by Equations 7.23a–c:

qa = ηa p is the component as a result of p acting through the whole soil mass (Equation
7.23a).

qb = ηbs is the additional component as a result of s acting through the aggregates
(Equation 7.23a).

qc = (ηa − ηb) p is the component as a result of p acting between the aggregates (Equa-
tion 7.23b).

qd = ηb p′ is the component as a result of p′ acting within the aggregates (Equation
7.23b).

qe = ηa p′ is the component as a result of p′ acting through the whole soil mass (Equation
7.23c).

qf = (ηa − ηb) s is the reduction component as a result of s not acting through the whole
soil mass (Equation 7.23c).

Irrespective of the two stress state variables chosen to describe the stress regime, the
components of deviator stress in an unsaturated soil can be written in terms of the two
mobilised stress ratios ηa and ηb. The following paragraphs show that the alternative
definitions lead to the correct determination of the deviator strain-increments.

9.4 Work input to unsaturated soils

Internal to a soil specimen, the work input results in energy dissipation as plastic, friction
straining, and free energy2 as elastic, recoverable straining. While this is discussed further
in Section 9.8.4, it is important to realise that the incremental work input results in both
elastic and plastic strains, which are combined in the strain-increment terms.
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It is instructive to rewrite Equations 9.11a–c by substitution for ηa and ηb using the
definitions of Section 9.3. Equation 9.11a can be written as:

dW ′
u = pdεv + qadεq + sdεw + qbdεqw [9.13a]

The first two terms on the right of the equation are the components of the work input
due to a mean net stress p and a deviator stress qa respectively acting through the whole
soil mass. The second two additive terms are the additional work input due to the suction
s and deviator stress qb acting through the aggregates. Thus, the work input and the
associated mechanical energy that is transferred to the soil internally can be divided into
two components consistent with the bi-modal structure and dual stress regime.

In a similar manner, Equation 9.11b can be written as:

δW ′
u = pdεa + qcdεqa + p′dεw + qddεqw [9.13b]

The first two terms on the right of the equation are the components of the work input
due to a mean net stress p and a deviator stress qc acting between the aggregates. The
second two terms are the additional work input due to the mean effective stress p′ and
deviator stress qd acting through the aggregates. The form of the equation can be directly
compared to Equations 9.1a and 9.1b, which apply to saturated and perfectly dry soils
respectively. The first two terms on the right in Equation 9.13b correspond to a dry soil,
where the aggregates are treated as large particles, and the second two terms to a saturated
soil, and apply to the aggregates.

Adopting an approach similar to the above, Equation 9.11c can be rewritten as:

δW ′
u = p′dεv + qedεq − sdεa − qf dεqa [9.13c]

In this third form of the work input equation, the first two terms on the right-hand
side are the components of the work input due to a mean effective stress p′ and deviator
stress qe acting through the whole soil mass. The second two terms are the subtractive
work input components due to the suction s and deviator stress qf not acting through the
volume of the air voids.

It is possible to further rewrite the work input equations in terms of the directional
stresses, noting that the mean net and effective stresses p and p′ can be written as
p = (

σ 11 + 2σ 33

)
/3 and p′ = (

σ ′
11 + 2σ ′

33

)
/3 respectively, and writing the volumetric and

deviator strains in terms of the directional strains. We will be particularly concerned with
the form of Equation 9.13b, which can be written as:

δW ′
u = σ

11
dεa,11 + 2σ

33
dεa,33 + σ ′

11dεw,11 + 2σ ′
33dεw,33 [9.14]

The first two terms on the right of the equation are the components of the work input
between the aggregates and the second two terms are the additional work input to the
aggregates. The form of the equation can again be directly compared with Equations
9.1a and 9.1b, which apply to saturated and perfectly dry soils respectively. The first two
terms in Equation 9.14 correspond to a dry soil, where the aggregates are treated as large
particles, and the second two terms to a saturated soil.

The incremental work input components result in both elastic and plastic straining of
the bi-modal structure. The distinction between elastic and plastic strains is usually based
on changes of slope of stress–strain plots or recoverable strains on unloading back to
original conditions. It is important to realise, however, that the strains internal to a soil
must reflect the total energy changes necessary to satisfy the work input equations as well
as satisfying overall continuity requirements.
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9.5 Analysis of the mobilised stress ratios

In saturated soils it is normal to take the mobilised stress ratio η as defined by a line
passing through the origin as illustrated in Figure 9.1. The mobilised q is thus defined by
the polar coordinate parameter η and stress state variable p′. Similarly for unsaturated
soils, the mobilised stress ratio ηa is taken as defined by a line passing through the intercept
on the p′

c/s axis given by the strength envelope, defined by the stress ratio Ma, as in
Figure 9.2. Thus, the intercept ω on the q/s axis made by the mobilised stress ratio line
ηa (at p′

c/s = 1.0) is given by:

ω = �
ηa

Ma
[9.15]

The equation for the line ηa is given by:

q
s

= ηa

[
p′

c

s
− 1

]
+ ω [9.16]

Substituting for ω from Equation 9.15 and p′
c from Equation 9.3 and rearranging gives:

ηa = q

p + s
(

vw
v

+ �
Ma

− 1
) [9.17]

and from Equations 9.9 and 9.13:

ηb = ηa

(
vw

v
+ �

Ma
− 1

)
= ηa

(
�

Ma
− va

v

)
[9.18]
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Equations 9.17 and 9.18 allow the determination of ηa and ηb from triaxial experimental
data.

9.6 Continuity relationships between strain-increments

It is necessary to define the relationships between the various strain-increment variables in
order to allow analysis of experimental data. For volumetric compatibility, dv = dvw +
dva. With dεv = −dv/v, the following volumetric strain-increment equation holds true
only if dεw = −dvw/v and dεa = −dva/v, i.e. the strain-increments for the aggregates and
the air voids are normalised with respect to v as previously defined:

dεv = dεw + dεa [9.19]

In addition, substituting in Equation 9.19 using the definitions of dεw in Equation 9.5
and dεa in Equations 9.11a–c, and comparing with the definition of dεv in Equations
9.1a–b, it is necessary for axial and radial deformation continuity that:

dε11 = dεa,11 + dεw,11 [9.20]

and

dε33 = dεa,33 + dεw,33 [9.21]

Equations 9.11a–c and 9.12a–c show that dεq is a function of dεqw, dεqa and the
components of deviator stress:

dεq =
[

qcdεqa + (qd − qb) dεqw

qa

]
[9.22]

Thus, using Equations 9.22 and 9.12a–b it is readily shown that:

dεq = dεqa + ηb

ηa

[
dεqw − dεqa

]
[9.23]

As a soil becomes drier the deviator strain-increment dεq should tend towards the de-
viator strain-increment for the air voids dεqa. For this to happen, ηb should tend towards
zero, which complies with the experimental evidence in Chapter 8. However, the transition
may not be smooth and at very high suctions a discontinuity in volumetric behaviour, and
thus in the work input, can be experienced. Similarly, as a soil approaches saturation, dεq

should tend towards dεqw. Equations 9.10 and 9.19 suggest that for a smooth transition
of the work input to saturated conditions, ηa and ηb should both tend smoothly to η.
However, experimental data at the critical state suggest that the transition from unsat-
urated to saturated conditions is not smooth (Murray, 2002). At critical state, ηb = Mb,
and Equation 9.3 indicates that Mb tends towards � as the degree of saturation increases,
which from experimental evidence is less than Ma (ηa at critical state). The experimental
evidence thus suggests that the transition from unsaturated to saturated conditions may
not be smooth and is taken as indicative of the breakdown of the aggregate structure,
leading to relatively abrupt changes in work input (Murray et al., 2008). Experimental
observations of discontinuities in behaviour, as discussed in Section 5.8, are attributable
to meta-stable conditions.

The overall deviator strain-increment is correctly determined as the sum of the deviator
strain-increments for the air voids and the aggregates (Equation 9.24), lending strong
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support to the validity of the analysis. This can be shown by substituting from the defini-
tion for the deviator strain-increment for the air voids dεqa from Equation 9.11a–c, into
Equations 9.22 and 9.23, noting the definition of the deviator strain-increment for the
aggregates dεqw in Equation 9.10. Accordingly we may write:

dεq = dεqw + dεqa [9.24]

Thus, from Equations 9.21 and 9.22, and the definitions of the mobilised stress ratios:

dεqa = dεq

[
ηb − ηa

2ηb − ηa

]
[9.25]

dεqw = dεq

[
ηb

2ηb − ηa

]
[9.26]

and

dεqa = dεqw

[
ηb − ηa

ηb

]
[9.27]

Equations 9.25 and 9.26 indicate that dεqa and dεqw go to infinity when 2ηb = ηa , as the
denominators in the equations go to zero. This is an important observation in analysing
the experimental data in later sections as it corresponds to discontinuities in material
behaviour under shearing. On either side of the discontinuities the values of dεqa and dεqw

change sign.
Other important relations between the directional strain-increments and volumetric and

deviator strain-increments for the aggregates and air voids can be established. From the
definition of dεw in Equation 9.5, substituting for dεw,11 into the definition for dεqw in
Equation 9.10 and rearranging gives:

dεw,33 = 1
3

dεw − 1
2

dεqw [9.28]

Substituting for dεw,33 from Equation 9.28 into the definition of dεqw from Equation
9.10 and rearranging gives:

dεw,11 = 1
3

dεw + dεqw [9.29]

On a similar basis, from the definition of dεa in Equations 9.11a–c, substituting for
dεa,11 into the definition for dεqa in the same equations and rearranging gives:

dεa,33 = 1
3

dεa − 1
2

dεqa [9.30]

Substituting for dεa,33 from Equation 9.30 into the definition of dεqa from Equations
9.11a–c and rearranging gives:

dεa,11 = 1
3

dεa + dεqa [9.31]

As Equations 9.28–9.31 are functions of dεqw or dεqa given by Equations 9.25 and 9.26
respectively, dεw,11, dεw,33, dεa,11 and dεa,33 go to infinity when 2ηb = ηa as do dεqw and
dεqa. On either side of the discontinuities the values of dεw,11, dεw,33, dεa,11 and dεa,33

change sign. The discontinuities are described as ‘singularities’ as there are abrupt energy
changes associated with changes between compressive and expansive behaviour.
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In accordance with the definition of the total deviator strain-increment dεq given by
Equations 9.1a–c, if a specimen experiences length reduction and radial expansion, dεq is
positive. If a specimen experiences radius reduction and length expansion, dεq is negative.
The definitions of shear strain-increment as well as volumetric strain-increment dεv and
the associated directional strain-increments dε11 and dε33 are sufficient to satisfy conti-
nuity and work input requirements based on overall specimen deformation. However, as
discussed in Section 9.8.5, the deviator strains as well as the total and directional strain-
increments for the air voids and the water–soil particle aggregates are internal strains and
must satisfy the work/energy dispersion requirements at this structural level as well as sat-
isfying the overall continuity requirements. The analysis of the work input does not restrict
the strain-increments for the air voids or the aggregates other than that the summed incre-
mental changes must equate to the external volumetric and directional strain-increment
measurements for a soil specimen.

9.7 Stress state variables and conjugate volumetric and
strain-increment variables

Table 9.1 presents the stress state variables, stress conjugate volumetric variables and
work conjugate strain-increment variables appropriate in constitutive modelling under
triaxial test conditions. This is based on Equations 7.23a–c and 7.24a–c and the foregoing
analysis.

Table 9.1 Conjugate variables.

Condition Stress variable
Stress conjugate
volumetric variable

Work conjugate
strain-increment variables

1 p = (p − ua) v dεv

s vw dεw, dεw,11, dεw,33

qa v dεq

qb vw dεqw

σ 11 = (σ11 − ua) v dε11

σ 33 = (σ33 − ua) v dε33

2 p = (p − ua) va dεa

p′ = (p − uw) vw dεw

qc va dεqa

qd vw dεqw

σ 11 = (σ11 − ua) va dεa,11

σ 33 = (σ33 − ua) va dεa,33

σ ′
11 = (σ11 − uw) vw dεw,11

σ ′
33 = (σ33 − uw) vw dεw,33

3 p′ = (p − uw) v dεv

−s va dεa, dεa,11, dεa,33

qe v dεq

−qf va dεqa

σ ′
11 = (σ11 − uw) v dε11

σ ′
33 = (σ33 − uw) v dε33
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Conditions 1, 2 and 3 in Table 9.1 describe the three different ways of looking at the dual
stress regime and work input equations for an unsaturated soil. Condition 1 relates to the
view of net stress p acting through a soil with the addition of the suction s within the more
highly stressed aggregates. Condition 2 relates to p acting between the aggregates, which
act as large particles, with the effective stress p′ acting within the aggregates. Condition 3
relates to an effective stress p′ acting throughout a soil with a reduction for the suction s,
which does not act through the volume of the air voids.

Chapter 8 demonstrated the use of the stress state variables and conjugate volumetric
variables in developing an understanding of strength and compression data for unsaturated
soils (Murray, 2002; Murray et al., 2002). In particular, the significance of Equation 8.3
for shear strength is demonstrated. The stress state variables, deviator stresses and work
conjugate strain-increment variables in Table 9.1 are used in the following to examine the
volumetric and anisotropic behaviour both of the aggregates and between the aggregates
in unsaturated soils during triaxial shearing.

9.8 The meaning and interpretation of stresses
and strains

In understanding the significance of stresses and strains in unsaturated soils and before
embarking on a description of the correct interpretation of experimental data, it is impor-
tant to first outline the assumptions on which the analysis of the stress–strain behaviour
of unsaturated soils is based. The discussion that follows highlights the significance of the
directional strain-increments dεw,11, dεw,33, dεa,11 and dεa,33 and the conjugate stresses
for unsaturated soil specimens in the triaxial cell. The strain-increments are described in
terms of the summed components of the free energy associated with elastic straining and
the energy dissipated as plastic, friction straining that an unsaturated soil experiences.

