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12

64 6
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+/+ : 224 + /∆32 : 64 ∆32/∆32 : 6

+/+ : 224/294 = 0.762 + /∆32 : 64/294 = 0.218 ∆32/∆32 : 6/294 = 0.020

+
+

Estimated frequency of+ allele = (2×224+64)/(2×294) = 0.871

Estimated frequency of ∆32 allele = (2×6+64)/(2×294) = 0.129

p+q= 1

p= (2nAA +nAa)/(2n)



Var(p) = p
(
1− p

)
/(2n)

√
(0.5)(0.5)/100=0.05

±

=

1.7×10−16
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er ≈ 1+ r r ≈
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dt
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(
1− N(t)

K

)

N(t) << K

N(t) = N(0)K
N(0) + [K−N(0)]e−rt
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p= (2×47+49)/(2×120) = 0.5958
p
(
1− p

)
/(2n) = 0.001 n= 120

s= √
(0.001) = 0.0317

p−2s p+2s −

9

A1

A2

A3

27 22 47 86 109

p1 = (18+27+47)/600 = 0.1533 p2 = (27+44+86)/

600 = 0.2617 p3 = (47+86+218)/600 = 0.5850

p= 0.0544
p= 0.1232

N(t) =N(0)ert

N(t) = 2N(0) t = ln(2)/r t = 50minutes r = 0.0139/min









D+H+R= 1.0

p= (2D+H)/2 =D+H/2 and q= (2R+H)/2 = R+H/2

p+ q= 1

AA×AA
D×D

AA×Aa D×H
H×D

AA×Aa DH+HD= 2DH

AA×AA
AA×Aa
AA× aa
Aa×Aa
Aa× aa
aa× aa

′ ′ ′

D′ = D2 + 2DH/2+H2/4 = (D+H/2)2 = p2

H′ = 2DH/2+ 2DR+H2/2+ 2HR/2 = 2(D+H/2)(R+H/2) = 2pq
R′ = H2/4+ 2HR/2+ R2 = (R+H/2)2 = q2
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′ ′ ′

AA:D′ = p2 Aa:H ′ = 2pq aa: R′ = q2

p× p= p2

p× q= pq
q× p= qp

pq+ qp= 2pq
q× q= q2 p2 +2pq+ q2 =

(
p+ q

)2 =
(1)2 = 1

′ ′
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a (q)

A (p)

Aa (pq)

a (q)

Aa (pq)

aa (q2)

AA (p2)

Frequencies

in offspring:

AA : Pʹ = p2

Aa : Qʹ = pq + pq = 2pq

aa : Rʹ = q2



p′ =
(
2D′ +H ′)/2 =

(
2p2 +2pq

)
/2 = p

(
p+ q

)
= p

q′ =
(
2R′ +H ′)/2 =

(
2q2 +2pq

)
/2 = q

(
q+ p

)
= q

AA× aa

Aa×Aa

+ + +
+

p= 0.871 q= 0.129
(0.871)2 = 0.758,2(0.871)(0.129) = 0.225 (0.129)2 = 0.017



+/+ +/∆32 ∆32/∆32
obs 224 64 6 Total = 294
exp 222.9 66.2 4.9 Total = 294

X2 =
∑(

obs−
)2

Σ

X2 = (224−222.9)2

222.9
+ (64−66.2)2

66.2
+ (6−4.9)2

4.9
= 0.33

3−1−1 = 1
q= 1− p

X2 = 0.33
P = 0.57
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+/+ +/∆32 ∆32/∆32
obs 234 36 6 Total = 276
exp 230.1 43.8 2.1 Total = 276

X2 = 8.7 P = 0.003
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q= 0.18 q= 0



= 0.05 = 0.01

1−

H2 = 4DR
H2 = 4p2q2 4DR= 4p2q2

±

2pq(1−0.30) = 1.4pq 2pq(1+0.30) = 2.6pq
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R= 25/100 q=
√
R±

√
(1−R)/(4n) =

0.50±0.043



− −
=

2pq/q2 = 2p/q q= 0.10 2p/q= 18

2p/q≈ 2×
(
1/q

)

q= √
(1/2500) = 0.02

2(0.02)(1−0.02) = 0.0392

(
p A+ q a

)2 = p2 AA+2pq Aa+ q2 aa

(
p1A1 + p2A2 + ·· · + pkAk

)2

pi = 1

Genotype frequency of any homozygous genotype AiAi = p2i
Genotype frequency of any heterozygous genotype AiAj = 2pipj

f
(
x1, · · · ,xk−1

)
=

(
k
)

[ ( )]k
(
x1x2 · · ·xk−1xk

) −1
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q≈ 0.05
q/q2 = 1/q≈ 1/0.05 = 20

q≈ 0.01
1/0.01 = 100

pm(t) = pf (t−1)

pf (t) =
[
pm (t−1) + pf (t−1)

]
/2

pm(t) = 0.2 pf (t) = 0.8

Eg
g

s

X-bearing sperm
Y-bearing

sperm
Y

XAXA (p2) XAXa (pq) XAY (p)

XA (p) Xa (q)

XA (p)

Xa (q) XAXa (pq) XaXa (q2) XaY (q)

Frequencies in 
offspring:

 Males:

 A : p
 a : q

 Females:

 AA : p2

 Aa : 2pq

 aa : q2
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pf (t) − pm(t) =
−(1/2)

[
pf (t−1) − pm (t−1)

]

(2/3)pf (t) +
(1/3)pm(0)

pm(t) = 1

p1• =p11 + p12 p2• =p21 + p22
p•1=p11 + p21 p•2=p12 + p22



Allele
frequency

Gamete
frequency

p11 + p12 + p21 + p22 = 1 as well as p1• + p2• =1 and p•1 + p•2 =1 

A1

p1• = p11 + p12

A1 B1

p11 = p1•p•1 + D

A1 B2

p12 = p1•p•2 – D

A2 B1

p21 = p2•p•1 – D

A2 B2

p22 = p2•p•2 + D

A2

p2• = p21 + p22

B2

p•2 = p12 + p22

B1

p•1 = p11 + p21

D= p11p22 − p12p21

D= 0

p11p22 − p12p21 =
(
p1•p•1 +D

)(
p2•p•2 +D

)
−
(
p1•p•2 −D

)(
p2•p•1 −D

)

p1• + p2• = 1 p•1 + p•2 = 1

D= 0

(
p11A1B1 + p12A1B2 + p21A2B1 + p22A2B2

)2

(
p11 + p12

)2 = p1•2

2
(
p11 + p12

)(
p21 + p22

)
= 2p1•p2•
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1− c
− −

1− c

′

p11′ = cp1•p•1 + (1− c)p11

p11′ − p1•p•1 = (1− c)
(
p11 − p1•p•1

)

p11 − p1•p•1 =D
1− c

Dt =Dt−1 (1− c) =Dt−2(1− c)2 =Dt−3(1− c)3 = ·· · =D0(1− c)t

1− c ≤ 1
(1− c)t

c = 0.5

′

D′ =
{

D/Dmax if D≥ 0

D/Dmin if D< 0

Dmax = the smaller of p1•p•2 and p2•p•1

Dmin = the larger of− p1•p•1 and− p2•p•2



A T 773 A C 142 G T 611 G C 474

p11 = 0.386 p12 = 0.071 p21 = 0.306 p22 = 0.237

p1• =0.458(A nucleotide) p2• =0.542(G nucleotide)
p•1=0.692(T nucleotide) p•2=0.308(C nucleotide)

D= p11p22 − p12p21 = 0.070

A T p1•p•1 ×2000=633.2 A C p1•p•2 ×2000=281.8
G T p2•p•1 ×2000=750.8 G C p2•p•2 ×2000=334.2

p1•p•2 = 0.141 p2•p•1 = 0.375 Dmax =
0.141 ′ D′ = 0.070/0.141 = 0.496

D= 0
k
(
k−1

)
/2



FWER = 0.05
i= 1,2, . . . ,m

(1− i)
m

1− (1− i)
m = FWER

i ≈ FWER/m

m= 1

Hi
0 Pk ≤ k FDR/m

Hi
0 i≤ k
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r = D√
p1•p2•p•1p•2
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p11
p12
p21
p22

p11 + p12 = p1• p11 + p21 = p•1 p11
Variance(A gene) = p1• − p21• = p1• (1− p1•) = p1•p2•
Variance(B gene) = p•1 − p2•1 = p•1 (1− p•1) = p•1p•2
Covariance (A and B) = p11 − p1•p•1 = D

r = D/
√
p1•p2•p•1p•2

− +

r2 = D2

p1•p2•p•1p•2

′

′

D= 0

X2 = r2n

r2 = 0.0924 n= 2000 r2n= 184.8

′ ′

c ≈ 0

c ≈ 0 ′

B1 → B2 B1 → B2

B1 → B2

′
′
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E
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c = 0
E
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4Nc ≈ 30 E
(
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Value of 4Nc
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p11=0.0475 q11=0.0475

p12=0.9025 q12=0.0025

p21=0.0025 q21=0.9025

p22=0.0475 q22=0.0475

D= 0

m11=0.0475

m12=0.4525

m21=0.4525

m22=0.0475

D= −0.2025
D′ = 0.81 r2 = 0.66

p1• = p11 + p12 = 0.95
p2• = q21 + q22 = 0.05

q1• = q11 + q12 = 0.05 q2• = q21 + q22 = 0.95

[2(0.95)(0.05) +2(0.05)(0.95)]/2 = 0.095

(0.95+0.05)/2 = 0.50 (0.05+0.95) = 0.50
2(0.50)(0.50) =

0.500

u/(1+u)
1/(1+u)



u/(1+u) 1/(1+u)

u/(1+u) = p 1/(1+u) = q u= p/q
u2/(1+u)2 2u/(1+u)2 1/(1+u)2

38

A1

A2

46 16

p= (2×46+38)/200 = 0.65 q= 0.35

P > 0.05

×
[
q/
(
1+ q

)]2 ×
+

×
(
p2
)2 +2

(
p2
)(
2pq

)
+
(
2pq

)2 = p2
(
p2 +4pq+4q2

)
= p2

[(
1− q

)2 +4
(
1− q

)
q+4q2

]
=

p2
(
1+ q

)2 (
2pq

)2
/4 = p2q2

×
p2q2/

[
p2
(
1+ q

)2]=
[
q/
(
1+ q

)]2 ×
2p2q2 +2

(
2pq

)
q2 = 2pq2

(
p+2q

)
= 2pq2

(
1+ q

)

2
(
2pq

)
q2/2 = 2pq3 ×
2pq3/

[
2pq2

(
1+ q

)]
= q/

(
1+ q

)

x= q/
(
1+ q

)

p= 1− q



∞∑

i=0
ipiq= q

(
p

(1−p)2

)
= p/q

Dmax =min
(
p1•p•2,p2•p•1

)
Dmin =max

(
−p1•p•1,

−p2•p•2
)

p11 = p1•p•1 +D,p12 = p1•p•2 −D,p21 = p2•p•1 −D p22 =
p2•p•1 +D p11 ≥ 0 p22 ≥ 0 p1•p•1 +D≥ 0
p2•p•2 +D≥ 0 D≥ −p1•p•1 D≥ −p2•p•2
Dmin =max

(
−p1•p•1,−p2•p•2

)
p12 ≥ 0 p21 ≥ 0 p1•p•2 −D≥ 0

p2•p•1 −D≥ 0 D≤ p1•p•2 D≤ p2•p•1
Dmax =min

(
p1•p•2,p2•p•1

)

p11 = 0.03 p12 = 0.27
p21 = 0.57 p22 = 0.13 ′

D= p11p22 − p12p21 = −0.15 p1• = p11 + p12 =
0.30 p2• = 0.70 p•1 = p11 + p21 = 0.6 p•2 = 0.4 Dmin =max

(
−p1•p•1,−p2•p•2

)
=

max(−0.18,−0.28) D′ = −0.15/ −0.18 = 0.83 r2 =D2/
(
p1•p2•p•1p•2

)
= 0.45

n= 489
p11 = 0.3251 p12 = 0.0327 p21 =

0.5665 p22 = 0.0757 D= 0.0061
p1• = p11 + p12 = 0.3579 p2• = p21 + p22 = 0.6421

p•1 = p11 + p21 = 0.8916 p•2 = p12 + p22 = 0.1084 r2 = 0.001658 chi square =
r2n= 0.8108

p11 = 0.3415 p12 = 0.0164 p21 = 0.5992 p22 =
0.0429 D= 0.0049 p1• = 0.3579 p2• = 0.6421 p•1 =
0.9407 p•2 = 0.0593 r2 = 0.001845 chi square = 0.9023



p11 = 0.8507 p12 = 0.0409
p21 = 0.0900 p22 = 0.0184 D= 0.0120 p1• =
0.8916 p2• = 0.1084 p•1 = 0.9407 p•2 = 0.0593 r2 = 0.026609 chi square =
13.012

D′ =D/Dmax = 0.227

p11 =
0.16 p12 = 0.64 p21 = 0.04 p22 = 0.16 q11 = 0.16 q12 =
0.04 q21 = 0.64 q22 = 0.16 p11p22 − p12p21 = 0

q11q22 − q12q21 = 0

D=m11m22 −m12m21
′

m11 =
(
p11 + q11

)
/2 = 0.0475 m12 = 0.4525,m21 = 0.4525

m22 = 0.0475 D=m11m22 −m12m21 = −0.2025
m1• = 0.5 m2• = 0.5 m•1 = 0.5 m•2 = 0.5

Dmin =max(−m1•m•1,−m2•m•2) = −0.25
D′ = −0.2025/ −0.25 = 0.81 r2 =D2/(m1•m2•m•1m•2) = 0.6561
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p+ q= 1

H0 = 2pq
(H0 −H)/H0

F = H0 −H
H0

H0 = 2pq

H =H0 −H0F = 2pq−2pqF

D+H/2 = p
H = 2pq(1− F)

D= p−
(
2pq−2pqF

)

2
= p2 + pqF

R= q−
(
2pq−2pqF

)