9.8.1 Principal assumptions

It is assumed in the isothermal work input analysis that there is coincidence of the principle
axes of stress, strain and strain-increment. While real soils may deviate somewhat from
this assumption, the coincidence of the axes is an assumption frequently made and does
not invalidate general conclusions of material behaviour based on this premise. In addi-
tion, the thermodynamic requirement of reversibility requires that strain-increments are
infinitesimally small. While this is unrealistic in undertaking soil tests, small incremental
changes between equilibrium states, as adopted in the tests analysed in the following, com-
ply reasonably with this requirement. In the tests, small imposed stress-increments were
held constant until there was no further measurable change to a soil specimen. During the
shearing stages up to the critical states, each test analysed was carried out by imposing
around 200 small incremental changes between equilibrium conditions.

It is also important to recognise the general assumption in triaxial cell testing and
analysis that specimens experience uniform stress and strain distributions, though this is
not strictly the case. A soil specimen under test is generally considered to represent a point
or small element of soil, and an intrinsic assumption is that both axial and radial strains are
uniform throughout the specimen. This assumption becomes less valid as the magnitude



P1: SFK/UKS P2: SFK
c09 BLBK297-Murray May 24, 2010 21:53 Trim: 244mm×172mm

Work Input, Conjugate Variables and Load-Deformation Behaviour 225

of strain increases. A manifestation of the non-uniform straining is the development of
radial barrelling by many soil specimens in response to a non-uniform internal stress
distribution. Experimental measurements and analysis generally assume that specimens
deform uniformly as right-sided cylinders and thus relate to mean conditions.

9.8.2 Continuity, work and energy dispersion requirements

In saturated soils, Terzaghi’s effective stress has been shown to be a valid, usable interpre-
tation of the controlling stress. This is, however, a simplification of the actual interactions
between soil particles (or their adsorbed double layers). Similarly, the average volumetric
coupling stress as defined by Equations 7.23a–c and 7.24a–c is a simplification of the
actual interactive stresses within an unsaturated soil. These effective stresses represent the
net interactive stresses and are simplifications of the actual stress conditions internal to
a soil. Similar comments may be applied to the strains. The externally measured strains
represent the net effects of the movements and deformations of the phases in a soil. Never-
theless, there are two important principles that the strain-increments, and accordingly the
total strains, must satisfy and it is worth re-emphasising these here (Schofield and Wroth,
1968; Fredlund and Rahardjo, 1993; Houlsby, 1997):

� They must comply with the continuity requirements of continuum mechanics.
� They must satisfy thermodynamic work and energy dispersion requirements.

These requirements apply equally to the overall behaviour of a soil specimen, based on
external measurements, and the behaviour of the phases internal to a soil specimen. It is
the implications of these requirements to the interpretation of experimental data that is
discussed. We will use the terms strain and strain-increment somewhat interchangeably as
the comments and conclusions apply equally to both.

9.8.3 Macro-mechanical specimen straining in the triaxial cell

In Section 4.3, body distortion was defined as comprising the directional strains and
the shear strains, though it was recognised that on a more general level total strains
may also include body displacement and body rotation (Schofield and Wroth, 1968).
Nevertheless, in triaxial cell testing, the strains associated with body distortion, deter-
mined from overall strain measurements of a specimen, are sufficient and adequate to
describe the external changes. It is common practice to describe the distortional strain-
ing of a specimen under test in terms of the volumetric strain and deviator strain, while
also recording the change in water volume and, accordingly, the change in air volume
of the specimen. Thus, the following strain-increment variables are commonly recorded:
dε11, dε33, dεv, dεq, dεw and dεa. The externally measured directional strain-increments
dε11 and dε33 are shown to be sufficient to define the volumetric and deviator strain
increments dεv and dεq respectively and to satisfy the overall continuity requirements.
The externally measured strain-increment variables in conjunction with their conjugate
stress state variables, as summarised in Table 9.1, have also been shown in the forego-
ing analysis to be compliant with the work input requirements. The definitions of the
strain-increments, and accordingly the total strains, thus satisfy the governing continuity
and work principles, and serve perfectly well in normal practice of measuring overall
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macro-mechanical specimen deformations. However, the meaning of strain at the aggre-
gate and inter-aggregate micro-mechanical level in an unsaturated soil is more complex.

9.8.4 Elastic and plastic straining, free energy and frozen elastic energy

Elastic straining in soils is usually defined as occurring within the current yield surface,
with plastic straining occurring when the yield surface is reached. The assessment of yield
is frequently based on change of curvature of stress–strain plots. However, the distinction
between elastic and plastic behaviour presents a knotty problem. The applicability of the
theory of ‘thermomechanics’ to constitutive modelling of soils as described by Collins and
Muhunthan (2003), Collins (2005) and Collins et al. (2007) leads to insight into the elasto-
plastic behaviour. This relies on the premise that both cohesionless granular materials and
fine-grained materials (so-called cohesive soils) exhibit similar characteristics. Historically,
a major difference has been the understanding that fine-grained soils exhibit cohesion
while granular soils do not. More recent research has led to a redefining of the cohesion
intercept of the strength envelope, as exhibited by fine-grained soils at peak strength, as
the manifestation of the degree of interlocking of the soil particles as expressed by Taylor
(1948) for granular materials. Schofield (2005, 2006) has argued that the peak strength of
both granular and cohesive deposits is the sum of the critical state strength and interlocking
(or the rate of dilation). In accordance with this interpretation, the strength of fine-grained
soils does not rely on the surface chemistry of bonds between clay particles. Unsaturated
fine-grained soils with an aggregate structure can thus be perceived to comply closely with
a granular material, and interlocking plays a major role in the strength and deformation
behaviour, including dilation under shearing action.

The basic energy equation for work input based on the Cam Clay plasticity model of
Roscoe et al. (1963) is given by:

δW = δWe + δWp [9.32]

where the work input δW is made up of the recoverable elastic work δWe and the irrecov-
erable plastic work δWp.

It is interesting to compare Equation 9.32 with Equation 5.3 and to tentatively equate
the elastic stored work δWe with the internal energy dU, and the plastic dissipated work
(or energy) δWp with the heat term δQ, noting that entropy change given by dS = δQ/T
is a quantity that never decreases and is a measure of the amount of energy change un-
available to do work. Equating δWp to δQassumes that all heat is turned into mechanical
work. However, there are subtle differences between the work (or energy) input dissipated
plastically, and deemed irrecoverable on unloading back to original conditions, and the
definition of entropy change as a measure of the energy dissipated and unavailable to do
work. As discussed in Section 5.6.3, there is difficulty in fully reconciling entropy in terms
of general energy dissipation.

Elastic and plastic straining, and the ideas of energy dissipation and stored plastic work
(or frozen elastic energy), have been discussed by Collins (2005). By definition, plastic work
is irrecoverable and the energy is dissipated, while elastic work is recoverable on unloading.
However, problems arise in interpreting experimental data at the macro-mechanical or
continuum level. On unloading to original imposed stress conditions, the heterogeneous
nature of deformations, and the resulting stress changes at the micro-mechanical level,
mean that not all elastic straining at the micro-mechanical level is likely to be recovered.
This gives rise to ‘frozen plastic energy’ when considering macro-mechanical behaviour.
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At the micro-mechanical level this elastic energy component is not recovered on external
unloading, and thus not detected as external elastic straining. This straining is included
within the plastic component of strain measured externally. Reversed plastic loading, or
possibly time, is required to free the frozen energy. There is growing experimental evidence
to support these contentions which are manifest in hysteresis and may also be linked to
viscous (time-dependent) behaviour in soils. Collins (2005) expressed this mathematically
as:

δW = δWe + δWp = d�e + d�p + δ� [9.33]

where δW is the increment of applied work, δWe is the increment of applied elastic work,
δWp is the increment of applied plastic work, d�e is the increment of elastic work not
frozen, d�p is the increment of elastic work frozen as applied plastic work and δ� is the
increment of plastic work dissipated and is always positive.

Accordingly, the total plastic work based on external measurements is given by,

δWp = d�p + δ� [9.34]

In the tests analysed in Section 9.9, the analysis is restricted to appraisal of loading
during the shear stages of triaxial tests and we will generally concern ourselves with the
summed elastic and plastic strains. However, the foregoing discussion emphasises the
significance of the frictional dissipative strains as a result of the sliding and rolling contact
of neighbouring particles or aggregates, and the free energy strains that are not dissipative
and are recoverable. In the following, as in the foregoing discussion, we will use the term
‘dispersed’ energy to represent the sum of the stored elastic energy and the dissipated
plastic energy at the micro-mechanical level.

9.8.5 Micro-mechanical specimen straining in the triaxial cell

External measurements of overall specimen distortion define the macro-mechanical strain-
ing and satisfy the overall continuity and work (or mechanical energy input) criteria.
Internal to a soil specimen, the stresses and strains associated with the aggregates must
also satisfy the compatibility and energy requirements but the situation is complex. The
internal straining constitutes the micro-mechanical behaviour and may be defined as the
behaviour of composite or heterogeneous materials on the level of the individual phases
that constitute the material. While we will consider the water and solid phases combined
into aggregates in unsaturated fine-grained soils, and not consider these phases separately,
the definition serves to differentiate between the overall macro-mechanical distortional
straining of a specimen and the internal strains both of the aggregates and between the
aggregates.

There are obvious benefits in determining the magnitudes of the relevant micro-
mechanical strains as these represent the changes in internal structure and allow an
appraisal of the significance of phenomenon such as anisotropy, yielding, compression
and dilation. The use of the conjugate stress and strain-increment variables for the air
voids and aggregates allows insight into such behaviour.
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9.8.5.1 Micro-mechanical strain components

It is possible to identify a number of strain components internal to a soil specimen that give
rise to energy dispersion resulting from the application of an external load. The primary
identifiable sources are:

� Displacement of particles, aggregates, water and air;
� Rotation of particles and aggregates;
� Distortion of phases and aggregates (including compression/expansion and shear

deformation);
� Breakage of particles and aggregates;
� Changes and interactions of the adsorbed double layer, the contractile skin, dissolved

air and water vapour in air.

Visualisation of tests on soil specimens and reference to published work allow us to
describe how these internal strain components, along with any air and water exchanges
with external reservoirs, as in triaxial testing, interact to give the net specimen macro-
mechanical distortion determined from external overall measurements.

First consider the case of a specimen of saturated gravel under triaxial undrained load-
ing. Application of the loading would lead to deformation of the specimen, which may
be perceived to be primarily a result of displacement straining of the gravel and the wa-
ter internal to the specimen. However, Alramahi and Alshibli (2006) noted from X-ray
tomography measurements of spherical plastic particles under triaxial loading conditions
that rotation straining also played a major role in the shearing resistance and must, accord-
ingly, be taken into account in work and energy dispersion analysis. Cui and O’Sullivan
(2006) discussed the use of the distinct element method (DEM) and direct shear box tests
on uniform steel spheres. They noted the occurrence of sphere rotation and displacement
and confirmed the conclusion of Masson and Martinez (2001) from DEM analysis that
particle rotation is a significant indicator of strain localisation. For continuity, the ex-
ternally measured straining of the specimen must equate in an axial and radial direction
with the net effects of displacement and rotation straining as well as other possible strains
at a micro-mechanical level. Bolton et al. (2008) noted the influence of energy disper-
sion due to rearrangement (displacement and rotation) of assemblies of bonded balls in
computer simulations using DEM analysis, but also identified the energy stored as elastic
strain energy at points of contact between balls. While the elastic compression straining of
solid particles and water is usually ignored in volume change analysis, in terms of energy
dispersion it is unclear how significant and what role such compression plays. Particle
breakage, which may be described as degradation straining, may also occur and result in
energy dispersion.

Consider now an unsaturated soil where aggregates of fine soil particles and water
exist and these are surrounded by air-filled voids. Under undrained loading there will be
displacement, rotation and distortion straining along with possible degradation straining
of the aggregates. There will also be displacement and distortion straining of the air
phase. The distortional straining of the aggregates may be perceived as comprising both
compressive and expansive directional straining and shear straining under constant volume
conditions if the soil particles and water phases are considered incompressible. In this
respect the aggregates can be thought of as deformable large particles. While we will
be concerned only with overall straining of the aggregates, it is important to note that
internal to the aggregates, energy would be dispersed as a result of displacement and
rotation (ignoring compression) at the particle level. There could also be an influence
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on external strain measurements from breakage of soil particles as well as degradation
and reformation of the aggregates. Further influences would accrue from air dissolving or
being liberated from the pore water, as well as changes in water vapour in the air. Other
sources of mechanical energy dispersion associated with the adsorbed double layer and
the contractile skin may also occur.

In the foregoing undrained tests, the externally measured strains, whether directional,
volumetric or deviatoric, must be the net effects of the displacement, rotation, distortion
and degradation straining, plus other possible strain effects, internal to the specimen. If
drainage of either or both the water and air phases is allowed, external strain measurements
would also include the effects of the phase mass changes.

The energy dispersion requirement as a result of external work input is not satisfied by
merely considering the compressive and expansive changes of the aggregates and air voids.
It is essential to understand that at the micro-mechanical level the straining is multifaceted
and requires the meaning of the generalised strain-increment variables to be interpreted in
terms of energy dispersion as plastic dissipation of energy and elastic recoverable energy.
While some of the displacement, rotation, compression and distortion straining may be
recoverable on removal of external loading, in any particular test much is likely to lead to
energy dissipation as a result of overcoming frictional resistance.

There are identifiable mechanical changes internal to a soil specimen that give rise to
energy dispersion but do not contribute to the net strain-increments determined from
external measurements. For example, energy may be dispersed by rotation of aggregates,
but rotation may not give rise to externally measurable strains. Similarly, displacement
of aggregates, particles, water or air in one direction may to a greater or lesser degree
be balanced by movement elsewhere in the specimen in an opposite direction, giving
rise to a reduced net external effect, though energy is dispersed by the movements in
both directions. Similarly, both directional straining and shear straining of aggregates in
unsaturated soils in opposing directions may occur internal to a specimen, with only the
net effects measurable external to the specimen.