2
= q2 + pqF

AA : p2 (1− F) + pF
Aa : 2pq(1− F)

aa : q2 (1− F) + qF

1− F
F = 0

F = 1

1− F



1 – F F

AA

p2 AA

p

aa

q

Aa

2pq

aa

q2

(F = 0)



Autozygous
and homozygous

Allozygous
and homozygous

Allozygous
and heterozygous

Genotypes in
present population

Alleles in ancestral population,
all presumed to be not

identical by descent

A
A A

A

A

a

a

a
a

a

a

a

a

a

a

A

A

A

A

A

A

A

1− F

p2 (1− F) [ ] + [
]

q2 (1− F) + qF 2pq(1− F)



F = 0 F = 1

p2 (1− F) +
2pq(1− F)
q2 (1− F)︸ ︷︷ ︸
Allozygous
genes

+ qF︸ ︷︷ ︸
Allozygous
genes

E(X) = E(Y) = p
E(XY) −E(X)E(Y) = p2 (1− F) + pF− p2 = pqF

Var(X) = E
(
X2)− [E(X)]2 = p− p2 = pq Var(Y) = pq

Cov(XY)√
Var(X)Var(Y)

= pqF
pq

= F

F < 0

≥



0
20

30

40

A
ve

ra
g

e
 y

ie
ld

 o
f 

co
rn

 (
b

u
sh

e
ls

/a
cr

e
)

50

60

70

0.25 0.50

Inbreeding coefficient (F)

0.75 1.0



0
0 0.1 0.2 0.3 0.4

Viability (relative to the internal standard genotype)

0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3

2

4

6

8

10

12

14
Lethals

16

18

20

22

24

P
er

 c
en

t 
o

f 
h

o
m

o
zy

g
o

te
s 

(  
 ) 

o
r 

h
et

er
o

zy
g

o
te

s 
(  

 ) 
te

st
ed



F = 1/16 q2 (1−1/16) + q(1/16)

Relative risk = q2 (1−1/16) + q(1/16)

q2
≈ 0.94+ 0.06

q

q= 0.01

F = 1/16

F = 0.5
F = 1
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1

2

(1/2)(1+ FA)

1/4+1/4+ (1/4)FA + (1/4)FA = 1/2+ (1/2)FA = (1/2)(1+ FA)



1/2×1/2× (1/2)(1+ FA) ×1/2×1/2 (1/2)5 (1+ FA)

(
1
2

)i
(1+ FA)

=

(1/2)5 = 1/32.

FA = FB = 0 FI = (1/2)5 + (1/2)5 = 1/16

FI =
∑

all paths

(
1
2

)i
(1+ FA)

(1/2)5(1 + FA)Contribution to FI :

Paths: GDACE– –

E G

C D

I

A B

GDBCE

E G

C D

I

A B

Pedigree

E G

C D

I

A B

(1/2)5(1 + FB)



(1/2)(1+ FA)

Ht

H0
= 1

2

(
Ht−1

H0

)

Ht/H0 = 1− Ft

1− Ft = 1
2
(
1− Ft−1

)

1− Ft =
(
1
2

)t
(1− F0)
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Ft = (1/2)
(
1+ Ft−1

)

Ft = (1− S) ×0+ S(1/2)
(
1+ Ft−1

)
= (S/2)

(
1+ Ft−1

)

− S/(2− S)

S
2− S

− Ft = S
2− S

−
(
S
2

)(
1+ Ft−1

)
=
(
S
2

)(
2−2+ S
2− S

− Ft−1

)
=
(
S
2

)(
S

2− S
− Ft−1

)

S
2− S

− Ft =
(
S
2

)(
S

2− S
− Ft−1

)
=
(
S
2

)2( S
2− S

− Ft−2

)
= ·· · =

(
S
2

)t ( S
2− S

− F0

)

F̂ = S
2− S

t = 0,1,2, . . .
St (1− S)

S/(1− S)
S= 0.95

0
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0.6
Inbreeding
coefficient F

0.8
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2 4

Generations of partial self-ferilization

6 8 10

S = 0.2

S = 0.4
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S = 0.8

S = 0.95



c∗ = c (1− F)

(c = 0.5)

1− F



t – 2

t – 1

t

Gt–1

Ft

Ft =Gt−1
t−1

(1/2)(1+ Ft)
t−1

−

Ft =Gt−1
Gt = (1/4)

(
1+ Ft−1

)
+ (1/2)Gt−1

+ −

Ft+1 = (1/2)Ft + (1/4)
(
1+ Ft−1

)

(H0 −Ht)/H0

Ht+1

H0
= Ht

2H0
+ Ht−1

4H0

H0/H0 = 1
H1/H0 = 1 H2/H0 = 3/4

H3/H0 = 5/8 H4/H0 = 8/16 H5/H0 = 13/32 H6/H0 = 21/64
. . .

Ht

H0
=

(
5+3

√
5
)

10

(
1+

√
5

4

)t
+

(
5−3

√
5
)

10

(
1−

√
5

4

)t

Ht

H0
= 1.171× (0.809)t −0.171× (−0.309)t

t = 0



t ≥ 7

t = 23

line 1× line 2, 2×3, . . . ,7×8, 8×1



Eight inbred lines

(a) (b) (c) (d)

“Round-robin”  hybrids

mixed to form a large

population

Genomes after

50 generations of

random mating

~1600 recombinant

inbred lines after 20

generations of full-sib

mating

n= 20



Alleles in population

Past

Present

Ti
m

e



−

t−1

1−1/(2N)

−
−

Ft = 1
2N

+
(
1− 1

2N

)
Ft−1

− +

1− Ft =
(
1− Ft−1

)(
1− 1

2N

)

1− Ft = (1− F0)
(
1− 1

2N

)t
≈ (1− F0)e−t/(2N)

[ ]



Generation t

Generation
t – 1

Gametes (each
type with
frequency 1/2N)

Alleles in breeding
population in generation
t – 1

Probability 1/2N

αi αiαi

α3
αi

α4

α1

α3

α1

α1

α3

α4

α5

αi αj

α1

αj

αj

α4

αi

α5

α2
αj

α5

α2

α2N

α2N

α2N

α2N

α3

α4

α5

α2

α2

αi

αj

1/2N + (1 – 1/2N)Ft–1, or 1 – Ft =  (1 – 1/2N)(1 – Ft–1)

1 Ft–1

1 – 1/2N

Contribution to Ft

Total Ft =

F0 = 0
Ft ≈ t/(2N)



HWE
Hypothetical total
(fused) population

Average of subpopulations
(admixed, not in HWE)

HWE HWE

Subpopulations

AA :   p2
1•

Aa : 2p1•p2•

aa :   p2
2•

AA :   p2
11

Aa : 2p11p21

aa :   p2
21

AA :   p2
12

AA :  

Aa :  

aa :  

2

2

2

Aa : 2p12p22

aa :   p2
22

p2
11 + p2

12

p2
21 + p2

22

2p11p21 + 2p12p22

HS

FST = HT −HS

HT

HS
HS

(
HT −HS

)
/HT

2 = (1/2)
[(
p11 − p1•

)2 +
(
p12 − p1•

)2]= (1/4)
(
p11 − p12

)2

p1• =
(
p11 + p21

)
/2

2 = (1/2)
[(
p21 − p2•

)2 +
(
p22 − p2•

)2]= (1/4)
(
p22 − p21

)2



p11 = 1− p21
p12 = 1− p22

HT −HS=2p1•p2• − (1/2)
(
2p11p21 +2p12p22

)

=(1/2)
(
p11 − p12

)(
p22 − p21

)
= 2 2

HT −HS

HT
=

2

p1•p2•

FST =
2

p1•p2•

RS

RS −RT =(1/2)
(
p221 + p222

)
− p22•

=(1/4)
(
p21 − p22

)2

= 2 = p1•p2•FST

(0.16+0)/2 = 8 per cent
(0.4+0)/2 = 0.2

(0.2)2 = 4 per cent

[
(0.4−0.2)2 + (0−0.2)2

]
/2 = 0.04

RS = p22• + p1•p2•FST



DS = p21• + p1•p2•FST

AA : p21• + p1•p2•FST
Aa : 2p1•p2• (1− FST)

aa : p22• + p1•p2•FST

FST ≈ t/(2N)

D1
R2

R1

S S

S S S

SS

S

T

R3

R4

D2



HT −HS

HT
= FST

HR −HS

HR
= FSR

HD −HR

HD
= FRD

HT −HD

HT
= FDT

HS, HR, HD, and HT .

0.25
0.35

0.15

0.1 0.2

0.4 0.7 0.8

0.60.5

0.3

0.45

0.55

0.75

0.65



HS = [2×0.1× (1−0.1) +2×0.2× (1−0.2) + ·· · +2×0.8× (1−0.8)]/8 = 0.390
HR = [2×0.15× (1−0.15) +2×0.35× (1−0.35) + ·· · +2×0.75× (1−0.75)]/4 = 0.395
HD = [2×0.25× (1−0.25) +2×0.65× (1−0.65)]/2 = 0.415
HT = 2×0.45× (1−0.45) = 0.495

HT−HS
HT

= 0.212 = FST

HR−HS
HR

= 0.013 = FSR

HD−HR
HD

= 0.048 = FRD

HT−HD
HT

= 0.162 = FDT

1− FST = (1− FSR)(1− FRD)(1− FDT)

F = 1/16

HS −HI

HS
= FIS

1− FIT = (1− FIS)(1− FSD)(1− FDR)(1− FRT)



89 52 109

89+52+109 = 250
p= (89+2×109)/500 = 0.614 q= (89+2×52)/500 =

0.386
2(0.614)(0.386) ×250 = 94.25,(0.614)2 ×250 = 37.25 (0.386)2 ×250 = 118.50

P = 8.3×10−5

2pq(1− F) ×
250 = 89 F = 0.2490

−

m= (D+H)a−Ra=
a(D+H−R) m= a

(
p2 + pqF+2pq−2pqF− q2

−pqF
)
= a

[(
p− q

)
+2pq(1− F)

]

y = a+ bx



b= Covariance
(
x,y

)
/Variance(x) and the intercept by a= E(y) − bE(x).)

E(x) = 0.22875 E(y) = 4.1125 Cov
(
x,y

)
= −0.164268 Var(x) = 0.0168696
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0.1 0.2

F

0.3 0.4

q= 0.0025
(F = 0)

(F = 1/16)

q2 = (0.0025)2 = 6.25×10−6

q2 (1− F) + pqF = 1.62×10−4

FA = FB = 0

E

C D

I

A B

FE = (1/2)3 (1+ FA) +
(1/2)3 (1+ FB) = 1/4 FA = FB = 0 FI = (1/2)(1+ FE) = (1/2)(5/4) = 5/8



0.657

0.717

0.573

0.504
0.302

0.339

West Central East

0.032

10 miles

0.008

0.009

0.000

0.005

0.000
0.068

0.126

0.004

0.002

0.000

0.106

0.224

0.014
0.411

qW = 3.092/6 = 0.5153 qC = 0.254/11 =
0.0231 qE = 0.755/4 = 0.1888 qT = 4.101/21 = 0.1953

HS = [6×2(0.5153)(1−0.5153) +11×2(0.0231)(1−0.0231) +4
×2(0.1888)(1−0.1888)]/21 = 0.2247

HT = 2(0.1953)(0.8047) = 0.3143 FST = (HT −HS)/HT = 0.2851

FST = 0.12

FIS = 0.25

1− FIT = (1− FIS)(1− FST) FIS = 0.25 FST = 0.12 FIT =
1− (0.75)(0.88) = 0.34 FST = 0





− −

− −



1−

p′ = p
(
1−

)

pt = pt−1
(
1−

)
= pt−2

(
1−

)2 = ·· · = p0
(
1−

)t

p0 ≈ 1
pt ≈ p0 − t

qt = q0 + t

− −

= 10−5



Caffeine

added

6

4

2

0
0 4

Frequency of 

mutant allele

(×10–6)

8 12 16 20

Time (t, in generations)

7.2× 10−8 6.6× 10−7

0.2

Time in generations

ν = 0.3µ

ν = 0.1µ

ν = 0

0.4

0.6

0.8

pt

1.0

0 1×105 2×105

µ = 10–5

ν = 0.5µ

3×105 4×105 5×105

t = 0.693/

pt = pt−1
(
1−

)
+
(
1− pt−1

)



pt − + =
(
pt−1 − +

)(
1− −

)

pt − + =
(
p0 − +

)(
1− −

)t

p̂= +
= 0.1

p̂= 1/11,3/13,and 5/15

−



nt = b+nt−1
(
1− d

)

nt = b
d

−
(
b− d

)(
1− d

)t

d
=

− log[2]/ log[1− d] d << 1

(
1− d

)t

20

15

10
Number of

gene copies

Time (generations)

5

5 5.0 × 107 1.0 × 108 1.5 × 108 2.0 × 108

(
27.6× 10−8,

1.38× 10−8) (20.7× 10−8,1.38× 10−8) (10× 10−8,1× 10−8) (
5× 10−8,1× 10−8)



500

400

300
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0

α-globin gene
family

(diversification
not shown)

β-globin gene family

Aγ Gγ

Time
(millions of

years before
present)

εδβ

ε

−
−



Promoter Coding sequence

Early

Copy 1

Copy 2

Copy 1

Copy 2

Subfunctionalization Neofunctionalization

 Late

t−1
1−1/(2N)

t−1 −

Ft = 1
2N

+
(
1− 1

2N

)
Ft−1



Ft =
[

1
2N

+
(
1− 1

2N

)
Ft−1

](
1−

)2

F̂
Ft = Ft−1 = F̂ 2 <<

F̂ = 1
1+4N

F̂

Ĥ 1− F̂

Ĥ = 1− F̂ = 4N
1+4N

=
1+

= 4N

⟨ ⟩ = 0.163

⟨ ⟩
⟨ ⟩ = 0.163 =〈 〉

=4×10 8



= 4N

n= 6

i−1

Coalescence times Ti

T
2 T

3
T

4

α1

α2

α3

α4

α5

α6

T
5
T

6



1−1/(2N) = (2N−1)/(2N)