9.8.5.2 Micro-mechanical strains as a measure of energy dispersion

While the individual directional strain-increments dε11 and dε33 are adequate in describ-
ing overall macro-mechanical soil specimen behaviour, the directional strain-increments
dεw,11, dεw,33, dεa,11 and dεa,33 relate to the micro-mechanical behaviour and energy dis-
persion in or between the aggregates. Nevertheless, to satisfy continuity, the sums of the
changes associated with the aggregates and air voids in both an axial and radial direction
must equate to the overall macro-mechanical strain-increments dε11 and dε33 experienced
by the specimen. This equality is expressed in Equations 9.20 and 9.21. Thus, the summed
internal strains must satisfy the overall volumetric and deviatoric straining of a spec-
imen. Examination of the equations for the strain-increments dεw,11, dεw,33, dεa,11 and
dεa,33 shows that they are linked to the mobilised stress ratios ηa and ηb, indicating their
dependence on the dispersion of the mechanical energy as a result of the work input.

The outcome of the argument, which is confirmed by examination of laboratory test
results, is that the magnitudes of the strain-increments dεw,11, dεw,33, dεa,11 and dεa,33 can
be expected to be significantly greater than might be assessed by merely examining the
magnitudes of the externally measured directional strain-increments. This requires that
the strain-increments dεw,11 and dεa,11 are of opposite sign, as their sum must equate to
the net strain-increment dε11 measured external to the soil specimen. A similar conclusion
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can be drawn for the strain-increments dεw,33 and dεa,33, the summed influence of which
must equate to the strain-increment dε33.

It is possible to gain further insight into the behavioural trends of the strain-increments
by simple conjecture. In a conventional triaxial test where the axial load is increased
and the cell pressure is maintained constant, radial expansive straining −dε33 occurs and
is in a direction opposite to the imposed cell pressure. This leads to apparent negative
energy dispersion. Negative energy dispersion is also indicated when analysing strains on
a micro-mechanical level. Consider the case of saturated aggregates in a specimen tested
under undrained triaxial conditions. Assuming no change of volume of the solid particles
and water under application of loading, and a positive axial strain-increment dεw,11 for
the aggregates, there would be expected to be negative expansive radial straining of the
aggregates −dεw,33 though the magnitudes of dεw,11 and −dεw,33 will be influenced by
other energy dispersion effects. Thus, when the strain-increments dεw,11 and −dεw,33 are
plotted against the conjugate stress variables σ ′

11 and σ ′
33 respectively in accordance with

Table 9.1 Case 2, positive energy dispersion is indicated for the aggregates in an axial
direction and negative energy dispersion in a radial direction.

Dilation also gives rise to apparent negative energy dispersion as a soil expands against
imposed loading. Alramahi and Alshibli (2006) have noted the importance of dilation in
assessing the behaviour of granular soils under triaxial test conditions. This is relevant to
unsaturated fine-grained soils as they develop aggregates of particles that behave in many
respects as a granular material, though the aggregates are likely to exhibit a greater degree
of deformability than individual granular particles. The greater the suction and the stiffer
the aggregates, the less the influence of the inter-aggregate bonding (Wheeler et al., 2003).
Consequently, with increasing desiccation the behaviour of an unsaturated fine-grained
soil resembles more closely that of a true granular material.

Negative energy dispersion is a manifestation of macro-mechanical measurements of
stress or pressure and is a phenomenon that arises in analyses such as turbulent fluid flow.
The significance of negative energy dispersion is discussed further in Section 9.8.6, but it is
important to appreciate that this is a necessary outcome of the continuity and work/energy
dispersion requirements that must be satisfied. As noted by Atkinson (1993), during an
increment of straining the work done must be invariant. In other words, the net work
done must be independent of the choice of parameters.

The foregoing arguments suggest two primary energy dispersion mechanisms as likely
to occur in unsaturated soils subject to conventional axial compression tests in a triaxial
cell. These are defined by positive and negative directional strain-increments as either
+dεw,11,−dεw,33,−dεa,11 and +dεa,33 or −dεw,11,+dεw,33,+dεa,11 and −dεa,33. While
other test protocols may dictate other relationships between the strain-increments, these
two dispersion mechanisms are exhibited in the tests on specimens of kaolin examined in
Section 9.9.

What does the foregoing discussion mean?
� The conjugate variables allow analysis of the net stress–strain behaviour of the

aggregate structure of an unsaturated soil specimen in a triaxial cell based on
fundamental theoretical principles.

� The straining at the micro-mechanical level of the aggregate structure is in terms
of energy dispersion and not just body distortion as at the macro-mechanical level
of overall specimen deformation.
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� While it is possible to identify components of energy dispersion that contribute to
the various strains, it is difficult to definitively correlate all energy components
with specific strains and the stress state variables making up the dual stress regime.
However, general conclusions can be drawn as discussed in Section 9.9.

� The analysis does not allow the behaviour within the aggregates to be analysed at
a particle level but only the net deformation behaviour of the aggregates and the
air voids between the aggregates. Accordingly, the analysis does not simplify down
to the interparticle analysis of a saturated soil.

� The analysis allows the dispersion of energy of the aggregates and between the
aggregates in terms of volumetric straining, deviatoric straining as well as
directional straining to be determined.

9.8.6 Significance of apparent negative energy dispersion

Consider the case of a soil specimen (no consideration is given to the nature of the soil)
in a triaxial cell, with the specimen initially under equilibrium conditions. Let there be a
change in the axial loading while maintaining the cell pressure constant, and let the new
total applied axial stress be given by σ11 and the total radial stress be given by σ33. As
illustrated in Figure 9.3, following the application of loading, the total stresses internal
to the soil specimen are not in equilibrium with the applied stresses and are given by σ 11

axially and σ 33 radially. It is the differences between the total stresses external and internal
to the specimen that give rise to the strains. The increment of work input per unit volume
δW ′ (or energy dispersion) due to the stress differences is given by:

δW ′ =
∫ (

σ11 − σ 11

)
dε11 + 2

∫ (
σ33 − σ 33

)
dε33 [9.35]
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Figure 9.3 Incremental energy dispersion under triaxial conditions.
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If (σ11 − σ 11 ) is positive (i.e. σ11 > σ 11 ), dε11 will be positive indicating compression in
an axial direction. If (σ33 − σ 33 ) is negative (i.e. σ33 < σ 33 ), dε33 will be negative indicating
expansion in a radial direction. This is consistent with positive energy dispersion internal
to the soil specimen in both axial and radial directions as the stress differences are of the
same sign as the strain-increments. Equation [9.35] does not give the total work input. At
equilibrium, the stresses axially and radially must balance, and the work input δW ′ under
the applied stresses is given by:

δW ′ =
∫

σ11dε11 + 2
∫

σ33dε33 [9.36]

While again the axial energy dispersion is positive in the test, the radial dispersion of
energy is negative as the radial strain is in the opposite direction to the cell pressure. As
for previous analyses, for infinitesimal changes the integration symbols in Equations 9.35
and 9.36 can be omitted.

Similar conclusions can be drawn for the straining of the aggregates and between the
aggregates in an unsaturated soil, and indicate that while the strain-increments under the
stress differences between equilibrium states are consistent with positive energy dispersion,
when considering macro-mechanical imposed stresses at equilibrium, apparent negative
energy dispersion may be indicated. Accordingly, care must be taken in interpretation of
experimental data for dεw,11, dεw,33, dεa,11 and dεa,33, recognising that internal to a soil
specimen, expansive strains must be associated with expansive forces and compressive
strains must be associated with compressive forces.

9.9 Analysis of triaxial experimental data on kaolin

The results of a number of triaxial tests on specimens of kaolin are discussed in the
following to highlight the use of the analysis and to show how the interpretation of the
data sheds light on the behaviour during shearing. It is important to note that the analysis
shows the change in conditions from those at the beginning of the shearing process. The
conditions of the specimens at the start are important and it is necessary to recognise
that the distribution and form of air voids and aggregates will be different for different
preparation techniques, leading to differences in stress–strain behaviour.

9.9.1 Specimens A and B (constant suction shearing tests on initially
one-dimensionally compressed specimens. Specimen A sheared under
fully drained conditions and Specimen B sheared under constant
pressure conditions)

First the results of these two distinctly different triaxial shearing tests on normally consol-
idated unsaturated specimens of kaolin (100 mm in length and 50 mm in diameter) will be
examined and compared. The test procedures for the two specimens are outlined below:

Specimen A: The specimen was initially prepared by one-dimensional compression in
a mould and then consolidated isotropically in a triaxial cell. The cell pressure was
incrementally raised to 500 kPa and held constant during shearing. Prior to shearing,
v = 2.140 and vw = 1.729. The suction was held constant at 300 kPa during both
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Figure 9.4 Specimens A and B – stress state variables against cumulative strain-increment
variables.

consolidation and shearing using the axis translation technique. The specimen was
sheared under fully drained conditions with increasing axial loading.

Specimen B: As for specimen A, specimen B was initially prepared by one-dimensional
compression and then consolidated isotropically in a triaxial cell. However, the cell
pressure for specimen B was incrementally raised to only 350 kPa and held constant
during shearing. Prior to shearing, v = 1.998 and vw = 1.845. The suction was held
constant at 100 kPa during consolidation and shearing. The specimen was sheared by
increasing the deviator stress but with p and p′ maintained constant by adjusting ua

and uw using the axis translation technique. This is referred to as a constant pressure
test.

In Figure 9.4 the plots of p = (p − ua) against cumulative volumetric strain-increment
dεv (condition 1 of Table 9.1) illustrate a decrease in the volume of both specimens
during shearing, as indicated by an increase in cumulative dεv. Other plots in the figure
indicate that the net volume decrease of both specimens is made up of a reduction in the
volume of the air voids (increasing cumulative dεa) and an increase in the water content
(decrease in cumulative dεw). For specimen A, in accordance with condition 2, an increase
in stress within the aggregates is indicated by the plot of increasing p′ = (p − uw) against
cumulative dεw, and an increase in the stress between the aggregates is given by the plot of
increasing p against cumulative dεa. For specimen B, in accordance with the test procedure,
p and p′ remain constant.

Though the specimens were deemed normally consolidated, in that they had not pre-
viously experienced externally imposed stresses greater than those at the commencement
of shearing, the dual stress regime entailed stress conditions within the aggregates greater
than those between the aggregates. The plot of p′ against cumulative dεw for specimen
A in Figure 9.4 indicates expansive intra-aggregate dilation on uptake of water by the
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Figure 9.5 Specimen A – directional stress state variables against cumulative strain-increments.

aggregates during shearing. The plot is markedly curved, consistent with expansive plastic
softening of the aggregates, characteristic of ‘overconsolidated’ behaviour. As specimen
A experienced overall volume reduction, the aggregates must have expanded into the
surrounding relatively large inter-aggregate air void spaces. Sivakumar et al. (2006b,
2010b) deduced similar behaviour from measurements on wetting of kaolin specimens.

Figure 9.5 presents the directional stress state variables against directional cumulative
strain-increments for specimen A based on conditions 1 and 2 of Table 9.1. Following the
discussion of Section 9.8, the directional strain-increments for the aggregates and the air
voids cannot be directly related to linear straining of the aggregates and air voids as they
account for the energy dispersion as a result of the various strain components identifiable
on a micro-mechanical level. They include the elastic stored energy and plastic dissipated
energy components resulting from the work input. Thus, while dε11 = dεw,11 + dεa,11

and dε33 = dεw,33 + dεa,33 and, accordingly, the overall continuity conditions for dεv and
dεq are satisfied, the strains dεw,11, dεw,33, dεa,11 and dεa,33 have magnitudes in excess
of those that might be expected from external measurements, and the strain-increments
dεw,11 and dεw,33 are of opposite sign, as are the strain-increments dεa,11 and dεa,33. The
strain-increments dεw,11 and dεa,11 are also of opposite sign as are the strain-increments
dεw,33 and dεa,33.

While the strain-increments include the numerous energy dispersion components, pos-
itive increments indicate compression and the associated dispersion of energy, while neg-
ative increments indicate expansion and the associated dispersion of energy. The figures
included in Section 9.9 identify compressive and expansive behaviour as an aid to clarity.

The areas below the plots give a measure of the summed mechanical stored and dissi-
pated energy components, which for convenience is defined as the dispersed energy. It is
apparent from the plot of σ ′

11 against dεw,11 in Figure 9.5 that most of the dispersed energy,
as a result of the application of the external deviator stress, is positive compressive energy
dispersion in an axial direction within the aggregates. While care must be exercised in
interpreting the plots because of the uncertainty of how the strain-increments relate to the
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components of energy dispersion, the plot of σ ′
11 against dεw,11 in Figure 9.5 is consistent

with compression of the aggregates axially, compliant with net axial compression of the
specimen. The plot of σ ′

33 against dεw,33 indicates negative dispersed energy, suggesting
expansive straining of the aggregates in a radial direction, again compatible with radial
expansion of the specimen and the uptake of water by the specimen during shearing.

The plots of σ 11 against dεa,11 and σ 33 against dεa,33 in Figure 9.5 are indicative of energy
dispersion between the aggregates. The behaviour is opposite to that of the aggregates,
i.e. between the aggregates there is negative dispersive energy in a vertical direction and
positive dispersive energy in a radial direction. The magnitudes of the energy dispersion
components for the air voids are less than those of the water voids. The reverse effect is
a necessary consequence of the need to balance the work input requirements on a macro-
mechanical level. The energy dispersion between the aggregates includes the influence on
the inter-aggregate void spaces of the movement and compression of air as a result of
displacement and deformation of the aggregates into the air spaces. The individual energy
dispersion effects are notional rather than quantifiable.

As both specimens A and B were normally consolidated and sheared to the critical
state, they can be expected to have experienced plastic dissipation deformations under
the increasing triaxial loading. For soils, yielding and subsequent plastic deformation are
generally appraised from the overall response of a specimen based on plots, often to a log
scale, of p against cumulative volumetric deformation dεv (e.g. Mitchell, 1970; Tavenas
and Leroueil, 1977; Graham et al., 1983). This approach is not always valid as shown
for specimen B in Figure 9.4 for which p remained constant during the test and the plot
is a straight horizontal line. However, it is possible using the conjugate stress and strain-
increment variables of Table 9.1 to gain some insight into the influence of the bi-modal
structure and anisotropic behaviour of unsaturated soils even for the constant pressure test
on specimen B. Figure 9.6, which shows the directional stresses and cumulative directional
strain-increments, indicates significantly curved relationships for the dispersion of energy
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Figure 9.7 Specimens A and B – cumulative dεw,11 and dεw,33 against cumulative dεw.

within and between the aggregates, suggesting plastic dissipation of energy from the very
early stages of the test. As for specimen A, the plots indicate the greater part of the energy
dispersion as taken up by the aggregates in an axial direction. The plots suggest flattening
of the aggregates as the specimen approaches the critical state where straining occurs
under relatively constant loading.