(2N−2)/(2N) =
1−2/(2N)

2N−2
(2N−3)/(2N) = 1−3/(2N)

(
1− 1

2N

)(
1− 2

2N

)
· · ·
(
1− i−1

2N

)
≈ 1− 1

2N
(1+2+ ·· · + i−1) = 1− i(i−1)

4N

i−1
i(i−1)/2

C= 1−
(
1− i(i−1)

4N

)
= i(i−1)

4N

t−1
(1−C)t−1C

T̄i

T̄i =
∞∑

t=1

t(1−C)tC= 1
C

= 4N
i(i−1)

n= 6

E [Ttotal] =
n∑

i=2

iT̄i =
n∑

i=2

i
4N

i(i−1)
= 4N

(
1+ 1

2
+ 1

3
+ ·· · + 1

n−1

)

[ ]

E [TMRCA] =
n∑

i=2

T̄i =
n∑

i=2

4N
i(i−1)

= 4N
n∑

i=2

(
1

i−1
− 1

i

)

= 4N
(
1− 1

2
+ 1

2
− 1

3
+ ·· · − 1

n−1
+ 1
n−1

− 1
n

)

= 4N
(
1− 1

n

)

[ ] [ ]



20N

16N

12N

8N

4N

0
5 10 15

E(TTotal)

E(TMRCA)

20

Mean

time

Sample size (n)

±

±

N ≥ 1000

[ ]

E(S) =
n∑

i=2

iT̄i = 4N
(
1+ 1

2
+ 1

3
+ ·· · + 1

n−1

)
= an

= 4N an = 1+ 1
2 + 1

3 + ·· · + 1
n−1

W = S/an



W

Var
(
S
an

)
= Var ( W) = W

an
+ a2 2

W

a2n

a2 = 1+ 1
22 + 1

32 + ·· · + 1
(n−1)2

E( ) =

=

Var ( ) = Var ( ) = bn + b2 2

bn = n+1
3(n−1)

b2 =
2
(
n2+n+3

)

9n(n−1)

=



Polymorphic site number (also 484 monomorphic sites)

Allele

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

6 6 4 7 4 4 4 4 6 6 4 4 4 6 4 6

C T C C C T C T T T T G G C C A

C T C C C C C T T C T G A C T T

C T C C C C C T C T T T G C T A

T C T A C C T C C T C G G T T A

T C C T A C C T C C T G G T T T

Pairwise
mismatches

Sample
configurations (3,2)

α1
α2
α3
α4
α5

(3,2) (4,1)(3,1,1) (4,1) (4,1) (4,1) (4,1) (3,2) (3,2) (4,1) (4,1) (4,1) (3,2) (4,1) (3,2)

−

−

2×3 = 6

= (4×9+6×6+7×1)/10 = 7.9

n= 5
S= 16 an = 2.0833 a2 = 1.4236 W = 7.68 Var( W) = 23.03

= 7.9 bn = 0.5000 b2 = 0.3667 = 7.9 Var( ) = 26.8337



W = 7.68±4.80
= 7.9±5.18

ˆW ˆ ˆW = W/L ˆ = /L
Var(ˆW) = Var ( W)/L2

Var(ˆ ) = Var( )/L2 Var( W) Var( )

L= 500 ˆW = 0.01536 ˆ = 0.01580
Var ( W) = 9.213×10−5 Var ( ) = 1.073×10−4

1− p

p→ p+ 1
N
with probability p

(
1− p

)

p→ p with probability p2 +
(
1− p

)2

p→ p− 1
N
with probability

(
1− p

)
p



Ht = 2p
(
1− p

)
(1− Ft) = 2p

(
1− p

)(
1− 1

N

)(
1− Ft−1

)
=Ht−1

(
1− 1

N

)

1− Ft 1− Ft−1

Ht+ t = 2
(
p+ 1

N

)(
1− p− 1

N

)[
p
(
1− p

)]
+2p

(
1− p

)[
p2 +

(
1− p

)2]

+2
(
p− 1

N

)(
1− p+ 1

N

)[(
1− p

)
p
]

Ht+ t = 2p
(
1− p

)(
1− 2

N2

)
=Ht

(
1− 2

N2

)

Ht+2 t =Ht+ t

(
1− 2

N2

)
=Ht

(
1− 2

N2

)2

Ht+3 t =Ht+2 t

(
1− 2

N2

)
=Ht

(
1− 2

N2

)3

Ht+1 =Ht+N t =Ht

(
1− 2

N2

)N
≈Ht

(
1− 2N

N2

)
=Ht

(
1− 2

N

)

Pr
{
k offspring

}
= ke− /k!



Wright–Fisher

Probability

Number of offspring

Moran

0

0.1

0.2

0.3

0.4

0.5

1 2 3 4 5 6

N = 1000

Pr
{
0 offspring

}
= N−1

2N−1
Pr
{
k offspring

}
= N2(N−1)k−1

(2N−1)k+1
for k= 1,2,3, . . .

N = 1000



Ht = 2pq(1− Ft) = 2pq
(
1− Ft−1

)(
1− 1

2N

)
=Ht−1

(
1− 1

2N

)

1− Ft
1− Ft−1

Ht =H0

(
1− 1

2N

)t
≈H0

(
1− t

2N

)

Ht =Ht−1

(
1− 1

2Nt−1

)
=Ht−2

(
1− 1

2Nt−1

)(
1− 1

2Nt−2

)

= ·· · =H0

(
1− 1

2Nt−1

)(
1− 1

2Nt−2

)
. . .

(
1− 1

2N0

)

≈H0

⎛

⎝1−
t−1∑

i=0

1
2Ni

⎞

⎠

Ne = 1
(
1
t

) t−1∑

i=0

1
Ni

N0 = 1000 N1 = 10 N2 = 1000

1/Ne = (1/3)(1/1000+1/10+1/1000) = 0.034
Ne = 29.4

(1/3)(1000+10+1000) = 670



t−1

t−1

t−1
t−1

1/(8Nm) +1/
(
8Nf

)

Ne =
4NmNf

Nm +Nf

Nm = 0.1×Nf
Ne = 0.33

(
Nm +Nf

)

Ne = 4 2

= 3.14159

2 = 1.3

D−1



Ne =ND
(
1+ 1

4Nm

)

1+1/(4Nm)

Nm= 0.1 Ne = 3.5×ND
Nm= 0.001 Ne = 251×ND

p
(
1− p

)
/(2N)

p
(
1− p

)
/(2Ne)

Ne = p
(
1− p

)