Figure 9.7 compares the relationships between the directional cumulative strain-
increments dεw,11 and dεw,33 and the cumulative volumetric strain-increment dεw of the
aggregates for specimens A and B. The curved relationships illustrate the distortion of
the aggregates under increasing volumetric strain. The plots for both specimens A and B
exhibit a similar form though the test conditions differ significantly.

Figures 9.5 and 9.6 are interpreted as indicating that the decreases in the air voids for
specimens A and B in Figure 9.4 are a result of axial expansion (negative cumulative dεa,11)
and radial compression (positive cumulative dεa,33) of the air voids, even though the to-
tal strains were compressive vertically and expansive radially. This suggests displacement
straining of the air voids in a reverse direction to the behaviour of the aggregates. The
curved directional relationships for the air voids are consistent with plastic deformations
between the aggregates with the increase in axial air voids tentatively suggested as indi-
cating progress towards vertical fissuring. Following testing, dried specimens of kaolin
have been observed to exhibit vertical fissures. This suggests the predisposition towards
such features during shearing. Fissuring is reminiscent of brittle materials such as rock and
concrete tested under triaxial test conditions (Pine et al., 2007). Using X-ray computed
tomography, Sun et al. (2004) analysed cross sections of silty clay during shearing in a
triaxial cell and the images clearly indicated the tendency towards the development of ver-
tical, axially orientated fissures. Halverson et al. (2005) used X-ray computed tomography
to examine the deformation characteristics of a one-dimensionally compressed silt speci-
men. The specimen was tested to failure under increasing axial loading under triaxial stress
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Figure 9.8 Specimens A and B – cumulative dεa,11 and dεa,33 against cumulative dεa.

conditions, and subsequently allowed to dry. The specimen exhibited typical shear banding
and radial bulging, but also exhibited vertical cracking in the centre of the specimen.

Figure 9.8 compares the relationships between the cumulative incremental-strains dεa,11

and dεa,33 and volumetric cumulative-strain dεa for the air voids for specimens A and B.
The curves suggest distortion of the air void spaces under increasing strain, but unlike the
plots for the aggregates in Figure 9.7, which indicate comparable trends for specimens A
and B, the plots for the air void spaces for specimens A and B exhibit distinctly different
curved forms.

The overall water volume increase for both specimens A and B is interpreted from Figure
9.7 as the net effect of ‘flattening’ of the aggregates under increasing axial loading, con-
sistent with axial compression and lateral expansion, the reverse of the air void response
to increased axial loading. The aggregates can be viewed as deformable large particles
experiencing volume change and yielding with reorientation and redistribution of the
soil particles influencing the soil structure. The anisotropic plastic stress–strain behaviour
within unsaturated aggregated soils is complex and the analysis sheds some light on the
behavioural trends that are masked in assessing behaviour from overall stress–volume
change measurements.

The deviator stress q can be viewed in accordance with condition 2 of Table 9.1 as
comprising the deviator stress within the aggregates qd with a conjugate deviator strain-
increment dεqw, and the deviator stress between the aggregates qc with a conjugate deviator
strain-increment dεqa. Plots of these deviator stresses against the conjugate cumulative
strain-increments for specimens A and B are presented in Figure 9.9. For both specimens
the greater part of the deviator stress is shown as generated within the aggregates, where
the stress level given by p′ is greater than between the aggregates, where the stress level is
given by p. The positive values of cumulative dεqw are consistent with the interpretation of
flattening axially of the aggregates, and the negative values of cumulative dεqa of extension
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axially of the air voids, though it is stressed that the actual values of the strain-increments
are a function of dispersion of energy rather than solely a measure of pure distortion.

For positive dεq, the cumulative deviator strain of the aggregates dεqw and the cumu-
lative deviator strain of the air voids dεqa will have opposite signs. In accordance with
Equations 9.25 and 9.26, the cumulative strain-increment dεqw will be positive and dεqa

will be negative, as observed in the tests, when ηa > ηb > 0.5ηa . Figure 9.10 illustrates
that this inequality existed throughout the tests. Equation 9.18 indicates that the in-
equality necessitates va/v < (�/Ma) − 0.5. For � = 0.6 and Ma = 0.86, as observed in
the tests undertaken (Figures 8.4 and 9.2), this necessitates va/v < 0.198 and accordingly
vw/v > 0.802. For specimen A the values of va/v decreased from 0.192 at the beginning
of the shearing stage to 0.057 at the end of the test and the corresponding values for
specimen B were 0.076 and 0.021. Thus, at all times the values of va/v were less than the
critical value for both specimens.

9.9.2 Specimen C (constant suction shearing test on initially
one-dimensionally compressed specimen sheared under fully
drained conditions)

The investigation into the behaviour of kaolin tested under triaxial stress conditions is
continued by examination of the data for a specimen prepared and sheared under the
following conditions:

Specimen C was initially prepared by one-dimensional compression in a mould and
then consolidated isotropically in a triaxial cell. The consolidation cell pressure was
incrementally raised to 450 kPa and held constant during shearing. Prior to shearing,
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Figure 9.10 Specimens A and B – mobilised stress ratio ηb against ηa .

v = 2.188 and vw = 1.726. The suction was held constant at 300 kPa during both
consolidation and shearing. The specimen was sheared under fully drained conditions
with increasing axial loading.

Comparison of the procedures in the preparation and shearing of specimens A and C
indicates little difference other than that the consolidation pressure and cell pressure dur-
ing shearing for specimen C (i.e. 450 kPa) was slightly less than that used for specimen A
(500 kPa). Specimen C had a larger specific volume than specimen A at the commence-
ment of shearing, indicating slightly greater air voids content as the specific water volumes
vw were very similar. Accordingly, specimen C was less compact, with a more open
inter-aggregate structure than specimen A, and less confining pressure was applied during
shearing. While Figures 9.4 and 9.11 indicate decrease in the volume of air voids and
expansion of the water voids during shearing for both specimens, when the data are anal-
ysed in greater detail, significant differences in behaviour are uncovered. The differences
are a function of the consolidation of the specimens prior to shearing.

Figure 9.5 for specimen A can be compared to Figure 9.12 for specimen C. The net
water content increase for specimen A was interpreted as made up of radial expansion
and axial compression of the aggregates, while the net air void decrease was interpreted
as made up of radial compression and axial expansion. However, Figure 9.12 indicates
a singularity in behaviour for specimen C (abrupt changes in energy as discussed in
Section 9.6).

Figure 9.12 indicates that while the plot of axial net stress σ 11 against cumulative axial
strain-increment dε11 shows nothing untoward, there are dramatic changes in the disper-
sion of energy within and between the aggregates in an axial direction during shearing.
Initially, as the axial stresses increase, the plots show positive energy dispersion between
the aggregates indicated by positive, compressive values of the cumulative axial
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Figure 9.11 Specimen C – stress state variables against cumulative strain-increment variables.

strain-increment dεa,11, but as straining continues this changes dramatically to negative
energy dispersion. The reverse is true of the aggregates which change from negative,
expansive energy dispersion to positive, compressive energy dispersion as the axial
loading increases as indicated by the change from negative to positive values of the axial
strain-increment dεw,11. This is interpreted as axial compression of the air voids initially
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Figure 9.13 Specimen C – deviator stress against volume changes.

as a consequence of the relatively large inter-aggregate air voids within the loose soil
structure, followed by compression of the aggregates in an axial direction as the air voids
close and the aggregates begin to interact to a greater degree. After the perturbation in
behaviour, specimen C behaves in a manner similar to specimens A and B with the net
increase in the air voids axially again suggestive of the predilection to axial fissuring
during shearing in the triaxial cell, and is consistent with the barrelling effect observed as
a result of lateral expansion under axial compression.

Figure 9.13 sheds further insight into the behaviour of specimen C which was subject
to increasing deviator stress with ua constant at 350 kPa and uw constant at 50 kPa (i.e.
s = 300 kPa). Plots of deviator stress against the total voids, air voids and water voids
are shown. Before the discontinuity in behaviour, the distortion of the aggregates was at
constant volume as indicated by the plot for water volume. Up to this point, all volume
reduction was due to reduction in the inter-aggregate void spaces consistent with the
foregoing interpretation of Figure 9.12. There is thus a marked difference in behaviour
before and after the discontinuity in behaviour. After the discontinuity, besides the
obvious increase in the volume of the water and thus increase in volume of the aggregates,
the rate of reduction in the total volume and air voids increased with increasing deviator
stress. As for specimens A and B, increase in the volume of water after the discontinuity,
along with reduction in total specimen volume, indicates expansion of the aggregates into
the larger inter-aggregate air void spaces. The singularity in behaviour exhibited in Figure
9.12 is not just a mathematical phenomenon but a reflection of what the specimen has
experienced.

Figure 9.14 presents the results for the behaviour radially of the water and air voids for
specimen C. Again the singularity in behaviour is indicated. As discussed in Section 9.6, this
occurs when 2ηb = ηa and in accordance with Equation 9.18 when va/v = (�/Ma) − 0.5.
For � = 0.6 and Ma = 0.86, this gives va/v = 0.198. For specimen A, va/v was always less
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Figure 9.14 Specimen C – cumulative dεa,33 and dεw,33 against cumulative dε33.

than this critical value, being more compact than that for specimen C. However, specimen
C had a value of va/v = 0.211 at the commencement of the test, which decreased to 0.187
by the end, thus passing through the critical value.

Figures 9.15 and 9.16 illustrate the energy dispersion changes of the water and air voids
during the drained shearing for specimen C. The behaviour is distinctly different to that
of specimen A and indicates a dramatic change in energy dispersion and, consequently,
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Figure 9.16 Specimen C – cumulative dεa,11 and dεa,33 against cumulative dεa.

straining during shearing. The analysis demonstrates that small differences in preparation
and testing procedure can result in significant differences in behaviour characteristics
depending on a critical inter-aggregate void spacing and thus on the degree of compaction.

As for specimens A and B, the deviator stresses can be viewed in accordance with
condition 2 of Table 9.1 as comprising the deviator stress within the aggregates qd with a
conjugate deviator strain-increment dεqw, and the deviator stress between the aggregates
qc with a conjugate deviator strain-increment dεqa. Plots of the deviator stresses against the
conjugate cumulative strain-increments for specimen C are presented in Figure 9.17. As the
deformation of the specimen increases, the greater part of the deviator stress is generated
within the aggregates, where stress levels given by p′ are greater than between the saturated
regions, where stress levels are given by p. However, the condition q = qc + qd given by
Equation 9.12b is always satisfied.

The discontinuity in cumulative strain measurements is reflected in the deviator strain
measurements presented in Figure 9.17. In accordance with Equations 9.25 and 9.26,
the cumulative deviator strain of the aggregates dεqw and the cumulative deviator strain
between the aggregates dεqa have opposite signs though the condition dεq = dεqw + dεqa

given by Equation 9.24 is always satisfied. However, unlike for specimens A and B, dεqw

is negative initially and dεqa positive, but there is a change of signs as the deviator stress
increases. The change of sign occurs either side of the condition 2ηb = ηa . Figure 9.18
illustrates that ηb < 0.5ηa exists in the early part of the test but ηb > 0.5ηa exists after the
discontinuity in behaviour. As previously, the change occurs at va/v = 0.198.

Under increasing axial stress it is only necessary that axial compression of the specimen
is balanced by the net changes of the aggregates and air voids axially. This is also true
of lateral expansion of the specimen. Indeed the data suggest that for specimens A,
B and C there is a net increase in the air voids axially during shearing, and flatten-
ing of the aggregates, thus aggregate compression in an axial direction. Specimen C is
shown to exhibit dramatic changes internally during the test with the initial relatively loose
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compaction of the specimen important and suggestive of an initial unstable fabric which
adjusted to a more stable state following a discontinuity in energy dispersion.

9.9.3 Specimens D and E (constant water mass shearing tests. Specimen D
prepared under truly isotropic conditions and specimen E by initial
one-dimensional compression)

Sivakumar et al. (2010a) reported the results of tests on isotropically and one-
dimensionally compressed specimens of kaolin. The research was aimed primarily at
assessing the influence of stress-induced anisotropy on the performance of unsaturated
soils. Figure 9.19 presents five paired plots of deviator stress q against suction s during
the shearing stages of the isotropically (IS) and one-dimensionally (1D) prepared speci-
mens sheared under constant water mass conditions. The paired specimens were prepared
to similar initial volumetric conditions. It is interesting to note that though the tests were
at constant water mass, the suction in the IS tests remained essentially constant while those
in the 1D tests tended to decrease from the condition at the start of the shearing process.
The results from two of the tests reported by Sivakumar et al. (2010a), and identified as
specimens D and E, are discussed in detail.

A thermocouple psychrometer measured changes in the soil suction. The psychrometer,
attached to the top-loading cap in the triaxial cell, was inserted in a small hole drilled
in the specimen. When in the cell, the IS- and 1D-prepared specimens were isotropically
compressed under pre-selected values of p before shearing. The results at the critical state
in the constant water mass tests are included in Figures 8.7, 8.8 and 8.21, but are not the
tests where p′

c/s was close to 1.0 for which the volumetric terms are considered influenced
by fissuring.

The differences in specimen preparation procedure between specimens D and E are
important. The methodology used to prepare the truly IS-prepared specimen D is described
in detail in Chapter 3. Briefly, wet kaolin at a targeted water content of 25% was passed
through a sieve with an aperture size of 1.18 mm and sealed in a plastic bag for 48 hours.
The material was then poured into a 100-mm-diameter rubber membrane in a triaxial cell
and pressurised isotropically. The sample was left in the compression system for 3 days
though consolidation took place rapidly. At the end of this time the confining pressure
was reduced to zero and a thin wall sample tube was used to extract a sub-sample of 50
mm in diameter and 100 mm in height. Specimen D was initially prepared by isotropic
compression to a target specific volume of 2.19 and a water content of 25%. The specimen
was then consolidated isotropically under a mean net stress of 300 kPa and sheared under
constant cell pressure and water mass.