2 2



E [TMRCA] = 4Ne

(
1− 1

n

)
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ĝ
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pt = pt−1 (1−m) + pf m
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1−Pr {IBDT} = Pr {IBDS} −Pr {IBDT}
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FST(i) = t̄i − t̄s
t̄i + t̄s

for i= 1,2, . . . ,D/2
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p0 = 1 = 0.01
q2t = 0.05

qt = √
(0.05) = 0.2236 pt = 0.7764

(
1−

)t = 0.7764
t = ln(0.7764)/ ln(0.99) = 25.182 t = 26

q225 = 0.0494 q226 = 0.0529

= 8.6×10−4 = 4.7×10−3

p0 = 0
p= 0.16 p= 0.85
p0 = 1 p = 0.86

/
(

+
)
= 0.8453 1− − = 0.9944 p0 = 0

p30 = 0.1302 p700 = 0.8283
p0 = 1 p388 = 0.8631 p700 = 0.8484

/
(

+
)
= 0.8453

1.65×10−8

= 4N = 0.00066 << 1
H = 0.00066 0.00066×109 ≈ 660,000
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)2
2
t = (1−m)2 2

t−1







dN(t)/dt = rN(t)



p(t) =
N1(t)/ [N1(t) +N2(t)] q(t) = 1− p(t)
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s= 3.23

t−1
Nt =Nt−1

(
1+

)

N′ =Nw
′

1+

p=N1/(N1 +N2)

q= 1− p
′

p′ = N1
′

N1
′ +N2

′ = N1w1

N1w1 +N2w2
= pw1

pw1 + qw2

p= p′ − p= pw1

pw1 + qw2
− p= pw1 − p2w1 − pqw2

pw1 + qw2
= pq(w1 −w2)

w

w= pw1 + qw2

w

w1/w1 = 1 w1/w2 = 1− s

w≈ 1
p p≈ dp/dt
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+ p= 1/3 q= 2/3

p′ = (1/3)2(0) + (1/3)(2/3)(0.5)

(1/3)2(0) +2(1/3)(2/3)(0.5) + (2/3)2(1)
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N0 = 1

Nt =
Nt−1∑

i=1

Pr
{
Allele i leaves k offspring alleles

}

k= 0,1,2,3, . . . . . .

(z) = p0 + p1z+ p2z2 + p3z3 + ·· ·
(0) = p0 ′(0) = p1 ′′(0) = 2!p2 ′′′(0) =

3!p3 (k)(0) = k!pk

N0 = 1 0(z) = z

1(z) =
∞∑

k=0

Pr
{
k mutant alleles in generation 1

}
zk = (z) =

(
0(z)

)

2(z) =(
1(z)

)
, 3(z) =

(
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)

t(z) =
(

t−1(z)
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(
0 < p0 < 1

)

dt = t(0) =
(

t−1(0)
)
=

(
dt−1

)

d = (d)

(z)

(z) = e (z−1)



= 1 (z) = ez−1

d = ed−1 d = 1

1+ s
(z) = e(1+s)(z−1)

d = (d) = e−(1+s)(d−1)

d ≈ 1−2s 1−2s
e(1+s)(−2s) ≈ e(−2s) ≈ 1−2s

Pr {Survival |small s & Poisson} ≈ 2s

[(1+ s)/(2+ s)]k [1/(2+ s)] k= 0,1,2, . . . 1+ s
(1+ s)(2+ s) (z) = 1/ [2+ s− z(1+ s)]

d = (d) d = 1/(1+ s)
s/(1+ s)

Pr
{
Survival |small s & geometric

}
≈ s
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p(w11 −w12) + q(w12 −w22)

p̂ p̂(w11 −w12) +
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ε
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pq(w11 −2w12 +w22) +

(
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[p(w11 −w12) + q(w12 −w22)]

]

− 2pq

w2 [p(w11 −w12) + q(w12 −w22)]2

p= 0 d p/dp= (w12 −w22)/w> 0 p= 0
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dp
dt

= pqs
[
ph+ q

(
1−h

)]
− p

p̂ q̂ dp/dt = 0
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√
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1− s (1− s)2

q′ = (1−m)

(
pq(1− s) + q2(1− s)2

p2 +2pq(1− s) + q2(1− s)2

)

+mqf

q(1− s) [p+ q(1− s)]
[p+ q(1− s)]2

1 : 1− s : 1−2s



q′ = q
qf = 1

q= 1 q=m/s m>> s(
q= 1

)

m<< s q=m/s
q=m/s

s≈ 0.3
p= 1− (m/s) ≈ 0.32 m≈ 0.20

p ≈ 0.77
m≈ 0.07



pags = pv1/v qags = qv2/v
v = pv1 + qv2

p2ags 2pagsqags q2ags

′

p′ = p2v21w11 + pqv1v2w12
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′ (1/2) ×2pqw12

1− k ′

p′ = p2w11 +2kpqw12

p2w11 +2pqw12 + q2w22

k> 1/2

p′ = p2 +2kpq p= pq
(
2k−1

)
k> 1/2

w11 = 1+2s w12 =
1+ s w22 = 1 p≈ 0 p≈ pqs

s≈ 2k−1 k= 0.60 k= 0.75

w11 = 0 w12 = 1 w22 = 1 p′ = 2kp/
(
1+ p

)

p= p
[(
2k−1

)
− p

]
/
(
1+ p

)
p̂= 2k−1

p̂
1/(2w12) < k<

1−w11/(2w12)
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1− c

′

p′ = p2w11 +2pqw12 [c+ (1/2)(1− c)]
p2w11 +2pqw12 + q2w22

= p2w11 + (1+ c)pqw12

p2w11 +2pqw12 + q2w22

1+ c
k= (1+ c)/2







s=m1 −m2 =
[
ln
(
p35/q35

)
− ln

(
p0/q0

)]
/35

s= 0.0673
1 : 1−0.0673 = 1 : 0.9327

s= −0.00083

t = 50
q0 = √

(1−0.01) = 0.9950 q50 = √
(1−0.95) = 0.2236

st = ln
(
pt/qt

)
+
(
1/qt

)
−

ln
(
p0/q0

)
−
(
1/q0

)
= ln(0.7764/0.2236) + (1/0.2236) − ln(0.9950/0.0050) − (1/0.0050) =

10.0054 s= 0.200
p0 = √

0.01 = 0.1000 pt = √
0.95 = 0.9747 s= 0.200

st = ln
(
pt/qt

)
−
(
1/pt

)
− ln

(
p0/q0

)
+
(
1/p0

)
=

ln(0.9747/0.0253) − (1/0.9747) − ln(0.1000/0.9000) + (1/0.1000) = 14.8226
t = 74.113



s= 0.20

ln
(
p0/q0

)
= ln

(
pt/qt

)
− st/2

qt = 0.008

t = 0 t = 15
s= 0.20 ln

(
p0/q0

)
=

ln(0.9920/0.0080) − (0.20)(15)/2 = 3.3203 q0 = 0.0349
t = 25 ln

(
p0/q0

)
=

2.3203 q0 = 0.0895

1 : 1− s : (1− s)2

1 : 1− s
p′ =

[
p2 + pq(1− s)