In contrast to the preparation of specimen D, the material of specimen E was initially
conditioned to a water content of 25% and sieved as for specimen D, but was compressed
one-dimensionally in layers to a target specific volume of 2.19. Specimen E was then
consolidated isotropically in a triaxial cell under a mean net stress of 300 kPa and sheared
under constant cell pressure and water mass. Specimens D and E were thus prepared under
similar conditions other than that specimen D was isotropically compressed initially and
specimen E one-dimensionally compressed initially.

The fourth plot of q against s in Figure 9.19 for p = 300 kPa is for specimens D and
E. The IS-prepared specimen D had an initial suction of around 820 kPa, which remained
essentially constant during shearing, and the 1D-prepared specimen E had an initial suction
of 560 kPa, which decreased to a value of around 430 kPa at the critical state.
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Figure 9.19 Effect of stress-induced anisotropy on the stress path under constant water mass
conditions (Sivakumar et al., 2010a).
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Figure 9.20 Specimens D and E – stress state variables against cumulative strain-increment
variables, constant water mass tests.

Figure 9.20 confirms that there was no change in the specific water volume for either
specimen during shearing (vw remained constant and cumulative dεw = 0), but for the
IS-prepared specimen D the value of p′ was greater than for the 1D-prepared specimen
E, suggesting greater stress within the aggregates as a result of the greater suction (lower
values of uw). The coincidence of the plots of p against both dεv and dεa for both specimens
indicates similar average stress conditions between the aggregates p, and comparable
volumetric compression of the air voids. The coincidence of these plots conforms with the
principle that the stress state variable controlling the volumetric behaviour between the
aggregates is p.

Figures 9.21 and 9.22 present the directional stress state variables and directional strain-
increment variables for specimens D and E respectively. The plots indicate overall com-
pression axially (cumulative dε11 increasing) and expansion radially (cumulative dε33

decreasing), as for the earlier reported tests on specimens A, B and C. However, the plots
for the directional stresses σ ′

11, σ ′
33, σ 11 and σ 33 against the conjugate cumulative strain-

increments indicate behaviour somewhat different to that for specimens A, B and C. The
magnitudes of the cumulative strain-increments associated with the air voids dεa,11 and
dεa,33 are greater both axially and radially than those of the aggregates dεw,11 and dεw,33,
which is the reverse of the behaviour exhibited by specimens A, B and C. The cumulative
strain-increments are also of opposite sign to those of specimens A, B and C other than
for the early stages of the test on specimen C before the singularity in behaviour.

Unsaturated fine-grained soils develop aggregations of particles that behave in many re-
spects as a granular material, and the greater the suction the stiffer the aggregates and the
less the influence of inter-aggregate bonding (Wheeler et al., 2003). The suctions in speci-
mens D and E of 430–820 kPa were greater than those of specimens A, B and C of 100–300
kPa and the aggregates can be expected to present a greater resistance to deformation.
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Figure 9.21 Specimen D – directional stress state variables against directional cumulative
strain-increments, constant water mass test.

200

400

600

800

1000

1200

−0.5−1.0 0 0.5 1.0 1.5

(σ11−uw) against d w,11

(σ11−ua) against d a,11

(σ33−uw) against d w,33

(σ11−ua) against d 11

(σ33−ua) against d a,33

Directional cumulative strain-increment

D
ir

ec
ti

o
n

al
st

re
ss

st
at

e
v

ar
ia

b
le

Expansion Compression

(σ33−ua) against d 33

Figure 9.22 Specimen E – directional stress state variables against directional strain-
increments, constant water mass tests.
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Specimens A, B and C were tested under constant, relatively low suctions where inter-
aggregate suction can be expected to have maintained a degree of continuity between
the aggregates. These tests are interpreted as indicating flattening of the aggregates under
axially increased loading. Following a similar line of argument for specimens D and E, the
elevated suctions will have allowed more freedom of movement or displacement straining
of the relatively rigid aggregates because of a reduced influence from inter-aggregate suc-
tion. This is thought to go a long way to explaining the test results for specimens D and E.

In Figures 9.21 and 9.22, the axial compressive (positive) strain-increments dε11 are
the difference between the positive strain-increments between the aggregates dεa,11 and
the negative strain-increments of the aggregates dεw,11. The radial expansive (negative)
strain-increments dε33 are the difference between the negative strain-increments between
the aggregates dεa,33 and the positive strain-increments of the aggregates dεw,33. The
plots of Figures 9.21 and 9.22 exhibit behaviour similar to the early stages of the plots
for specimen C, when, before the discontinuity in behaviour, the straining was also at
constant water mass. Consistent with the conclusions for specimen C, the form of the
plots in Figures 9.21 and 9.22 for specimens D and E can best be explained as net closure
of the air voids in an axial direction as the deviator stress increases, along with opening
up of the air voids radially. The cumulative strain-increments dεa,11 and dεa,33 portray
the energy dispersion in this process. The opposing straining of the aggregates, dεw,11 and
dεw,33, suggests energy dispersion due to movement of the aggregates to displace the air
voids in an axial direction, with the opposite effect in a radial direction. This suggests
inter-aggregate dilation in sensitive regions of the soil specimens giving rise to apparent
negative energy dispersion. As noted in Section 9.8.5, dilation is a phenomenon observed
in testing of granular soils in the triaxial cell (Alramahi and Alshibli, 2006) and gives rise to
negative energy components as the soil expands against the imposed stress. It is important
to realise, however, that such behaviour is likely to be restricted to localised regions of
a specimen and that overall specimen volume change may be compressive. In places the
aggregates will move closer together while in others there will be inter-aggregate dilation.
It is the net overall effect of energy dispersion that is indicated by the negative values of
the cumulative strain-increments dεw,11. It is argued that there is a tendency for localised
regions to experience dilation, which is likely to give rise to significant energy dispersion,
weighting the tests data. Some justification for such an interpretation is provided by
Caner and Bažant (2002). They carried out axial loading tests and finite-element analysis
of the lateral confinement needed to suppress ‘softening’ of concrete in compression. They
presented evidence of softening, which would be consistent with dilation in soils, notably
towards the outer edges of specimens.

While the plots indicate the directions of the cumulative strain-increments are similar
for specimens D and E, there are obvious differences as the specimen structure altered
under the increasing axial loading and the critical state was approached. In particular, the
greater suction throughout the IS test on specimen D has led to greater directional stresses
within the aggregates given by greater σ ′

11 and σ ′
33 values.

Figure 9.23 indicates that in addition to the overall volumetric changes given by the
change in the air voids (i.e. dεv = dεa) for both specimens D and E in Figure 9.20, the
directional cumulative strain-increments of the air voids dεa,11 and dεa,33 in the constant
water mass tests are also comparable for both specimens.

Figure 9.24 presents the deviator stresses for specimens D and E in accordance with
condition 2 of Table 9.1. In accordance with this condition, the total deviator stress
is made up of the deviator stress within the aggregates qd with a conjugate deviator
strain-increment dεqw, and the deviator stress between the aggregates qc with a conjugate
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deviator strain-increment dεqa. The total deviator stress q for the IS-prepared specimen D
is greater than that for the 1D-prepared specimen E.

As for specimens A, B and C tested under different test conditions, the greater part of
the deviator stress for specimens D and E is generated within the aggregates, where stress
levels given by p′ are greater than between the aggregates, where stress levels are given
by p. However, it is important to note that the relative proportion of the total deviator
stress contributed by the deviator stress within the aggregates is less for specimens D
and E than for specimens A, B and C. Conversely, the proportion of the total deviator
stress contributed by the deviator stress between the aggregates is greater. This suggests
greater shearing between the aggregates in the tests on specimens D and E than in the
tests on specimens A, B and C. This is again consistent with the aggregates being more
rigid and displacing to allow shearing between the aggregates. Specimens A, B and C
exhibited a plastic failure mechanism while specimens D and E exhibited a more brittle
failure mechanism though further testing would be warranted before firm conclusions can
be drawn on the significance of the strain-increments and the type of failure. However, it
is not surprising, based on the foregoing arguments, that as discussed in Section 8.5 and
illustrated in Figure 8.32, differences in specimen preparation and test procedure lead to
different critical state relationships.

As previously, in accordance with Equations 9.23 and 9.24, for positive dεq, the shear
strain of the aggregates dεqw and the shear strain between the aggregates dεqa will have
opposite signs. However, while for specimens A and B tested under constant suction, dεqw

is always positive and dεqa always negative, for specimens D and E, dεqw is always negative
and dεqa always positive, as shown in Figure 9.24. Specimen E exhibits a change between
the two conditions of shearing.

For the test on specimens D and E, Figure 9.25 indicates ηb < 0.5ηa at all stages of the
tests. This is consistent with dεqw being negative and dεqa being positive. Equation 9.18
indicates that the inequality necessitates va/v > (�/Ma) − 0.5. For � = 0.6 and Ma = 1.00
as observed in the tests undertaken (Figure 8.7), va/v > 0.100. For specimen D the values
of va/v decreased from 0.171 at the beginning of the shearing stage to 0.165 at the end
of the test and the corresponding values for specimen B were 0.229 and 0.165; thus at all
times they were greater than the critical value of 0.100.

9.10 Conclusions

In unsaturated soils, a bi-modal structure was shown in Chapter 7 to lead to three alterna-
tive equations describing the stress regime. The equations highlighted the thermodynamic
importance of assigning volumetric variables to conjugate stress state variables. The cur-
rent chapter has extended the analysis to develop three alternative equations for the work
input into an unsaturated soil under triaxial test conditions. The analysis has led to the
following major conclusions:

� From the work input equations, work conjugate stress and strain-increment variables
have been determined and are presented in terms of two mobilised stress ratios.

� Equations have been developed for the axial strain-increments, the radial strain-
increments and the deviator strain-increments that can be used to appraise the
anisotropic behaviour both of the aggregates and between the aggregates in unsat-
urated fine-grained soils.
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Figure 9.25 Specimens D and E – mobilised stress ratio ηb against ηa .

� The externally measured strains whether directional, volumetric or deviatoric must
be the net effects of the displacement, rotation and distortional straining, plus phase
mass changes and other energy dispersion effects, internal to the specimen. The di-
rectional strain-increments for the aggregates and between the aggregates are shown
to reflect the energy dispersion due to the complex internal phase straining. On the
micro-mechanical level, simple linear changes in dimensions do not satisfy the work
input as there are identifiable mechanical changes internal to a soil specimen that give
rise to energy dispersion but not to linear strain-increments. Nevertheless, the overall
dimensional changes of a specimen must equate to the net internal changes as a result
of energy dispersion. The analysis complies with these compatibility and work analysis
requirements.

� The necessity of carefully assigning the stress state variables and deviator stresses with
the conjugate volumetric and strain-increment variables in constitutive modelling, in
order to obtain meaningful relationships for unsaturated soil, has been demonstrated.

� The shear behaviour of specimens of unsaturated kaolin in the triaxial cell has been
examined using the stress state variables and deviator stresses along with their cumu-
lative conjugate strain-increment variables. The analysis is shown to provide a logical
interpretation of experimental data. In particular, the anisotropic behaviour of the
aggregates and between the aggregates of kaolin is illustrated and takes account of the
bi-modal structure of unsaturated soils.

� In the shearing tests on those specimens of kaolin where suction was held constant
by the axis translation technique, the increase in air voids in an axial direction was
consistent with the predisposition towards the development of axial fissures as the
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triaxial specimen expanded laterally. This is reminiscent of the behaviour of brittle
materials.

� A specimen of kaolin with initially relatively large inter-aggregate voids and tested
under triaxial compression with suction maintained constant using the axis translation
technique experienced a discontinuity in behaviour prior to exhibiting behavioural
characteristics similar to those described above. The specimen had a va/v ratio less than
a critical value of 0.198 determined from the mobilised stress ratios taking � = 0.6
and Ma = 0.86. The initial relatively loose compaction of the specimen suggested a
fabric that was unstable during shearing and adjusted to a more stable state.

� Tests on a truly isotropically prepared specimen and a one-dimensionally compressed
specimen of kaolin sheared under constant water mass conditions in the triaxial cell
have been analysed and compared. The overall volume reduction of the specimens
comprised compression of the air voids. The conjectured behaviour based on con-
siderations of the energy dispersion was one of localised inter-aggregate dilation and
compression of the air voids as shearing proceeded.

� Tests on soils are generally directed towards evaluating material properties that can be
used in the design of engineering structures. This requires the development and vali-
dation of stress-deformation constitutive models and their implementation in numeri-
cal predictive analysis. The stress-deformation constitutive model approach described
lends itself to further insightful research into the stress conditions and mechanisms
governing the behaviour of unsaturated soils and to the determination of fundamental
material parameters that may be incorporated in predictive numerical analysis.

� While discussion has been presented on the significance and observations of the elasto-
plastic behaviour of unsaturated soils, the formulation of a framework for yielding, the
identification of plastic potential, a flow rule and hardening (or softening) is beyond
the scope of this book. However, the anisotropic plastic stress–strain behaviour within
unsaturated soils is shown to be complex and it is essential to consider yielding at a
micro-mechanical level for a soil with a bi-modal structure. The analysis sheds light
on the behavioural trends at a micro-mechanical level. These trends are masked in
assessing behaviour from overall stress–volume change measurements. The evidence
supports the assertion that the dispersion of energy at a micro-mechanical level, which
includes the various frictional dissipative strains and free energy recoverable strains,
must be considered in the development of a comprehensive elasto-plastic model.

Notes

1. This is consistent with Chapters 4 and 5. In Section 5.6.2 the work done to a specimen is given
by δW = −pdV, where p is pressure and V is volume. Accordingly, dV < 0 for compression of
a soil specimen gives δW > 0.