]
/
[
p2 +2pq(1− s) + q2(1− s)2

]
=

p [p+ q(1− s)]/[p+ q(1− s)]2 = p/ [p+ q(1− s)]
w1 = 1 w2 = 1− s

q̂

q̂

1−wSS 1−wRR wSS = 0.32
wRR = 0.63
p̂=wRR/(wSS +wRR) = 0.6632

q̂= 0.3368

1− s/2 1− s s/2 = 0.23 s= 0.46
s= 0.54

s= (0.46+0.54)/2 =
0.50

t =
[
ln
(
pt/qt

)
− ln

(
p0/q0

)]
/(s/2) =

[ln(0.99/0.01) − ln(0.6632/0.3368)]/(0.25) = 15.67 generations



2pq[p(w11 −w12) + q(w12 −w22)]2 w11 = 1− s11
w12 = 1 w22 = 1− s22 p= s22/(s11 + s22)

p(w11 −w12) + q(w12 −w22) = [s22/(s11 + s22)](−s11) +
[s11/(s11 + s22)](s22) = 0

=

p̂= 2
(
k−1

)
w12/(1−2w12)

p̂

1−0.125 = 2(0.75−1)w12/(1−2w12)





Ú









(
bw= brown eyes

)

N = 16

32

28

24

20

16

12

8

4

Number of
bw75 alleles

0
1 5 10

Number of generations

15 19



4019
15

10
5

Generation

1

8 12

Number of bw75 alleles

16 20 24 28 32

0

10

20

Number of
subpopulations

30

t+1

pij = Pr
{
pt+1 = j

2N

∣∣∣∣pt = i
2N

}
= (2N)!
j!
(
2N− j

)
!

(
i

2N

)j(
1− i

2N

)2N−j

j= 2N j= 0



1.0

(a) (b)

0.8

0.6

0.4

0.2

0 20 40 60

Generation

N = 250 N = 25

80 100

1.0

0.8

0.6

0.4

0.2

0 20 40 60

Generation

80 100

N = 250 N = 25

N = 250 N = 25

N = 16

t+1

pi = 0
pi = 1

pi = 0 pi = 1
. . .

2N = 32

t = 1,2,3, . . . ,19



4019
15

10
5

Generation

1

8 12

Number of bw75 alleles

16 20 24 28 32

0

5

10

15

Number of

subpopulations

2N = 32

− 2/(2N−1)

2 ≈ 1.8



pi,i−1 = i(2N− i)
(2N)2

pi,i =
i2 + (2N− i)2

(2N)2

pi,i+1 = i(2N− i)
(2N)2

1− p
(2N− i)/(2N)

2N = 32

N = 16

P = 0.56



4019
15

10
5“Generation”

1

8 12

Number of bw75 alleles

16 20 24 28 32

0

10

20

30

Number of
subpopulations

2N = 32

0.60

0.55

0.50

0.45

0.40

0.35

0.30
1 5 10 15 19

Time (t, generations)

A
ve

ra
g

e
 a

lle
le

 f
re

q
u

e
n

cy

1− p0



1− x
x×1+
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1 < p,x< 2N

+ −
t+1 x+1 x−1(

p,x+1; t
)
,

(
p,x; t

) (
p,x−1; t

)
x−1

M (x−1) +V (x−1)/2



t+ 1

x− 1 (p,x− 1; t) x− 1 → x M(x− 1)
(p,x− 1; t) x− 1 → x V (x− 1)/2

x+ 1 (p,x+ 1; t) x+ 1 → x V (x+ 1)/2
(p,x; t) 1−M(x) − V(x)

(p, x; t+ 1) − (p, x; t) = − [M(x) (p, x; t) −M(x− 1) (p, x− 1; t)]
+ 1

2 {[V (x+ 1) (p, x+ 1; t) − V(x) (p, x; t)]− [V(x) (p, x; t) − V (x− 1) (p, x− 1; t)]}

x+1 V (x+1)/2
1−M(x) −V(x)

∂
(
p,x; t

)

∂t
= −∂

[
M(x)

(
p,x; t

)]

∂x
+ 1

2
∂2
[
V(x)

(
p,x; t

)]

∂x2

[M(x) = 0]

(
p,x; t

)
=

∞∑

i=1

p
(
1− p

)
i(i+1)(2i+1)F

(
1− i, i+2;2;p

)
F (1− i, i+2;2;x)e−

i(i+1)t
4N

F
(
a,b;c;z

)
=

∞∑

k=0

(a)k(b)k
(c)k

zk

k!

(a)k = a(a+1) · · ·
(
a+ k−1

)
k> 0 (a)k = 1 k= 0
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t

t− 1

p → p+ 1 (p+ 1,x; t− 1)
p → p+ 1 (p+ 1,x; t− 1)
p → p− 1 (p− 1,x; t− 1)

1−M(p) − V(p) (p,x; t− 1)

(p, x; t) − (p, x; t− 1) = M(p) [ (p+ 1, x; t− 1) − (p, x; t− 1)]
+ V(p)

2 {[ (p+ 1, x; t− 1) − (p, x; t− 1)]− [ (p, x; t− 1) − (p− 1, x; t− 1)]}

p+1
p−1

p+1
p+1

M(p) +V(p)/2 p−1
1−M(p) −V(p)

t−1
p+1 p−1

t−1
(
p+1,x; t−1

) (
p,x; t−1

) (
p−1,x; t−1

)

∂
(
p,x; t

)

∂t
=M(p)

∂
[ (

p,x; t
)]

∂p
+ V(p)

2
∂2
[ (

p,x; t
)]

∂p2

(
p,x; t

)



x= 1

∂u
(
p, t
)

∂t
=M(p)

∂u
(
p, t
)

∂p
+ V(p)

2
∂2u

(
p, t
)

∂p2

x= 1

∂u
(
p, t
)
/∂t = 0

0 =M(p)
du(p)
dp

+ V(p)
2

d2u(p)
dp2

u(0) = 0 u(1) = 1

u(p) =
∫ p
0 Exp [−2M(x)/V(x)]dx
∫ 1
0 Exp [−2M(x)/V(x)]dx

[ ] [ ]

M(x) = 0 V(x) = x(1− x)/(2N)

−2M(x)/V(x) = 0 Exp [−2M(x)/V(x)] = 1
u(p) = p p= 1/(2N)

w11 = 1+2s
w12 = 1+ s w22 = 1 w≈
1 M(x) = x= x(1− x)s



V(x) = x(1− x)/(2N) −2M(x)/V(x) = −4Ns

u(p) = 1− e−4Nsp

1− e−4Ns

p= 1/(2N) Ns> 1 u(p) ≈ 2s

u(p) ≈ 2s
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tfix
tloss

tfix =
∫ 1

p
(x)u(x) [1−u(x)]dx+ 1−u(p)

u(p)

∫ p

0
(x)[u(x)]2dx

tloss = u(p)
1−u(p)

∫ 1

p
(x)[1−u(x)]2dx+

∫ p

0
(x)u(x) [1−u(x)]dx

(x) =
2
∫ 1
0 Exp

[
−
∫ 2M(x)

V(x) dx
]
dx

V(x)Exp
[
−
∫ 2M(x)

V(x) dx
]

∫ 2M(x)
V(x) dx

M(x) = 0 V(x) = x(1− x)/(2N)

Exp
[
−
∫ x

0

2M(x)
V(x)

dx
]