2. Free energy describes the elastic energy that is recoverable and can be converted to do work on
removal of applied loading.
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Index

Absolute temperature (degrees Kelvin), 10,
130, 135, 150

Activity (of clays), 7–9, 12, 18
Adsorbed water, 9, 12, 16, 18, 142, 161,

163, 165–6, 171, 225, 228–9
Double layer, 9, 16, 18, 144, 165, 225,

228–9
Aggregates (of soil particles and water), 1.

See also Soil structure
Adsorption (uptake) of water and swelling,

30, 33, 120, 175, 199, 234
Aggregates per unit volume of soil, 169
Breakdown, 114, 118, 178, 199–200, 221,

228–9
Creation, 18, 25, 59, 157–8, 167–8, 176,

195
Definition (description), 5, 175
Distortion and deformation, 30, 33, 120,

175, 199, 228, 230, 236–7, 239, 241,
243, 249

Enthalpy of. See Enthalpy
Inter-aggregate bonding, 230, 247
Inter-aggregate voids and intra-aggregate

voids. See Voids
Saturated aggregates, 25–6, 31–3, 59, 157,

164, 173, 175
Slippage, 30, 120
Specimen preparation, 59–63, 181
Volume of aggregates per unit volume of

soil, 5
Air bubbles. See Bubbles
Air entry value, 14, 37–8, 46–7, 52, 72–3.

See also High-air-entry discs
Air pressure, 37–8, 66, 82, 168–9

Air pressure in bubbles, 16
Atmospheric (gauge) pressure, 2, 36, 38,

156–7
Pore air pressure, 9–12, 21, 38, 43, 52, 65,

70–71, 88, 94, 97, 151, 156–8, 163–4,
171–2, 186

Air voids and air voids ratio. See Voids
Air–water interface. See Contractile skin and

Surface tension
Aitchison’s stress, 88–9
Ampthill clay, 2, 8
Angle of friction

Associated with changes in (ua − uw), 94
Effective angle of friction, 94

Anisotropy
Anisotropic loading and stress states, 122,

133, 141, 147, 152–6, 158–61, 185
Anisotropic properties and behaviour, 22,

59, 62, 106, 142–4, 203, 213, 224, 227,
235, 237, 251–3

Anisotropic yielding, 87
Stress-induced anisotropy, 31, 117, 123,

245
Area cut by plane, 9, 19–20, 70, 153,

172–3
Area of air voids cut by flat plane, 172
Area of solids cut by flat plane, 19, 173
Area of water voids cut by flat plane,

172
Atmospheric pressure. See Air pressure
Atterberg limits

Liquid limit, 7, 181
Plasticity index, 7, 9, 192
Plastic limit, 7, 14, 181, 189
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Average soil skeleton stress tensor, 89
Average volumetric ‘coupling’ stress, 159,

163, 166, 172–3, 180–211, 214–5, 220,
225

Coupling stress and tensor, 172–4, 179
Axis translation

Equilibration time, 35
Null-type axis translation technique, 52
Technique, 34–6, 43, 52–3, 56, 65–6,

69–71, 83, 94–5, 113–4, 121, 147,
156–7, 159, 181, 186, 189, 192, 233,
252–3

Axi-symmetrical loading, 69, 91. See also
Triaxial tests

Barcelona Basic Model (BBM), 107–12, 203,
206, 208, 211

Extended models, 112–23
Belfast Upper Boulder clay, 7–8
Bentonite, 23. See also Montmorillonite and

Smectite
Sodium-rich bentonite, 7–8, 191
Bentonite enriched sand (BES), 180,

189–92, 194, 197
Sand-bentonite, 55, 58, 76, 123

Bi-modal structure and pore size distribution.
See Soil structure

Bishop’s stress, 88–9, 93, 95–6, 121
Boom clay, 65, 177
Botkin silt, 118
Breakage of particles and aggregates, 199,

228–9. See also Strain and
strain-increments: Degradation straining

Bubbles, 33
Air bubbles influence on measurements,

37, 45–7, 52–3, 82, 156
Air bubbles in soils, 15–20, 163–5, 169,

178
Equilibrium bubble radius, 16–17
Nucleation and bubble dynamics (growth

and decay), 15–16, 140
Vapour bubbles, 15–20

Calcite, 7
Cam clay model (original and modified),

98–9, 105, 110, 203, 226
Capillarity, 10–11, 14, 24, 35, 50
Capillary tube. See Capillarity
Cathetometer, 79
Cavitation, 15–16, 33, 44–6, 52–3, 71,

74

Chemical potential. See Potentials
Chilled-mirror dew-point devices. See

Psychrometers
Cohesion, 101, 200, 226
Cohesionless soils, 95, 226
Cohesive soils, 22, 95, 103, 226
Collapse and collapse compression, 30, 32,

110, 120–1, 129, 139, 141–2, 176–9
Collapsible soils, 3

Colloids, 18
Compaction and compacted soils, 2–4, 6, 22,

24–6, 28–30, 33, 47, 97, 100, 108, 113,
116, 118, 121, 123, 168, 175, 178, 188,
191, 197–8, 203, 205, 210, 243

Dynamic and static compaction, 27, 94,
96–7, 116, 181, 185–6, 189, 198

Proctor and Modified Proctor compaction,
6

Compression (isotropic and one-dimensional)
of specimens, 18, 47, 59, 61–2, 69–70,
99–100, 105, 109–10, 116–17, 121,
123, 181, 186, 198–9, 204–5, 210, 230,
232–3, 236, 238, 245, 253. See also
Strain and strain-increments

Compression characteristics and
behaviour, 6, 25, 65, 69, 101, 128,
200–2, 204–5, 210–11

Compression coefficients, 114
Compression indices, 97
Compression tests and equipment, 24, 71,

189, 245, 253
Isotropic compression, 27, 32, 63, 116,

185, 192, 199–200, 202, 204–5,
210–11, 245

Isotropic normal compression hyperline,
116

Virgin compression, 110
Conjugate stress and volumetric variables.

See Conjugate variables
Conjugate variables (conjugate pairings), 4,

135–6, 142–6 (See also
Thermodynamics: Conjugate
thermodynamic variables)

Conjugate stress and volume variables, 90,
125, 174–5, 179, 181, 183, 194, 215,
223–4, 230, 251

Work conjugate stress and strain
(including strain-increment) variables,
89–90, 92, 125–7, 154, 213–15, 217,
223–5, 227, 230, 235, 237, 243, 247,
249, 251–2
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Constant water mass tests, 113, 136, 186,
189–90, 198–9, 205, 245, 249, 253

Constitutive relations
Equations, 87, 89, 97, 176
Modelling (frameworks), 87, 89, 92–3,

97, 107–8, 112–25, 208, 223, 226,
252–3

Contact angle
Of air–mercury interface with wall of

capillary, 24
Of air–water interface with wall of

capillary, 10
Continuum and continuum mechanics, 92,

173, 225–6
Contractile skin, 9–10, 12, 14–8, 89, 151,

157–8, 163, 167–8, 171, 173, 178,
228–9. See also Air–water interface,
Surface tension and Enthalpy

Critical state characteristics for saturated
soil, 103

Critical state framework, 98–107
Critical state line (csl), 14, 99–101
Hvorslev surface, 103
Isotropic normal compression line

(iso-ncl), 99–103, 108
One-dimensional normal compression line

(1d-ncl), 99–103
Roscoe surface, 103
State boundary surface, 99, 103–4
Unloading and reloading line (url), 102–4

Critical state characteristics, 181, 197–8, 200
Critical state framework, 107–19
Critical state hyperlines, 116
Critical state line (csl), 14, 108–10, 112,

118, 181, 206, 211
Hyperspace, 206
Isotropic normal compression hyperline,

116
Isotropic normal compression line

(iso-ncl), 109, 116–8, 123, 125, 181,
203–6, 210–11

One-dimensional normal compression line
(1d-ncl), 123, 125

State boundary hypersurface, 116
Unloading and reloading line (url),

109–10, 112
Critical state for saturated soil, 93, 100–1,

103, 105, 216–7, 221, 224
Critical state framework, 93, 98, 101,

124–5
Critical state parameters, 101–2, 128, 216

Critical state soil mechanics, 98–9, 103,
105

Critical state strength, 93, 101, 103, 139,
216–7, 226

Definition of critical state, 100
Critical state for unsaturated soil, 108,

114–5, 118–9, 170, 178, 180–1, 183–4,
186, 190–2, 194–5, 198–200, 202–5,
208, 210–1, 224, 235–6, 245, 249, 251

Critical state framework, 107, 112, 114,
116, 124–5

Critical state parameters, 108–10, 113–9,
217

Critical state soil mechanics, 107
Critical state strength, 108, 113–4, 118,

139, 180–2, 185–7, 190, 192, 194,
198–9, 203, 205–6, 209–10

Crystalline
Crystalline ice, 142
Crystalline water, 9, 161, 163, 165–6
Particles, 7
Swelling, 8–9, 18

Dalton’s divisional law, 142, 161, 163
Degree of saturation (with water), 2, 5, 12,

14, 25, 61, 88–9, 97, 113, 120, 127,
150–1, 165–7, 170–1, 173, 175, 178–9,
184, 200, 208, 221

Density, 24, 32, 61, 142, 174, 179
Bulk density, 6
Dry density, 6, 71, 116, 195
Dry density – water content relationship,

6
Maximum dry density, 6
Of dry aggregated soil, 195
Of soil particles (relative density, specific

weight or specific gravity), 6, 32
Of water, 6, 144

Desiccation, 2
Deviator stress, 24, 69, 71, 74, 82, 92,

100–1, 103, 105, 108, 110, 114, 116,
124, 153–6, 180, 182, 190–2, 194, 198,
210–1, 214, 216–7

Components of the deviator stress for
unsaturated soil, 215–19, 221, 224,
233–4, 237, 241, 243, 245, 249, 251–2

Diffusion of air, 38, 52, 83
Dilation and rate of, 103, 178, 226–7, 230,

233, 249, 253
Dimensionless model (and dimensionless

stress-volume space), 146, 180
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Dimensionless variables, 165–6, 181, 198,
203–4, 210–1

Discontinuities
In behaviour, 176, 178–9, 181, 199–200,

209, 211, 221–2, 241, 243, 245, 249,
253

In soil structure (fissures, laminations,
bedding planes, tension cracks), 6–7, 22,
24–5, 28, 168, 171, 186, 195–6, 209,
236, 241, 245, 252

Dispersed soil structure, 18, 22, 25, 114,
118, 176, 178, 181, 202, 208

Dispersion of energy. See Energy
Dissolved air and gases, 9, 15–7, 73, 83, 144,

161, 163–4, 166, 168, 171, 228
Distinct element method (DEM), 228
Dolomite, 7
Double layer. See Adsorbed water
Dual-energy gamma-ray technique, 23

Effective stress. See Terzaghi’s effective stress
Elastic behaviour, 99, 106–7, 110, 116, 120,

125. See also Elastic energy and Elastic
work

Elastic compression or expansion, 110
Elastic deformation of particles and

aggregates, 120, 228
Elastic solids, 103
Elastic stiffness parameter, 110
Elastic stored energy, 234
Elastic strains and strain-increments. See

Strain and strain-increments
Elastic swelling or swelling, 110
Elastic wall, 104
Elastic work, 226–7
Elasto-plastic behaviour, 125, 226, 253
Elasto-plastic physical phenomena, 120
Pseudo-elastic pre-yield behaviour, 106

Elasto-plastic model (or framework), 87,
105, 108, 112, 116, 120, 203, 253

Extended elasto-plastic critical state
framework for unsaturated soils, 112

Electrical conductivity sensors, 34–5,
48–9

Delmhorst gypsum block, 49
Equilibration time, 35
Gypsum blocks, 48–9
Soilmoisture Equipment Corporation

gypsum block, 49
Energy. See also Internal energy and

Potentials

Capillary component of free energy, 10
Dispersion, 133, 213, 223, 225,

227–32, 234–6, 238–40, 242, 245,
249, 252–3

Dissipation, 218, 224, 226–7, 229,
234–6

Dissipated work, 226
Elastic energy, 227–9
Energy barrier, 140–41, 208
Free energy, 141, 218, 224, 226–7, 253
Free energy of soil–gas interface, 24
Free energy of soil–mercury interface, 24
Free energy of soil water, 10, 14
Frozen elastic energy, 226
Kinetic energy, 132, 135
Negative energy dispersion, 230–2, 240,

249
Potential energy, 137, 139, 144
Solute component of free energy, 10

Enthalpy, 131, 137–8, 141–2, 146–7, 149,
158–9, 160–2, 171

Component of enthalpy of the contractile
skin in an aggregate, 169

Component of enthalpy of the contractile
skin of a spherical water droplet, 169

Enthalpy minimum principle, 137–8, 141,
148–9, 157–8, 160, 167, 171

Enthalpy and Terzaghi’s effective stress,
162

Enthalpy as a thermodynamic potential,
137–8, 141, 146, 149, 157–8, 160–61,
179

Of adsorbed and absorbed water, 163
Of aggregate, 161–2, 168–9
Of air phase and interactions, 163
Of contractile skin, 161, 163, 165–6,

168–70
Of dissolved air, 163–4
Of individual phases or interactions

between phases, 162
Of reservoir water in triaxial cell, 149
Of solid phase and interactions, 162–4,

170
Of unsaturated soil, 163
Of water phase and interactions, 162–3
Of water vapour, 163–4, 168
Principle 1, 160–2
Principle 2, 161–2, 167–8
Role, 160

Entropy, 130–1, 133–5, 143
Envelope of isotropic compression, 203–4
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Equilibrium and thermodynamic equilibrium,
3–4, 9–10, 14, 58, 69, 128–30, 132,
134–6, 138–46, 147–52, 154–9, 160,
162, 167, 171–2, 175–7, 179, 231

Equilibration 59, 129
Equilibrium analysis, 19–21, 88, 154
Equilibrium thermostatics, 127
Chemical, 129, 144–5, 148
Mechanical (pressure and enthalpy),

129–30, 137–8, 141, 144–5, 148–9,
151, 155, 159, 171–2, 180, 224,
231–2

Meta-stable, 128–30, 138–41, 145, 147,
158, 171, 176, 179

Of adsorbed double layer, 18
Of air bubbles, 15–17, 19
Of contractile skin, 14
Of dissolved air, 17, 164
Of pressures, 3–4, 33
Of soil water system, 34
Of vapour pressure, 14, 163
On a plane for a saturated soil, 19–20,