= 1

(x) = 4N
x(1− x)

u(x) = x

tfix = −4N
(
1− p

)
ln
(
1− p

)

p

tloss = −4Np ln(p)
1− p
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= tfix ≈ 4000
tloss ≈ 15.2
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w22 = 1
∆p≈ sp

(
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M(x) = ∆x= sx(1− x)
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0 = −∂ [M(x) (x)]
∂x

+ 1
2

∂2 [V(x) (x)]
∂x2

0 = −M(x) (x) + 1
2
d [V(x) (x)]

dx

(x) = C
V(x)

Exp
[∫

2M(x)
V(x)

dx
]

∫ 1
0 (x)dx= 1

dV(x) (x)
dx

= 2C
M(x)
V(x)

Exp
[
−2

∫
M(x)
V(x)

dx
]

= 2M(x) (x)

M(x) = x= (1− x) − x

V(x) = x(1− x)/(2N)

(x) =
(
4N +4N

)
(
4N

)
(4N )

x4N −1(1− x)4N −1

x̂= 4N /
(
4N +4N

)
= /

(
+

)

=
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. . . −

f
(
x1,x2, · · · ,xk−1

)
=

(
k
)

[ ( )]k
(x1x2 · · ·xk) −1

xk = 1− x1 − x2 − · · · − xk−1 = 4N /
(
k−1

)

4N =

= 4N

a1,a2, · · · ,an
∑n

j=1 jaj = n

a1 = n aj = 0 j> 1

an = 1 aj = 0 j< n

an/2 = 2 aj = 0 j ̸= n/2

a1,a2, · · · ,an = 4N > 0
a1,a2, · · · ,an

Pr(a1,a2, · · · ,an; ) = n! k

1a12a2 · · ·nana1!a2! · · ·an! ( +1) · · ·( +n−1)

k=
n∑

j=1
aj



= 4N

F̂
n= 2 a1 = 0 a2 = 1 k= 1

F̂ = 2! 1

10210!1! ( +1)
= 1

1+ = 1
1+4N

F̂
1− F̂

Ĥ
n= 2 a1 = 2 a2 = 0 k= 2

Ĥ = 1− F̂ = 2! 2

12202!0! ( +1)
=

1+ = 4N
1+4N

. . .

ni = n

Pr
{
n1,n2, · · · ,nk|k

}
= n!
k!n1n2 · · ·nk | Skn |

| Skn |
( +1)( +2) · · ·( +n−1)

k= 2 n= 50
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V(x) = x(1− x)/(2N)
∫

2M(x)
V(x)

dx= −4Nsx+4N ln(1− x) +4Nv ln(x)

(x) = Ce−4Ns(1− x)4N −1x4N −1
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Ns= −0.9

(Ns= 0) |Ns| >> 1



p2
(
p1 + p2 = 1

)

Ht = 2p1p2[1−1/(2N)]t

P =
[
pij
]

i, j= 0,1,2, . . . ,2N N = 2
N = 2

⎛

⎜⎜⎜⎜⎜⎝

1 0 0 0 0
81/256 27/64 27/128 3/64 1/256
1/16 1/4 3/8 1/4 1/16
1/256 3/64 27/128 27/64 81/256

0 0 0 0 1

⎞

⎟⎟⎟⎟⎟⎠

i= 0,1,2, . . .

j= 0,1,2, . . .
i= 0,1,2, . . .



p= i/(2N)

. . . a< i< b

Pr
{
a before b|i

}
= i− a
b− a

{ }

p= 0.4(i= 0.8N) p= 0.6 p= 0
i= 1 2N = 50 b< 100

probability ≥ 0.05

Pr{b before a} = 1−Pr{a before b} = (b− i)/(b− a) a= 0 b=
2N Pr{0 before 1} = i/(2N) Pr{1 before 0} = 1− i/(2N)

a= 0 b= 0.6× (2N) = 1.2N i= 0.8N Pr{0 before 1.6N} =
0.8N/1.2N = 2/3 (1−0)/(b−0) ≥ 0.05 b≤ 20

N = 100
p= 0.005 p= 0.5

1− p ptfix + (1− p)tloss
−4N[p ln(p) + (1− p) ln(1− p)] N = 100 p= 0.005

N = 100 p= 0.5

tfix = −(2N)2(1− p) ln(1− p)/p tloss = −(2N)2p ln(p)/
(
1− p

)

tfix = −2N(1− p) ln(1− p)/p tloss = −2Np ln(p)/(1− p)

n= 3 α = (0,0,1) Pr{IBD} = 6/[( +1)( +2)] n= 4
α = (0,0,0,1) Pr{IBD} = 24/[( +1)( +2)( +3)] n= 5

α = (0,0,0,0,1) Pr{IBD} = 120/[( +1)( +2)( +3))( +4)]
Pr{IBD} = n!/∏n−1

i=1 ( + i)

/[( + )2( + +1)] = 4N = 4N

N = 106 = v = 10−6



Var(N) = /{( + )2[4N( + v) −1]} Var(N/2) = /{( + )2

[2N( + v) −1]} [2N( + v) −1]/[4N( + v) −1] = {2+1/[N( + v)]}/
{4+1/[N( + v)]}

5/9 = 0.555

1− x≈ 1
M(x) = − x2 V(x) = x/(2N)

V(x) ̸= x(1− x)/(2N)

2M(x)/V(x) = 4N /x−4Nx
− Exp(2[M(x)/V(x)]dx) = x4N e−2Nx2 V(x) =

x/(2N) (x) = Cx4Nv−1e−2Nx2









(s= 0)

(s ̸= 0)

s= 0

u(p) = p
p= 1/(2N)

2N× f0

2Nf0 × 1
2N

= f0

f0 = 1
= 1/(4×109) = 2.5×10−10

5.0×10−9 7.5×10−9
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d0 = 16.2 per cent d = −(19/20) ln[1− (20/19)d0] = 0.177
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i= 0
i= 1

i+1

p0 = and pi = (1− )(1− ) i−1 (i≥ 1)

= 1− (u/s) = T/(T + s−u)
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Mouse: M-N-A-T-H-C-I-L-A-L-Q-L-F-L-M-A-V-S

d0 = 10/18 = 0.5556
d=

− (19/20) ln[1− (20/19)d0] = 0.8351
(1/L)d0

(
1− d0

)
/[1− (20/19)d0]

2



L= 18 ±1.96×
0.2821 = 0.5529

d/(2×90×106) = 4.6397×10−9

90×106

±3.0716×10−9

K12: V A P I F I C P P N A D D D L L R Q I A
K12: GTCGCACCTATCTTCATCTGCCCGCCAAATGCCGATGACGACCTGCTGCGCCAGATAGCC
LT2: ATCGCGCCGATCTTCATCTGCCCGCCAAATGCGGATGACGATCTTCTGCGCCAGGTCGCA
LT2: I A P I F I C P P N A D D D L L R Q V A

dn = −(3/4) ln[1− (4/3d0] d0 = 9/60 = 0.1500
dn = 0.1674 (0.1500)(0.8500)/

[(60)(1−4d0/3)2] = 0.003320
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d0 = 0.0018 d = 0.001802

2 t = d t = 0.001802/(10×10−9) ≈ 180,000 years
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