163
On a plane for an unsaturated soil

(alternative equilibrium analysis), 172
Quasi-static, 18
Staged changes (rule of stages), 139,

141–2, 145, 176
Thermal (temperature), 129–31, 133, 145,

148, 150, 152–3
Equivalent strength parameters, 200
Essential measurements, 69–70
Etruria marl, 8
Extensive variables

Definition and meaning, 130–1, 133,
135–6, 141–4

Use of, 131, 135–6, 145–6, 156, 158,
160–61, 172, 175

Failure, 236. See also Critical state for
saturated soils, Critical state for
unsaturated soils and Strength

Brittle failure mechanism, 251
Extended Mohr–Coulomb failure envelope

for unsaturated soils, 94
Mohr–Coulomb failure envelope for

saturated soils, 94, 101
Plastic failure mechanism, 251
Post failure, 24

Filter disc
Fissured and fractured disc, 73

High air entry filter, 37–8, 43–4, 47, 52,
71–6

Saturation chamber, 73
Saturation of filter disc, 38, 71–6

Filter paper
Calibration, 50
Contact method for matric suction, 35,

49–51
Equilibration time, 35, 50–51
Equilibrium, 49–51
Method, 34, 49–51
Non-contact method for total suction, 35,

49–51
Schleicher & Schuell No. 589-WH paper,

50
Whatman No. 42 paper, 50

Fine-grained soils, 1, 5, 7–8, 11, 18, 22–3,
25, 33, 59, 93, 146, 157, 175, 180 197,
208, 211, 213, 215, 226–7, 230, 247,
251. See also Cohesive soils

Finite-element analysis, 249
Fissures. See Discontinuities
Fitting parameter, 96
Flow rule, 107, 112, 122, 253
Fluid pressure acting through the solid phase,

19, 21, 89, 151–2, 158, 161, 164, 168,
171

Gravimetric water content. See Water content
Gravity and gravitational field, 9, 16, 19–20,

128–30. See also Potentials:
Gravitational

Gypsum blocks. See Electrical conductivity
sensors

Hall effect transducer, 77
Hanging column technique

Equilibration time, 35
Multiple column technique, 34–6
Vacuum control technique, 36

Hardening, 99, 107, 112, 253
Hardening law, 107
Plastic hardening, 102, 123
Suction hardening, 112

Heat. See Potentials
Henry’s law, 17, 140, 164
High-air-entry (HAE) disc. See Filter disc
Hysteresis, 19, 128, 130, 134, 139, 176–7,

179, 227
Hydraulic hysteresis (wetting–drying

behaviour), 17, 112–3, 120, 124, 176–7
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Hysteresis (Continued)
Hysteresis and collapse, 120–21, 176–7
Instrumentation hysteresis, 46, 48–9, 80,

83

Ideal gas laws, 164
Illite (also Hydrous mica), 7–9
Immiscible interactions. See Interactions
Inclinometers, 77
Intensive variables

Definition and meaning, 130–1, 135–6,
142

Use of, 131, 135–6
Interactions

Aggregate interactions, 175, 202, 205
Immiscible, 142, 161, 163
Miscible, 142, 161, 163
Phase interactions, 1, 3, 9, 14, 33, 142–5,

149, 151, 157–8, 161–3, 167, 171, 173,
178, 228

Soil particle interactions, 9, 18, 20, 163,
165–6, 171, 173, 175, 210, 225

Inter-aggregate characteristics
Bonding, 230, 247
Contacts, 30, 32, 120, 176
Intra-aggregate void spaces. See Voids
Stresses, 174
Structure, 194
Suction, 249

Inter-aggregate voids. See Voids
Inter- and intra-aggregate contacts, 30, 32,

120, 176
Intercept �, 184, 188–9, 192, 195, 220

Significance of, 194–5
Interlocking, 103, 226
Internal energy, 131–5, 137–8, 144, 146,

148, 150–55, 158, 161, 163, 226
Of reservoir water in triaxial cell, 148–9,

155
Of soil specimen, 148–9, 155

Inter-particle forces and stresses, 165, 168–9,
176

Intra-aggregate characteristics
Intra-aggregate void spaces. See Voids
Intra-aggregate voids ratio, 32
Stresses, 174
Structure, 194

Intra-aggregate voids. See Voids

Jurong soil, 113, 115, 189, 191–4, 197,
209–10

Kaolin (also Kaolinite and Speswhite kaolin),
7–9, 18, 24, 26–32, 52, 58–63, 66, 71,
74, 97–8, 116–17, 121, 123, 170, 178,
180–88, 191–211, 213, 216, 230, 232,
234, 236, 238, 245, 252–3

Kaolin-flint, 97
Kelvin equation, 15
Ko

Compression, 105
Consolidation test, 97
Loading, 97
Ko line, 106, 112, 123

Kinetics, 141
Kiunyu gravel, 113, 115, 186, 188, 191–4,

197, 209–10
Kronecker delta, 88

Laplace equation, 15
Lateritic gravel. See Kiunyu gravel
Legendre transformations, 137
Liquid limit. See Atterberg limits
London clay, 3, 7–8, 12, 23, 26, 169,

178

Macro-mechanical behaviour, 9, 105, 123,
125–130, 132, 146, 225, 235

Mass, 10, 128, 130, 133, 135, 139, 142–4,
150, 161–2

Constant water mass, 37, 113, 135,
186, 189–90, 198–9, 205, 245, 249,
253

Mass change, 9, 14, 89, 143–5, 149,
161–2, 229, 252

Molecular mass of water vapour, 10
Of air, 165
Of solids, 6, 14, 18, 92, 165
Of water, 6, 10, 165
Soil mass, 1, 6, 14, 131, 143, 171, 199,

210, 215, 217–9
Total, 6

Meta-stability. See Equilibrium
Material preparation, 59
Material selection, 57–8, 85
Matric suction, 21, 87–9, 94–6, 144, 174,

179, 189
Control, 52–3, 65, 76
Definition, 10–2, 14–5
Empirical matric suction parameter,

89
Measurement, 34–8, 43, 46–7, 49–52
Modified suction component, 121
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Relationship between partial vapour
pressure and soil suction, 10

Relationship between water content and
soil suction, 12

Membrane stretcher, 62
Meniscus. See Contractile skin
Mercia mudstone, 8
Mercury intrusion porosimetry (MIP), 22–7,

30–2, 167, 175, 198, 208
Micro-mechanical behaviour, 9, 120, 123,

125, 146, 169, 211, 226–30, 234,
252–3

Miscible interactions. See Interactions
Mobilised components of deviator stress,

218
Mobilised intercept ω, 220
Mobilised stress ratios. See Stress ratio

parameters
Mohr–Coulomb failure envelope. See Failure
Molecular mass of water vapour. See Mass
Montmorillonite, 3, 7–8, 12, 18. See also

Bentonite and Smectite
Calcium-montmorillonite, 9
Sodium-montmorillonite, 7, 9, 189

Multi-phase material, 92, 127, 131, 143,
145, 160–1

Near-infrared spectroscopy, 23
Negative pore water pressure, 2, 34, 36,

43–5, 48, 56, 87. See also Suction
Net stress, 18, 22, 87, 89, 97

Mean net stress, 22, 69, 71, 108–10, 112,
116, 118, 124, 169, 194, 197, 210–1,
214, 219, 224, 245

Net stress tensor, 88, 215, 239
Normality, 107, 111–12
Normal stress, 94–6
Nucleation of vapour phase, 140
Null-type tests, 37, 52

Occam’s razor, 210
Oedometer, 47, 52, 64–6, 69–70, 79, 123,

176
Oedometer and the osmotic technique to

control osmotic suction, 53, 65
Oedometer and the vapour equilibrium

technique to control total suction, 55
Modified floating ring oedometer, 64

O-rings, 62, 74, 82
Osmotic oedometer cell. See Oedometer
Osmotic shear box. See Shear box

Osmotic suction, 89, 144
Definition, 10, 12, 14
Measurement, 34, 40, 43, 51–2, 56
Osmotic suction parameter, 89

Osmotic technique of suction control, 53
Equilibration time, 35

Overconsolidation, 93, 102–3, 238

Partial pressures. See Dalton’s divisional law
and Interactions

Particle size distribution, 2
Peltier effect. See Psychrometers
Phase compressibilities, 1, 17, 36, 70, 76,

83, 136, 151–2, 162, 164, 214, 228–9,
253

Plastic behaviour, 107, 211, 226
Hyperbolic plastic potential, 112
Plastic deformation, 105, 176, 235–6
Plasticity theory, 130
Plastic potential, 99, 107, 111–12, 124,

253
Plastic strains and plastic

strain–increments. See Strain and
strain-increments

Plasticity index. See Atterberg limits
Plastic limit. See Atterberg limits
Polyethylene glycol (PEG), 45–6, 53–4,

68
Pore air pressure. See Air pressure
Pore size distribution. See Soil structure:

Bi-modal structure and pore size
distribution

Pore spaces. See Voids
Pore water pressure, 36–8, 44, 52–3, 64–6,

69–71, 88, 94, 97, 151, 162, 164,
171–2. See also Negative pore water
pressure and Suction

Porosity, 4, 5, 25, 121, 166
Dual-porosity model, 25
Term for air phase, 4, 166
Term for solid phase, 4, 166
Term for water phase, 4, 166

Potentials
Chemical, 89, 130, 133, 135, 137–8, 140,

144–5, 149, 156
Electrical, 129
Enthalpy, 137–8, 141, 146–7, 149, 157–8,

160, 179
Gibbs, 137–8, 149
Gravitational, 132, 144–5, 152–3
Heat, 135, 137, 140, 149
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Potentials (Continued)
Helmholtz, 137–8, 149
Hyperbolic plastic potential. See Plastic

behaviour
Internal energy, 135, 137, 146–7, 149
Magnetic, 129
Mechanical, 135, 137, 139–40, 161,

175
Minimisation and minimum principles,

137–41, 145–9, 151, 157–60, 168,
170–71, 176, 178

Plastic potential. See Plastic behaviour
Thermodynamic, 128, 131, 135, 137–47,

149, 151, 155–61, 167, 171, 175–6,
178–9, 208

Preferential shearing, 182, 187, 194, 197,
210–11

Pressure plate, 34–8, 50
Equilibration time, 35
Equilibrium, 36–8

Processes
Irreversible processes, 130, 134–5, 176–8
Reversible processes, 128, 130, 133–5,

138, 145, 150, 177, 224
Psychrometers, 34–5, 52, 74

Calibration, 40–2
Ceramic cup–type psychrometer, 40
Chilled mirror psychrometer, 34–5, 43, 52
Correction factor, 40–1
Double-junction psychrometer, 40
Equilibration time, 35, 40, 43
Equilibrium, 38, 43
Peltier effect, 39, 43
Peltier thermocouple psychrometer, 39
Seebeck effect, 39
Single junction thermocouple, 40
Thermocouple psychrometers, 35, 38–43,

55–6, 74, 186, 245
Transistor (or thermister) psychrometer,

35, 42
Water potential or total suction in

psychrometer, 41

Radial strain. See Strain and
strain-increments

Radius and radius of curvature
Of air–water meniscus, 10–11
Of contractile skin on two perpendicular

planes, 14
Of spherical air bubble, 16, 19, 165

Radius of spherical water droplet, 168,
170

Rayleigh–Plesset equation, 15
Relative humidity, 10, 38–40, 42–3, 54–5
Residual soil, 3, 113. See also Jurong soil

Sample, 59–62, 116
Definition, 57
Sampling, 57–9, 63

Saturation chamber, 73
Saturation pressure of pore water over a flat

surface of pure water at the same
temperature, 10, 38

Scanning electron microscope (SEM), 22–3,
25, 27

Environmental scanning electron
microscope (ESEM), 23

Seebeck effect. See Psychrometers
Semi-permeable membrane, 45–6, 53–4
Sessile drop technique, 24
Shape factor for the contractile skin of an

aggregate, 169
Shear strain. See Strain and strain-increments
Shear stress, 66, 88, 93–5, 197
Shear box, 52, 58, 60, 64, 66, 69–70

Osmotic control of suction in the shear
box, 53

Shrinkage, 3, 12, 19, 24, 65, 71, 110, 112,
178

Shrinkage limit, 14
Simple shear, 64, 67
Singularities in behaviour, 222, 239, 241,

247
Smectite, 7, 18. See also Bentonite and

Montmorillonite
Softening, 99, 107, 249, 253

Plastic softening, 103, 234
Softening law, 107

Soil fabric. See Soil structure
Soil structure, 22–3, 25, 33, 59, 93, 100,

118, 129, 141, 178, 194, 197–9, 204,
208, 237. See also Aggregates,
Discontinuities and Voids

Aggregated structure, 1, 25, 31, 61, 114,
157–9, 162, 165, 167–8, 175–6, 178,
181, 186, 194, 199, 202, 208, 211, 221,
226, 230

Bi-modal structure and pore size
distribution, 23, 25–33, 157, 164,
173–5, 180
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Compaction-induced soil fabric, 22–3, 25,
32, 59, 116

Dispersed soil structure, 18, 22, 25, 114,
118, 176, 178, 181, 202, 208

Macro-structure, 25, 32
Micro-structure, 25
Suction-induced soil structure, 3

Soil water characteristic curve, 12, 96
Specific air volume, 92

Definition, 5
Specific gravity of the soil particles. See

Density of soil particles
Specific surface (surface area of particles), 18
Specific volume, 5, 12, 29–30, 32, 65–6, 92,

100, 102, 105, 114, 116–17, 119, 123,
152, 166, 174, 177, 180, 200, 203, 215,
239, 245

Definition, 5
Specific water volume, 12, 30, 32, 65–6, 92,

115–16, 119, 152, 166, 174, 180, 215,
239, 247

Definition, 5
Specimen

Definition, 9, 57
Size and dimensions, 9, 22, 28, 58–60, 63,

69, 92, 232
Specimen preparation, 22–5, 27, 32, 57–9,

61, 63, 85, 94–5, 97, 99–100, 102–3,
105–6, 116–8, 121, 123, 181, 185–6,
189, 192, 198–200, 202–6, 210, 232–3,
238, 245, 251, 253

Squeezing technique (pore fluid squeezer),
35, 51–2

Stiffness parameters, 109–10
Strain and strain-increments, 4, 34, 74, 87,

89–90, 92–3, 105, 123, 125–130, 134,
142, 146–7, 150, 154, 166, 175–7, 211,
213–15, 221, 223–5, 227, 229–30, 232,
234–6, 242, 249. See also Compression,
Collapse, Elastic behaviour and Plastic
behaviour

Axial strain and axial strain-increments,
59, 77, 92, 213, 224, 229–30, 252

Axial strain and strain-increments between
aggregates (air voids), 217–8, 251

Axial strain and strain-increments of
aggregates, 215, 230, 240, 251

Compressive straining, 90–1, 228–9
Continuity relationships between

strain-increments, 213

Cumulative strain-increments, 234, 237,
239–40, 243, 247, 249, 251

Degradation strain and strain-increments,
214, 221, 228–9

Deviator strain and deviator
strain-increments, 92, 217–9, 223, 229,
231, 237–8, 252

Deviator strain and strain-increments
between aggregates (air voids), 217,
221–2, 251

Deviator strain and strain-increments of
aggregates, 217, 221–2, 225, 251

Displacement straining, 228–9, 252
Distortional straining, 225, 227–9, 252
Elastic strain and strain-increments, 99,

103–4, 120, 218–9, 224, 226–8. See also
Elastic behaviour

Frictional dissipative strains, 227, 253
Free energy strain, 227, 253
Measurement of strain, 46, 59, 76–7, 86
Plastic strain and strain–increments, 99,

103, 107, 110–2, 120, 123–4, 218, 224,
226–7, 237, 253

Principal strain and strain-increments,
90

Principal strain and strain-increment
directions, 90, 219

Radial strain and compression, 77
Radial strain and radial strain-increments,

92, 213, 224, 230, 232
Radial strain and strain-increments

between aggregates (air voids), 217–8,
251

Radial strain and strain-increments of
aggregates, 215, 251

Rotation straining, 228–9, 252
Shear strain and shear strain-increments,

90, 93, 100, 103–4, 120, 223, 225,
228–9

Strain localisation, 23, 77, 228
Volumetric strain and strain-increments,

91–2, 103–5, 214–5, 221, 223, 225,
231, 233, 236, 252

Volumetric strain and strain-increments
between aggregates (air voids), 215, 217

Volumetric strain and strain-increments of
aggregates, 215

Strain controlled tests, 71
No lateral (radial) strain, 70
Rate of strain, 69



P1: SFK/UKS P2: SFK/UKS QC: SFK/UKS T1: SFK

ind BLBK297-Murray June 10, 2010 12:0 Trim: 244mm×172mm

282 Index

Strength. See also Critical state for saturated
soil, Critical state for unsaturated soil
and Failure

Maximum strength, 93
Peak strength, 93, 103, 180, 190, 210, 226

Stress path, 69, 71, 89, 110, 181. See also
Triaxial tests

Stress ratio parameters
Mobilised stress ratio parameter for

saturated soil η, 102, 216, 220
Mobilised stress ratio parameters for

unsaturated soil ηa and ηb, 217–18, 220,
229, 251, 253

Stress ratio parameter for saturated soils
M, 101, 103, 114, 216, 251

Total and suction stress ratio parameters
for unsaturated soils Ma and Mb, 113,
115, 184, 191, 193–4, 200, 210, 217,
220

Stress state variables, 20–21, 87–90, 92, 94,
97, 103, 108, 113, 115, 124, 148, 163,
172, 174–5, 179–80, 210

Suction. See Matric suction, Negative pore
water pressure, Osmotic suction, Total
suction and Tensile suction force

Suction probe. See Tensiometers
Surface area of particles. See Specific surface
Surface tension, 1, 14, 89. See also Air–water

interface and Contractile skin
Forces, 17–8, 120
Of air–water interface (contractile skin),

10, 157, 161, 165, 170
Of mercury, 24

Swelling, 29–30, 32, 64–5, 71, 88, 97, 103,
110, 120, 176

Crystalline swelling. See Crystalline
Swelling clay, 18–19, 23, 165

Tempe pressure cell, 38
Temperature, 6, 10, 14–5, 23, 38–43, 46–50,

65, 76, 81, 83–5, 129–31, 133–6, 138,
140–1, 143, 149–50, 164

Tensile suction force, 8
Tensiometers, 4, 35, 43

Double tubing tensiometer, 45
Electronic pressure transducer tensiometer,

44
Equilibration time, 35
Equilibrium, 44–5
Jet fill tensiometer, 47
Imperial College tensiometer, 46–7

Mercury manometer type tensiometer, 44
MIT tensiometer, 47
NTU mini suction probe, 47
Osmotic tensiometer, 45
Suction probe (or high-capacity

tensiometer), 43, 46
Trento high-capacity tensiometer, 47
Vacuum gauge tensiometer with a ‘jet-fill’

reservoir, 44
WF-DU tensiometer, 47

Terzaghi’s effective stress, 19–20, 22, 94,
172, 174, 176, 225

Effective stress tensor, 88
Mean effective stress, 22, 100, 162, 165,

169–72, 225
Testing times, 58–9, 73, 79, 86
Thermal conductivity sensors, 34–5

Equilibration time, 35
Equilibrium, 48
UOS (University of Saskatchewan) sensor,

48
Thermodynamics. See also Potentials,

Thermodynamic laws, Thermodynamic
pairings and Thermodynamic walls

Conjugate thermodynamic variables, 4,
89–90, 92, 125, 127, 135–6, 142–6,
154, 174–6, 179, 181, 183, 194

Equilibrium thermodynamics, 160
Equilibrium thermostatics, 127
Infinitesimal changes (steps), 128, 130,

132–4, 136, 145–6, 148–52, 154, 224,
232

Path dependency, 131–2
Principles, 90, 128, 143, 146, 171, 177,

213, 215
Potential. See Potentials
Systems, 134–5, 137

Thermodynamic laws, 130–1, 135, 155
First Law, 131, 142–3, 147, 155
Second Law, 130, 133
Third Law, 135
Zeroth Law, 131, 143

Thermodynamic pairings, 135, 142–5
Chemical potential-particle number

pairing, 144
Pressure-volume pairing, 136, 143
Temperature-entropy pairing, 136,

143
Thermodynamic walls, 128–9, 143–4

Adiabatic, 129
Isolating, 129
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Open, 129
Rigid, 128
Rigid adiabatic, 148, 150

Tomography, 24
Electrical impedance tomography,

23–4
Neutron tomography, 23–4
X-ray computed tomography, 23–4, 228,

236
Total stresses internal to a soil specimen,

231
Total suction

Control, 53–4, 76
Definition, 10, 12, 14
Measurement, 34, 38–43, 49–52, 55

Time-domain reflectometry, 23
Transition between unsaturated and

saturated conditions, 96, 108–9, 114,
121, 139, 181, 184, 199–200, 208, 217,
221

Triaxial testing, 24, 52, 55–6, 58–61, 64,
70–72, 76, 90–91, 128, 136–7, 145–7,
170, 181, 225, 228, 230, 232, 249

Assumptions, 147–9, 224
Constant suction shearing tests on

1-dimensionally prepared specimens
(1d-cs), 181, 185–6, 192, 198–9, 205–6

Constant suction shearing tests on truly
isotropically prepared specimens
(iso-cs), 186, 192, 198–9, 205–6

Constant water mass shearing tests on
specimens initially one-dimensionally
compressed in layers (1d-cwm), 186,
189–90, 198–9, 205–6

Constant water mass shearing tests on
truly isotropically prepared specimens
(iso-cwm), 186, 198–9, 205–6

Double cell, 79
Double walled-triaxial cell, 81
Drained and undrained ‘effective’ stress

testing, 147, 151–2, 155, 171, 229
Hollow cylinder triaxial test, 64
Idealised, 148, 152
Set-up, 52–3, 55, 73, 76, 79, 129, 138
Stress path testing, 57, 64, 69, 71, 81–2,

85–6
Stress conditions, 21, 69, 77, 89, 92, 127,

136, 138, 142–3, 147, 157, 159–60,
162, 213, 215, 217, 223–4, 227, 235–6,
238, 241, 251–3

Techniques, 64, 71

Triaxial cell, 9, 16, 47, 52–3, 56, 62, 64,
69–70, 76–8, 90, 92, 127, 129, 134,
141, 143, 156, 179, 230, 232–3, 236,
238, 245

True triaxial apparatus, 64, 69
Twin cell, 81, 86
Undrained ‘total’ stress testing, 150, 153,

228, 230
Trois-Rivières silt, 192, 194, 197, 209–10
Truly isotropically prepared specimens,

62–3, 123, 185–6, 198–9, 204, 253

Universal gas constant, 10
Upper Lias clay (and Lias clay), 3, 8

Vapour equilibrium technique of suction
control, 34–5, 53–5, 65, 70, 76

Equilibration time, 35, 55
Equilibrium, 54–5

Variables of state, 130, 135–8, 144, 149.
See also Extensive variables and
Intensive variables

Virtual changes, 134, 138–9, 146, 149, 151,
171

Voids
Air voids, 3–6, 142, 167, 170, 173–5
Air voids ratio, 5
Inter-aggregate voids (pores), 5, 23, 25,

27–8, 30–33, 120, 157, 162, 175, 178,
187, 198, 205, 234, 239, 241, 243, 253

Intra-aggregate voids (pores), 8, 23, 25,
27–9, 32, 157–8, 175–6, 178

Intra-aggregate water, 167
Macro-voids ratio, 31
Voids ratio, 4, 32, 61, 92, 97, 100, 118
Water voids, 215, 235, 239, 241

Voids ratio. See Voids
Volume, 9–10, 130, 133, 135, 142–4, 161,

166. See also Aggregates, Specific air
volume, Specific volume and Specific
water volume

Change, 3, 12, 17–18, 25, 30, 34, 64–6,
69–70, 82–4, 86–7, 89, 92–3, 96–7,
103, 120, 127–8, 133, 136, 146, 150,
152, 162, 164–5, 169, 175, 180, 225,
228, 233–4, 237, 239

Change characteristics (behaviour), 30, 65,
87, 89, 96–7, 101–2, 108–9, 118, 124,
180–81, 204, 221

Change measurement, 34, 64, 66, 73,
76–9, 81–5
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Volume (Continued)
Of adsorbed and crystalline water, 166
Of aggregates, 166, 170, 202, 208, 215
Of air, 4–5, 9, 17, 131, 151, 163–5, 174,

219, 224
Of dissolved air, 17, 164, 241, 247, 249,

253
Of free air, 17, 140
Of mercury, 27, 31
Of phases, 3–4, 6, 89, 111–12, 143, 176,

180, 203, 210, 214
Of reservoir (water in triaxial cell), 149,

153
Of solids (soil particles), 4–5, 17, 19–20,

89, 92, 131, 136, 151–52, 162, 164–5,
168, 172, 174, 194, 202, 211, 230

Of specimen, 149, 151, 154–5
Of voids (pores), 4, 27, 202, 211
Of water, 4–5, 9, 17, 19–20, 44, 46, 131,

136, 151, 162, 164–6, 168, 172, 174,
194, 230, 241

Of water vapour, 164
Relationships, 3
Total, 4, 6, 17, 92, 131, 136, 161, 163–4,

194, 215
Volumetric strain. See Strain and strain

increments
Volumetric water content, 6, 12, 96 (See also

Water content)
Normalised volumetric water content, 12,

96
Residual volumetric water content, 12, 96
Saturated volumetric water content, 12, 96

Water content, 3, 6–7, 12, 19, 22, 30, 32, 48,
50–1, 59, 67, 69, 76, 95, 97, 166, 173,
175, 177–8, 186, 233, 239, 245. See
also Volumetric water content

Compaction water content, 26–9, 32, 116,
118, 181, 198

Equilibrium water content, 36–7, 50
Gravimetric water content, 6, 12, 18, 97
Optimum water content, 6, 59, 61
Relationships, 6, 35, 47, 97
Water content index with respect to s, 97
Water content index with respect to σ̄ , 97

Water retention behaviour, 47
Water vapour, 9–10, 14–15, 17–18, 38, 40,

43, 129–30, 141–2, 144, 161, 163–4,
166, 168, 171, 228–9

Water voids. See Voids
Wavy surface, 20
Wetting and drying, 17, 49, 71, 97, 165,

170, 176, 178
Cycles, 120–1, 125, 176
Paths, 112

Work, 130, 132–4, 138, 142, 148–50, 156,
161–2, 168, 214, 225, 227

Deviatoric work input, 214–5, 217
Dissipated plastic work, 226–7
Elastic work, 226–7
Elastic work frozen as applied plastic

work, 227
Mechanical work,128, 143, 226
Plastic work, 226–7
Stored plastic work, 226
Virtual work, 171. See also Virtual changes
Volumetric work input, 214
Work conjugate variables. See Conjugate

variables
Work done in combining phases, 161,

168
Work equation and work input equation,

147, 153–6, 213–4, 219, 224, 251
Work input, 90, 92, 127, 130, 143, 147,

155–6, 174, 213–9, 221, 223, 225–6,
229, 231–2, 234–5, 252

Work input analysis, 90, 121, 127, 146,
224, 228, 252

X-ray
Synchrotron radiation system, 23
Micro-focus X-ray systems, 23
X-ray computed tomography. See

Tomography

Yielding, 99, 102–3, 105, 107, 110–11, 113,
121–2, 124, 211, 227, 235, 237, 253

Elliptical yield surface (locus), 105, 110,
121

Load-collapse yield locus (LC), 110, 112,
120–3

Logarithmic yield surface (locus),
105

Rotation of yield locus, 106, 123
Suction decrease yield locus (SD), 121–2
Suction increase yield locus (SI), 110, 112,

121–3
Yield surface (locus), 99, 104–7, 110–11,

116, 124, 211, 226
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